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Abstract 

A semi-empirical model is developed to quantitatively characterize electrode 

heterogeneities over the micro- and mesoscales, specifically between the relationship of the mean-

squared normalized variance in the volume fraction, (
𝜎𝛷𝑉

𝛷̅𝑉
)2, and the mean particle size normalized 

linear dimension, 
𝐿

𝑎̅𝑁
. The model was developed analyzing data from five large-volume physical 

reconstructions – collected using Xe-plasma focused ion beam with SEM (PFIB-SEM) – of several 

commercial cell electrodes and from unique sets of synthetic microstructures designed to have 

controlled distributions in particle size and local volume fractions. When comparing physical 

reconstructions from distinct regions of the same electrode, millimeter length scale heterogeneities 

are also observed, even in microstructures with limited mesoscale variability. While the model is 

developed using synthetic microstructures, it is used to quantify three different types of 

heterogeneities in the commercial cells. The potential origins are discussed with respect to 

variations in particle size distributions in feedstocks and to phase distributions related to 

fabrication processes; the potential performance impacts are discussed with respect to an effective 

medium theory model. The characterization and analytical methodologies and model presented 

can support the design and development of improved electrodes. 
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1. Introduction 

Electrode microstructures in electrochemical energy conversion devices have always been 

of interest to scientists working towards cell performance maximization,1–10 because 

microstructure and performance are closely linked. This applies to solid oxide fuel cells (SOFCs), 

which possess the advantages of generating electricity with great efficiency and with high fuel 

flexibility, as well as the capability to recycle high temperature waste heat produced during 

operation.3–5,7,8,11 Commercialization of SOFCs is still limited due to several factors, including 

their insufficient reliability and low durability, performance parameters associated directly with 

the complex electrode microstructures of SOFCs.6–10,12 Thus, the path to commercialization can 

be shortened by better determination of the inter-relationship between the electrode fabrication and 

its resulting structure and properties.  

Electrode microstructures in SOFCs must efficiently carry out species transport and 

electrochemical reactions. Many are three-phase composites of an electron-conducting phase 

(ECP), an ion-conducting phase (ICP), and gas permeable pores (GPP).3–10,12 In high-performance 

electrodes, all the three phases are interconnected in three dimensions (3D), with characteristic 

feature diameters, a, on the scale of hundreds of nanometers, resulting in fast transport of ions, 

electrons, and gas to/from a high density of reaction sites, or triple phase boundaries 

(TPBs).13,14,23,15–22 Clearly, the three dimensional (3D) distribution of local microstructural 

features dictates the transport and reaction rates, and in turn the local current densities and 

electrochemical potentials, thereby influencing electrochemical performance and degradation 

related phenomena.20,24–28  Over the past ten years, methods to quantify the 3D microstructure have 

been developed, primarily using serial sectioning with a Ga focused ion beam (Ga FIB) combined 
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with scanning electron microscopy (SEM)10,12,35–39,13,15,29–34 or using nanoscale x-ray computed 

tomography (nano-CT).27,37,46–49,38–45 The majority of these works considered reconstructed 

volumes having linear dimensions on the order of 10 – 30 µm, which is an assumed appropriate 

volume to characterize the microscale variations in cells built from uniformly distributed nanoscale 

powders having narrow particle size distributions. However, there is no evidence that commercial 

cells (or most SOFCs, for that matter) conform to such an ideal. We previously reported on 3D 

microstructures in commercial fuel cell electrodes, using both Ga FIB-SEM50 and computed 

tomography47 methods, that did not conform to this ideal, but could not capture large enough 

volumes to fully quantify distributions over longer length scales. 

More recently,51–53 we demonstrated that serial sectioning with a Xe plasma (P) FIB-SEM 

could be used to reconstruct mesoscale volumes over an order of magnitude larger in linear 

dimension (≈ 100 µm) than described above, while maintaining a resolution on the order of tens 

of nm. Using the 3D PFIB-SEM reconstructions, we quantified both micro- and mesoscale 

distributions of features in commercial SOFC electrodes. Significant variations were observed in 

the distributions of features over the mesoscale, which impacted distributions of local 

electrochemical activity throughout the cell. Moreover, gradients in the distributions existed across 

the entire volume, indicating the possible existence of heterogeneities on the millimeter scale. 

Despite making observations and performing preliminary statistical analyses, that work did not 

fully quantify the mesoscale distributions, which we address in this article.  

Recently, several reports concerned with microstructural characterization of electrode 

microstructures in energy conversion devices have attempted to quantify and correlate 

heterogeneities to cell reliability and durability.54–60 M. M. Forouzan et al. 57 reported that spatial 

variations (or heterogeneities) are one of the main factors that exacerbate the degradation of Li-
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ion batteries, causing non-uniform currents, temperatures, states of charge, and aging. Degradation 

or failure events in SOFC electrodes have also been reported to be tied to heterogeneities and to 

occur locally at certain regions or morphological features (surfaces, TPBs), such as those with high 

over-potentials.52,55,61 Most of these works were still focused on microscale volumes, or smaller. 

Reliability and performance degradation of SOFCs could be impacted by the width of local 

performance distributions or the tails of those distributions, which are in turn related to the widths 

or tails of microstructural distributions. However, quantitative characterization and simulation 

methods capable of investigating the impact of the full microstructural distributions, including the 

tails, are lacking.  

In this work, we combine analysis of multiple physical reconstructions of commercial 

SOFC electrodes, both anodes and cathodes collected using PFIB-SEM, with a unique set of 

synthetic microstructures designed to have controlled distributions in particle size and local 

volume fractions that span the range of physical observations. We reported recently an initial 

combined analysis of physical and synthetic microstructures,52 where we showed that the particle 

size distributions in synthetic microstructures could model micro-scale heterogeneities on the order 

of 10-15 particle diameters, but not heterogeneities over longer length scales. Here, we develop a 

complete semi-empirical model that can be used to quantitatively analyze heterogeneities over 

both the micro- and mesoscales, specifically between the relationship of the mean-squared 

normalized variance in the volume fraction, (
𝜎𝛷𝑉

𝛷̅𝑉
)2, and the mean particle size normalized linear 

dimension, 
𝐿

𝑎̅𝑁
. The model can be used to relate different terms back to different initial feedstock 

and processing parameters used in cell fabrication. By comparing multiple physical 

reconstructions from the same electrode, millimeter scale variations are also quantified and 

demonstrated to be statistically important. These results will help accelerate the development of 
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reliable and durable low-cost SOFCs by accelerating the design and fabrication of optimal 

microstructures.  

2. Methods 

Standard 25 mm anode supported SOFC button cells obtained from a commercial supplier 

(Materials and Systems Research, Inc. (MSRI), Salt Lake City, UT) were used in this work. We 

previously reported on microstructural heterogeneities in commercial cells using laboratory nano-

CT,47 synchrotron micro-CT methods,47 and PFIB-SEM.51,52 Herein, we report additional 3D 

microstructure reconstructions of the MSRI cells: two mesoscale cathodes, called C1 and C2, and 

one mesoscale anode, called A1. The phase compositions of cathode (C) and anode (A) were, 

respectively, LSM/YSZ/Pore and YSZ/Ni/Pore.  

A DualBeam Helios PFIB-SEM (FEI Company, Hillsboro, OR) equipped with the 

commercial 3D acquisition package “AutoSlice and View” (FEI Company, Hillsboro, OR) was 

used to collect 3D microstructural datasets. A full description of the sample processing and 3D 

microstructure acquisition using PFIB-SEM method can be found elsewhere.51,52 The image 

resolution was 65 nm in the SEM images and the spacing between 2D images was 65 nm, for all 

three datasets. Cathode C1 and anode A1 were extracted from the same pristine MSRI cell 

previously studied by Mahbub et al.51 and Hsu et al.52 The PFIB-SEM scanned cathode and anode 

datasets discussed by Hsu et al.52 are referred to respectively as C3* and A2* in this work. The C2 

cathode was extracted from a different cell from the same manufacturer. The cell from which C2 

was extracted was operated for 1500 hours; this operational time is not expected to cause 

significant changes to the SOFC cathode microstructure that are observable at ~ 65 nm resolution, 

62–65 and we simply focus on quantifying variability between regions of different cells.  
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To rationalize the origin of heterogeneities measured in the experimental datasets using 

PFIB-SEM, several types of synthetic microstructures were used. First, the synthetic 

microstructures reported by Hsu et al.52, named S-0.34, S-0.40, S-0.50, and S-0.63, were used 

again in this work. In general the series is denoted as S-
𝜎𝑎𝑁

𝑎̅𝑁
, where S indicates a synthetically 

generated microstructure and the number indicates the mean-normalized standard deviation of the 

(number-weighted) particle size, 
𝜎𝑎𝑁

𝑎̅𝑁
. The relevant data from the S-

𝜎𝑎𝑁

𝑎̅𝑁
 series are given in Table I 

under the particle size distribution heading.  

Furthermore, a new series of synthetic microstructures were generated to simulate 

mesoscale volume fraction distributions that might arise from agglomeration in feedstock powders 

or inks used in processing. To simulate this, a library of microscale synthetic building block 

microstructures, with a building block edge length of 𝐿𝐵𝐵, were generated as before52 using 

DREAM.3D (BlueQuartz Software, Springboro, OH) to have different volume fractions of phases 

with specific particles size distributions identical to the first series: 
𝜎𝑎𝑁

𝑎̅𝑁
 = 0.34, 0.40, 0.50, or 0.63. 

Herein we discuss microstructures constructed from cubic building blocks of 𝐿𝐵𝐵=12.5 µm (and 

6.25 µm) with voxel sizes of 125 nm. Synthetic microstructures in the volume fraction distribution 

series were generated by assembling a 10 x 10 (20 x 20) array of building blocks from the library, 

such that the whole domain was 125 x 125 x 12.5 µm3 and was similar to the PFIB datasets, 

sampled to obtain a truncated normal distribution with a specific average volume fraction 𝛷̅𝑉 and 

a specific mean-squared normalized variance of the aggregated (volume-weighted) phase fraction, 

(
𝜎𝛷𝑉

𝛷̅𝑉
)𝐵𝐵

2  (where 𝐵𝐵 indicates the term is evaluated at 𝐿𝐵𝐵). For all synthetic microstructures 

described herein, 𝛷̅𝑉 was targeted at 0.33 for all phases. The 100 building blocks that attained the 

target distributions were then stitched together in a random arrangement. This second series of 
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synthetic microstructures are called S-
𝜎𝑎𝑁

𝑎̅𝑁
-(

𝜎𝛷𝑉

𝛷̅𝑉
)𝐵𝐵

2 -𝐿𝐵𝐵. The properties from the S-
𝜎𝑎𝑁

𝑎̅𝑁
-(

𝜎𝛷𝑉

𝛷̅𝑉
)𝐵𝐵

2 -

12.5 series are tabulated in Table I under the volume fraction distribution heading. 

Custom MATLAB (Mathworks, Natick, MA) and Python codes written in-house were 

used to quantify morphological and electrochemical parameters in the reconstructed 3D datasets, 

which include phase fraction, tortuosity, TPB density, and polarization resistance. Details 

regarding the calculation approach of these parameters is discussed in Epting et al.47,58 and Hsu et 

al.52 Using another set of custom MATLAB codes, the large volume PFIB-SEM datasets (C1, C2 

and A1) were sub-divided into small non-overlapping thickness3 (t3) sub-volumes which are 

reasonable to describe local electrochemical activity.19,21,23,52 For each sub-volume, parameters of 

interest were calculated and then their distributions in the datasets were quantified. Finally, the 

distributions of features in cathodes C1, C2, and C3*, as well as in anodes A1 and A2*, were 

compared to analyze the impact of heterogeneities on cell electrochemistry and performance 

distributions. 

3. Results and Discussion 

3.1. Experimental Data 

Figures 1a-1c show 3D renderings, of mesoscale rectangular prisms extracted from the 

large reconstructed and segmented data, of an anode active layer (A1) and two cathode active layers 

(C1 and C2). [For the cells characterized here, the “active layer” of the electrode refers to the 10-

20 µm of electrode that is directly in contact with the dense electrolyte layer.] 3D renderings of 

the raw datasets are shown in Figure S1 (similar renderings for A2* and C3* are given in Ref. 52). 

The dimensions in-plane and the thickness (t) of the anode A1 are 124 x 70 µm2 and 9 µm, and of 

the cathode C1 {C2} are 179 x 100 {189 x 130} µm2 and 10 {11.5} µm respectively. The voxel 

size and resolution are both 653 nm3, in all data sets, yielding ≈ 2.8 x 108, 6.5 x 108, and 1.0 x 109 
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voxels in A1, C1, and C2 reconstructions, respectively. These two cathode datasets, to our 

knowledge, are the largest reported microstructural volumes in the literature with that level of 

nano-scale resolution. From inspection of Figure 1, it is visually evident that the nature of 

heterogeneity varies in the three microstructures. The anode A1 (Fig. 1a) has the most uniform 

distribution in the color of the rendered solid phases (yellow/red). On the other extreme, the 

cathode C2 (Figure 1c) has the least uniform distribution, with large regions of mostly blue or 

yellow solids. The cathode C1 (Figure 1b) is in between the others, with smaller regions of 

individual colors being readily apparent.  

One approach to quantifying the heterogeneity in microstructures is a varying sub-volume 

analysis, as described elsewhere.47,52 Plots are given in Figure 2 (on a linear scale in 2a and a semi-

log scale in 2b) that quantify the variation in volume fractions between sub-volumes of different 

sizes, specifically of the mean-squared normalized variance of the aggregated (volume-weighted) 

phase fraction, (
𝜎𝛷𝑉

𝛷̅𝑉
)2, for non-overlapping sub-volumes of different mean particle size 

normalized edge lengths, 
𝐿

𝑎̅𝑁
. Data in Figure 2 include two anodes (triangles), A1 (black) and A2* 

(grey), and three cathodes (circles), C1 (black), C2 (blue), and C3* (grey), where A2* and C3* are 

from previously published52 datasets from the same commercial supplier. The linear plots in Figure 

2a clearly shows the micro to mesoscale variabilities existing at smaller and intermediate sub-

volume sizes in these electrode reconstructions, while the semi-log plots in Figure 2b gives a better 

visualization of the variabilities existing at longer length scales. The inset in Figure 2a highlights 

the anode variability. The anodes are clearly more homogeneous than the cathodes in Figure 2, 

having much lower (
𝜎𝛷𝑉

𝛷̅𝑉
)2 values for nearly all sub-volume sizes. However, above 

𝐿

𝑎̅𝑁
 ≈ 60, the 

value for anode, A2*, which became constant above 
𝐿

𝑎̅𝑁
 ≈ 20, approaches and surpasses those of 
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C3* and C1, but remains below C2. The differences remain similar between each cathode over the 

whole range, with (
𝜎𝛷𝑉

𝛷̅𝑉
)2 values for cathode, C3* being less than those for C1, which are less than 

those for C2. While the anodes mainly have variabilities at smaller and larger sub-volume sizes, 

variabilities over the microscale, mesoscale, and even longer length scales (existing at smaller, 

intermediate and larger sub-volume sizes, repsectively) are prominent in the cathodes. The primary 

question in this paper is: can we model these heterogeneities and relate them back to fundamental 

processing parameters? 

3.2. Particle Size Distribution Effects 

Chiu21 developed a model to describe microstructural heterogeneities assuming all phases 

in the microstructure have identical sizes and the phases are distributed statistically at random 

using a binomial distribution. In that model, if one selects 𝑛 particles that have a probability 𝑝 of 

being a specific phase, then the mean is 𝛷̅𝑏𝑖 = 𝑛(𝑝) and the variance is 𝜎𝛷̅𝑏𝑖

2 = 𝑛(𝑝)(1 − 𝑝). 

Thus, the mean-squared normalized variance in phase fractions is simply (
𝜎𝛷̅𝑏𝑖

𝛷̅𝑏𝑖
)

2

=
(1−𝑝)

𝑝
(𝑛)−1. 

Following Chiu’s model for a monodisperse set of cubic particles of edge length 𝑎̅𝑁, then the 

number of particles 𝑛 in a cubic volume 𝐿 is 𝑛 = (
𝐿

𝑎̅𝑁
)3. It follows then that the mean-squared 

normalized variance in phase fractions follows a negative third order power law with respect to 

the mean particle size normalized edge lengths: 

(
𝜎𝛷𝑉

𝛷̅𝑉
)

2

= 𝐴(
𝐿

𝑎̅𝑁
)−3     Eq. 1, 

where A is a constant related to the statistical distribution; e.g., a binomial distribution has 𝐴 =

(1−𝑝)

𝑝
 (where 𝑝 is the volume fraction). 
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For microstructures that do not conform to the assumptions above, where closed forms of 

the appropriate statistical distributions are unknown, we have used synthetic microstructures 

generated with specific heterogeneities to develop quantitative descriptions of physical 

microstructures.52,66 We reported previously52 that the width of the distribution in the particle size 

used to form synthetic data sets, or more specifically the mean normalized (number-weighted) 

particle size standard deviation 
𝜎𝑎𝑁

𝑎̅𝑁
, lead to variability in volume fractions that matched 

experimental values (for C3* and A2*) at small micro-scale sub-volume sizes, 
𝐿

𝑎̅𝑁
≲ 10.  

We reconsidered the four synthetic microstructures52 that were generated with similar mean 

volume fractions 𝛷̅𝑉 but different target particle size distributions (PSDs), quantified by 
𝜎𝑎𝑁

𝑎̅𝑁
, to 

address: does the power law dependence hold for the synthetic data sets? Plots of datapoints for 

(
𝜎𝛷𝑉

𝛷̅𝑉
)2 versus 

𝐿

𝑎̅𝑁
 are given in Figure 3 from synthetic microstructures having 𝛷̅𝑉=0.33 and 

𝜎𝑎𝑁

𝑎̅𝑁
 = 

0.34 (red), 0.40 (blue), 0.50 (green), and 0.63 (black), both in linear (3a) and semi-log (3b) scales. 

The data was then fit to a modified version of Eq. 1, given in Eq.2,  

(
𝜎𝛷𝑉

𝛷̅𝑉
)2 = {

𝐴𝑃𝑆𝐷(
𝐿

𝑎̅𝑁
)−3, 𝐿 < 𝑡

𝐴𝑃𝑆𝐷(
𝑡

𝑎̅𝑁
)−1(

𝐿

𝑎̅𝑁
)−2, 𝐿 ≥ 𝑡

     Eq. 2, 

which accounts for the data being non-cubic above the electrode thickness, 𝑡, and allowing A to 

be a fitting parameter, 𝐴𝑃𝑆𝐷. The APSD values of the four synthetics having different polydispersity 

of particle size are shown in Table II under the model parameters for S-
𝝈𝒂𝑵

𝒂̅𝑵
 datasets heading. For 

all 
𝜎𝑎𝑁

𝑎̅𝑁
 values, the inverse power law of Eq. 2 fits all the data well, as is shown by the similar color 

solid lines to the datapoints in Figure 3 and is best viewed in the semi-log plot. An interesting 

outcome of this analysis is that synthetic microstructures can be used to quantify the effects of 
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particle size distributions on volume fraction variations, in lieu of a rigorous mathematical model. 

The 𝐴𝑃𝑆𝐷 value for any given microstructure dataset can be modeled simply by quantifying the 

polydispersity of their particle sizes, 
𝜎𝑎𝑁

𝑎̅𝑁
, which can be done experimentally, and compare to 

known 𝐴𝑃𝑆𝐷 values from synthetic datasets (with similar 𝛷̅𝑉 values), establishing exact values 

through extrapolation/interpolation.  

3.3. Quantitative Analysis of Anodes: Micro-scale and Millimeter-Scale Variations  

As described before, the anode datasets are more homogeneous than the cathodes over the 

microscale, and it was previously reported52 that particle size distributions explains the variability 

in anode, A2* data well, at lower values of 
𝐿

𝑎̅𝑁
. Heterogeneity analysis plots of (

𝜎𝛷𝑉

𝛷̅𝑉
)2 versus 

𝐿

𝑎̅𝑁
 are 

given in Figure 4, in linear (4a) and semi-log (4b) scales, for A1 (black) and A2* (gray). The dashed 

lines given correspond to curves from the modified power law model from Eq. 2. The 𝐴𝑃𝑆𝐷 value 

was fixed by experimentally measuring 
𝜎𝑎𝑁

𝑎̅𝑁
 and using the 𝐴𝑃𝑆𝐷 value of the similar synthetic data 

sets described above. The lines fit the data sets extremely well at lower values of 
𝐿

𝑎̅𝑁
, but not at the 

higher values. At the largest 
𝐿

𝑎̅𝑁
, the (

𝜎𝛷𝑉

𝛷̅𝑉
)2 value for the experimental anodes are much larger than 

those from the synthetic datasets having similar polydispersity of particle size (
𝜎𝑎𝑁

𝑎̅𝑁
 = 0.40), by a 

factor of 3 to 20. This indicates the data sets have some long-range variation in volume fractions, 

not captured by the homogeneous synthetic model, which also differs between the two anode 

datasets.  

To capture this long-wavelength heterogeneity for any given dataset, a constant term was 

introduced into Eq. 2., as shown in Eq. 3:  
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(
𝜎𝛷𝑉

𝛷̅𝑉
)2 = {

𝐴𝑃𝑆𝐷(
𝐿

𝑎̅𝑁
)−3 + 𝐶𝐿𝑚

, 𝐿 < 𝑡

𝐴𝑃𝑆𝐷(
𝑡

𝑎̅𝑁
)−1(

𝐿

𝑎̅𝑁
)−2 + 𝐶𝐿𝑚

, 𝐿 ≥ 𝑡
     Eq. 3, 

where 𝐶𝐿𝑚
 represents the difference between the value of (

𝜎𝛷𝑉

𝛷̅𝑉
)2 in the microstructure 

dataset at the maximum sub-volume size, 𝐿𝑚, and the value (
𝜎𝛷𝑉

𝛷̅𝑉
)2 at 𝐿𝑚 computed using Eq. 2 

with the same 𝐴𝑃𝑆𝐷 value. In a most basic sense, 𝐶𝐿𝑚
 describes the effect of a finite volume in an 

unknown long wavelength heterogeneity. Curves generated with Eq. 3, using the appropriate value 

of 𝐴𝑃𝑆𝐷 from the S-
𝜎𝑎𝑁

𝑎̅𝑁
 synthetics and 𝐶𝐿𝑚

 as described above, are plotted in Figure 4 with solid 

lines. Following Eq. 3 the curves fit the data over the entire range of 
𝐿

𝑎̅𝑁
 with R-squared value > 

0.97. For these anodes, the 𝐶𝐿𝑚
 term in Eq. 3 quantifies internal gradients in the microstructure 

over the 100 µm length scale. These gradients are clearly present at levels significantly above a 

homogeneous electrode, which has 𝐶𝐿𝑚
= 0. We discuss such longer wavelength variations in a 

bit more detail later in the text associated with Figure 8. Essentially, the anodes can be readily fit 

with two constrained parameters, which are constrained by the measured 
𝜎𝑎𝑁

𝑎̅𝑁
 value, setting 𝐴𝑃𝑆𝐷, 

and the value of (
𝜎𝛷𝑉

𝛷̅𝑉
)2 at the largest 

𝐿

𝑎̅𝑁
, fixing 𝐶𝐿𝑚

. 

3.4. Quantitative Analysis of Cathodes: Mesoscale Heterogeneities 

It is clear from Figures 2 and 3, and from prior work, that the experimental cathodes have 

variations in volume fractions that cannot be explained using only the polydispersity of particle 

sizes or truncations error from long wavelength gradients, or combinations thereof. Agglomeration 

can be quantified by both a length scale of the agglomerates and the volume fraction of a given 

phase within the agglomerates. As such, using approach described in the methods section, 

synthetic microstructures were generated to simulate agglomeration as local volume fraction 
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variations over a length scale of the building blocks (𝐿𝐵𝐵=12.5 µm), named S-
𝜎𝑎𝑁

𝑎̅𝑁
-(

𝜎𝛷𝑉

𝛷̅𝑉
)𝐵𝐵

2 -12.5 

microstructures. 3D renderings of two synthetic microstructures in the volume fraction distribution 

series are given in Figure 5, for (a) S-0.40-4.5 x10-2-12.5 and (b) S-0.40-3.0x10-1-12.5; they are 

colored similarly to the cathode microstructures in Figure 1. (More renderings of other S-
𝜎𝑎𝑁

𝑎̅𝑁
-

(
𝜎𝛷𝑉

𝛷̅𝑉
)𝐵𝐵

2 -12.5 microstructures are given in the SI. Note that the S-0.40-3.6x10-5-12.5 

microstructure, in Figure S5, is similar to the S-0.40 one, just generated with 100 statistically 

similar S-0.40 building blocks, its (
𝜎𝛷𝑉

𝛷̅𝑉
)𝐵𝐵

2  is effectively zero). The S-0.40-4.5x10-2-12.5 and S-

0.40-3.0x10-1-12.5 microstructures have two obvious features. First, there are significant local 

clusters reminiscent of those observed in the cathodes of Figure 1. Second, the interfaces of the 

building blocks are clearly evident (especially in the more heterogeneous one), a result of the 

random assignment of identically sized cubic building blocks. While the latter feature is clearly 

different from the experimental datasets, we have found previously52 that the stitched 

microstructure is similar enough to use as a tool for quantitative comparisons of heterogeneities. 

Heterogeneity analysis plots of (
𝜎𝛷𝑉

𝛷̅𝑉
)2 versus 

𝐿

𝑎̅𝑁
 are given in Figure 6, in linear (6a) and 

semi-log (6b) scales, for all of the S-0.40-(
𝜎𝛷𝑉

𝛷̅𝑉
)𝐵𝐵

2 -12.5 synthetic microstructures. Similar plots for 

other S-
𝜎𝑎𝑁

𝑎̅𝑁
-(

𝜎𝛷𝑉

𝛷̅𝑉
)𝐵𝐵

2 -12.5 microstructures are given in the SI). It should be noted that data points 

at values where 
𝐿

𝑎̅𝑁
 is an integer fraction of 

𝐿𝐵𝐵

𝑎̅𝑁
 were left off of the plots, as they lead to points lying 

on a distinct curve owing to the absence of stitching artifacts (and such curves have fewer overall 

points than those shown). Considering Figure 6a and 6b (with more shown in S6-S8 a and b), it is 

clear that the new series of synthetic microstructures, having significant local volume fraction 

variations, do exhibit up to three to four orders of magnitude increase in the variability across the 
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entire mesoscale range (among intermediate sub-volume sizes), as well as a smaller increase in the 

microscale range. The results from the S-
𝜎𝑎𝑁

𝑎̅𝑁
-(

𝜎𝛷𝑉

𝛷̅𝑉
)𝐵𝐵

2 -12.5 synthetic microstructures are 

qualitatively similar to the experimental cathodes, indicating this type of agglomeration is a likely 

cause of the mesoscale variability in phase fractions. The question remains: can the variability be 

quantified?  

As a starting point, the heterogeneity analysis data of the S-
𝜎𝑎𝑁

𝑎̅𝑁
-(

𝜎𝛷𝑉

𝛷̅𝑉
)𝐵𝐵

2 -12.5 synthetic 

microstructures were fit with Eq. 3, where the 𝐴𝑃𝑆𝐷 value was set based on the 
𝜎𝑎𝑁

𝑎̅𝑁
 of synthetics, 

and the 𝐶𝐿𝑚
 value was determined as described above. Those fits are shown in Figure 6c and 6d 

for all of the S-0.40-(
𝜎𝛷𝑉

𝛷̅𝑉
)𝐵𝐵

2 -12.5 synthetic microstructures (similar plots for other S-
𝜎𝑎𝑁

𝑎̅𝑁
-(

𝜎𝛷𝑉

𝛷̅𝑉
)𝐵𝐵

2 -

12.5 microstructures are given in the SI in Figure S6-S8 c and d). Such a curve fits the S-0.40-

3.6x10-5-12.5 data well, as expected. As (
𝜎𝛷𝑉

𝛷̅𝑉
)𝐵𝐵

2  increases slightly from 3.6x10-5 (target 

(
𝜎𝛷𝑉

𝛷̅𝑉
)𝐵𝐵

2  value of 0.000), the curves are reasonable fits to the micro-scale and larger 
𝐿

𝑎̅𝑁
 values, but 

begin to deviate in central region of the mesoscale. As (
𝜎𝛷𝑉

𝛷̅𝑉
)𝐵𝐵

2  increases further, more significant 

deviations occur in the mesoscale and large deviations also occur in the microscale. This additional 

heterogeneity cannot be captured by Eq. 3. At the largest (
𝜎𝛷𝑉

𝛷̅𝑉
)𝐵𝐵

2  values, only the last point is well 

fit by the 𝐶𝐿𝑚
 term designed to capture it. It should be noted that the value of 𝐶𝐿𝑚

 is much larger 

in the S-
𝜎𝑎𝑁

𝑎̅𝑁
-(

𝜎𝛷𝑉

𝛷̅𝑉
)𝐵𝐵

2 -12.5 series of synthetics, indicating a significant heterogeneity is introduced 

in the microstructure across the entire space of 
𝐿

𝑎̅𝑁
 as compared to the S-

𝜎𝑎𝑁

𝑎̅𝑁
 synthetics, particularly 

when (
𝜎𝛷𝑉

𝛷̅𝑉
)𝐵𝐵

2  is large.  
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To quantify the intermediate scale heterogeneities, we need to incorporate at least one more 

term in the model that quantifies local volume fraction variations to duplicate agglomeration 

behavior. The synthetic series S-
𝜎𝑎𝑁

𝑎̅𝑁
-(

𝜎𝛷𝑉

𝛷̅𝑉
)𝐵𝐵

2 -12.5, which incorporates local volume fractions, was 

populated statistically using a truncated normal distribution from cubic building blocks of length 

𝐿𝐵𝐵 to have a normalized variance of (
𝜎𝛷𝑉

𝛷̅𝑉
)𝐵𝐵

2  (evaluated at 𝐿𝐵𝐵). Thus, we might expect the 

residual of the Eq. 3 fit to the synthetic S-
𝜎𝑎𝑁

𝑎̅𝑁
-(

𝜎𝛷𝑉

𝛷̅𝑉
)𝐵𝐵

2 -12.5 data points to follow an exponential 

decay of the form 𝑦 = 𝐴𝑒−𝐵𝒙. Adding such a term to Eq. 3 yields Eq. 4: 

(
𝜎𝛷𝑉

𝛷̅𝑉
)2 = {

𝐴𝑃𝑆𝐷(
𝐿

𝑎̅𝑁
)−3 + 𝐴𝑉𝐹𝐷𝑒

−𝐵𝑉𝐹𝐷
𝑳

𝒂̅𝑵 + 𝐶𝐿𝑚
, 𝐿 < 𝑡

𝐴𝑃𝑆𝐷(
𝑡

𝑎̅𝑁
)−1(

𝐿

𝑎̅𝑁
)−2 + 𝐴𝑉𝐹𝐷𝑒

−𝐵𝑉𝐹𝐷
𝑳

𝒂̅𝑵 + 𝐶𝐿𝑚
, 𝐿 ≥ 𝑡

   Eq. 4, 

where the variables 𝐴𝑉𝐹𝐷 and 𝐵𝑉𝐹𝐷
−1  terms describe, respectively, the magnitude of the variation in 

local VF and the building block size over which the variation exists. This is our basic goal, to 

quantify the length scale and the magnitude of local volume fraction variations, and the exponential 

term readily describes these. Specifically, we would expect 𝐴𝑉𝐹𝐷 = 𝑒 (
𝜎𝛷𝑉

𝛷̅𝑉
)

𝐵𝐵

2

 and 𝐵𝑉𝐹𝐷 =
𝑎̅𝑁

𝐿𝐵𝐵
, if 

the exponential function was the only term in Eq. 4. In this case, 𝐶𝐿𝑚
 again represents the 

difference between the value of (
𝜎𝛷𝑉

𝛷̅𝑉
)2 in the microstructure dataset at the maximum sub-volume 

size, 𝐿𝑚, and the value (
𝜎𝛷𝑉

𝛷̅𝑉
)2 at 𝐿𝑚 computed for the first terms in Eq. 4, using the same 𝐴𝑃𝑆𝐷 

value. In practice, the first two terms are generally smaller than the gradient or finite volume 

effects, and the term can simply be approximated as the value of (
𝜎𝛷𝑉

𝛷̅𝑉
)2 in the microstructure 

dataset at the maximum sub-volume size analyzed, 𝐿𝑚. 



Quantitative Analysis of Multi-Scale Electrode Heterogeneities, Mahbub et al. 

 17 

This semi-empirical model is found to describe heterogeneities of all length scales in the 

synthetic microstructures of Figure 6 reasonably well, as is shown by the similar color dashed lines 

in the Figure 6e and 6f (also see Figure S6-S8 c and d for the other synthetic microstructures), with 

fit values given in Table II under the model parameters for S-0.40-(
𝜎𝛷𝑉

𝛷̅𝑉
)𝐵𝐵

2 -𝐿𝐵𝐵 datasets heading. 

If we compare the fit values for 𝐴𝑉𝐹𝐷 and 𝐵𝑉𝐹𝐷 to the 𝑒 (
𝜎𝛷𝑉

𝛷̅𝑉
)

𝐵𝐵

2

 and 
𝑎̅𝑁

𝐿𝐵𝐵
 values, there is good 

agreement. In other words, the exponential fit returns the expected value for the length scale and 

the magnitude of local volume fraction variations built into the synthetics. Thus, combining the 

analysis of both the S-
𝜎𝑎𝑁

𝑎̅𝑁
 and the S-

𝜎𝑎𝑁

𝑎̅𝑁
-(

𝜎𝛷𝑉

𝛷̅𝑉
)𝐵𝐵

2 -𝐿𝐵𝐵 series of microstructures, leads to a high 

confidence that Eq. 4 yields an accurate quantification of the micro- and mesoscale variations. To 

review the procedure for quantifying heterogeneities using  Eq. 4: 
𝜎𝑎𝑁

𝑎̅𝑁
 is measured experimentally; 

𝐴𝑃𝑆𝐷 is fixed (it is a constrained parameter) to the value fitted to the appropriate S-
𝜎𝑎𝑁

𝑎̅𝑁
 series; the 

𝐶𝐿𝑚
 value is fixed (it is a constrained parameter) to the value on the curve at the maximum 

𝑎̅𝑁

𝐿𝐵𝐵
 (or 

the difference between that value and the value of the appropriate synthetic at the same 
𝑎̅𝑁

𝐿𝐵𝐵
); and 

finally 𝐴𝑉𝐹𝐷 and 𝐵𝑉𝐹𝐷 are fitted (these are the two fitting parameters) by a least squares method 

to the data using Eq. 4. Following this procedure using the synthetic microstructures, the fitted 

𝐴𝑉𝐹𝐷 and 𝐵𝑉𝐹𝐷 values reflect the input values of (
𝜎𝛷𝑉

𝛷̅𝑉
)

𝐵𝐵

2

 and 𝐿𝐵𝐵.  

We next used the model given in Eq. 4 to quantify the heterogeneities in the experimental 

cathodes. In Figure 7, mean-squared normalized variance of the aggregated phase fraction, (
𝜎𝛷𝑉

𝛷̅𝑉
)

2

, 

is plotted in linear (a) and semi-log (b) scales, as a function of the mean particle size normalized 

edge lengths, 
𝐿

𝑎̅𝑁
 for the cathodes C1 (black), C2 (blue), and C3* (gray). Fits to the data with Eq. 4 
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are shown by similarly colored curved lines, and fit values for 𝐴𝑃𝑆𝐷, 𝐴𝑉𝐹𝐷, 𝐵𝑉𝐹𝐷, and 𝐶𝐿𝑚
 are 

given in Table III. The curves from Eq. 4 fit the data very well (R-squared value > 0.98), indicating 

the model quantitatively captures heterogeneities over all length scales in the experimental 

electrodes with good accuracy. The values of 𝐴𝑉𝐹𝐷 are approximately 4 x10-2 to 5 x10-2 for all 

cathodes, which are most similar to the S-
𝜎𝑎𝑁

𝑎̅𝑁
-4.5 x10-2-12.5 data sets. The value of  

1

𝐵𝑉𝐹𝐷
 represents the normalized length scale of the heterogeneity, and it varies from 9 to 18. The 

1

𝐵𝑉𝐹𝐷
  value is 17.9 for the S-0.40-4.5 x10-2-12.5 data set. In fact, the values for S-0.40-4.5 x10-2-

12.5 are reasonably close to the cathode C2 across all parameters. 

As observed for the anodes before, in Table III we notice that the 𝐶𝐿𝑚  terms for the 

experimental cathodes are also much higher than what is expected due to only truncation error in 

a synthetic dataset having similar polydispersity of particle size (or 𝜎𝑎𝑁
 / 𝑎̅𝑁 value) in Table II. 

This means, similar to anodes, there exist long wavelength gradients in the cathode datasets as well 

and the high 𝐶𝐿𝑚  values indicate that, this gradient is much more prominent in the cathodes than 

in anodes.  

3.5  Long Wavelength Heterogeneities 

Previously, we reported the existence of long wavelength variations in anode, A2* and 

cathode, C3* using spatial maps. 52 (Similar maps for the new datasets have been discussed in SI 

in Figure S2 and S3). To explore the long wavelength variations in the electrodes in more details, 

in Figure 8 we compare the mesoscale distributions of ICP volume fraction measured in the t3 

partitions of anodes A1 and A2* (Figure: 8a) and cathodes C1 and C3* (Figure: 8b). These two anode 

and cathode PFIB scans are extracted from the same cell, simply separated by a fraction of a 

millimeter (0.1-0.4 mm) in either electrode. Interestingly, the distributions from the two anodes, 
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as well as from the two cathodes, have different means that are separated by almost four standard 

deviations (which are similar for both distributions), leading to distributions that have almost no 

significant overlap. Similar results were observed when the volume fraction distributions of other 

phases in anodes A1 and A2* and cathodes C1 and C3* are compared (See Figure S4 for details, 

similar distributions from cathode, C2 have also been incorporated in SI).  

Even though these anodes appear relatively more homogeneous on the microscale than the 

cathodes, being built from particles having relatively narrow size distributions of 
𝜎𝑎𝑁

𝑎̅𝑁
 = 0.40, they 

also exhibit very long wavelength variations in the local phase fractions. The latter is significant 

enough to result in two relatively large PFIB sub-volumes having no statistical overlap in volume 

fraction distributions amongst t3 sub-volumes, though spatially separated by only fractions of 

millimeters. This longer wavelength variation presents itself in the PFIB data as a gradient, 

captured locally by the 𝐶𝐿𝑚
 term in Eq. 3 and Eq. 4. This type of variation indicates the phases are 

well mixed from a local perspective, but the entire electrode has statistically relevant variations 

throughout. This impacts the distribution of local performance, as described below, but also makes 

it difficult to explore time dependent phenomena between cathodes or anodes if PFIB pillars on 

any given cathode or anode are not identical. One of the challenging consequences of such 

variations is that it is difficult to assess time-dependent variability between similar electrodes when 

the initial electrodes contain statistically non-overlapping regions themselves. 

 

3.6 Impact of Heterogeneities on cell Performance Distributions 

Thus far we have primarily focused on microstructural heterogeneities in the volume fraction 

distribution, but other metrics are also important to transport and reaction properties, including the 

interconnectivity of the different phases that affects tortuosity and triple phase boundary densities. 
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Figure 9 a-b compares the mesoscale distributions of ECP tortuosity factor and TPB density 

measured from all non-overlapping t3 µm3 sub-volumes of cathodes and anodes (more are given 

in the SI in Figures S9, for the ICP and GPP). In these figures, the distributions of features from 

cathodes C1 and C2 and anode A1  (reported herein) have also been compared with previously 

published52 similar distributions from cathode C3* and anode A2*. It should be noted that t3 sub-

volumes in the anodes (cathodes) have edge length equal to 13-15 (20-28) times their average 

particle size: 
𝑡

𝑎̅𝑁  
= 13 − 15 (20-28) for anodes (cathodes). Thus, the relative volume (with respect 

to particle volume) over which features were averaged in the cathode was much greater than in the 

anodes. In each of these figures, the first block compares the distributions of same features in the 

three cathodes— C1 (black), C2 (blue), and C3* (gray)— and the second block compares their 

distributions in anodes— A1 (black) and A2* (gray). As with the volume fraction distributions 

discussed above (Figure 8) for regions of the same cell from different location, the mesoscale 

distribution tortuosity and TPB density are distinctly different from regions of the same cell from 

different locations. Thus, microstructural heterogeneity in these electrodes also impacted the 

distribution of higher order metrics of network topology / connectivity. This applies to the tails of 

the distributions too, as the distributions in the cathodes are more skewed with longer tails than 

those in the anodes for the tortuosity and TPB density metrics.  

The local polarization resistance Rp, an indicator of local electrochemical properties, was 

computed by taking the microstructural parameters as input into an effective medium theory 

(EMT) model known as the modified Tanner–Fung–Virkar (m-TFV) model.31,45,52,67 The details 

regarding instantiation of the model are described elsewhere.52 Figure 9c plots the distribution of 

polarization resistance 𝑅𝑃
𝐶 in cathodes, C1, C2, and C3*, and Figure 9d plots the distribution of 𝑅𝑃

𝐴 

in anodes, A1 and A2*. These figures show that, there are significant tails towards the larger 𝑅𝑃
𝐶 
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values in the distributions extracted from the cathode datasets and towards lower 𝑅𝑃
𝐴 values in the 

distributions from the anodes, with some micro-scale volumes having Rp values more than twice 

the mean. These distributions confirm that, both in cathode and anode microstructures, there are 

significant microscale t3 µm3 that are operating well outside the average values and that vary 

significantly over the mesoscale and millimeter scales.  

Figure 9 c and 9 d also show that, there is ≈ 11, 13 and 6 % variability in performance among 

the microscale volumes within the cathodes, C1, C2, and C3* respectively and ≈ 4% variability 

within anodes, A1 and A2*. Furthermore, there exist ≈ 16% variation in mesoscale performance 

between cathodes, C1 and C3* with C2 and ≈ 7 % variation the between mesoscale anodes, A1 and 

A2*. Considering that 0.2% per 1000 hours of operation is an acceptable degradation rate for long 

term cell performance over 50,000 hours,5 any local variation in performance of ≈ 10% is clearly 

significant. For example, a performance variation of as low as 1 % between two regions, has the 

same effect where one region has been operated 5000 more hours than the other. As such, the 

variability within and as well as among the reconstructions reported here indicate that certain 

microscale or even mesoscale regions in these cells can be considered as performance failures 

when compared to the regions with maximum cell performance. Importantly, these performance 

variations are directly the result of the microstructural heterogeneities, which can be quantified 

and related to particle size distributions in feedstocks, as well as volume fraction variations 

associated with agglomeration and long-range mixing stability processing batches (e.g., inks).  

Such variations not only impact local cell performance and cell reliability, but can impact 

negatively the long-term performance if they accelerte degradation phenomenon related to the 

overpotential.47,52,54,55,59,60 In other words, heterogeneous cells may also degrade faster than 

homogeneous cells. To investigate this, an in-house multiphysics model called DREAM-SOFC, 
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68,69 was used to model the effect that microstructural heterogeneity will have on performance. 

DREAM-SOFC was previously used to predict performance degradation due to coarsening of 

SOFC microstructures.70 3D distributions of microstructural parameters were obtained from 

synthetically generated S-0.5-(
𝜎𝛷𝑉

𝛷̅𝑉
)𝐵𝐵

2 -6.25 microstructures (details on generating the synthetics 

have already been discussed in the method section), where the polydispersity of particle size was 

similar to the experimental cathode reconstructions and the volume fraction distributions (
𝜎𝛷𝑉

𝛷̅𝑉
)𝐵𝐵

2  

were varied to simulate heterogeneities observed in the cathodes (believed to be associated with 

agglomeration). The microstructural parameters were used to describe the active layer in 

multiphysics performance simulation of an LSM half-cell with domain and boundary conditions 

applied as in 71 with model parameters like those applied in 70. By calculating the current density 

for incrementally increasing applied voltages, V-I curves were produced for S-0.5-(
𝜎𝛷𝑉

𝛷̅𝑉
)𝐵𝐵

2 -6.25 

datasets, as is shown in Figure 10a. From such data, the overpotential required to operate at a given 

current density was extracted, and is plotted for two current densities in Figure 10b as a function 

of the logarithm of the local volume fraction variability (log (
𝜎𝛷𝑉

𝛷̅𝑉
)𝐵𝐵

2 ). These figures show that the 

voltage drop (or the overpotential) across the cathode increases significantly with increasing 

heterogeneity (at a given current density); further, there is a linear correlation (in the semi-log plot) 

of Figure 10b, where the slope increases with increasing current density. These results indicate 

that there is a relatively large overpotential increase associated with heterogeneous cell 

microstructures, when compared to their homogeneous analogues. Thus, the combination of wider 

distribution of local performance and the resulting lower effective performance gives an indication 

that heterogeneous cells underperform and will be prone to faster degradation (considering 

overpotential driven degradation modes) relative to the homogenously mixed ones. Thus, 
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quantification of the multi-length scale variations is important to production of reliable and durable 

SOFCs at reasonable costs.  

3.7 Summary 

 Prior microstructural research with nanoscale resolution of phases in electrodes has 

successfully characterized and correlated microstructural properties to local electrochemical 

performance,47,54,55,59,60 but could not assess variability in microscale properties across devices. 

This work combined analysis on multiple PFIB-SEM scanned electrode microstructure 

reconstructions from the same cells, as well as different cells of the same manufacturer, which 

allowed quantifying heterogeneities over length scale that has not been studied before. To model 

the possible origins of such heterogeneities, synthetic microstructures of sufficiently large volumes 

were generated having different particle size distributions (PSDs) and local volume fraction 

distributions (VFDs), such that they span the range of heterogeneities quantified in experimental 

microstructures. By coupling analysis on the experimental and synthetic microstructures, a semi-

empirical model was developed to include a negative power law term modeling PSDs, a negative 

exponential term modeling local VFDs (agglomeration), and a constant term modeling poor 

mixing/gradients over longer ranges. These volume fraction variations, in turn, impact multiscale 

variations of cell electrochemistry and performance parameters, as shown using well established 

effective medium theory models. Taken altogether, this approach will accelerate our understanding 

of processing-structure-performance relationships that are essential for the development of 

reliable, durable, low-cost SOFCs. Similar approaches could guide the understanding and 

optimization of other functional composite or porous materials, including other fuel cell or battery 

electrodes.  
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4. Conclusion 

Combining multiple PFIB-SEM scanned reconstructions, heterogeneities in complex 

SOFC electrode microstructures over multiple length scales were quantified. By coupling analysis 

with synthetic microstructures that are generated to have the same range of heterogeneities as the 

experimental microstructures, a semi empirical model was developed that can quantitatively 

rationalize the origin of such heterogeneities in terms of feedstock and processing parameters. 

Specifically, the semi-empirical model accounts for particle/pore size distributions, agglomeration 

of materials, and long-scale variations that may arise from processing methods. Quantifying the 

impact of heterogeneities on cell electrochemistry and performance distributions demonstrated the 

importance of characterizing heterogeneities for improving the cell reliability and durability. In a 

broader sense, this work offers a path to quantify multiscale heterogeneities in complex composite 

microstructures, analyze their impact on property or performance distributions and to 

quantitatively rationalize their origins, ultimately allowing researchers to improve the performance 

and durability of such functional materials. 

Data Availability 

The data used in this paper is hosted on the National Energy Technology Laboratory's 

Energy Data Exchange server at the following URL: 

https://edx.netl.doe.gov/dataset/heterogeneous-sofc-electrodes-from-jecs-paper-2019 
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Figures 

 

Figure 1. Rendered images of the segmented data for (a) the active anode, A1, (b) the active 

cathode, C1, and (c) the active cathode, C2. In each, yellow represents the ICP and red {blue} 

represents the ECP in the anode {cathodes}. In all images, the segmented pore regions have been 

rendered as transparent. 
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Figure 2. Mean-squared normalized variance of the aggregated phase fraction, (
𝜎𝛷𝑉

𝛷̅𝑉
)

2

, plotted in 

linear (a) and semi-log (b) scales, as a function of the mean particle size normalized edge lengths, 

𝐿

𝑎̅𝑁
. Data points are given for experimental anodes (triangles)— A1 (black) and A2* (gray)— and 

cathodes (circles)— C1 (black), C2 (blue), and C3* (grey). Lines are meant as guides to the eye. 
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Figure 3. Mean-squared normalized variance of the aggregated phase fraction, (
𝜎𝛷𝑉

𝛷̅𝑉
)

2

, plotted in 

linear (a) and semi-log (b) scales, as a function of the mean particle size normalized edge lengths, 

𝐿

𝑎̅𝑁
. Data points are shown for synthetic S-

𝜎𝑎𝑁

𝑎̅𝑁
 microstructures simulating different particle size 

distributions: S-0.34 (red), S-0.40 (blue), S-0.50 (green), and S-0.63(black). Fits to the data with 

the power law model of Eq. 2 are shown by similar color curved lines (fit values for 𝐴𝑃𝑆𝐷 are given 

in Table II). 
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Figure 4. Mean-squared normalized variance of the aggregated phase fraction, (
𝜎𝛷𝑉

𝛷̅𝑉
)

2

, plotted in 

linear (a) and semi-log (b) scales, as a function of the mean particle size normalized edge lengths, 

𝐿

𝑎̅𝑁
. Data points are shown for experimental anodes: Fits to the data with the power law model of 

Eq. 3 are shown by similar color curved lines (fit values for 𝐴𝑃𝑆𝐷 and 𝐶𝐿𝑚
 are given in Table III), 

with dashed curves showing the fit before incorporating the 𝐶𝐿𝑚
 term 
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Figure 5. Rendered images of two S-
𝜎𝑎𝑁

𝑎̅𝑁
-(

𝜎𝛷𝑉

𝛷̅𝑉
)𝐵𝐵

2 -𝐿𝐵𝐵 synthetic microstructures exhibiting 

simulated agglomeration of materials: a) S-0.40-4.5x10-2-12.5 and b) S-0.40-3.0x10-1-12.5 . The 

ICP is yellow, the GPP is transparent, and the ECP is blue. 
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Figure 6. Mean-squared normalized variance of the aggregated phase fraction, (
𝜎𝛷𝑉

𝛷̅𝑉
)

2

, plotted in 

linear (a, c, e) and semi-log (b, d, f) scales, as a function of the mean particle size normalized edge 

lengths, 
𝐿

𝑎̅𝑁
. Data points are shown for synthetic S-0.40-(

𝜎𝛷𝑉

𝛷̅𝑉
)𝐵𝐵

2 -12.5 microstructures. Fits to the 

data with Eq. 3  (c and d) and Eq. 4 (e and f) are shown in by similar color curved lines (fit values 

for 𝐴𝑃𝑆𝐷, 𝐴𝑉𝐹𝐷, 𝐵𝑉𝐹𝐷, and 𝐶𝐿𝑚
 are given in Table II). 
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Figure 7. Mean-squared normalized variance of the aggregated phase fraction, (
𝜎𝛷𝑉

𝛷̅𝑉
)

2

, plotted in 

linear (a) and semi-log (b) scales, as a function of the mean particle size normalized edge lengths, 

𝐿

𝑎̅𝑁
. Data points are shown for the experimental cathodes: C1 (black), C2 (blue), and C3* (gray). Fits 

to the data with Eq. 4 are shown in by similar color curved lines (fit values for 𝐴𝑃𝑆𝐷, 𝐴𝑉𝐹𝐷, 𝐵𝑉𝐹𝐷, 

and 𝐶𝐿𝑚
 are given in Table III). 
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Figure 8.  Comparison of mesoscale distributions of ECP volume fraction in a) Anodes, A1 (black 

line) and A2* (gray line) and b) cathodes, C1 (black line), and C3* (gray line) measured in t3 sub-

volumes. 
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Figure 9. Comparison of mesoscale distributions of volume-weighted average electrochemical 

parameters measured in t3 sub-volumes between cathodes, C1, C2, and C3* and between anodes 

A1 and A2*: (a) ECP tortuosity factor, (b) TPB density, polarization resistance in the cathodes (c) 

and anodes (d). In figures (a) and (b) the first block compares similar distributions from the 

cathodes and the second block compares the distributions from the anodes. 

 

 

 
 

  



Quantitative Analysis of Multi-Scale Electrode Heterogeneities, Mahbub et al. 

 40 

Figure 10. Predicted potential drop across the synthetic cathodes (S-
𝜎𝑎𝑁

𝑎̅𝑁
-(

𝜎𝛷𝑉

𝛷̅𝑉
)𝐵𝐵

2 -6.25)  a) as a 

function of current density for various LSM active layer microstructural heterogeneities ((
𝜎𝛷𝑉

𝛷̅𝑉
)𝐵𝐵

2 ) 

b) as a function of varying heterogeneity ((
𝜎𝛷𝑉

𝛷̅𝑉
)𝐵𝐵

2 ) of cathode active layer microstructure based 

on multiphysics model calculations. 
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Tables 

 

Table I. Selected statistical quantities for all four sets of synthetic microstructures. 

 

Particle Size Distributions 

S-
𝜎𝑎𝑁

𝑎̅𝑁
 

Volume Fraction Distributions 

S-
𝜎𝑎𝑁

𝑎̅𝑁
-(

𝜎𝛷𝑉

𝛷̅𝑉
)𝐵𝐵

2 -12.5 

ln 𝝈𝒈
𝒊𝒏 

𝒂̅𝑵 

[μm] 

𝝈𝒂𝑵
 

[μm] 

𝝈𝒂𝑵

𝒂̅𝑵
 𝝈𝚽𝑽

𝒊𝒏  𝝈𝚽𝑽

𝒐𝒖𝒕 (
𝜎𝛷𝑉

𝛷̅𝑉

)𝐵𝐵
2  

0.15 

0.35 

0.60 

0.80  

0.62 

0.70 

0.95 

1.30  

0.21 

0.28 

0.48 

0.82  

0.34 

0.40 

0.50 

0.63  

0.000   2.0 x10-3 3.6 x10-5 

0.075 8.0 x10-3 5.9 x10-4 

0.100 2.0 x10-2 3.7 x10-3 

0.125 3.0 x10-2 8.3 x10-3 

0.150 5.0 x10-2 2.2 x10-2 

0.175 7.0 x10-2 4.5 x10-2 

0.200 1.2x10-1 1.4 x10-1 

0.225 1.8x10-1 3.0x10-1 

 

Note:  𝒂̅𝑵 and 𝝈𝒂𝑵
are the computed average and standard deviation of the number weighted 

particle size. 𝝈𝒈
𝒊𝒏 was the input (targeted) value of 𝝈𝒂𝑵

 for a given simulation. 𝝈𝚽𝑽
 {𝚽̅𝑽} is the 

standard deviation {average} of aggregated volume fraction of phases among specified building 

blocks having edge length of 12.5 µm. 𝝈𝚽𝑽

𝒊𝒏  was the input (targeted) value of 𝝈𝚽𝑽
, while  𝝈𝚽𝑽

𝒐𝒖𝒕 is 

the output (measured) value. (
𝜎𝛷𝑉

𝛷̅𝑉
)𝐵𝐵

2  represents the measured value of mean2 normalized 

variance among the building blocks. 
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Table II. Model parameters synthetic datasets 

 

 

Model parameters to Eq. 2 

for 

 S-
𝝈𝒂𝑵

𝒂̅𝑵
 datasets 

Model parameters to Eq. 4 for  

S-𝟎. 𝟒𝟎-(
𝝈𝜱𝑽

𝜱̅𝑽
)𝑩𝑩

𝟐 -12.5 datasets 

𝝈𝒂𝑵

𝒂̅𝑵
 𝑨𝑷𝑺𝑫 (

𝝈𝜱𝑽

𝜱̅𝑽

)𝑩𝑩
𝟐  𝑨𝑷𝑺𝑫 𝑩𝑽𝑭𝑫 𝑨𝑽𝑭𝑫 𝑪𝑳𝒎

 

0.34  7.9x10-1  
3.6 x10-5 

 

 1.3x100 

  

5.6x10-2 

-  

5.9 x10-4 1.0 x10
-3

 2.1 x10
-5

 

0.40 1.3x100  
3.7 x10-3 3.0 x10

-3
 9.0 x10

-5
 

8.3 x10-3 9.0 x10
-3

 1.9 x10
-4

 

0.50 6.1x100  
2.2 x10-2 2.2 x10

-2
 9.9 x10

-4
 

4.5 x10-2 5.0 x10
-2

 3.0 x10
-3

 

0.63 17.7x100 
1.4 x10-1 1.4 x10

-1
 4.0 x10

-3
 

3.0x10-1 3.5x10
-1

 8.0x10
-3
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Table III. Model parameters for experimental datasets 

 

 

Experimental 

Datasets 

 

𝒂̅𝑵 

𝝈𝒂𝑵

𝒂̅𝑵
 𝑨𝑷𝑺𝑫 𝑨𝑽𝑭𝑫 𝑩𝑽𝑭𝑫 

𝟏

𝑩𝑽𝑭𝑫
 𝑪𝑳𝒎

 

Anode-A1 0.62 0.40 1.3x100 0.00 - - 9.0 x10-5 

Anode-A2* 0.60 0.42 1.3x100 0.00 - - 5.9 x10-4 

Cathode-C1 0.46 0.50 6.1x100 5.0 x10-2 9.0 x10-2 11 3.3 x10-4 

Cathode-C2 0.46 0.40 1.3x100 4.0 x10-2 5.5 x10-2 18 1.2 x10-3 

Cathode-C3* 0.55 0.50 6.1x100 4.0 x10-2 1.1 x10-1 9 3.9 x10-4 

 

 

 


