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ABSTRACT
We theoretically study the nonmonotonic (re-entrant) activated dynamics associated with a finite time scale kinetically defined repulsive
glass to fluid to attractive glass transition in high volume fraction particle suspensions interacting via strong short range attractive forces.
The classic theoretical “projection” approximation that replaces all microscopic forces by a single effective force determined solely by equi-
librium pair correlations is revisited based on the “projectionless dynamic theory” (PDT). A hybrid-PDT approximation is formulated that
explicitly quantifies how attractive forces induce dynamical constraints, while singular hard core interactions are treated based on the pro-
jection approach. Both the effects of interference between repulsive and attractive forces, and structural changes due to attraction-induced
bond formation that competes with caging, are included. Combined with the microscopic Elastically Collective Nonlinear Langevin Equation
(ECNLE) theory of activated relaxation, the resultant approach appears to properly capture both the re-entrant dynamic crossover behavior
and the strong nonmonotonic variation of the activated structural relaxation time with attraction strength and range at very high volume
fractions as observed experimentally and in simulations. Testable predictions are made. Major differences compared to both ideal mode cou-
pling theory and ECNLE theory based on the full force projection approximation are identified. Calculations are also performed for smaller
time and length scale intracage dynamics relevant to the non-Gaussian parameter based on analyzing the dynamic free energy that controls
particle trajectories. Implications of the new theory for thermal glass forming liquids with relatively long range attractive forces are briefly
analyzed.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5129941., s

I. INTRODUCTION

Understanding glassy dynamics and kinetic arrest remains a
multifaceted grand challenge in statistical mechanics, condensed
matter physics, and materials science.1–4 The simplest system is the
hard sphere (HS) fluid and its experimental realization as a colloidal
suspension characterized by a single dimensionless parameter, the
volume fraction ϕ = π

6 ρσ
3, where ρ is the number density and σ is

the particle diameter. Beyond the equilibrium crystallization volume
fraction (∼0.495), the structural relaxation time grows very quickly
with density.2,4,5 In simulation and experiment, a practical kinetic

vitrification transition occurs when the structural or alpha relaxation
time scale exceeds the finite maximum value measurable, which typi-
cally occurs at ϕg ∼ 0.58–0.6.5,6 Even well below this volume fraction,
examination of trajectories shows the strong growth (suppression)
of the relaxation time and viscosity (diffusivity) is accompanied by
long periods of transient particle localization in a cage, punctuated
with large amplitude hopping events characteristic of intermittent
dynamics.5,7–11

The earliest microscopic force level theory for hard sphere
dynamics is the ideal mode coupling theory (MCT).3 It is based
on the idea that local caging and nonlinearly coupled collective

J. Chem. Phys. 151, 244502 (2019); doi: 10.1063/1.5129941 151, 244502-1

Published under license by AIP Publishing

https://scitation.org/journal/jcp
https://doi.org/10.1063/1.5129941
https://www.scitation.org/action/showCitFormats?type=show&doi=10.1063/1.5129941
https://crossmark.crossref.org/dialog/?doi=10.1063/1.5129941&domain=pdf&date_stamp=2019-December-26
https://doi.org/10.1063/1.5129941
https://orcid.org/0000-0002-3312-6107
https://orcid.org/0000-0003-1275-3790
mailto:kschweiz@illinois.edu
https://doi.org/10.1063/1.5129941


The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

density fluctuations induce large slowing down at high enough den-
sity resulting in strict solidification (infinite relaxation time). The
relaxation time, τα(ϕ), is predicted to grow as an inverse critical
power law and ultimately diverges as ϕ → ϕc ∼ 0.515, which is
far below the practical experimental or simulation vitrification vol-
ume fraction. Recent Generalized Mode Coupling Theory (GMCT)
efforts12–15 include some aspects of higher order correlation func-
tions ignored in classic ideal MCT, and the latest work finds the
critical volume fraction at the most complex level of the theory
shifts to ϕc = 0.56.15 However, GMCT still predicts a strict criti-
cal power law divergence of the relaxation time with an exponent
only modestly larger than the classic ideal MCT value of ∼2.5.15

Hence, activated processes as commonly envisioned to underlie a
supraexponential variation of the relaxation time scale with vol-
ume fraction are not captured, which presumably requires an
“infinite order” treatment within the ensemble averaged GMCT
framework.16

A critical power law form of the relaxation time per the orig-
inal ideal MCT can describe experimental and simulation data on
hard sphere fluids and suspensions in the precursor slow dynam-
ics regime over ∼2–3 decades, but only if ϕc is empirically shifted to
higher values.3,5,17,18 At still higher volume fractions, colloid exper-
iments and simulations find that the critical power law qualita-
tively fails and the time scale grows in a supraexponential acti-
vated manner.19 This phenomenology suggests that ideal MCT
might describe the initial stages of slowing down, with the diver-
gence being an artifact of not capturing activated processes. How-
ever, nonperturbative signatures of strongly non-Gaussian inter-
mittent motion5,8,9,11,20 (e.g., large non-Gaussian factors and van
Hove function with exponential tails) and direct visual observa-
tion of hopping trajectories are found even well below ϕ ∼ 0.58
where ideal MCT is often fit to relaxation time data. This ren-
ders unclear the physical significance of empirical shifting of the
MCT critical volume fraction to compare with experiment or
simulation.

The above considerations motivated the development over
15 years ago of a force level microscopic statistical mechanical
approach, which adopts MCT ideas for quantifying dynamical
caging constraints via equilibrium pair correlations but goes beyond
it to include thermal noise driven activated hopping at the sin-
gle particle level—the Nonlinear Langevin Equation (NLE) the-
ory.10,11,20,21 This approach is not formulated in terms of ensemble-
averaged time correlation functions per a Mori-Zwanzig scheme
as done by MCT, but rather at the level of stochastic single par-
ticle trajectories which is the new idea that allows it to capture
extremely non-Gaussian dynamics. Most recently, NLE theory was
generalized to include coupling of cage scale hopping with coor-
dinated collective elastic fluctuations outside the cage, the Elas-
tically Collective NLE (ECNLE) theory.22–24 ECNLE theory cap-
tures well the observable ∼5–6 decades of hard sphere fluid glassy
relaxation.

A qualitatively different type of dynamically arrested state is
obtained for particle fluids with strong short range attractions.6,25–33

They can be experimentally realized by adding small nonadsorbing
polymers to colloidal suspensions or by introducing thermosensitive
brushes on particle surfaces. In the former case, depletion attrac-
tion is controlled by polymer concentration (strength) and radius
of gyration Rg (spatial range). Of interest here is when Rg ≪ R

(where R is the colloid radius) corresponding to a short range attrac-
tion, which can strongly modify colloid packing and induce physical
clustering. This type of attraction cannot be realized in typical non-
polar thermal liquids where attractions are much longer range [e.g.,
Lennard-Jones potential (LJ)] and repulsive interactions dominate
the structure.34–36

Introducing short range attraction increases the possibility of
transient “physical bond” formation, which competes with caging
due to repulsive interactions. In the experiment25–29 and on the com-
puter,27,29,32 if the attraction is sufficiently weak and short range,
relaxation can strongly speed up relative to hard spheres. The prac-
tical kinetic vitrification event is delayed to higher volume fraction
or lower temperature (“glass melting” or “re-entrancy”). With fur-
ther increasing of the attraction strength, an “attractive glass” (AG)
state emerges characterized by both bonding and caging that rein-
force, resulting in a relaxation time that can far exceed that of the
hard sphere fluid.

The above phenomenology is qualitatively captured at the ideal
MCT level3,25,27,32,33 of a divergent relaxation time via the amplitude
of the collective static structure factor at its cage peak, S(k∗), which
evolves in a nonmonotonic manner with attraction strength.3,32,33

However, invoking MCT to explain the experimental and simulation
behavior introduces three subtle issues: (i) relaxation times gener-
ally do not grow as inverse critical power laws over an extended
range of control parameters, (ii) trajectories are highly intermittent
implicating non-Gaussian processes, and (iii) “arrest” in the labo-
ratory and on the computer involves the growth of a finite relax-
ation time that crosses a finite observation time scale. A rather
large empirical shift of volume fraction is often invoked to align the
ideal MCT nonergodicity boundary with the much higher volume
fractions where the new phenomena are observed in experiment
and simulation. Figure 1 sketches the situation of interest in this
article.

To set the stage for our work, we first recall the key approxi-
mations of classic ideal MCT,3,37 which focuses on ensemble aver-
aged time correlation functions such as the collective density fluc-
tuation S(k, t) and its single particle analog Fs(k, t). First, slow

FIG. 1. Schematic of the re-entrant glass melting kinetic arrest diagram suggested
by ideal MCT, simulations, and experiments. “F” is an ergodic fluid state, “RG” is
a repulsive glass dominated by caging constraints, and “AG” is an attractive glass
controlled by both caging and bonding forces. At lower volume fractions, a dense
gel state, “G,” can exist. Experiments and simulations find that this phenomenol-
ogy emerges only for volume fractions (∼0.56–0.61) well beyond that predicted
by classic ideal MCT in a regime where intermittent activated dynamics at the
trajectory and ensemble-averaged levels is important.
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dynamics is assumed to be slaved to structural correlations, an
idea implemented by “projecting” the real Newtonian pair decom-
posable forces onto the equilibrium pair correlation function. Any
consequences of forces on dynamics beyond the influence of the
corresponding potential on pair structure are not retained. Sec-
ond, a required four-point (in space-time) dynamic density fluc-
tuation correlation function (Fig. 2) is factorized in a Gaussian
fashion to self-consistently close the theory at the level of two-
point correlators. This critical approximation precludes capturing
highly non-Gaussian activated processes and leads to the unphysi-
cal critical power law divergence of the relaxation time. The latter
is widely interpreted as signaling the failure of ideal MCT and a
dynamic crossover to a qualitatively different activated transport
regime.

Addressing the above issue has been the focus of the work by
Schweizer and co-workers to develop microscopic activated dynam-
ics theories (NLE and ENCLE) while still retaining the projection
approximation to formulate dynamical constraints in terms of the
structure.21,23 Our new goal here is to go beyond a literal projec-
tion approximation for attractive particles in the ECNLE theory
activated dynamical framework. The question of two liquid sys-
tems with a very similar pair structure but different interparticle
forces having strongly different dynamics [e.g., Weeks-Chandler-
Andersen (WCA) vs Lennard-Jones (LJ)] for some thermodynamic
states has been studied via the simulation in the weakly supercooled
regime for simple spherical particle mixture models.38–41 A theoret-
ical effort to address those findings was carried out recently by Dell
and Schweizer42 where the strict projection was avoided (projection-
less dynamic theory, PDT) within the activated dynamics ECNLE
framework. However, our focus here is on qualitatively different soft
matter systems that interact via strong and very short range attrac-
tions, and how an activated dynamics approach that explicitly takes
into account strong attractive forces can be constructed.

Section II briefly recalls the single particle naïve MCT (NMCT),
NLE theory, and ECNLE theory based on the projection approx-
imation. A hybrid projectionless dynamics analog of all the latter

FIG. 2. Schematic of the required 4 point (3 different particles) force-force time cor-
relation in naïve MCT. Dynamic relaxation occurs via tagged particle and collective
motion. Forces are either effective (projection approximation) or bare Newtonian
(PDT).

theories is discussed and qualitatively analyzed in Sec. III. Numer-
ical results based on this approach for ideal localization bound-
aries, transient localization length, barriers, and activated relaxation
times are presented in Sec. IV. These results are contrasted with
those obtained based on the projection-based version of ECNLE the-
ory and also with experiments and simulations. Section V presents
an overview of our physical picture, its general connection to the
experiment, and differences with the ideal MCT scenario. In addi-
tion, calculations are presented that are relevant for smaller time
and length scale dynamics inside the cage based on the dynamic
free energy concept, and the results are qualitatively contrasted with
the simulation. This article concludes in Sec. VI with a discussion.
supplementary material includes details of the force vertex analysis
and results for thermal liquids with relatively long range attractive
forces.

II. THEORETICAL BACKGROUND
We recall the NMCT, NLE, and ECNLE theories for hard

spheres based on the force projection approximation. All technical
details are discussed in many prior articles.10,21–24

A. Ideal NMCT of spherical particle liquids
The starting point for developing the single particle NMCT we

employ is a standard Generalized Langevin Equation (GLE) for a
tagged particle. The central quantity is the memory function, which
is a force-force time correlation function10 given by

K(t) = β
3
⟨Ð→F0(0) ⋅

Ð→
F0(t)⟩, (1)

where F⃗0 is the total Newtonian force on a tagged particle (indi-
cated by 0) due to all surrounding particles. Force relaxation is
assumed to be strongly coupled to slow modes identified as the prod-
uct of the tagged particle density and collective density. Projecting
the forces on this slow mode, factorizing 4-point correlations into
a product of 2-point ones, replacing projected dynamics with the
real dynamics, and rewriting the result in Fourier transform space
yield10,43

K(t) = βρ
3 ∫

dk⃗
(2π)3 k2C(k)2S(k)Γs(k, t)Γc(k, t), (2)

where β = (kBT)−1, S(k) = (1 − ρC(k))−1 is the static structure factor,
C is the direct correlation function, and Γs(k, t) = ⟨ei⃗k⋅(⃗r(t)−r⃗(0))⟩
and Γc(k, t) = S(k, t)/S(k) are the normalized (at t = 0) single and
collective dynamic propagators, respectively. As is well known, one
can interpret the projection approach as effectively replacing all real
forces (e.g., repulsive and attractive) by the gradient of a single direct
correlation function,

F⃗(r) = kBT∇⃗C(r), (3)

which in Fourier space corresponds to the factor kC(k) in Eq. (2).
The force-force time correlation function decays via two parallel
channels: collective motion of the surrounding media and tagged
particle motion. Our version of NMCT is based on deriving a closed
self-consistent evolution equation for the ensemble-averaged mean
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square displacement (MSD) of a tagged particle using a standard
GLE and Eq. (2) for K(t).10 One then searches for the conditions
when the MSD at very long times is finite, which signals kinetic local-
ization and the emergence of an amorphous solid. The calculation is
technically performed based on modeling the arrested structure per
an Einstein glass characterized by a dynamic localization length rL.10

This implies that in an arrested state the propagators become Debye-
Waller factors of a Gaussian form,10,43 and analyzing the long time
limit one obtains

Γs(k, t →∞) = e−
k2 r2

L
6 , (4)

Γc(k, t →∞) = e−
k2 r2

L
6S(k) , (5)

1
r2

L
= 1

9 ∫
dk⃗
(2π)3 ρk2C(k)2S(k)e−

k2 r2

6 [1+S−1(k)]. (6)

Equation (6) is the self-consistent ideal localization relation of
NMCT.10

Equation (6) predicts for hard spheres a literal dynamical arrest
transition at ϕc ≈ 0.43 based on using Percus-Yevick (PY) theory
for the input structure.10 If there is a short range attraction, NMCT
predicts an ideal nonergodicity boundary44,45 qualitatively like in
Fig. 1 with a re-entrant nose feature, with a dependence on attrac-
tion strength and range qualitatively the same as for “full” ideal
MCT formulated for wavevector-dependent time correlation func-
tions.27,32,33 Post facto analysis of our NMCT results45–47 reveals the
same origin for the re-entrant or glass melting behavior as in the full
MCT based on collective pair density fluctuations: a nonmonotonic
variation with attraction strength of the so-called “vertex,” V(k),
due to changes of S(k ∼ k∗) (see the supplementary material). The
vertex is the crucial quantity in Eq. (6) that determines the ampli-
tude of dynamical constraints as a function of wavevector and is
given by

V(k) = ρk4C(k)2S(k) = ρ−1k4(1 − S−1(k))2
S(k). (7)

B. Activated dynamics theories
Nonlinear Langevin Equation (NLE) theory10,21 was heuristi-

cally constructed based on a combination of physical arguments,
elements of MCT to quantify dynamical constraints, and a coarse-
grained version of dynamic density functional theory.21 NLE the-
ory is not formulated in terms of ensemble-averaged time correla-
tion functions. The central new concept is a “dynamic free energy,”
Fdyn(r), the gradient of which is the systematic force that con-
trols single particle trajectories at the level of an angularly aver-
aged scalar displacement variable r(t). The NLE in the overdamped
limit is21

− ζs
dr(t)

dt
−
∂Fdyn(r(t))

∂r(t) + δf (t) = 0, (8)

where the thermal noise term satisfies ⟨δf (0)δf (t)⟩ = 2kBTζsδ(t),
r(t = 0) = 0, and the first term describes a “short time” nonactivated
frictional process. In this article, time will be expressed in terms of
the corresponding short time scale, τs = βζsσ2 (an explicit expression

for spheres given elsewhere21). The key quantity is the dynamic free
energy,

βFdyn(r) = −3 ln(r) − ρ
2π2 ∫

∞

0

∣M(k)∣2S(k)
1 + S−1(k) e−

k2 r2

6 (1+S−1(k))dk,

(9)

where the “effective force” in wavevector space, M(k), is defined. Per
Eq. (3), within the projection approach, one has

M⃗NMCT(k) = kC(k)k̂. (10)

The first term in Eq. (9) favors the fluid state, and the second term
favors a localized state. If the gradient of the dynamic free energy is
set to zero or if the noise in the NLE is dropped, particles arrest at
a displacement given by the self-consistent NMCT of Eq. (6). Thus,
the ideal NMCT transition is embedded in the NLE approach in the
unrealistic limit that thermal noise is ignored. This aspect, plus the
fact that dynamic constraints are still constructed using equilibrium
pair correlation functions, is why the mathematical form of the ver-
tex that enter Eqs. (9) and (6) are similar. In the NLE approach, this
factorization approximation enters only as a technical approxima-
tion since the theory is formulated in terms of stochastic trajectories,
not ensemble-averaged time correlation functions. This fundamen-
tal difference between the MCT and NLE or ECNLE approaches
transcends the question of the specific form of the vertex employed to
quantify dynamical constraints. For ϕ > ϕc, the dynamic free energy
acquires a minimum at r = rL and a barrier of height FB at r = rB
(see Fig. 3). The barrier is finite for all volume fractions below ran-
dom close packing (RCP), and hence activated relaxation is always
possible.

Inspired by ideas in phenomenological elastic models of glassy
dynamics,48,49 NLE theory has recently been generalized to take into

FIG. 3. Left: schematic of the physical content of ECNLE theory involving cage
scale single particle hopping coupled to a longer range collective elastic fluctuation
of particles outside the cage. The amplitude of the elastic displacements is highly
exaggerated in the shown image and in practice is predicted to be of order the
transient localization length or smaller. Right: schematic of the dynamic free energy
with its key length and energy scales defined; beyond the cage scale, a harmonic
displacement field characterizes the collective elastic fluctuation.
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account at a microscopic and predictive level the coupling of local
cage scale hopping and collective elastic distortion of the particles
outside of the cage, yielding ECNLE theory.22–24 The physical idea is
sketched in Fig. 3. Briefly, the predicted jump distance is sufficiently
large that it is argued that such single particle hops cannot be realized
without creating a small amount of extra space via dilation of the
cage. The latter requires a spontaneous elastic distortion of the par-
ticles outside the cage. The net elastic barrier can then be calculated
as βFel = 4π ∫ ∞rcage

r2ρg(r)( 1
2 K0u(r)2)dr, where K0 is the harmonic

spring constant of the dynamic free energy at its minimum, u(r) is
the elastic displacement field given by u(r) = 3Δr2

32rcage
( rcage

r )
2, r > rcage,

where r is the distance from the cage center, and Δr = rB − rL is the
jump distance. The elastic barrier scales as the product of volume
fraction, spring constant K0, and 4 powers of the jump distance. All
information needed to compute the elastic barrier then follows from
the dynamic free energy (jump distance Δr and K0).

In ECNLE theory, the alpha relaxation is a mixed local-nonlocal
activated event with a total barrier equal to Ftotal = FB + Fel. The
nondimensionalized mean structural relaxation time is taken to be
the mean barrier hopping time per Kramers theory,23

τα
τs
= σ−2eβFel ×

rB

∫
rL

dxeβFdyn(x)
x

∫
rL

dye−βFdyn(y) ≈ 2π√
K0KB

eβ(FB+Fel),

(11)

where KB is the absolute value of the barrier curvature and the final
approximate relation is accurate when the barrier is beyond of few
thermal energy units.

C. Projected vertex behavior
The dominant length scale(s) that enter the vertex V(k) of

Eq. (7) in NMCT and the dynamic free energy [per the k-space inte-
gration in Eqs. (6) and (9)] has been established via the so-called
“ultra-local” analytic analysis and numerical studies.46,47 The ver-
tex exhibits (for hard and sticky spheres) a first and largest peak
on the k ∼ k∗ cage scale; for higher wavevectors, the amplitude is
a bit lower but has an essentially constant magnitude for all k > k∗

(see Fig. SM1a of the supplementary material). At the NMCT tran-
sition, the contributions to the vertex from the k ∼ k∗ correlations
via S(k ∼ k∗) dominate for hard and sticky spheres. Since S(k ∼ k∗)
is a nonmonotonic function of attraction strength (see Fig. SM1b),
this leads to a nonmonotonic cage scale vertex amplitude (Fig.
SM1c), resulting in the predicted re-entrant “nose” form of the ideal
localization boundary, as previously discussed44,45,47 (also shown in
Fig. 5).

However, well beyond the NMCT crossover volume fraction
where the barrier is significant, contributions to V(k) in Eq. (7) on
scales k≫ k∗ become very important and eventually dominate, per
prior analysis for hard spheres or sticky particles with a hard core
repulsion.46,47 The k > k∗ amplitude then sets the energy scale of the
caging part of the dynamic free energy, which has been analytically
shown46 to be characterized by a “coupling constant” with a clear
physical interpretation: ν ∝ ϕg(σ)2, where g(σ) is the contact value
of the pair correlation function. For short range attractive forces, this
coupling constant grows monotonically with attraction strength and

decreasing range (see Fig. SM1d), reflecting enhanced local cluster-
ing. This trend suggests that the nonmonotonic re-entrant behavior
predicted at the NMCT level could “go away” sufficiently beyond
the ideal localization boundary. Numerical studies verify that this
occurs.45,47 Moreover, the nonmonotonic variation of S(k∗) with
attraction strength, and the vertex amplitude associated with it,
weakens with increasing volume fraction (Figs. SM1b and SM1c), a
trend consistent with the van der Waals idea that attractions modify
the structure less as density grows.34,35

Hence, if one accepts that ECNLE theory with the projected
vertex can reliably capture basic aspects of activated relaxation, and
activated motion is essential to describe practical kinetic arrest in
glass, gel, and attractive glass forming liquids, then the above behav-
iors suggest (i) ad hoc shifting of the ideal MCT boundary into a
regime where activated hopping is likely dominant is of uncertain
validity and (ii) ECNLE theory based on the force projection approx-
imation will not properly capture nonmonotonic dynamic behavior
in the high volume fraction regime of Fig. 1 that is relevant to exper-
iments and simulations. Exploring these two points, especially (ii), is
a primary goal of our present work.

III. PROJECTIONLESS DYNAMICAL APPROACH
We first analyze Eq. (1) that is based on the bare Newtonian

forces. The basic ideas invoked below have a long history in chem-
ical and polymer physics, as previously discussed.42,50,51 Here, we
consider a pair potential composed of a singular hard core repul-
sion plus short range attraction and how avoiding the projection
approximation can be carried out in this context.

A. Basic idea
One starts by defining a density field variable, ρ̃(r⃗, t), that

differs from the standard 1-body form employed in MCT-like
analysis,

ρ̃(r⃗, t) = ∑
j
δ(r⃗ − r⃗0(t) + r⃗j(t)). (12)

This field is the number density of particles a distance r⃗ from the
tagged particle at time t. Using it, one can formally write Eq. (1)
exactly as

K(t) = β
3
⟨Ð→F0(0) ⋅

Ð→
F0(t)⟩

= β
3 ∫ dr⃗∫ dr⃗′ f⃗ (r) ⋅ f⃗ (r′)⟨ρ̃(r⃗, 0)ρ̃(r⃗′, t)⟩

= β
3 ∫ dr⃗∫ dr⃗′ f⃗ (r) ⋅ f⃗ (r′)g(r)g(r′)Ω(r⃗, r⃗′; t), (13)

where f⃗ (r) = −∇⃗u(r) is the bare interparticle force which has
both repulsive and attractive contributions, ⟨ρ̃(r⃗, t)⟩ = ρg(r) and
Ω(r⃗, r⃗′; t) is a multipoint dynamic correlation function of a “condi-
tional form” defined as

Ω(r⃗, r⃗′; t) =
⟨Δρ̃(r⃗, 0)Δρ̃(r⃗′, t)⟩
⟨ρ̃(r⃗, 0)⟩⟨ρ̃(r⃗′, t)⟩ , (14)
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Δρ̃(r⃗, t) = ρ̃(r⃗, t) − ρg(r). (15)

The complicated function in Eq. (14) involves dynamic density fluc-
tuations of a pair of matrix particles in the vicinity of the mov-
ing tagged particle. Its exact determination is impossible. Schweizer
and Chandler50 and Schweizer51 previously suggested the simple
approximation within a projectionless framework,

Ω(r⃗, r⃗′; t) ≈ ρ−1 ∫ dx⃗Γs(x⃗, t)S(r⃗ − r⃗′ + x⃗, t), (16)

where Γs and S are self and collective van-Hove correlation func-
tions, respectively. This is a standard factorization of a 4-point corre-
lation function approximation. However, as mentioned previously,
in the NLE or ECNLE stochastic trajectory level framework, such an
approximation enters only as a technical simplification to construct
dynamical constraints and does not preclude capturing activated
motion. Rewriting Eq. (13) in Fourier space, the effective force [ana-
log of Eq. (10)] based on this “projectionless dynamic theory” (PDT)
is now given by

M⃗PDT(k) = ∫ dr⃗f⃗ (r)g(r)e−i⃗k⋅⃗r = 4πr̂∫
∞

0
r2f (r)g(r) sin(kr)

kr
dr.

(17)

Equation (17) was first obtained in Ref. 42, although numerical cal-
culations in that work incorrectly employed the j1(kr) Bessel func-
tion instead of the correct j0(kr) above. The form of Eq. (17) differs
from the projection based form of Eq. (10), with the bare force now
entering weighted by g(r) which quantifies the relative number of
neighbors at a separation r. Finally, one has

K(t) = βρ
3 ∫

dk⃗
(2π)3 ∣M⃗PDT(k)∣

2S(k)Γs(k, t)Γc(k, t). (18)

To carry out a NMCT, NLE, or ECNLE theory analysis, the self and
collective Debye-Waller factors are treated in the same manner, as
described in Sec. II.

Thus, the general form of the arrested component of the force-
force time correlation function in NMCT, and also the dynamic
free energy in NLE theory, remains the same as before, but with
a different effective force. In the projection approach, the vertex
of the dynamic free energy follows from Eq. (9) as |M(k)|2S(k)/(1
+ S−1(k))−1, with M(k) given by Eq. (10). This quantity scales as ∼k2

as k→ 0 and as ∼k−2 as k→∞ since C(k) ∼ k−2 in the large wavevec-
tor limit.46 Hence, small wavevector correlations are not important.
However, in the PDT approach, the corresponding scaling as k→ 0
is ∼k0 since MPDT of Eq. (17) does not vanish in this limit; at
high wavevectors, ∼k−2 scaling is again obtained. We expect that
this k → 0 PDT scaling behavior is not accurate since the dynamic
force correlations (per Fig. 2) are highly local, especially for short
range attractions. Hence, we anticipate that the PDT approach will
overpredict the dynamical consequences of structural constraints
and interparticle forces. We refer below to this as issue (a). A second
issue (b) is whether the PDT should be employed for hard spheres.
One might think that the answer is no since a major classic argument
in favor of the projection is that it renormalizes the singular potential

(force undefined) with the nonsingular direct correlation function.
These two considerations motivate the “hybrid PDT” approach, as
previously generically proposed.42

B. Hybrid approach
We consider fluids that interact via a pair potential composed

of a hard core repulsion plus short range attraction, V(r). In specific
applications, we employ an exponential form

V(r) = −ϵe−
r−σ

a , (19a)

f (r) = − ϵ
a

e−
r−σ

a . (19b)

The equilibrium pair correlation functions that are required as an
input to the dynamical theories are obtained using the standard
Ornstein-Zernike integral equation with the PY closure. Obviously,
as the range changes from, for example, a

σ = 0.1 to a
σ = 0.02, typical

of the soft matter systems of interest, the attractive force increases by
a factor of 5, which we expect should have a significant consequence
on physical bond lifetime, and hence structural dynamics. Given the
discussion in Sec. III A, and the knowledge that the PDT approx-
imation when employed for the pure hard sphere fluid produces
quantitatively inferior predictions compared to its projection based
analog,42 we adopt a hybrid approach where the projected vertex is
retained for the repulsive force [to address issue (b)] and the attrac-
tive force is treated with the PDT approximation. One could perhaps
view this as in the spirit of equilibrium integral equation theories
which construct mixed closures when there are competing repul-
sive and attractive interactions.36 However, for dynamics, one needs
forces and not potentials, and attraction range will play a stronger
role.

The hybrid approximation thus separates the effective force
into repulsive M⃗R(k) = M⃗NMCT(k) and attractive M⃗A(k) = M⃗PDT(k)
contributions in Fourier space as

M⃗Hyb(k) ≈ M⃗R(k) + M⃗A(k)
= M⃗NMCT(k) + M⃗PDT(k)

= kC0(k)k̂ + 4πr̂∫
∞

0
r2f (r)g(r)j0(kr)dr, (20)

where the repulsive force contribution is for the pure hard sphere
system. The full static structure factor, S(k), still enters per Eq. (18).
When Eq. (20) is used in Eq. (9) or Eq. (18), one requires the square
of Eq. (20),

Ð→
∣MHyb(k)∣2. Thus, there is a cross or interference term

between repulsive and attractive forces experienced by a tagged par-
ticle of opposite sign to the two diagonal contributions. This feature
would be true even if we used the PDT for both the bare repulsive
and attractive forces, in contrast to a projection MCT-like approach
where attractive and repulsive interactions enter solely via a single
direct correlation function per Eq. (3) or Eq. (10). This important
point is most clearly seen by considering Eq. (20) in real space. The
first effective repulsive force term follows from Eq. (3) and is pos-
itive, while the second attractive force term follows from Eqs. (17)
and (19b) and is negative. Hence, relative to the hard sphere fluid, for
weak attractions one expects that this cross term effect will reduce the
net dynamical constraints but for strong enough attractions, there
will be an enhancement of dynamical constraints. This behavior
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applies at all theoretical levels: NMCT, NLE, and ECNLE, which we
expect will lead to nonmonotonic variation of all dynamical prop-
erties in a manner not tied to being close to the ideal localization
boundary. In addition, the consequences of physical clustering in
enhancing g(r) near contact and nonmonotonic variation of S(k∗)
with attraction strength are still present.

Finally, we emphasize that the initial hybrid PDT plus ECNLE
theory42 ignored the cross term entirely. This was a physically moti-
vated simplification since that study focused on very different van
der Waals thermal liquids where attractive interactions are relatively
weak and spatially long range and the packing structure is min-
imally modified by attractions. As discussed below, we find that
ignoring the cross term for particles that interact via very short
range attractive forces is not reliable, as one might physically expect
given that such attractions can strongly modify both structure and
dynamics.

C. Expected consequences of the hybrid PDT
approach

In this section, we qualitatively discuss what key qualitative
behaviors we expect will emerge from numerical calculations using
our theory. From Eq. (20), the first term captures the hard core
effective repulsive force that has a scale set by kBT/σ.10,21–24 The
second term describes attractive forces with a scale set by ϵ

a > 0,
which becomes monotonically stronger with increasing attraction
strength and decreasing attraction range. S(k) also enters the vertex,
and S(k∗) is a nonmonotonic function of attraction strength, which
is the origin of the MCT prediction of re-entrant dynamics. How-
ever, in the hybrid PDT approach we expect that the strength of the
re-entrancy feature of the ideal localization boundary will be even
stronger since the square of Eq. (20) enters the vertex. Hence, in the
weak attraction regime, one expects a reduction of the net effective
force squared. However, for strong attractive forces, the dominant
term in the net effective force squared will be its attractive contri-
bution, resulting in a vertex that will eventually exceed its repulsive
force analog. This logic suggests a nonmonotonic variation of the net
effective force squared with increasing attraction strength. Numer-
ical calculations below verify this behavior, and also that the cross
term is critical for predicting nonmonotonic dynamics in the acti-
vated regime within the ECNLE theory framework beyond the MCT
crossover.

Finally, we consider issue (a) discussed above. Based on (i), our
argument that the PDT approximation will overestimate the dynam-
ical consequences of attractive forces, and (ii) the physics of bond
formation should be largely dominated by high wavevector force
correlations, we empirically introduce a low wavevector cutoff, kc,
in the PDT for attractive forces. Mathematically, one has

Mhyb(k) = {
kC0(k), k ≤ kc,

kC0(k) − 4πβϵ
a ∫

∞
σ r2g(r)e− r−σ

a j0(kr)dr, k > kc.
(21)

We initially adopt what we view as the natural choice, kc = k∗, where
k∗ is the wavevector at the cage peak of S(k), since cage size plays a
central role in defining dynamical constraints in the NMCT, NLE,
and ECNLE theories.10,19,21,22 This choice is not changed based on

the system or thermodynamic state. Since k∗ follows from S(k), it
will systematically vary with volume fraction and attraction strength
and range, kc = k∗(ϕ, βϵ, a/σ). Importantly, we have verified that
the numerical consequences of this cutoff for NMCT, NLE theory,
and ECNLE theory are (inevitably) quantitatively sensitive to its pre-
cise value adopted, but all predicted trends with control parameters
are not qualitatively sensitive. Explicit evidence for this statement is
given in Sec. IV E.

IV. THEORETICAL RESULTS AND DISCUSSION
A. Ideal kinetic arrest diagram and localization
length

Figure 4 shows the results of the hybrid PDT based predic-
tions (solid curves) for the ideal localization boundary for 3 short
attraction ranges. The classic re-entrant behavior is predicted, with
the nonmonotonic nose feature becoming stronger as the range
decreases. When the attraction range reaches a value typical of ther-
mal van der Waals liquids (a ∼ 0.5σ), we find that (not shown)
the re-entrancy feature is essentially gone, as physically expected.
The curves for different ranges cross at an intermediate attraction
strength, signaling the emergence of dense gel states at lower (but
still high in an absolute sense) volume fractions. All the hybrid PDT
trends are understandable as a consequence of the attractive force
scaling as f ∝ ϵ

a . This includes curve crossing since “glass melting”
will be stronger via the cross term between repulsive and attractive
forces at fixed ϵ for a smaller range, and also the stronger tendency
to form an attractive glass at high attraction strengths for a shorter
range potential.

The corresponding results based on the standard projected ver-
tex are shown as dashed curves (per prior NMCT studies44,45,47).
Re-entrant behavior is also predicted, and the gross trends with
attraction range are qualitatively the same. However, the location
and “strength” of the nose feature (degree of nonmonotonicity)

FIG. 4. Ideal kinetic arrest map in attraction strength vs volume fraction space
based on NMCT with the projected effective force (dashed curves) and its hybrid
PDT analog (solid curves) for three short ranges of exponential attraction.
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is weaker than the hybrid PDT vertex based results, as expected
from the discussion in Sec. III C. The ideal NMCT nonergod-
icity curves for different attractive force ranges also cross but at
attraction strengths off scale in Fig. 4. For a “long” range attrac-
tion of a = 0.5σ, the ideal arrest boundary is perfectly vertical (not
shown).

Overall, we find no qualitative differences between the pro-
jected and hybrid PDT based calculations of the form and trends of
ideal arrest boundaries, but rather that the PDT approach amplifies
the trends of the former. Hence, at the ideal level that ignores acti-
vated processes, our hybrid-PDT vertex based calculations do agree
with the standard MCT-based scenario using the projected vertex.
Importantly, we also find that if the cross term in the hybrid PDT is
dropped, then no re-entrant behavior is predicted.

Figure 5 shows analogous projected and hybrid PDT based
calculations of the dynamic localization length normalized by its
hard sphere fluid value. Both show nonmonotonic behavior which is
more pronounced with decreasing attraction range. Quantitatively,
the hybrid PDT results display a modestly larger effect, as expected.
The localization length is directly related to the dynamic elastic shear

modulus as44,46 βG′σ3 ∝ ϕ( σ
rL
)

2
. Hence “re-entrancy” occurs for G′

in qualitative accord with experiments.52

B. Dynamic free energy: Hybrid PDT vs projected
vertex results

We now go beyond the ideal localization level that defines the
range of applicability of MCT by using ECNLE theory to treat the
activated dynamics. This requires the key properties of the dynamic
free energy which all are expected to be nonmonotonic functions of
attraction strength in the hybrid PDT approach. The key quantities
include the harmonic curvature K0 = 3kBT

r2
L

, the jump distance, and
the local and collective elastic barriers.

Figure 6 shows representative results for the jump distance as
a function of attraction strength for several ranges at a high vol-
ume fraction of 0.58. Using the hybrid PDT approach, we find a
strong nonmonotonic variation with a well-defined minimum that
is enhanced for shorter range forces, while calculations based on the

FIG. 5. Dimensionless localization length (in units of its hard sphere fluid value)
predicted by NMCT theory based on the projected and hybrid PDT effective force
approximations at a fixed value of volume fraction as a function of attraction
strength for 3 attraction ranges.

FIG. 6. Nondimensionalized jump distance, Δr = rB − rL, of the dynamic free
energy computed based on the hybrid-PDT and projected effective force approxi-
mations at a fixed volume fraction of 0.58 as a function of attraction strength for 3
attraction ranges.

projected effective force do not predict these trends. This empha-
sizes the crucial role played by the cross term between repulsive
and attractive forces, and the relatively small effect of the nonmono-
tonic change of S(k∗) for properties related to activated motion not
described by MCT. The strong upturn and curve crossing for the
hybrid PDT approach mirror those found in Figs. 4 and 5 and exist
for the same reason.

Figure 7 shows analogous results for the local cage and total
barriers. The “glass melting” and strongly nonmonotonic features,
and the trends with attraction range, all qualitatively mirror those

FIG. 7. Nondimensionalized (a) local cage and (b) total barriers for different attrac-
tion ranges using hybrid-PDT and projected vertices at a volume fraction of 0.58
as a function of attraction strength for the same 3 ranges in both plots. The inset
of (b) shows a linear plot of the variation of the ratio of the elastic to local cage
barriers as a function of attraction strength for dimensionless ranges of 0.02 (red
curve) and 0.05 (green curve) based on the hybrid-PDT vertex.
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seen in Figs. 4–6. The similar behavior of the local and total barriers
for a given choice of effective force approximation implies the col-
lective elastic barrier changes in the same qualitative manner with
attraction strength and range as its local cage analog. Quantitatively,
if a

σ = 0.02, then the total barrier decreases by ∼10kBT relative to its
hard sphere analog, which would produce ∼4 decades faster relax-
ation. In contrast, as expected from the discussion in Sec. III C, the
barriers predicted based on the projected vertex, though follow the
same ordering with range for weak attractions, neither cross at high
attraction strength nor show significant re-entrant features. They
also grow more weakly at high attraction strength than the hybrid
PDT based results. These differences suggest that, although at the
ideal localization (dynamic crossover) level the projected and hybrid
PDT vertex based theories make qualitatively identical predictions,
this is not true in the activated regime which involves different
physics via the dynamic free energy.

The inset of Fig. 7(b) shows the ratio of the collective elas-
tic to cage barriers for two attraction ranges based on the hybrid-
PDT vertex. This ratio is a key measure of the degree of coop-
erativity of activated relaxation in ECNLE theory,23,24 and in the
bulk correlates with dynamic fragility. Recall that it is quantified
by the properties of the dynamic free energy, and hence within the
hybrid PDT approach, the elastic barrier is also a strong nonmono-
tonic function of attraction strength. Since both the local cage and
collective elastic barriers are nonmonotonic functions of attraction
strength, how their ratio behaves is nontrivial. We find a distinct
nonmonotonic variation of this measure of cooperativity, although
the extent of decrease at the minimum is very modest relative to
the behavior of the individual barriers. As expected, the overall
degree of nonmonotonicity is enhanced for shorter range attractive
forces.

Taken as a whole, all predicted trends as a function of volume
fraction and attraction strength and range qualitatively agree at the
ideal localization (NMCT) and strongly activated (ECNLE) levels
within the hybrid PDT approach. This implies an interesting con-
nection between the physics that defines the dynamic crossover in
ideal NMCT and strongly activated motion in ECNLE theory. This
connection transcends the effective force or vertex choice issue but
rather arises from the activated and ideal localization approaches
employing the same structural correlations that enter the different
theories. One might interpret this as providing modest support for
ad hoc shifting of the MCT boundary or using an “effective” larger
volume fraction in an ideal MCT calculation. However, the valid-
ity of such a deduction is unclear to us given that trajectories are
activated at the high volume fractions where glass melting and re-
entrancy are observed, physics being absent in a shifted ideal MCT
scenario.

C. Activated structural relaxation time
We now assemble all of the above results and perform ECNLE

theory calculations with the hybrid PDT based vertex of the dimen-
sionless mean relaxation time for different attraction ranges and two
volume fractions (Fig. 8). The calculations assume structural equili-
bration, which in a practical simulation or experiment may not apply
for the largest reduced times shown.

We expect and find similar nonmonotonic behavior (including
glass melting) for both volume fractions, which are far from the ideal

FIG. 8. Nondimensionalized alpha relaxation time as a function of attraction
strength for several attraction ranges using hybrid-PDT vertex for (a) ϕ = 0.55
and (b) ϕ = 0.58.

arrest boundary of ϕc = 0.432 for hard spheres or where the “nose”
feature exists in Fig. 5. Well beyond the minimum relaxation time,
starting around βϵ ∼ 1.2, there is a smooth crossover to an attractive
glass state characterized by a strong and monotonic growth of the
relaxation time due to reinforcing caging and bond formation pro-
cesses. As expected, both the speed up of relaxation and the slower
dynamics for strong attractions are the largest when the attraction
range is shortest. On the other hand, for a “long range” attraction
typical of thermal van der Waals (e.g., LJ) liquids ( a

σ = 0.5), one
expects that the attractive forces are strongly subdominant to repul-
sive forces at high densities. This is what we find, with the hybrid
PDT based ECNLE theory predicting only a hint of nonmonotonic
behavior in Fig. 8.

The absolute magnitude of the nonmonotonic changes of the
relaxation time is dependent on volume fraction. The behavior is a
little subtle since as volume fraction increases, the consequences of
the effective repulsive caging force grow very strongly, more strongly
than their attractive force analog in Eq. (20). On the other hand,
at higher volume fractions, the barriers are larger (the 0.58 hard
sphere system has an alpha time ∼1000 longer than for 0.55) and
hence changes due to attractive forces can induce bigger effects.
Figure 8 shows the net effect is the degree of relaxation time accel-
eration grows with volume fraction, though all qualitative trends
with attraction range and the shape of the curves are qualitatively
the same. For ϕ = 0.55 and ϕ = 0.58, we find 2–2.5 and 4.5–5
orders of magnitude faster dynamics at the most glass-melted
state, respectively, for a

σ = 0.02. As the range grows to a
σ = 0.08,

smaller maximum enhancements of relaxation time are pre-
dicted, ≈1 and ≈1.5–2 decades for the lower and higher volume
fractions, respectively. Another trend is that upon increasing
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FIG. 9. Nondimensionalized alpha relaxation time at fixed ϕ = 0.58 as a function of
attraction strength for 3 attraction ranges using hybrid-PDT and projected vertices.

attraction strength beyond where the speed up is maximal there is
a very strong monotonic growth of τα. For example, at βϵ = 1.25,
changing ϕ = 0.55 → 0.58 results in a ≈3 decade growth in τα
for a

σ = 0.02 and ≈2 decade growth for a
σ = 0.08. Even fur-

ther from the relaxation time minimum (e.g., βϵ > 1.5), larger
changes are predicted as strong bonds form and reinforce caging
in the attractive glass region. Both the glass melting effect and
strong upturn of the relaxation time are consequences of the relative
importance of the cross term between strong short range attractive
and repulsive forces, as suggested by the qualitative discussion in
Sec. III C.

Figure 9 compares the hybrid PDT and projection based vertex
versions of ECNLE theory predictions for the activated dimension-
less alpha relaxation time at ϕ = 0.58. As expected from Fig. 7, the lat-
ter predicts essentially no nonmonotonic or glass melting behavior,
nor curve crossing at high attractions strengths in the AG regime.

Figure 10 shows the hybrid PDT based ECNLE theory results
from prior figures for the minimum alpha time state (most glass

FIG. 10. Nondimensionalized alpha relaxation time at the unique value of attraction
strength corresponding to the “fastest relaxation” state (maximum glass melting)
as a function of volume fraction for different ranges of attraction based on the
hybrid PDT vertex. As discussed in Sec. IV E, the green long and short dashed
curves show analogous results for a 5% attraction range based on smaller cutoff
wavevectors of kc = 0.5k∗ and 0, respectively. (Inset) Maximum change in alpha
time as a function of volume fraction for the same ranges of attraction.

melted, “fastest relaxation”) and supplements them with additional
calculations for other volume fractions, to create a summary plot
of how the minimum relaxation time changes as a function of
attraction range and volume fraction. The pure hard sphere fluid
result is also shown (top curve), which is not described by an inverse
critical power law per MCT over more than a couple decades.23

The log-linear format demonstrates the strong dependence of the
magnitude of the maximal glass melting effect on volume fraction.
The inset displays the corresponding magnitude of the maximal
relaxation time reduction factor.

Broadly, the evolution with volume fraction of the degree of
relaxation time speed up displays several regimes. There is only a
slight increase if the exponential attraction range is long (0.5), a
weakly nonmonotonic behavior for intermediate ranges (0.15, 0.05),
and strongly decreasing behavior for very short ranges (e.g., 0.02)
though with a tendency for saturation. More detailed trends include
(i) for the shortest attraction range, the maximum speed up fac-
tor occurs for the higher volume fractions, (ii) as the attraction
range becomes longer, the maximum change is almost constant for
ϕ = 0.575–0.61, (iii) for the most liquidlike system studied (lowest
volume fraction), the changes relative to the hard sphere fluid are
the smallest.

Finally, we briefly comment further on the case of “long range”
attractions per a van der Waals liquid, which has been studied in
recent simulation38–41 and theoretical42 work. There the question
was differences in activated relaxation time in the lightly supercooled
regime between fluids that interact via the continuous WCA repul-
sion and its analogous LJ potential. Major differences were found in
the isochoric simulations that were argued to not be understandable
based on any differences in pair structure, nor based on MCT. The
theory of Ref. 42 employed a different version of the hybrid PDT
ECNLE theory that ignored the cross term between attractive and
repulsive force constraints. That work suggested such differences in
dynamics can emerge without any changes of structure in g(r) of the
WCA and LJ van der Waals liquids. Recent machine learning sim-
ulations53 have argued that the dynamical differences emerge from
small differences in g(r) of the WCA and LJ liquids that are amplified
in a specific manner. All of this is beyond the scope of our present
work. However, given the prior work on this problem using a differ-
ent version of the hybrid PDT ECNLE theory,42 this topic is briefly
discussed and new calculations are presented in the supplementary
material. We find differences between relaxation times of WCA and
LJ liquids to be influenced by both differences in their g(r)’s and the
direct theoretical treatment of attractive forces.

D. Comparison with experiments and simulations
Given the simplicity of our monodisperse hard sphere plus

exponential attraction model, quantitative comparison to colloidal
experiments and simulations is not appropriate considering com-
plexities of the latter (e.g., polydisperse particle size distribution,
solvents, and attractive potential form). Rather, we summarize ger-
mane studies and their qualitative trends and order of magnitude of
the effects. With a couple of exceptions, the studies involved very
high volume fractions of ϕ = 0.58–0.61 that are well beyond the a
priori computed ideal nonergodicity transition of MCT or NMCT.
In experiments that employ polymer depletion, the range of the
effective attraction in units of the colloid diameter was ∼0.03–0.09.
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It is difficult (and ill-defined if the functional form of the poten-
tial differs) to know the precise values of attraction strength of
our exponential model that one should compare with these stud-
ies. However, all the experimental and simulation studies observed
a strong nonmonotonic evolution of the structural relaxation time
or diffusion constant with increasing attraction strength, and the
existence of a state of maximal degree of speeding up. Within the
above range of volume fractions and attraction ranges, our calcu-
lations suggest 3 key trends: (i) the maximal degree of speeding
up could be as small as 1–2 decades and as large as 5–6 decades
(ϕ = 0.61), (ii) there is a stronger rate of increase in the relax-
ation time past the maximally fluid state than its rate of decrease
below it, and (iii) larger nonmonotonic variations at higher volume
fractions.

Using low molecular weight polystyrene to induce depletion
attraction (dimensionless range ∼0.09) plus high volume fraction
(∼0.60) polydisperse PMMA hard sphere colloids, Pham et al.54 dis-
covered a nonmonotonic variation of an apparent nonergodicity
plateau in the collective dynamic structure factor with increasing
strength of attraction. These experiments can measure to time scales
up to ∼10 000 s, which is only ∼4–6 decades longer than the elemen-
tary Brownian time. If the relaxation process is slower than 10 000 s,
the system is viewed as “nonergodic.” The pure hard sphere suspen-
sion showed a nonergodicity plateau of f (q, ∞) ≈ 0.7, indicating a
colloidal glass due to caging constraints. Adding a small amount of
polymer only slightly weakened the nonergodic state with f (q, ∞)
≈ 0.62. Further increasing the attraction strength resulted in a full
decay to zero of the time correlation function, the signature of “glass
melting” into a fluid. Upon adding more polymer, the fluid again
became nonergodic, and even more so than for the repulsive glass
since f (q,∞) ≈ 0.95. These experiments support a re-entrant repul-
sive glass → fluid → attractive glass scenario. Crude estimates of
relaxation time suggest an initial ∼2–3 decade speed up of dynam-
ics relative to hard spheres, followed by a very strong increase in
relaxation time to well beyond that of the hard sphere system.

Eckert and Bartsch28 studied a binary mixture of polydisperse
crosslinked microspheres of ϕcolloid ≈ 0.67 mixed with the non-
adsorbing polymer corresponding to a depletion attraction range
of ≈0.05σ. They observed an arrested → liquid → arrested transi-
tion scenario. For no free polymer, f (q, ∞) ≈ 0.89 per a repulsive
glass. For intermediate attraction strengths, S(q, t) decayed to zero
per a liquid. At a higher attraction strength, the system rearrests
on the experimental time scale. For the ergodic fluids, a structural
relaxation time was estimated to be ≈3–4 decade faster than the
polymer-free suspension for intermediate attraction strength. For
even stronger attraction, a very sharp increase in the relaxation
time was found before nonergodicity again emerges. Overall, the
relaxation time varied by 5–6 decades over the observable range.

Recent experiments on the PMMA-PS system were per-
formed29 and complemented by simulations using an attractive
square well potential with a range 3% of the mean particle diameter.
The simulations found for ϕ ≈ 0.54 that τα decreases by ∼3 decades
from its hard sphere value, goes through a minimum, and then even
more strongly increases by ≈6–7 decades relative to the minimum.
Experiments observed similar behavior. For a higher ϕ ≈ 0.59, sim-
ulations found qualitatively the same behavior, but a stronger non-
monotonic change of the relaxation time; the difference between the
fastest and slowest systems spanned 7–8 decades.

Other experiments on PMMA-PS colloidal suspensions with ϕ
≈ 0.58–0.60 and attraction ranges of ∼0.05–0.08σ probed the colloid
self-diffusion constant, D.55 Strong nonmonotonic changes were
found, with D first rather gently growing with attraction by up to
a factor of ∼100, followed by a more rapid decrease to a value of
order the hard sphere reference. To within the caveat of possible
“decoupling” of diffusion and relaxation,2 one expects the diffusion
constant scales as the inverse alpha time. Simulations56 also observed
a nonmonotonic diffusivity for a short range attraction (dimension-
less range ∼0.03–0.05) at ϕ ≈ 0.55. The behavior is qualitatively the
same as the experiments,55 with a ∼2 decade increase in diffusion
constant, followed by a more rapid ∼2 decade decrease at higher
attraction strengths.

All of the above studies appear to indicate the same qualita-
tive behavior, including the rough order of magnitude of effects, a
more rapid growth of the relaxation time at high attraction strength
beyond the re-entrant minimum compared to reduction at low
attraction strengths, and larger nonmonotonic dynamical effects at
higher volume fraction. Our calculations are in accord with all these
trends and in some cases are quantitatively close. Although beyond
the scope of this article, it would be valuable in the future to quanti-
tatively confront our theoretical predictions and those of ideal MCT
for the form of the relaxation time as a function of attraction strength
and range and volume fraction with experimental and simulation
data.

E. Effect of low wavevector cutoff in effective
attractive force

We stated above that the precise value of the cutoff wavevec-
tor for the effective attractive force, kc, does not influence any of
our predicted qualitative trends, including the choice of no cutoff.
Here, we present representative results that justify this statement,
which also provide concrete examples of quantitative sensitivities.
We present results for smaller values of kc = 0.5k∗ and kc = 0 (no
cutoff).

FIG. 11. Ideal kinetic arrest map (analog of Fig. 4) based on the hybrid PDT vertex
for the indicated three choices of cutoff wavevector and two attraction ranges.
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FIG. 12. Dimensionless alpha relaxation time as a function of attraction strength
(analog of Fig. 8) for the indicated 3 choices of cutoff wavevector, an attraction
range of 5%, and a volume fraction of (a) 0.58 and (b) 0.60.

Figure 10 contains two results for smaller cutoff wavevectors
for an attraction range of 5% (green curves). As kc is reduced, there
is very little, if any, change of the form of the curves, with the degree
of dynamical speeding up at the most glass melted state increasing
by a modest amount. Figure 11 shows an analogous comparison for
the ideal kinetic arrest boundary for two values of attraction range.
The changes are again modest and quantitative, with reduction of
kc resulting is slightly more re-entrant glass melting, as expected
from the discussion in Sec. III C. Figure 12 shows the sensitivity
of the nonmonotonic evolution of the alpha relaxation time with
attraction strength to cutoff wavevector choice. Qualitative trends
are again robust, with again (as expected) a more pronounced non-
monotonicity and a faster growth at high attraction strength as the
cutoff wavevector is reduced.

These representative results justify our assertion that the value
of the cutoff wavevector is not important for any of our qualitative,
or even semiquantitative, conclusions.

V. OVERARCHING PICTURE AND IN-CAGE
NON-GAUSSIAN DYNAMICS

Here, we present additional calculations (all based on our base-
line choice of kc = k∗) that summarize our key predictions for the
kinetically defined arrest boundaries and the evolution of dynamic
properties along constant volume fraction trajectories in the arrest
map. This further clarifies our physical picture and is directly rele-
vant to experiments and simulations. We briefly contrast our picture
with the ideal MCT scenario. Theoretical results for the properties
of the spatially resolved dynamic free energy that control shorter

time and length scale motion well before cage escape are also pre-
sented and discussed in the context of a simulation study of the
non-Gaussian parameter (NGP).

A. Dynamic arrest boundaries and relaxation
ECNLE theory with the projected vertex approximation,

although it predicts barrier hopping driven relaxation and works
well for hard sphere fluids,21,22 does not capture a nonmonotonic
dependence of structural relaxation in very dense fluids of attrac-
tive particles. We find a direct treatment of attractive forces based
on the hybrid PDT idea does capture nonmonotonic and re-entrant
activated relaxation. We use this capability to construct kinetic
arrest maps based on a common finite time scale criterion. Specif-
ically, adopting a volume fraction of 0.58 for hard sphere repulsive
glass formation as motivated by experiments on micrometer-sized
colloids, the isochronal criterion is

τα(ϕ,βϵ,
a
σ
) = τHS

α (ϕ = 0.58). (22)

Figure 13 shows the resultant kinetic arrest map for 3 choices of
(short) attraction range. The nonmonotonic re-entrant boundaries
are not identical in shape nor location compared to their ideal
(dynamic crossover) analogs per the results in Fig. 4, although the
qualitative form and trends with attraction range are the same.
The inset schematically illustrates the boundaries between super-
cooled liquid and kinetically arrested states for a = 0.02σ. We
emphasize that everywhere in the phase map, the relaxation is acti-
vated with a finite time scale. This is in qualitative contrast with
a “shifted MCT” scenario in two key ways. First, above the ideal
arrest boundary of ideal MCT, the relaxation time is infinite. Sec-
ond, below the ideal arrest boundary, relaxation times vary in an

FIG. 13. Kinetic arrest map based on Eq. (22) for 3 attraction ranges using the
hybrid-PDT vertex in ECNLE theory. Inset shows the supercooled fluid (blue) and
the repulsive and attractive kinetic glass (red) regions for a 2% range attraction.
The vertical arrows indicate 3 fixed high volume fraction “trajectories” relevant to
results in Fig. 14.
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FIG. 14. Dynamic free energy for the two indicated values of dimensionless attrac-
tion strength (numbers next to the curves) and the pure hard sphere fluid at
ϕ = 0.58 and a = 0.02σ. The localization length, rL, displacement of maximum cage
restoring forces, R∗, and location of the barrier, rB, are indicated. Inset shows the
total barrier for the same attraction strengths for a range of 2% and 3 high volume
fractions corresponding to the 3 vertical trajectories in Fig. 13.

inverse critical power law manner, resulting in volume fraction and
attraction strength and range dependences qualitatively distinct
from what we predict. Curiously, we have not found in the literature
any systematic MCT numerical studies of the structural relaxation
time as a function of volume fraction and attraction strength and
range.

The continuous evolution of the structural relaxation time, and
the corresponding dynamic free energy, above and below the prac-
tical kinetic arrest boundaries is illustrated in Fig. 14 for a volume
fraction of 0.58, an attraction range of 2%, and the 3 indicated attrac-
tion strengths (including zero). The latter falls in the repulsive glass,
supercooled fluid, and attractive glass regions of the kinetic arrest
map of Fig. 13. One sees that the cage barrier changes nonmonoton-
ically from 8 → 2.5 → 13kBT when βϵ = 0 → 0.5 → 1.5. All features
of the dynamic free energy vary nonmonotonically.

The total barrier for the three indicated vertical trajectories in
Fig. 13 is shown in the inset. These nonmonotonic changes of total
barrier (and hence alpha time) exist in all regions of the kinetic arrest
map: the supercooled regime (ϕ = 0.55), at the hard sphere repulsive
glass transition volume fraction (ϕ = 0.58), and in the attractive glass
regime (ϕ = 0.61).

B. In-cage non-Gaussian dynamics
ECNLE theory is built on the non-MCT concept of a dynamic

free energy that controls stochastic particle trajectories as a continu-
ous function of displacement. Hence, as shown in much prior NLE
theory-based work for glassy hard sphere and rigid rod liquids that
did not consider collective elastic effects,10,20,59,61–64 it can make pre-
dictions for any single particle time-dependent quantity based on
numerical trajectory solution of the NLE equation. Of specific inter-
est here is the prior studies of the non-Gaussian parameter (NGP)
given by20,59,62,64

α2(t) =
3⟨r4(t)⟩
5⟨r2(t)⟩2

− 1, (23)

where r(t) is the particle displacement from its initial position at
time t. This quantity is predicted to be nearly zero (far less than
unity) by ideal MCT.3 However, the NLE approach predicts that
the NGP can be large as seen in experiment and simulation, with
distinctive time and volume fraction dependences that reflect non-
Gaussian trajectories even when particles are still exploring their
cages. Moreover, NLE theory for dense hard sphere fluids captures
well the magnitude and density variation of its peak or maximum
amplitude and corresponding time scale of the NGP.20,59,64 Inter-
estingly, the maximum value and its corresponding time scale were
found to correlate strongly with when the particle displacement
reaches r = R∗ (defined in Fig. 13) which is where the cage restoring
force is a maximum, f max. This is physically intuitive since parti-
cle motion is expected to exhibit maximum deviation from Fick-
ian diffusion when it experiences the largest net force due to other
particles.

Given the above discussion of the NGP, we briefly consider
this problem for sticky spheres and compare to simulations.56 The
latter work employed a polydisperse sphere model with very short
range attractions of variable strength at a high volume fraction
of ϕ = 0.55. A precise quantitative connection to our model is
impossible given differences in the model potentials, but we adopt
the same volume fraction and a short range exponential potential
with a range (2%) we believe is sensible for the simulation model
studied.

Figure 15(a) plots the maximum value of the NGP, α2(t = τ∗)
= α∗, relative to its hard sphere value as a function of “polymer”
volume fraction where ϕP mimics in a simple 1-component model
the strength of short range interparticle attraction.56 Simulation
found the amplitude α∗ initially decreases with attraction strength
by a large factor of ∼14, goes through a minimum, and then exhibits
an even steeper increase with further increase in the attraction
strength. The inset shows the corresponding normalized time at the
point of maximum NGP amplitude. One sees a nearly 2 decade drop
of τ∗ with increasing attraction strength, followed again by an even
stronger upturn as the attraction strength further grows. Thus, the
strong nonmonotonicity of the long time structural relaxation time
(or long time diffusion constant measured in Ref. 56) that under-
lies a practical kinetic arrest boundary is also reflected in the smaller
scale “in cage” dynamics.

Figure 15(b) shows our analogous ECNLE theory results based
on the hybrid-PDT vertex for the surrogate quantities: the max-
imum restoring force of the dynamic free energy at r = R∗ and
its corresponding time scale computed from a mean first passage
time analysis, in a normalized (to the hard sphere limit) format for
ϕ = 0.55 and a = 0.02σ. The reduced maximum force first decreases
by a factor of ∼10 with increasing attraction, goes through a mini-
mum, and increases back to and beyond the hard sphere value with
further increase in the attraction strength. The inset shows the cor-
responding normalized time scale to displace uphill on the dynamic
free energy to r = R∗. This quantity is also nonmonotonic, first
decreasing by a factor of ∼20, then reversing, and even more steeply
increasing.

We conclude that our theoretical results are consistent with
simulation and provide a microscopic basis for understanding
the nonmonotonic evolution with attraction strength of a met-
ric of non-Gaussian displacements on length scales inside the
cage.
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FIG. 15. (a) Ratio of maximum value of the NGP for sticky particle fluids relative
to its hard sphere fluid value as a function of “polymer volume fraction” (surrogate
for attraction strength) from the simulations of Ref. 56. Inset shows the ratio of
the corresponding time scale that corresponds to the maximum of NGP. (b) The-
oretical maximum confining force relative to its hard sphere value as a function
of attraction strength. Inset shows the corresponding time scale ratio determined
as the mean first passage time to displace from rL to R∗ on the dynamic free
energy.

VI. SUMMARY AND DISCUSSION
We have formulated and implemented a microscopic theory for

activated relaxation and finite time scale kinetically defined criteria
for repulsive and attractive glass formation in fluids of hard spheres
that interact via strong short range attractions. The approach builds
on the ECNLE theory of activated relaxation of hard spheres23 but
reformulates how effective forces are constructed by avoiding the
literal projection approximation that replaces all microscopic forces
by a single equilibrium pair correlation function or structure factor.
The hybrid PDT effective force idea explicitly retains information
about the bare attractive force. Interference (cross term) between
repulsive and attractive forces plays a crucial role, in addition to
structural changes due to attraction-induced bond formation and
modification of caging. Within the hybrid PDT approach, the for-
mer effect is the origin of re-entrant dynamical behavior far from
the ideal localization (dynamic crossover) boundary of NMCT in
the strongly activated regime where ideal MCT predicts strict arrest.
The theory appears to properly capture the dynamical crossover
phenomenology and the strong nonmonotonic variation of the

structural relaxation time at very high volume fractions as a func-
tion of attraction strength and range, consistent with experiments
and simulations. In contrast, ECNLE theory based on the stan-
dard projected force vertex does not capture the strong re-entrancy
and nonmonotonic activated relaxation behavior at very high vol-
ume fractions. The overall picture seems to us to be distinct from
phenomenological attempts to use ideal MCT (e.g., by shifting the
location of the ideal nonergodicity boundary or ad hoc usage of a
smaller effective volume fraction57,58 to move away from the MCT
singularity) to understand the slow dynamics of dense suspensions
of attractive colloids. The qualitative differences involve not only
the central importance of activated hopping and the fact that the
relaxation time is finite above and below “ideal kinetic arrest bound-
aries,” but also how attractive forces create dynamical constraints,
and the precise dependence of the structural relaxation time on
volume fraction and attraction strength and range which is acti-
vated in ECNLE theory and not generally of a critical power law
form.

Our theoretical approach obviously involves uncontrolled
approximations. More specifically, quantification of the hybrid PDT
force vertex version of ECNLE theory involves an ad hoc element: a
low wavevector cutoff of the dynamical force vertex associated with
attractive forces. However, this aspect only has quantitative con-
sequences and does not change any of the qualitative predictions.
The adopted cutoff at k∗ does seem intuitive to us and is consistent
with the physical picture of the NLE and ECNLE theories. More-
over, the core idea is implemented in a manner that retains pre-
dictive power since the cutoff is a priori determined based on the
cage peak of S(k) and how it shifts with volume fraction and attrac-
tive interaction. However, fundamentally, the cutoff is not necessary,
as shown by our results in Sec. IV E if no low wavevector cutoff is
employed.

Our theoretical approach is immediately applicable to other
spherical particle soft matter systems, e.g., colloids with soft repul-
sions (e.g., microgels and many arm stars) and/or different forms
of the short range attraction. It can also be employed to study
shorter time and length scale physical effects and processes that
occur before the activated structural relaxation event, and is also
potentially relevant to yielding.60,61 Physical processes on small
enough length and time scales, such as the initial stages of acti-
vated bond breaking and cage escape, can be addressed analytically
or via trajectory simulation solution of the NLE theory. Perform-
ing the latter will allow prediction of wavevector dependent sin-
gle particle time correlation functions, and the full time dependent
mean square displacement and non-Gaussian parameter.11,20,59,62 An
especially exciting opportunity is to attempt to theoretically under-
stand the rich 2-step nature of the particle mean square displace-
ment in dense attractive glasses observed in simulations,30 which
involves a relatively short-time bond breaking event and longer
time cage escape process. Work is in progress in several of these
directions.

SUPPLEMENTARY MATERIAL

See the supplementary material for additional information
about projected dynamic vertex and role of long range attractive
forces on activated dynamics.
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