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Visco-resistive magnetohydrodynamic simulations are used to investigate the role of resistivity and
viscosity in the reversed field pinch sawtooth crash. Specifically, we examine the temporal
behavior of the linearly stable (m, n) = (0, 1) mode. Both volume-averaged dissipation and dissipa-
tion levels in the region near the m =0 resonance are found to influence characteristic time scales.
Increasing resistivity causes the mode rise time, fall time, and total crash duration to decrease,
while increasing viscosity has the opposite effect. Examination of energy flow during the sawtooth
crash reveals that despite the linear stability of the (0, 1) mode, it receives most of its energy from
the mean current profile during the crash rather than from nonlinear interactions with other modes.
Resistivity and viscosity do not impact mode behavior directly through dissipative energy loss but
rather through modification of the large scale current profile evolution and radial structure of the
mode. Computational results are compared to experimental data from the Madison Symmetric Torus
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Role of resistivity and viscosity in the excitation of stable m = 0 modes
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and found to largely agree when resistivity and viscosity are similar. Published by AIP Publishing.
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I. INTRODUCTION

Relaxation cycles such as the sawtooth cycle in the
Reversed Field Pinch (RFP) are commonly observed in
many laboratory'~ and astrophysical plasmas.* In these sys-
tems, a free energy source such as nonuniform current den-
sity, pressure, or flow drives fluctuations which then act to
relax the drive and the cycle repeats. The onset of strong
fluctuation activity is often very sudden, and the timing of
this strong onset is still poorly understood in most systems.
This is often referred to as the “trigger” or “onset” problem.’
A key component in many of these systems is nonlinear cou-
pling between fluctuations with different wavenumbers.
Nonlinear mode interactions play an important role, for
example, in the sawtooth crash® and the formation of edge
localized modes (ELMs) in tokomaks.”® Nonlinear mode
coupling also plays a vital role in plasma turbulence which is
ubiquitous in the laboratory and in nature.’

Much work has been done to develop an understanding
of the behavior of magnetic fluctuations and their role in the
sawtooth cycle in the RFP."*!%'? The standard paradigm
begins with a slow resistive diffusion of the current density
profile toward a centrally peaked state. The peaked current
profile drives a few unstable tearing modes with m =1 and
low n that are resonant in the core of the plasma. As these
unstable modes grow, they couple nonlinearly and drive a
spectrum of stable m=0-2 modes in three-wave interac-
tions, satisfying the sum rules my+my,=ms and n+n,
=n3.">""" The full spectrum of stable and unstable modes
produces fluctuation-driven emf’s [e.g., the magnetohydro-
dynamic (MHD) dynamo emf v x b] that flatten the current
profile toward a more relaxed state.'®'? The cycle then
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repeats. The resistive peaking of the current profile takes
place over a relatively long time scale (several ms in current
experiments) compared with the flattening of the current pro-
file which happens in a short (~100us) “crash” phase. It is
during this crash phase that the broad spectrum of stable
modes is excited via nonlinear coupling.

One of the more important of these linearly stable modes
that appears at the crash is the (m, n)=(0, 1) mode. This
mode is resonant in the edge of the plasma and is involved in
three-wave interactions with pairs of m =1 modes with adja-
cent n numbers. As a result, the mode can often be particu-
larly large during the crash and its behavior is both an
indicator of and a determiner of the coordinated energy
exchange between different modes throughout the wavenum-
ber spectrum. Previous studies have found that this mode (and
other m =0 low n modes) seems to play an important role in
creating the right conditions for a sawtooth cycle as opposed
to a quasi-stationary steady state.'*!'> Studies have also shown
that the amount of m =0 activity is highly correlated with
strong dynamo emf’s (even those due to m = 1 modes),?® with
rapid ion heating at the crash,>' and with strong radial trans-
port of momentum.?? The m =0 modes also cause reconnec-
tion in the edge of the RFP.*?

Although previous work has established that m=0
modes are very important for the sawtooth crash physics in
the RFP, there has not been very much attention given to
understanding what parameters control the rate at which the
modes appear and decay away. Previous experimental and
computational work has investigated the dependence of mag-
netic fluctuation amplitude and inter-sawtooth period on
volume-averaged resistivity>'****> and the resistivity pro-
file.”° Computational studies have also investigated the
dependence of mode spectrum on resistivity and viscosity
and the appearance of new dynamical regimes that appear as

Published by AIP Publishing.
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these parameters are varied.?’ However, little attention has
been paid to the details of the crash itself, perhaps because
global plasma confinement has been of primary interest in
many RFP studies and because distinct, well-separated
crash events only occur at large Lundquist number where
computational studies become more expensive. To our
knowledge, no one has studied the detailed m =0 mode
behavior during the sawtooth crash as a function of global
resistivity or viscosity nor has anyone investigated the role
of the radial profiles of these quantities on the sawtooth
crash dynamics.

In this paper, we report on computational studies of
m=0 behavior during the RFP sawtooth crash with the
visco-resistive MHD code DEBS.?® We systematically vary
the global resistivity, viscosity, and the radial profiles of
these. We find that all of these have some influence on the
detailed magnetic fluctuation dynamics at the sawtooth
crash. We also extend the energy flow analysis developed by
Ho and Craddock'® to higher S and obtain new insight into
the way m =0 modes and other linearly stable modes are
excited. We find that most of the energy for the mode growth
comes not from other modes but from the current density
profile, even though the modes are linearly stable. Nonlinear
coupling is critical for the existence of these modes but
seems to contribute to their growth primarily by modifying
the mode structure so that they can extract energy directly
from the mean current profile.

In addition to extending our physics understanding of
the RFP sawtooth crash, these studies are also an important
first step in using the RFP as a validation®~° platform for
nonlinear visco-resistive MHD. For example, if aspects of
mode evolution are to be used as a validation metric, it is
important to know how sensitive the mode behavior is to the
dissipation profiles in order to know what level of precision
and radial coverage is required to constrain these adequately
in experiments.

We have tried to match many of the conditions of the
Madison Symmetric Torus (MST)>! experiment in our com-
putations and we make direct comparisons between code
and experiment. We find that the temporal behavior of the
m =0 modes in our simulations matches that in experiment
quite well. Hence, although two-fluid and kinetic effects are
certainly important for some of the physics of RFP plas-
mas,>? the m = 0 behavior at the sawtooth crash seems to be
well-described by visco-resistive MHD. Our work supports
use of the RFP context for validation studies and our results
indicate that radial profiles of resistivity and viscosity, espe-
cially in the edge, are important to include in any such
work.

The remainder of this paper is arranged as follows: In
Sec. II, we describe the computational setup for all of our
studies. In Sec. III, we show how the m =0 behavior at the
sawtooth crash depends on resistivity, viscosity, and the radi-
als profiles of these quantities. In Sec. IV, we present the
analysis of the energy flow into and out of the m =0 during
the crash. In Sec. V, we present comparisons between our
simulations and MST experiments. Finally, in Sec. VI, we
summarize our conclusions.

Phys. Plasmas 25, 112506 (2018)

Il. COMPUTATIONAL SETUP

The simulations in this study are performed using the
DEBS code® which solves the visco-resistive MHD

equations
ap B
o TSV () =0, (1)
ov 5
p E—FS(V-V)V =SJ xB+P,vV-v, ()
E +Svx B =1], 3)
and J=V xB, VxE:—aa—l:. 4)

We do not include evolution of the mass density or
plasma pressure in our simulations, and these are set to uni-
form constants in the code. Equations (1)—(4) are in dimen-
sionless form. The length is normalized to the minor radius
a, and the magnetic field, mass density, resistivity, and vis-
cosity are normalized to their mean on-axis values at startup,
Bo, po, 110, and v, respectively. The velocity is normalized to
the Alfvén speed, vs = Bo/\/lopo- S is the Lundquist num-
ber, defined as tz/74, Where 15 = ,uoaz/no is the resistive dif-
fusion time and t4 =a/v, is the Alfvén time. P,, is the
magnetic Prandtl number, defined as tz/7,, where 7, = poaz/
v is the viscous diffusion time. Time in DEBS is normalized
to the resistive diffusion time, but all plots and analyses here
will have times normalized to 74 to avoid confusion when
comparing runs with different levels of dissipation.

In DEBS, the toroidal geometry is modeled as a periodic
cylinder. We use an aspect ratio R/a =2.88 which matches
that of the MST experiment whose conducting shell has a
major radius of 1.5 m and a minor radius of 0.52 m. The
boundary conditions on the magnetic field are consistent
with a close-fitting conducting shell so that the radial mag-
netic field goes to zero at the wall. No-slip boundary condi-
tions for the velocity force the poloidal and toroidal
velocities to zero at the wall. The radial velocity at the wall
is allowed to evolve according to Ohm’s law, consistent with
the inductive electric fields at the surface. In contrast to most
DEBS studies, the toroidal magnetic flux is not conserved
and Ey(a) is not set to zero. Instead, a feedback algorithm
adjusts Egy(a) to achieve a target B.(a) value. This is more
consistent with the experimental mode of operation in MST
and allows for easy control of the degree of reversal. The
feedback is fairly stiff in our simulations so that B,(a) does
not vary significantly through the sawtooth crash. E.(a) feed-
back is also used to achieve a target value of total axial cur-
rent. In our simulations, the target B.(a) is set to —0.06 and
the axial current is 2.5. This gives a relatively deep reversal
with the reversal parameter F = B.(a)/(B.) in the range of
—0.3. (Here, (B,) is the volume-averaged toroidal magnetic
field.)

DEBS is a pseudo-spectral code that describes the fields
in real space for the radial direction and in Fourier space for
the poloidal and axial directions. Our simulations are run
with 320 radial points. This adequately resolves the features
observed in the radial profiles of B, J, and v. We include
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modes with poloidal mode number m ranging from O to 5
and toroidal mode number n ranging from —170 to +170.
The magnetic energies of the largest modes (m=1, low n
modes) are typically four orders of magnitude larger than the
smallest modes at the limits of the spectral range, indicating
that the spectral resolution is adequate.

A. Initial conditions

Our focus in this study is on the m =0 mode behavior
during a sawtooth crash event. In order to keep the initial
conditions fixed, each DEBS run is initiated by restarting
from one common time in one typical RFP simulation as
shown in Fig. 1. Note that in Figs. 1(a) and 1(b), the axial
magnetic fluctuation amplitude has been normalized to the
mean poloidal magnetic field at the wall. This will be done
in all of the analysis in order to facilitate comparisons with
experimental data in Sec. V. Also, note that the toroidal mag-
netic flux [Fig. 1(c)] increases at the sawtooth crash in our
simulations because of the dynamo activity and associated
current profile redistribution.

The dashed line in Fig. 1 indicates the point from which
all of our subsequent computational runs are restarted. We
avoid the first relaxation event, seen near t/t4 = 1000, since
this is associated with the initial formation of the multi-mode
RFP state and is of a different character than subsequent saw-
tooth crashes as has been noted by others.>* The second relax-
ation event is more typical of a normal RFP sawtooth crash,
and we restart our runs from a time immediately before this
event. All physical quantities in the restarted simulations are
identical except for the resistivity and/or viscosity.

This method of restarting with different dissipation and
examining changes in the first relaxation event immediately
after restart provides a systematic way to directly probe the
effects of varying dissipation and to isolate this from other
effects. It also saves valuable computational time by avoid-
ing the need to simulate the RFP formation process repeat-
edly with different dissipation parameters. We note here that
changing the resistivity or viscosity profile in the ways

01 f '
@ (a) m=0, n=1
o
@ 0.05
_QN
0 i i + t
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0.6 |
0 2000 4000 6000 8000
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FIG. 1. Toroidal magnetic fluctuation amplitude at the wall for (a) the (m, n)
= (0, 1) mode and (b) the (m, n) = (1, 6) mode during the startup DEBS run.

(c) Toroidal magnetic flux as a function of time. The dashed line indicates
the time from which all subsequent runs were restarted.
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described in Sec. IIB often has a significant effect on the
longer time scale evolution of the plasma after the first crash.
As a result, subsequent crash events and the nature of the full
relaxation cycle can be somewhat different in a steady-state
situation with the modified dissipation profile. While limiting
our attention to the first crash after the restart is artificial in
one sense, it allows us to explore the role of dissipation dur-
ing the relaxation event itself with otherwise identical initial
conditions. We have verified that the overall trends we report
for m =0 behavior during the first sawtooth after restart are
reproduced in subsequent sawteeth.

B. Resistivity and viscosity profiles

We are interested in the effects of dissipation on m =0
mode behavior. Hence, in choosing different resistivity and
viscosity profiles, we have chosen to systematically vary the
level of dissipation near the reversal surface where the toroi-
dal magnetic field reverses sign and the m =0 modes are res-
onant. Figure 2 shows the safety factor profile, ¢(r) =rB./
RBy, at two different times during a typical sawtooth crash.
The location of m = 0 resonance varies slightly in time, but it
always lies in the region 0.6 <r/a <0.8. Thus, we adjust the
dissipation in that region when creating different profiles.
The deep reversal in our simulations provides good separa-
tion between the region around the m =0 resonance and the
region of high dissipation near the wall. (The high resistivity
and viscosity near the wall is needed for numerical stability
and is consistent with expectations from experiment.)

Figure 3 shows the different resistivity profiles used in
this study. All dissipation profiles are held constant in time.
The baseline profile, “base,” is flat throughout most of the
plasma and has the form n(r)=1+ ar? where r is the nor-
malized radius and o and f§ are constants. We use o= 100
and =50 for the base case causing the resistivity to go
from 1 on axis to 100 at the wall with most of the rise limited
to the extreme edge. To increase or decrease resistivity in the
region around the m =0 resonance, a hyperbolic tangent
curve of the form Ctanh(Dr — F) 4+ G is added to the base
case. The constants D and F are set so that the inflection
point of the curve lies at r=0.6. The constant G is used
to shift the curve so that the total resistivity on axis remains

0.25

before

crash
o
0.05
0 Na
\
-0.05 | ==
-0.1 : : : :
0 0.2 0.4 0.6 0.8 1

rla

FIG. 2. The q profile of a DEBS run at two different times during the saw-
tooth cycle. The black points indicate the locations of m = 0 resonance.
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n/n(0)
(o]

expt

r/a

FIG. 3. Resistivity profiles used to test the effects of resistivity near m =0
resonance on sawtooth behavior.

1 for all profiles, and C is used to set the amount of resistiv-
ity in the region around the reversal surface. In Fig. 3, the
level of dissipation in this region is equal to 10 for the “p2”
case, 3 for the “pl” case, 0.33 for the “nl” case, and 0.10 for
the “n2” case. The f parameter is changed to 70 in these per-
turbed cases to help make the dissipation in the outer region
more flat, and o is varied so that the value of the total 7 at
the wall is always 100. The “expt” curve in Fig. 3 is of a dif-
ferent form than the others. It is characterized by a more
gradual increase from the core to the wall and is constructed
to be similar to the measured experimental resistivity profile
in MST plasmas away from sawtooth crashes.*

The viscosity profiles used are identical in shape to those
of resistivity except that there is an additional term added in
the region r<0.5 to dampen numerical instabilities that
would otherwise arise in some simulations. This core-peaked
contribution to the viscosity is of the form 14 150(1 — 1')15
for all profiles. The “expt” curve is not used for viscosity.
The typical experimental viscosity profiles in MST plasmas
have not been well characterized.

lll. COMPUTATIONAL RESULTS

In this section, we describe how resistivity, viscosity, and
their profiles affect the time scales of m=0 growth (rise
time), decay (fall time), and total crash duration. The time
and duration of the sawtooth crash has been defined in many
different ways by various authors. Because we are primarily
concerned with how dissipation affects the m =0 behavior,
we define the sawtooth crash as the time during which the (m,
n)=(0, 1) mode amplitude is large. As can be seen in Fig. 1,
this coincides closely with the time during which toroidal flux
increases. In general, we find that increased resistivity leads
to shorter rise and fall times and shorter crash duration while
increased viscosity has the opposite effect. In Secs. III A and
III B, we describe the detailed observations.

A. Effect of volume-averaged dissipation

We first vary the volume-averaged resistivity and viscos-
ity by changing the Lundquist number or magnetic Prandtl
number, respectively. Figure 4 shows the temporal variation

Phys. Plasmas 25, 112506 (2018)

012

«© 0.08 1

(a)/B a(a

0.04

0 100 200 300 400 500

I/'rA

FIG. 4. The first sawtooth of runs with varying Lundquist number S, aligned
at the mid-rise point. Generally, higher S leads to longer rise time, fall time,
and crash duration.

of the (m, n) = (0, 1) amplitude during the crash for runs with
varying S. (Note that the time range for this figure is much
more limited than that of Fig. 1.) All of these runs use the
base profile for resistivity and viscosity and have P,,= 1. The
sawteeth are aligned in time at the point where the rising
m=0 amplitude is at half the maximum value, hereafter
called the mid-rise point. It is clear from Fig. 4 that the total
crash duration increases with increasing S. It can also be seen
that the total time to reach peak amplitude and the time
required for decay of the amplitude increases as S is
increased. The rate of change of the m=0 amplitude (as
opposed to the total time to peak) is very similar during the
growth or decay phase in all runs, except perhaps in the low-
est S case. However, the mode grows or decays for a longer
total time in runs with higher S. As a result, the peak ampli-
tude is also higher for higher S.

Figure 5 shows a similar comparison between runs with
varying P,,. Once again the base profiles are used for resis-
tivity and viscosity and § = 10° for all cases. As before, the
sawteeth from the different runs have been aligned in time so
that the mid-rise points coincide for all runs. Generally,
increasing P, tends to increase the crash duration time and
the fall time. The rise time is affected slightly in the highest
P,, case but the rate of growth for all runs is very similar

012 r

0.08

b_(a)/B,(a)

0.04

0 200 400 600 800 1000

vr,
FIG. 5. The first sawtooth of runs with varying magnetic Prandtl numbers
P,,, aligned at the mid-rise point. Generally, higher P, leads to longer rise
time, fall time, and crash duration.
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during the first half of the rise phase. The rate of m =0 decay
varies more significantly in these runs than was observed
with varying Lundquist number. Although S and P,, have
similar effects on the crash time scales, S is inversely propor-
tional to resistivity while P,, is directly proportional to vis-
cosity. This means that rise time, fall time, and crash
duration time decrease with increasing resistivity and
increase with increasing viscosity. Thus, changes in resistiv-
ity and viscosity have opposite effects.

B. Effect of dissipation profiles

We use the dissipation profiles described in Sec. II B to
examine the effects of increased or decreased dissipation in
the region near m =0 resonance and compare the influence
of these profile changes to that of changes in volume-
averaged dissipation. Figure 6 shows the m =0 behavior for
runs with different resistivity profiles, and Fig. 7 shows the
same for different viscosity profiles. All of these runs were
done at S=10 and P, = 1.

Profiles with higher resistivity near the m = 0 resonance
(pl, p2, and expt) produce sawtooth crashes with shorter rise
time, shorter fall time, and shorter overall duration relative
to the base profile. Profiles with reduced resistivity in the
edge (nl and n2) have the opposite effect. In contrast, pro-
files with higher or lower viscosity in the edge generally
increase or decrease these time scales, respectively, although
the trends are not as strong or as obvious as they are for
resistivity. The effect of viscosity profile on crash duration
appears to be the dominant effect with higher edge viscosity
leading to longer crashes. These trends are in agreement with
the dependence on volume-averaged dissipation discussed in
Sec. IT A. This agreement might be expected to some extent
since increasing the resistivity or viscosity in the edge of the
plasma will also increase the volume-averaged resistivity or
viscosity. However, the time scales vary more between runs
with different profiles than would be expected if the change
in average resistivity or viscosity was the only relevant
parameter. Thus, resistivity and viscosity in the edge near
the m=0 resonance play a more important role in

0.12 t 7\ - —n2
'/ |\ ~ — — ni
/\J’/r\\\ —==—=base
expt
T 008 —pt
o —p2
C)
_QN
0.04 b
ug-\l.'::_'_';
0 z:.*-‘ 1 1 1 1 i
0 100 200 300 400 500

FIG. 6. The first sawtooth of runs with varying resistivity profiles, aligned at
the mid-rise point. Generally, higher resistivity near m =0 resonance leads
to shorter rise time, fall time, and crash duration.

Phys. Plasmas 25, 112506 (2018)

012t -
— — nl

0.1+ ====hase
= 0.08 —p2
Q%
< 0.06
_DN

0.04

0.02

0 . L L
0 100 200 300 400 500

FIG. 7. The first sawtooth of runs with varying viscosity profiles, aligned at
the mid-rise point. Generally, higher viscosity near m = 0 resonance leads to
longer rise time, fall time, and crash duration.

determining m = 0 behavior at the crash than the global resis-
tivity or viscosity.

IV. ANALYSIS OF ENERGY FLOWS

In order to gain further insights into the dynamics of the
sawtooth cycle and the particular role of resistivity and vis-
cosity, we perform energy flow analysis following Ho and
Craddock."® These authors split the energy flow into or out
of a particular mode into three components: quasilinear, non-
linear, and dissipative. We will keep their naming conven-
tion here for simplicity. In the following equations, capital
letters will be used for (m, n) = (0, 0) or mean quantities and
lower case letters will be used for mode quantities.

The quasilinear term describes the energy flow between
a particular mode and the mean current density or flow pro-
file and is defined as

qu = Jd3rS [(jm,n xB+Jx bm,n) * Vi
‘|’(Vm,n X B+V x bmﬁn) ' jmm ] : o)

Each term in €, involves combinations of the mode itself
and the mean (m, n) = (0, 0) fields. This is in contrast to the
energy flows resulting from nonlinear mode coupling
(defined below) that involve combinations of other m and n
numbers. Note that our use of the term ‘“quasilinear” here
does not imply that we are using formal quasilinear theory
where the mode structure is given by linear theory. Our sim-
ulations are fully in the nonlinear regime at all times. If we
were in the linear regime (small mode amplitude, mean fields
frozen in time, and all other modes zero), then this Q, term
would be positive for an unstable mode and would be the
term responsible for mode’s growth. However, in a nonlinear
situation with multiple coupled modes present, the mode
structure can differ significantly from that of the linear
regime and hence the sign and temporal behavior of Q,; can
be different from what might be expected from linear stabil-
ity theory. We return to this point below.

The mean flows are relatively small in both simulation
and experiment. Neglecting the term involving V, it can be
shown that
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qu = - JdSFS (Vm,n X bm,n) ' J7 (6)

where v,,, X b,,, is the MHD dynamo emf created by the
mode. Hence, there is a link between the dynamo activity of
a mode (which acts to flatten the current density profile) and
the energy flow that causes the mode amplitude to rise or fall
in time. If the region of “anti-dynamo” where the mode’s
emf acts against the mean current makes a greater contribu-
tion to Q,, than the region where the mode emf drives addi-
tional current, then Q, will be positive and the mode will
gain energy from the mean current profile. If the opposite is
true, the mode still flattens the current profile in a similar
way but Q,; will be negative. Variations in Q,, in fully non-
linear situations come both from variations in the mode
structure (which determines the radial profile of v,,,, X b,,, )
and from variations in the mean current profile J(r).

The nonlinear energy flow term describes the exchange
of energy with other modes by nonlinear coupling and is
defined as

Qu=[drS [GXD)yy Vi +(VXD)dn ] (D

where only modes that satisfy the sum rules for m and n will
contribute to (j X b),,, and (v x b),, ,. The dissipative energy
flow can be separated into two terms, resistive,

Qrex - jd3r ﬂjfn,na ()
and viscous,
Qvis = Jd3r V(Vm,n ' vzvm,n)' (9)

Q,.s and Q,;; are always negative since they describe energy
flowing out of the mode due to dissipation. The total energy
flow in or out of a mode is then the sum of Egs. (5) and

(N-9)

th = qu + in + Qrex + Qvis
W, W

dt dr’ (10)

where W,, and W, are the total volume-integrated magnetic
and kinetic energies for the mode of interest.

Figure 8 shows the various energy flow terms for a typi-
cal sawtooth crash as a function of time for the linearly sta-
ble (0, 1) and linearly unstable (1, 6) modes. We have
calculated the nonlinear term by subtracting all of the other
terms from €,,,. Note that in Egs. (5)—(10), all quantities are
normalized as described in Sec. II with time normalized to
resistive diffusion time. In our figures, however, we normal-
ize the time to 7,4. Since the Q’s have units of energy per unit
time, this requires dividing all of the energy flow terms by S.
We have done this prior to plotting the data shown.

For both types of modes, the Q,,, is initially positive as
the mode amplitude is rising and becomes mostly negative
during the decay phase of the sawtooth crash. The quasilin-
ear term is initially positive for both modes and stays
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FIG. 8. Energy flow for the (a) (m, n) = (0, 1) mode and (b) (m, n) = (1, 6)
mode during the first sawtooth.

positive for the m =0 mode. However, Q,, changes sign sev-
eral times for the (m, n)=(1, 6) mode indicating that the
flow of energy between the mode and the mean current pro-
file can go in either direction depending on the details of the
mode structure and current profile evolution. The dissipative
energy flows are much smaller than the other terms for both
modes.

The m =0 modes are linearly stable in these simulations.
We verified this explicitly by executing a linear run with the
same mean current profile as the one observed in the rise phase
of the crash in a nonlinear run. For the linear run, all modes
except the mode of interest are zeroed out and the mean cur-
rent profile is frozen in time. If the mode is linearly stable, after
a brief transient period, the mode will decay away and this is
what we observed. This is consistent with many other studies
of m=0 stability in the RFP that have demonstrated that
m=0 modes are usually linearly stable with a close-fitting
conducting shell and the m =0 instead grows as a result of
nonlinear coupling with other modes."**>® It is interesting,
however, that the term in the energy equation that represents
the energy flow into the m =0 mode from nonlinear coupling
is only briefly positive during the very early parts of the crash
[see Fig. 8(a)]. At t=120 in the run shown, the nonlinear
energy flow, Q,;, switches sign and stays mostly negative
throughout the rest of the crash. This sign reversal happens
prior to the peak in Q,,, and is typical of all of the simulations
we have considered. As seen in Fig. 8(a), the strong growth of
the m =0 during the crash is actually due to a large positive
Q,, term, indicating that the mode is primarily extracting
energy from the mean current profile. This term remains posi-
tive throughout the crash duration, and the total energy flow
into the mode, €,,,, follows Q,; closely until the decay phase
of the crash when Q, becomes small and the negative Q,,
drains energy out of the mode.

The fact that a stable mode can grow through its interac-
tion with the mean current profile illustrates what Ho and
Craddock observed in earlier studies of the RFP, namely,
that linear stability is not a good indicator of mode behavior
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when strong nonlinear mode coupling is present.'®> Linear
stability is not even a reliable indicator of the sign of the qua-
silinear interaction term. The reason for this is that the m =0
mode structure (radial profile of v and b) is significantly
modified from its linear structure by the presence of the other
modes to which the m =0 couples. The same type of modifi-
cation also affects many of the linearly stable m =1 modes
so that we find in our simulations a large set of stable m =0
and m=1 modes driven quasilinearly by energy flowing
from the mean current profile during the rise phase of the
crash.

To explore the evolution of the quasilinear energy flow
further, we show in Fig. 9 the evolution of the radial profile
of the integrand in Eq. (5) which we denote Q,(r). The
behavior for the case shown in the figure (p2 resistivity pro-
file, base viscosity profile, S = 105, and P,,=1) is similar to
what is observed for other runs. Very early in the crash, the
Q,(r) for m = 0 has an oscillatory structure in the core and is
very weak in the edge. After the mode amplitude becomes
larger, during the main growth phase, the radial profile
changes so that the Q,,(r) is positive throughout the core and
weakly negative in the edge. The large positive region is
where the m =0 mode fields overlap strongly with the m =1
mode fields and also where the m =0 dynamo emf opposes
the large parallel current density in the plasma interior. The
zero crossing is somewhat inside of the resonant surface for
the mode, and the negative edge region is where the m=0
dynamo drive is aligned with the parallel current. The oscil-
latory radial structure seen in the early crash phase will
sometimes return intermittently during the middle of the
sawtooth crash when the crash duration is long. As the paral-
lel current in the edge increases and the mode energy starts
to decay, the positive core contribution to , is reduced and
eventually is cancelled by the strong negative contribution
coming from the edge region. This is the point when the total
Q,; decays to near zero and the larger negative €2,,; brings the
mode energy back down to pre-crash levels.

The analysis of the energy flows in and out of the m =0
modes provides additional insights into the mechanisms by
which variations in dissipation profiles affect the mode
behavior. Figure 10 shows the key terms in Eq. (10) for the
base case, the p2 resistivity profile case, and the p2 viscosity
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FIG. 9. Quasilinear energy flow as a function of the radius for the (m, n) =
(0, 1) mode at three different times during the sawtooth crash.
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case. As noted before, the duration of the crash is reduced in
the p2 resistivity case but increased in the p2 viscosity case.
This is clearly seen in the behavior of the magnetic energy in
Fig. 10(a). Interestingly, the kinetic energy exhibits two
bursts of activity—one during the rise phase of the crash and
another during the fall. In between, the kinetic energy in the
mode is relatively small even though the magnetic energy
remains large. This lack of a one-to-one relationship between
v and b is similar to what was reported in previous studies of
m =1 velocity fluctuations during sawtooth crashes.”® There
it was noted that velocity fluctuations appeared to be stron-
gest not when the magnetic fluctuations were largest but
rather when they were changing most rapidly. This seems to
carry over to the m =0 mode behavior in the present study.
The earlier study also demonstrated that m = 1 velocity fluc-
tuations (and the MHD dynamo terms they produce) are
strongly muted when 7 =0 modes are suppressed by modifi-
cation of the q profile, even though the magnetic fluctuation
amplitude was only weakly affected. There is not an analo-
gous method here to probe m =0 modes in cases with m =1
modes suppressed. However, it seems clear that the nonlin-
ear mode coupling most directly affects the velocity fluctua-
tions in this system. The velocity fluctuations in turn
facilitate the exchange of energy with the mean current pro-
file (via Qg and MHD dynamo) as well as the nonlinear
energy transfer between modes (via Q,,;). The velocity fluctu-
ations are also associated with magnetic reconnection which
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causes magnetic islands (or similar structures in this multi-
mode environment) to grow or decay.

It would be natural to think that modifications to the
resistivity or viscosity profiles impose changes on the mode
energy evolution directly through the Q,,; and Q,; terms.
However, Fig. 10 shows that this is not correct. The respec-
tive dissipation terms are indeed larger in the cases with
larger edge resistivity or viscosity as one would expect, but
they remain relatively small in the overall energy flow. It is
also counter-intuitive that although resistive dissipation
removes energy from the modes, the magnetic energy grows
fastest in the p2 resistivity case. As shown in Sec. III, we
also find that higher volume-averaged resistivity results in
faster mode rise times, not slower. Energy flow analysis
reveals that the Q,,, remains fairly insignificant for S > 10*
and for all of the resistivity profiles examined here with
S=10°. The effect on the m =0 mode evolution and saw-
tooth crash duration is hence more indirect.

The rise and fall of the m =0 mode is primarily deter-
mined by a competition between energy flowing in from the
mean current profile (through Q) and energy flowing out to
other modes (Q,;). Modifying the resistivity or its profile
seems to affect these terms, perhaps by changing the rate at
which the mean current profile can be adjusted in various
regions. Even this can be somewhat counter-intuitive since
the strongest opposition to the dynamo-driven relaxation of
the current profile comes from the inductive back emf, not
the resistive drag in Ohm’s Law. Hence, the system behaves
somewhat like an LR circuit so that higher resistivity (lower
S) leads to a shorter L/R time and the current profile can be
adjusted more quickly. A more malleable current profile
could explain why the crash duration is shorter, but there can
also be changes in the profile of the mode v’s and b’s which
result in different Q,,(r) profile evolution.

Viscosity and its profile most strongly affect the crash
duration and decay phase, both of which are longer with
increased viscosity. Since viscous dissipation removes
energy from the modes at all times, it is somewhat surprising
that the mode energy takes longer to decay when viscous dis-
sipation is higher as shown in Fig. 10. Again here the effect
of viscosity must be more indirect so as to modify the rela-
tive strength and timing of the Q,, and Q,, terms that are the
dominant ones in the mode energy evolution.

V. COMPARISON WITH MST EXPERIMENTS

In this section, we compare our DEBS results with MST
experimental observations. MST is a large RFP experiment
with major radius of R = 1.5 m and minor radius @ =0.52 m.
We have matched the MST aspect ratio in our DEBS simula-
tions. The MST data presented here were collected from a
series of experiments with varying plasma density and cur-
rent. All plasmas were made in deuterium and the reversal
parameter F was —0.2. Central line-averaged density was
varied between 5x 10" m™ and 1.0x 10" m™> and
plasma current was varied between 60 kA and 500 kA. This
results in a variation of S between 10> and 107. Magnetic
fluctuations were measured with a toroidal array of coils at
the plasma surface and have been normalized to the mean
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poloidal magnetic field at the wall. The Alfvén time was cal-
culated using the minor radius, the edge poloidal magnetic
field strength, and the central line-averaged density.

Figure 11 compares the (m, n) = (0, 1) sawtooth wave-
form for DEBS and MST plasmas with similar Lundquist
number. The heights of the waveforms are normalized to 1,
and the sawteeth are aligned in time at the mid-rise point as
in Sec. III to facilitate comparison of the temporal behavior.
The two DEBS runs have S = 10° and P,, = 1, which is close
to the experimental value if the classical perpendicular ion
viscosity is used. The momentum transport has been mea-
sured to be several orders of magnitude higher than classical
in MST**** and is consistent with momentum transport due
to stochastic magnetic fields, an effect beyond MHD. This
suggests that the appropriate Prandtl number for comparisons
might be somewhat higher than 1 and perhaps as high as 50.
However, the measurements in MST are derived from global
momentum transport during flow perturbation experiments
and it is not clear if the viscosity derived in this way is
appropriate for MHD codes where viscosity is primarily act-
ing at smaller spatial scales.

The experimental resistivity profile used for these DEBS
simulations matches the measured resistivity profile in MST
between sawtooth crashes and the p1 run has similar resistiv-
ity in the edge region. The differences between these give
some idea of the sensitivity to minor variations in the resis-
tivity profile. The plasma temperature and density profiles
vary significantly during the sawtooth cycle in MST and
hence the resistivity and viscosity profiles are likely not fixed
in time. This effect has not been included in our simulations.

As is clear in Fig. 11, the DEBS and MST waveforms
are quite similar to one another in rise time, fall time, and
duration. The displayed MST waveforms are averages of
multiple sawteeth, while the DEBS waveforms are the indi-
vidual sawteeth analyzed in Sec. III. This likely is the cause
of the more gradual initial rise observed in the MST wave-
forms compared to the abrupt sawtooth onset seen in the
DEBS waveform. There may be a slight tendency towards
greater asymmetry between the rise and fall time in compu-
tation with the fall time being longer than the rise. The rise
time of the m =0 mode amplitude in experimental cases is
always very similar to the fall time.
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FIG. 11. (m, n) = (0, 1) amplitude (normalized to the peak value) as a func-
tion of time for DEBS and MST plasmas with similar resistivity and viscosity.
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In order to compare the dependence of the rise and fall
times on S in both DEBS and MST, we define a characteris-
tic rise or fall time as the time between half-height and peak
amplitude during the rise or fall of the m =0 amplitude.
These characteristic times are shown as a function of S in
Fig. 12. The solid circles are obtained from averages over
many similar sawteeth in MST and the error bars represent
the variation in rise/fall time within the ensemble. The open
triangles in Fig. 12 are obtained from analysis of the first
DEBS sawtooth crash after restart, in line with the analysis
methods of Sec. III. The lowest rise and fall times are from
simulations with Prandtl number equal to 1 and the highest
are with Prandtl number equal to 100. The “expt” profile for
resistivity and the “base” viscosity profile are used for all of
these runs. We also ran a few simulations for a longer time
in order to collect multiple sawtooth events and average
them together as is done in the experiment. The Prandtl num-
ber for these runs was varied between 3 and 100 at § = 10"
and between 30 and 100 at S=10*" and S=10". These
results are shown as open squares in Fig. 12. Errors bars
once again indicate the variation within the ensemble which
can be fairly high in some of these cases.

The m =0 rise and fall times increase as Lundquist num-
ber increases in both computation and experiment. The
dependence is stronger in the code with a higher Prandtl
number, and at the highest P,,, the simulation rise and fall
times are much longer than the experiment. The rise and fall
times for the single sawtooth computational data with P,, = 1
overlap with the experimental data at §=10’, consistent
with the good agreement observed in Fig. 11. This supports
performing the simulations with something closer to the clas-
sical perpendicular ion viscosity taken from the experiment
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FIG. 12. Quantitative comparison of (a) (m, n) = (0, 1) rise and (b) fall times
between DEBS and MST. “MST avg” and “DEBS avg” points are averaged
over multiple sawteeth, while “DEBS single” are from individual sawteeth.
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as opposed to the anomalous value inferred from momentum
transport experiments. Overall, the variation in m =0 rise
and fall times with S in the experimental parameter regime is
quite weak, leading to less than a factor of two change over a
range of more than two orders of magnitude in S. The scaling
in DEBS at low P,, may be slightly stronger than this
although most of our computational results are limited to
lower values of S than the experiment, so direct comparison
in the same parameter regime is not possible at present.

In addition to changes in m =0 rise and fall time, Sec.
III reported significant changes in DEBS crash duration with
varying dissipation. In MST, the crash duration is approxi-
mately equal to the sum of rise and fall times, and it
increases by only about 30% when modifying S by 2 orders
of magnitude. However, in DEBS, we see the crash duration
in Fig. 4 triple as S increases by less than 2 whole orders of
magnitude. The flat-topped m =0 sawtooth waveforms
observed in simulations when crash duration is long are also
not observed in the experiment. Instead the waveform
remains very similar to that shown in Fig. 11 for all experi-
mental cases. It may be that the dependence of crash duration
on S becomes weaker as S increases. In fact, there is a hint
that this is the case for the highest S cases in Fig. 4.

VI. CONCLUSIONS

We have investigated the behavior of the (m, n) = (0, 1)
mode and the role of resistivity and viscosity in the sawtooth
crash in the RFP. Both volume-averaged resistivity and vis-
cosity are seen to influence the sawtooth crash behavior in
DEBS visco-resistive MHD simulations. The resistivity and
viscosity profiles and particularly the value of these quanti-
ties in the edge near the m =0 resonance also play a role.
Higher resistivity causes the mode rise time, fall time, and
total crash duration to decrease, while viscosity has the
opposite effect.

We have analyzed the flow of energy during the saw-
tooth crash using the method prescribed by Ho and Craddock
to gain deeper insight into the dynamics of the sawtooth
cycle and the reasons for the observed dependence on resis-
tivity and viscosity. We find that the (0, 1) mode gains most
of its energy from interactions with the mean current profile
rather than from nonlinear energy exchange with other
modes, despite the fact that the mode is linearly stable. This
is true for other stable modes as well. The observation that
linear stability is not a very useful indicator of mode behav-
ior in the nonlinear regime was made previously by Ho and
Craddock" in lower S simulations. However, sawteeth in
those simulations were not as distinct as they are in our sim-
ulations at higher S. The observation that the dominant term
leading to explosive m =0 mode growth during high S,
experimentally relevant sawtooth crashes is the quasilinear
one and not the nonlinear one is a new result and is an impor-
tant refinement of the existing paradigm that attributes m =0
modes purely to nonlinear mode coupling. Nonlinear cou-
pling initiates the growth, but quasilinear energy flow rapidly
takes over and leads to the explosive growth at the crash.

For all of the different resistivity and viscosity profiles
investigated, the quasilinear and nonlinear energy flow terms
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are substantially larger than the dissipative terms. Hence,
rather than affecting mode behavior directly through these
terms, the resistivity and viscosity indirectly influence mode
behavior by affecting the evolution of the current profile
and/or the radial structure of the velocity and magnetic field
fluctuations. These in turn determine the size and temporal
evolution of the quasilinear and nonlinear energy flow terms.

When simulations were run with parameters similar to
those of MST experiments, the computational and experi-
mental m =0 sawtooth crash waveforms were found to be
very similar as was the scaling of the rise and fall time with
S. The crash duration varies more with § in DEBS than it
does in MST although the domain over which S was varied
in the experiment overlaps only slightly with that in the code
and there are indications that the crash duration becomes less
sensitive to resistivity at large S.

These results improve our understanding of the sawtooth
crash in the RFP and have implications for any plans to use
the RFP as a test bed for validation of visco-resistive MHD
codes. We have shown that viscosity can be as important as
resistivity for the fluctuation behavior and hence both quanti-
ties should be well constrained by experimental measure-
ments before quantitative comparisons are made. We have
also shown that the profiles of these quantities can matter for
the detailed mode behavior, particularly the profiles in the
outer third of the plasma. This is often a challenging region
for experimental measurements but is important to address
with good resolution if quantitative comparisons between
code and experiment are desired.

On the whole, zero pressure gradient, incompressible,
visco-resistive MHD seems to do a remarkably good job of
reproducing the m=0 mode activity during a sawtooth
crash. It would be interesting to compare our results with
simulations that include finite pressure and density evolution
within the visco-resistive MHD framework or with extended
MHD or two-fluid simulations. It may be that the m=0
behavior remains similar (and still in agreement with experi-
ment) but that the underlying physics is more complex. For
example, some recent extended MHD studies showed that
the Hall and MHD dynamo terms in Ohm’s Law both con-
tribute to current profile relaxation but that the total amount
of dynamo produced is similar to what is observed in compa-
rable single fluid simulations.*?

Our results also have implications for other plasma sys-
tems beyond the RFP. We observe that linearly stable modes
can receive most of their energy from the large scale gra-
dients in a system where strong nonlinear coupling between
modes exists. This is because the stable mode’s structure is
heavily modified by the presence of the other modes. This
could be important in other situations where nonlinear mode
coupling plays a role. For example, in turbulent plasmas, the
classical picture of injection of energy at large scale, nonlin-
ear transfer to smaller scales, and dissipation at very small
scales may be oversimplified. The stable modes in the mid-
dle of the “inertial” range may be able to draw energy
directly from the free energy sources once they have been
excited by nonlinear coupling. Likewise, in other relaxation
cycles like tokamak sawteeth or ELM’s, the entire spectrum
of stable and unstable modes may at first be established
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through nonlinear energy transfer between modes but subse-
quently acts in a more coordinated way to draw energy from
the mean profiles as the system relaxes to a more stable state.
Such cases may naturally give rise to impulsivity with initial
nonlinear drive producing slow growth of stable modes but
with structures that eventually allow them to tap into the free
energy source directly. As the stable modes grow, the energy
they draw from the mean fields also grows leading to a posi-
tive feedback cycle and an explosive event. Such a scenario
may hold promise as a mechanism for the triggering of
impulsive events in other systems. Resistivity and viscosity
can still play an important indirect role in the fluctuation
behavior in such systems since they affect the behavior of
the large scale gradients and the underlying spatial structure
of the modes that enables them to draw energy from the
gradients.
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