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Abstract5

Detonation nanodiamonds provide an intriguing prospect for the development

of a very cold neutron (VCN) source or as a high albedo material for VCN re-

flection helping to control leakage of cold and very cold neutrons in a moderator.

The investigation of source and reflector designs necessitates the development

of new simulation tools for existing Monte Carlo codes that include small an-

gle neutron scattering (SANS). The SANS extension in MCNPX 2.7 provides

an analytical model of hard-sphere scattering with variable scattering particle

sizes, size distributions, and packing fractions in order to supplement currently

existing scattering kernels as well as the capability to read an experimentally

determined small angle neutron scattering profile from a data file. The SANS

extension is discussed and compared to nanodiamond SANS measurements.

1. Introduction6

Nanomaterials provide an intriguing prospect for very cold neutron (VCN)7

sources by acting as high albedo materials for VCN. In particular, detonation8

nanodiamonds (DND) have been proposed for this use [1, 2], since carbon has9

a low absorption cross section and high optical potential [3] and the nanoscale10

structure of DND allows for the advantageous use of small angle neutron scat-11

tering. Quasispecular reflection from DND has been observed [4, 5], and the12

determination of the small angle neutron scattering (SANS) cross section for13

DND has been explored [6–8]. Additionally, fluorinated nanodiamonds have14
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been studied as a method to remove hydrogen impurities that lead to losses due15

to absorption and inelastic scattering [9].16

In neutron transport codes such as MCNPX 2.7 [10], scattering by media17

is described by S(α, β) thermal neutron scattering kernels that describe energy18

and momentum transfer processes imposed on the neutrons due to the structure19

and dynamics of condensed matter at thermal energies. These scattering kernels20

do not generally include effects due to granularity of materials such as small21

angle scattering. SANS must be incorporated into neutron transport codes in22

order to perform detailed design studies of a VCN source that utilizes nanoscale23

materials.24

The characteristics of SANS depend significantly on the particle size, size25

distribution, material packing fraction, and the contrast between the medium26

and material. A SANS model was sought that sufficiently captures these depen-27

dencies and allows to perform simulations varying the characteristics as needed28

by a few parameters. The most variable SANS models have been developed for29

hard-sphere scattering, which was deemed a good start to model systems like30

nanodiamond material. An analytical description of such a model was found31

by Griffith et al [11] and this analytical model has been incorporated into MC-32

NPX 2.7. As a hard-sphere model may be limited in describing small angle33

scattering in real world systems, the formalism was expanded to make use of34

experimentally determined I(q) data that are read from a user provided data35

file.36

This manuscript discusses an analytical SANS model that has been incorpo-37

rated into MCNPX 2.7 as well as the SANS kinematics formalism. Test cases of38

a simple SANS profile and a simple quasispecular scattering configuration are39

shown using the analytical model. Additionally, we have performed a measure-40

ment of DND at EQ-SANS [12] at the Spallation Neutron Source (SNS) at Oak41

Ridge National Laboratory and this data is used as an input to MCNPX and42

the resulting simulation is compared to the experiments.43
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2. Implementation in MCNPX44

The SANS extension in MCNPX was accomplished by adding an additional45

scattering process and thus an additional contribution to the total scattering46

cross section, Σtot. This implementation allows for two ways to include SANS47

for a material: the analytical Percus-Yevick hard-sphere fluid model [11] as well48

as the capability to read a user-specified I(q) profile from a data file.49

In this manuscript, there is more than one quantity that can be described50

as a “cross section”. The first is the microscopic cross section, σ, which has51

units of barns. The second is the macroscopic cross section, Σ, and has units of52

cm−1. The third is the differential macroscopic cross section, dΣ
dΩ (q), which has53

units of cm−1ster−1 and which is equivalent to the SANS intensity I(q) in the54

case that I(q) is in absolute units. The axes for plots of the differential cross55

section in this manuscript omit ster−1 for brevity. In this manuscript, I(q) or56

“intensity” indicates that the quantity is not in absolute units.57

2.1. Determination of the total macroscopic cross section58

MCNPX stochastically describes the transport of particles in a model geom-

etry by generating source particles and following their tracks from alternating

events of free flight and collision until they are terminated. At each particle

track substep, the total macroscopic cross section is determined in the MCNPX

subroutine acetot.F and is summed over the isotopic material composition, i,

of the current cell and over the interaction types that may take place, j, and

the total macroscopic cross section in the cell is given by

Σtot =
∑
i

∑
j

Niσij , (1)

where Ni is the isotopic number density and σij is the microscropic cross section

for isotope i. The total macroscopic cross section is used to determine the mean

free path

l =
1

Σtot
, (2)
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which is then used along with a random number to determine the distance to59

the next collision from the exponential distribution. If it is determined that60

the next interaction to take place should be a collision, the particle propagates61

to the interaction point, the type of collision is determined stochastically with62

probabilities given by the appropriate weighting from equation 1.63

The implementation of SANS must add a contribution to Σtot for small-angle64

scattering. As SANS is typically described by the differential macroscopic cross65

section (or SANS intensity I(q)), the total macroscopic SANS cross section is66

derived by integration over the angular range. In the next section, an analytical67

model for the differential scattering cross-section for hard-sphere scattering is68

discussed.69

2.2. Analytical model70

The implementation of the analytical model of Griffith [11] takes the medium

and sample scattering length densities, mean particle size, polydispersity, and

packing fraction and computes a differential macroscopic cross section, dΣ
dΩ (q)

as a function of momentum transfer, q = 2kn sin θ
2 , where kn is the magnitude

of the neutron wavevector and θ is the scattering angle. The scattering length

density of a material is given by

p = ρmassNA

∑
i cibi∑
i ciMi

, (3)

where ρmass is the mass density, NA is Avogadro’s number, Mi is the molecular

weight of each element (i) in the chemical formula, ci is the stoichiometric

fraction of each element, and bi is the scattering length of each element. The

differential macroscopic cross section for an incident neutron with wave vector

kn, a medium containing a distribution of particles with diameters ζi, and a

uniform scattering length density of the medium and particles dispersed in the

medium is given by

dΣ

dΩ
(q) = ρ

∫ ∞
0

P 2
i (q)f(ζi) dζi

+ ρ

∫ ∞
0

∫ ∞
0

Pi(q)Pj(q)Hij(q)f(ζi)f(ζj) dζi,

(4)
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where ρ is the particle number density, Hij(q) is the pair structure function

as derived by Blum and Stell [13]. The particle size distribution function for

particles of size ζ and uniform scattering length density is given by the Schulz

Γ distribution [14],

f(ζ) =
ζze−

ζ
b

bz+1Γ(z + 1)
, (5)

where z is the Schulz width factor representing the polydispersity and b =

ζµ/(z + 1). The Schulz distribution tends towards a Gaussian for larger z,

and becomes a δ-function for z = ∞ [15] [16]. This distribution has mean

particle diameter ζµ and variance of ζ2
µ/(1 + z). The kth moment of the Schulz

distribution is found by

〈ζk〉 =

∫ ∞
0

ζkf(ζ) dζ =
1

bz+1Γ(z + 1)

∫ ∞
0

ζz+ke−
ζ
b dζ, (6)

which is of the form of integral 3.326.2 in Gradshteyn and Ryzhik [17], and the

kth moment is given by

〈ζk〉 =
bkΓ(z + k + 1)

Γ(z + 1)
. (7)

A simplified function for the third moment (k = 3) can be found from the

properties of the Γ-function, and is given by

〈ζ3〉 =
ζ3
µ(z + 3)(z + 2)

(z + 1)2
, (8)

which gives an expression for the average particle volume as a function of z

〈V 〉 =
4

3
π〈(ζ

2
)3〉 =

πζ3
µ(z + 3)(z + 2)

6(z + 1)2
, (9)

as well as an expression for the average particle number density, ρ,

ρ =
6η(1 + z)2

πζ3
µ(2 + z)(3 + z)

, (10)

where η is the volume packing fraction. The scattering amplitude for hard-

spheres [11] with with diameters ζi is given by

Pi(q) = 4πpq−3[sin (qζi/2)− 1

2
qζi cos (qζi/2)], (11)
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where p2 = (p0−pmed)2 defines the contrast factor p between the medium, pmed,71

and the dispersed particles, p0.72

The analytical solution to the integrals in equation 4 can be found in refer-

ence [11] is comprised of 14 integrals of the form∫ ∞
0

f(ξ)ξng(ξ) dξ, (12)

which are tabulated in Griffith and are not repeated here. Note that two errors73

in the equations of the original publication [11] were found while verifying the74

results before implementing the analytical model in MCNPX. There is a factor75

of q−3 that is missing from equation 3 of reference [11], which is the scattering76

amplitude for hard-spheres, and which has been correctly added to equation77

11. In addition, it was found that equation 20 therein is missing an overall78

multiplicative factor of 9 and also contains an extra overall factor of ρ, since79

I2(k) should be proportional to ρ2 and equations 21-24 account for these factors80

of ρ.81

2.3. Numerical calculation of the analytical cross section82

The analytical small angle scattering model is invoked via a material modi-83

fication card, ms, on which the model parameters are specified. At setup time,84

the new subroutine sigma sans.F behaves as a wrapper for a C + + routine85

that calculates the analytical functions for hard-sphere model and populates86

the arrays that will be used in the scattering process later. Numerical precision87

becomes an issue for qζµ < 0.1 and a Taylor series expansion of the analytical88

function is used below this threshold. The evaluation begins at high-q using the89

analytical functions and proceeds to low-q. Transitioning between the analytical90

function and the Taylor series evaluation at an predetermined threshold value91

could be problematic. Instead, the values from both methods are compared and92

the calculation method transitions from the analytical function to the Taylor93

series expansion for the remaining q when it is found that both methods agree94

to within 10−6.95
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The macroscopic scattering cross section for the small angle neutron scat-96

tering mode is then stored as a function of q in logarithmic bins over 10 decades97

with 1000 bins per decade in order to provide sufficient resolution of features98

in the differential macroscopic cross section. Figures 1 and 2 depict the cal-99

culated differential macroscopic scattering cross section as a function of mo-100

mentum transfer for 50 Å particles in vacuum with scattering length density101

2.34× 10−6Å
−2

at two different packing fractions and varying degrees of poly-102

dispersity with z = 104 corresponding to an essentially monodisperse sample103

and z = −0.5 describing a broad Poisson-type distribution. These parameters104

were chosen to match figures 1 and 2 in Griffith et al. [11].105

For a dilute, two-phase particle solution, the expected forward scattering at

I(q = 0) is given by

I(0) = ηp2V, (13)

where η is the volume fraction, p is the contrast, and V is the particle volume.106

As a check that the analytical model produces this result, I(q) curves were107

calculated for a series of packing fractions and these are divided by I(0) = ηp2V108

and shown in figure 3. The expectation is that this will tend towards unity at109

low-q and low packing fraction if the differential macroscopic cross section is110

in absolute units and that there will be deviations for higher packing fractions.111

These expectations are realized in the calculated differential macroscopic cross112

section (figure 3), and one can conclude that the calculated dΣ
dΩ (q) is in absolute113

units.114

2.4. The SANS macroscopic cross section115

During run execution, MCNPX will need the macroscopic SANS cross sec-

tion, ΣSANS(kn), in order to sample the outgoing q for SANS scattering. The

SANS macroscopic scattering cross section is needed as an input to the MCNPX

particle tracking routines. The scattering intensity in absolute units, whether

analytically calculated or provided in a data file, is equivalent to the differential

macroscopic scattering cross section, dΣ
dΩ (q), and is numerically integrated in
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Figure 1: Analytically determined scattering intensity for contrast p = 2.34 × 10−6Å
−2

,

packing fraction η = 0.1, and particle size ζ = 50 Å.

order to determine the new SANS interaction contribution to the total macro-

scopic cross section in MCNPX

ΣSANS(kn) =

∫
I(q) dΩ =

∫
dΣ

dΩ
(q) dΩ. (14)

Through the relation of the momentum transfer q and the scattering angle θ,

the SANS macroscopic cross section is given by

ΣSANS(kn) =

∫ 2π

0

dφ

∫ π

0

dΣ

dΩ
(q) sin θ dθ

= 2πk−2
n

∫ qmax

0

dΣ

dΩ
(q) q dq,

(15)

where kn is the wave-vector of the incoming neutron and qmax = 2kn is the

maximum value of q and corresponds to scattering angle θ = π. As expected [18],

there is a k−2
n dependence to the macroscopic scattering cross section. In order

to save computation time during run execution, this numerical integration is

performed and saved during set up time in the same C++ routine that calculates

(or reads from a file, if applicable) the differential macroscopic cross section. The
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Figure 2: Analytically determined scattering intensity for contrast p = 2.34 × 10−6Å
−2

,

packing fraction η = 0.3, and particle size ζ = 50 Å.

k−2
n pre-factor in equation 15 is applied during run execution time, since it is

dependent on the incoming neutron track. The numerical approximation of the

integral of the differential macroscopic cross section from q = 0 to q = qi is

given by

C(qi) = π

qi∑
0

[
qi
dΣ(qi)

dΩ
+ qi−1

dΣ(qi−1)

dΩ

]
∆q, (16)

where ∆q = qi − qi−1, and this integral is stored in an array as a function of q

with logarithmic binning or at the binning of the dΣ
dΩ (q) data set in the case that

the user supplied a data file. The macroscopic cross section can be determined

during run time as

ΣSANS(kn) = k−2
n C(2kn), (17)

since the maximum momentum transfer is equal to 2kn. Additionally, a copy of

this integral normalized to the range [0, 1] is stored in an array as

N(qi) =
C(qi)

C(qf )
, (18)
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Figure 3: Calculated I(q) divided by I(0) = ηp2V for varying packing fractions with p =

2.34×10−6Å
−2

and 50Å particles, showing that the expected q = 0 limit is found for sufficently

dilute samples and the depression in scattering for high packing fractions.

where qf is the final q bin. This normalized integral is used as the cumula-116

tive distribution function (CDF) for the selection of the momentum transfer of117

collisions.118

2.5. MCNPX Scattering process119

The MCNPX routine acetot.F is modified in order to add the SANS in-120

teraction to the total macroscopic cross section. First, the incoming neutron121

wave-vector is used to perform a binary search for C(q) bin of the maximum122

momentum transfer, qmax = 2kn. The C(q) bin of the maximum momentum123

transfer is used to determine the macroscopic SANS cross section (eq. 17) and124

thus the SANS contribution to the total cross section (eq. 1).125

At a collision event, a number chosen from the uniform distribution in the126

MCNPX subroutine colidn.F determines the interaction type (scattering, ab-127

sorption, SANS, etc.). When a SANS interaction is chosen, a new subroutine128

that processes SANS scattering events named sans scatter.F is called.129
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The sans scatter.F subroutine picks a random number, c, in the range [0, 1]130

from a uniform distribution and uses the CDF in equation 18 for the sampling131

of qscatter. In the event that qmax is less than qf , the uniform random number is132

scaled by the ratio N(qmax)
N(qf ) , which sets the maximum momentum transfer from133

the scattering process equal to qmax. A binary search finds the bins, C(ql) and134

C(qh), immediately adjacent to c.135

The fractional location of c relative to C(ql) and C(qh) is found by linear

interpolation, with

f =
c−N(ql)

N(qh)−N(ql)
. (19)

The location of this fraction, f , between ql and qh corresponds to qscatter and

is found from logarithmic interpolation because logarithmic bins are used for

dΣ
dΩ (q). The logarithmic interpolation is the same as linear interpolation between

logarithmic values

f =
log qscatter − log ql

log qh − log ql
, (20)

from which qscatter is found to be

qscatter = [qh]
f

[ql]
1−f

. (21)

The scattering angle is then given by

θscatter = 2 arcsin

[
qscatter

2kn

]
(22)

and the scattered neutron wave-vector in the xy-plane is given by

qx = −kn(1− cos(θscatter))

qy = −kn sin(θscatter)

qz = 0.

(23)

A random number chosen uniformly from [0, 2π) in order to rotate the scattered136

neutron wave-vector to an arbitrary azimuthal angle, and the neutron momen-137

tum is updated accordingly, after which the standard MCNPX particle tracking138

routines continue.139
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2.6. MCNPX input card140

The SANS treatment is attached to materials in the same way that S(α, β)141

thermal treatments are, and it can be specified in two different ways. The first142

method requires exactly 6 entries on the input card and it invokes the Griffith143

analytical model [11] described above:144

ms1 p ζµ z η p0 pmed145

This card indicates that material 1 uses the analytical model with the fol-146

lowing parameters and the units of those parameters:147

• contrast, p (in Å
−2

)148

• mean diameter, ζµ (in Å)149

• Schulz-Z factor, z (unitless)150

• packing fraction, η (unitless)151

• particle SLD, p0 (in Å
−2

)152

• medium SLD, pmed (in Å
−2

)153

The contrast is used to calculate the SANS differential macroscopic cross section154

from these parameters, and the input processing routine forces the contrast and155

SLD entries to be consistent. If either of the SLDs and the contrast have been156

specified while the other SLD is equal to zero, then the unspecified SLD is157

changed to the appropriate value given the contrast and specified SLD. If both158

SLDs are specified or if all 3 parameters have been specified, then the contrast is159

changed to match the two SLDs. This means that the user specified contrast will160

be replaced by the value as determined by the SLDs. The change is reflected in161

the MCNPX output file where the SANS parameters are recorded when either162

SLD is changed.163

The second method for specifying the SANS input card requires only one164

parameter and that parameter is a file name:165

ms2 sans.dat166
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This card indicates that material 2 uses the SANS scattering profile as read from167

the input file sans.dat. The file name is limited to 10 characters in length and168

must end in a period followed by a 3 character extension. The file format should169

be ASCII with the first column q values and the second column containing dΣ
dΩ (q)170

values (other columns that may be present are ignored when the file is read into171

MCNPX). The first line of the data file is always ignored, which allows for a172

header as the first line.173

3. Nanodiamonds measurement on EQ-SANS174

As both a material of interest as a potential high-albedo material for VCN175

as well as a benchmarking experiment for the SANS extension, a SANS mea-176

surement on detomation nanodiamonds was performed on EQ-SANS [12].177

3.1. Experiment samples178

Commercially available nanodiamond powder with particle size < 10 nm179

from Sigma-Aldrich was used to create powder samples for scattering exper-180

iments conducted on the EQ-SANS instrument at SNS. Measurements were181

taken at sample-to-detector distances of 1.3 m (0.5 Å and 2.5 Å), 4 m (2.5 Å182

and 10 Å), and 8 m (12 Å) to cover a q-range from 0.0025 Å−1 to 6 Å−1.183

Four powder samples of varying areal densities and one pressed composite184

sample were used. Initial attempts at pressing nanodiamond powder alone into185

a pellet did not exhibit any cohesion, and a binder of aluminum was used. A186

mixture of nanodiamond powder (43.4% by weight) and 1 micron particle size187

aluminum metal powder (56.6% by weight) used as a binder did exhibit cohesion188

when compressed under pressure of 34 MPa for several minutes. The sample189

densities and thicknesses are shown in table 1.190

The samples were all measured at room temperature and were contained191

in titanium sample holders with quartz windows. Background measurements192

were made using empty titanium sample holders (each configuration) and the193

calibration was performed using Porasil B as a standard (4 m at 10 Å and 8 m194

at 12 Å).195
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Sample Thickness (cm) Density (g cm−3)

1 0.076 2.01× 10−1

2 0.166 1.60× 10−1

3 0.207 1.62× 10−1

4 0.132 6.45× 10−2

5 0.168 6.00× 10−1

Table 1: Sample densities and thicknesses for the powder samples (1-4) and the composite

sample (5).

3.2. Data reduction and absolute scale normalization196

Data reduction was performed using EQ-SANS routines in Mantid [19, 20],

and the Porasil B data that was measured during the same run cycle was used

as a calibration standard in order to place the nanodiamond data on an absolute

scale, and thus to determine the differential macroscropic cross section, dΣ
dΩ (q).

Small angle scattering from Porasil B is given by the Debye-Bueche model [21,

22], and the Porasil B intensity profile data was fit using the DAB model in

SasView [23],

I(q) = s
L3

(1 + (qL)2)2
+ b, (24)

where s is a scaling factor, L is the correlation length, and b is the back-197

ground. For the Porasil B standard, the commonly accepted correlation length198

is 43.2±2Å and dΣ
dΩ (0) is 450±30cm−1 [24]. There is an absolute scaling factor,199

KPorasil, applied during the Mantid reduction process, arriving at a correlation200

length L = 42.625 Å and dΣ
dΩ (0) = 445.3cm−1, which is consistent with expec-201

tations [24]. The absolute scaling factor, KPorasil, that was used to scale the202

Porasil B results to match the expected dΣ
dΩ (0) for Porasil B is also used to place203

the nanodiamonds data on an absolute scale at the data reduction stage. The204

measurement results are shown in figure 4. The run configurations used in this205

measurement are 1.3 m with a wavelength band ≈ 0.5 Å− 4.5 Å, 1.3 m with a206

wavelength band ≈ 2.5 Å−6.5 Å, 4.0 m with a wavelength band ≈ 2.5 Å−6 Å,207

4.0 m with a wavelength band ≈ 10 Å − 13.5 Å, and 8.0 m with a wavelength208
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band ≈ 12 Å− 15 Å. The last two configurations are be susceptible to multiple209

scattering, and this affects the low-q regions of the measurement leading to an210

over-estimate of I(q) when this region is used for the normalization reference211

and which is corrected for by the transmission method described here.
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Figure 4: Measured differential scattering cross section, dΣ
dΩ

(q), for the Porasil B standard,

and scattered intensities, I(q), the four powder samples, and the composite sample (sample

5) (see table 1). Every 5th data point is shown for clarity. See electronic version for color.

212

With the Porasil scaling factor, KPorasil, the resulting nanodiamond dΣ
dΩ (q)213

(fig. 4) was used as an input to MCNPX simulations, and this data corresponded214

to a mean free path on the order of 250µm and resulted in approximately 20215

scatters per simulated neutron track, both of which were significantly different216

from expectations. The measured sample transmission for sample 4 was in217

disagreement with this level of multiple scattering, which suggested that KPorasil218

does not correctly place the nanodiamond data on an absolute scale. Therefore219

the sample transmission was used to extract the correct scaling factor.220

The sample transmission provides a check to ensure that the measurement

results are in absolute units, provided that multiple scattering is not dominating
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the scattering signal. The high-q scattering signal can be used along with known

scattering and absorption cross sections [25] and the amount of material in the

sample to place I(q) on an absolute scale such that

dΣ

dΩ
(q) = KnormI(q), (25)

where Knorm is the normalization factor determined from neutron transmission221

and I(q) is the intensity profile as determined from the data reduction process222

using the Porasil scaling factor. It is noted that if the Porasil scaling factor were223

correct, then Knorm would be unity.224

An estimate of the discrepancy from the true absolute scale factor can be

found from the comparison of the macroscopic scattering cross section as deter-

mined from I(q),

Sscatter(kn) = 2πk−2
n

∫ qmax

0

I(q) q dq, (26)

and the total macroscopic cross section as determined from the transmission,

T (kn),

Σtotal(kn) =
log [T (kn)]

ds
, (27)

where ds is the sample thickness. An attenuator is inserted in the position of

the first slit in order to measure the transmission (W. Heller, personal com-

munication, November 6, 2019). The beam stop is then translated out of the

beam position, which allows the attenuated direct beam to be measured by the

detector. Measurements are performed with the sample in place and with an

empty beam, and the spatially integrated beam spot signals are then used to

determine the transmission as a function of wavelength. Small angle scattering

contamination in this signal should be negligible. The long wavelength data run

for sample 4 is used for this determination (see figure 5), and this run covers a

wavelength band from approximately 12 Å to 14.6 Å with the data reduction

using wavelength bands that are 0.1 Å wide. The comparison of these two values

gives a normalization factor, Knorm, such that

Σtotal(kn) = KnormSscatter(kn) + Σabs, (28)
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where Σabs is a correction for absorption in the sample and which is negligible225

for carbon. The results from the two methods suggest that the normalization226

factor is approximately Knorm = 1.09× 10−1 (see table 2) for sample 4.

Wavelength(Å) Σscatter Σtotal K

12.14 35.84 3.81 1.06× 10−1

12.54 38.24 4.14 1.08× 10−1

13.04 41.34 4.37 1.06× 10−1

13.54 44.57 4.90 1.10× 10−1

14.04 47.92 5.55 1.16× 10−1

14.54 51.39 5.89 1.15× 10−1

Table 2: Comparison of the macroscopic cross sections for nanodiamonds as determined from

integration and transmission along with the ratio of the two methods, Σtrans
Σint

.

227

The comparison between the measured and simulated transmissions is shown228

in figure 5 and shows that the Knorm = 1.09× 10−1 scale factor reproduces the229

accurate transmission when used for sample 4. The same analysis was performed230

for the rest of the samples, and the normalization factors are shown in table 3.231

As a check on the estimate from the transmission, the data for each sample

Sample Knorm

1 7.44× 10−2

2 4.28× 10−2

3 4.26× 10−2

4 1.09× 10−1

5 4.76× 10−2

Table 3: Normalization factors determined from the neutron transmission data and MCNPX

simulation for all four powder samples and the composite sample (sample 5).

232

was scaled by the appropriate Knorm in table 3 and then used as input to a233

simulation in MCNPX with samples comprised of 88% carbon, 1.0% hydrogen,234

2.5% nitrogen, and 10% oxygen (all by weight) [26] and using known absorption235
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and scattering cross sections [25].236

The EQ-SANS measurement I(q) results are therefore scaled by the factors237

in table 3 in order to place the results on an absolute scale that is self-consistent238

with the expected transmission through the samples, and can be interpreted as239

the differential macroscopic cross section, dΣ
dΩ (q), and can be used as input data240

for MCNPX. As sample 4 was the thinnest, the sample 4 data is used along with241

a factor for differences in the number density to simulate each other sample.
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Figure 5: Measured transmission data for Porasil (P) and samples 1-5 (S) along with the

simulated transmission for each.

242

Powder sample 4 was rather loosely loaded in the sample container and was243

not uniformly filling the container volume. Both the sample mass and sample244

thickness were measured to 10% uncertainty. The spread in the determination245

of the normalization ratio, Knorm, in table 2 is also on the order of 10%. An246

uncertainty in the hydrogen content of the nanodiamond sample of 10% would247

result in a shift of the differential macroscopic cross section of 6%. As a result,248

the uncertainty on the differential macroscopic cross section can be conserva-249

tively stated to be 20%. The Knorm scaled differential cross sections are shown250
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in figure 6. These results should be compared to figure 4, and the Porasil B251

result has not been changed.
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Figure 6: Measured differential scattering cross sections, dΣ
dΩ

(q), for the four powder samples

and sample 5 (see table 1). Every 5th data point is shown for clarity. See electronic version

for color.

252

3.3. Multiple scattering253

Since the transmission is substantially less than T ≈ 0.9, multiple scattering

can be a significant effect and can result in overestimating I(q). The probability

of n scatters in a sample of thickness d with mean free path λ is given by Poisson

statistics

P (k) =
dke−d/λ

λkk!
. (29)

The mean free path for both porasil (d = 0.11 cm) and sample 4 (d = 0.132 cm)254

were determined from simulations in MCNPX with a monochromatic neutron255

source of 12.5 Å using the measured data in absolute units as inputs to the sim-256

ulation and are 0.357 cm and 0.260 cm, respectively. The discrete probability257

for n scatters is shown in table 4, with the porasil being a 27% scatterer and258
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sample 4 being a 40% scatterer. Multiple scattering accounts for approximately259

17% of the scattered neutrons at this wavelength in the case of porasil and ap-260

proximately 30% of the scattered neutrons in the case of sample 4. The data261

reduction for each run is conducted using standard procedures with Mantid [20]262

(W. Heller, personal communication, November 6, 2019). The calibrated stan-263

dard sample is used to place one of the sample run configurations on an absolute264

scale [27], and the other run configurations are stitched together using standard265

procedures in Mantid [20] using the normalized configuration as a reference.

Scatters Porasil Sample 4

0 0.733 0.602

1 0.227 0.306

2 0.0353 0.0777

3 0.00366 0.0132

4 0.000284 0.00167

Table 4: Probability of n scatters determined from the MCNPX simulation of porasil and

sample 4.

266

3.4. Data analysis267

Two fitting routines were employed using SasView [23]. The first is a gener-268

alized Guinier-Porod model [28] with an additional power law component (sec-269

tion 3.4.1). This fit function is used for generating input files for simulations in270

MCNPX from input data. The second method is a Guinier sphere model [29]271

with the hard-sphere structure factor [30] (section 3.4.2), which covers only the272

high-q region and allows for an approximation of the high-q behavior of the273

nanodiamonds using the analytical model described above.274

3.4.1. Guinier-Porod model fit275

The dΣ
dΩ (q) (in absolute units) is fit to the generalized Guinier-Porod model [28]

at high-q with an additional power law component for q < qPL with qPL as a

user-specified parameter. The first region is described by a power law with
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q < qPL

II(q) = Bq−pPL , (30)

where B is an additional scale factor for the power law region, and pPL is the

power law exponent. The second region is given by the generalized Guinier law

with qPL < q < q1

III(q) = q−s exp

[
−q2r2

g

3− s

]
, (31)

where rg is the radius of gyration of the particles, and s is the Guinier dimension

variable. The third region is the Porod region with q ≥ q1

IIII(q) =
D

qm
, (32)

where m is the Porod exponent, and D enforces continuity of the Guinier and

Porod functions and is given by

D = qm−s1 exp

[
−q2

1r
2
g

3− s

]
. (33)

where q1 is determined from enforcing the continuity of the Guinier and Porod

functions and their derivatives

q1 = r−1
g

√
(m− s)(3− s)

2
. (34)

The fit function also carries an overall scaling factor, A, and additive background276

parameter, b, that applies to all three regions.277

Figure 6 shows the measured dΣ
dΩ (q) curves for the four powder samples and278

the composite sample (sample 5). Sample 5 deviates from the powder samples279

at low-q. The resulting fit parameters for each sample are shown in table 5.280

The radius of gyration for the powder samples is rg ≈ 13 Å. The experimental281

data and fit function for sample 4 are shown in figure 7. The sample 5 fit results282

indicate that the pressing process produces some changes in the structure of the283

aggregation of nanodiamond particles in the sample due to the pressing process.284

285
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Sample pPL s rg m

1 2.3613 1.6042 12.791 4.0133

2 2.1231 1.5467 13.285 3.9972

3 2.0781 1.5357 13.372 3.9907

4 2.4894 1.6382 12.551 4.0398

5 2.0521 0.78904 18.019 3.8275

Table 5: Resulting fit parameters from the EQ-SANS measurement for powder samples (1-4)

and the composite sample (5).
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Figure 7: Sample 4 normalized dΣ
dΩ

(q) along with the Guinier-Porod[28] plus power law fit

function (section 3.4.1) and the Guinier hard-sphere fit function (section 3.4.2) (color online).

The two fit methods agree at high-q and diverage at low-q.

3.4.2. Hard-sphere model fit286

The absolute scale data for sample 4 were fit in SasView [23] to parameters

corresponding to the hard-sphere model. The data show a low-q component

that is not present in the hard-sphere model and therefore only the data above

q = 0.05 was used in this fit. The fit used the sphere model [29] with the
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hard-sphere structure factor [30]. The scattering length density of the matrix

medium was set to zero and the overall scaling factor (A) was set to unity. The

free parameters in the fit were the background (b), the scattering length density

of the particles (ρ), the particle radius (rg), the volume fraction (η), and the

Schulz polydispersity factor (PD). The polydispersity factor used in SasView

is related to the Schulz width factor z by

z =
1− PD2

PD2
. (35)

An additional fit using the unscaled data for sample 4 was performed with the287

scale factor included as a fitting parameter. The results are shown in table 6288

and the fit function is shown along with the data and the Guinier-Porod plus289

power law fit from the previous section in figure 7.

Parameter Value (scaled fit) Value (unscaled fit)

1/A 1.0 (fixed) 1.08× 10−1

b(1/cm) 9.81× 10−3 8.99× 10−2

ρ(×10−6Å
−2

) 14.0± 0.6 13.9± 0.6

rg(Å) 13.2± 0.2 13.1± 0.2

η 0.0133± 0.001 0.0133± 0.001

PD 0.696± 0.007 0.698± 0.001

Table 6: Resulting fit parameters from the EQ-SANS measurement for powder sample 4 using

the Guinier sphere model with the hard-sphere structure factor in SasView [23]. The fit for

the scaled data (fig. 6) is in column 2 and the fit for the unscaled data (fig. 4) is in column 3.

290

The extracted fit parameters for the scaled data agree with those extracted291

from the unscaled data. The reciprocal of the scaling factor determined from292

fitting (1/A = 1.08 × 10−1) is consistent with the value determined from the293

transmission above Knorm = 1.09× 10−1. The particle size extracted from this294

fit (rg = 13.2 Å) is consistent to within ≈ 5% with the particle size extracted295

from the Guinier-Porod model above (rg = 12.5) for sample 4. The scattering296

length density is larger than one would expect for diamond (11.6 × 10−6Å
−2

)297

by ≈ 20%. The extracted packing fraction for this sample is η = 0.0133, which298
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is comparage to the expected packing fraction of η = ρmass

ρdiamond
= 0.0645

3.5 = 0.018.299

The extracted polydispersity of PD = 0.696 corresponds to z = 1.064 and indi-300

cates a highly polydisperse sample, as expected from the commercial product.301

These parameters are consistent with expectations for the samples that were302

used and these parameters will be used in simulations discussed later in the303

manuscript.304

The hard-sphere model is adequate for describing the high-q region where the305

particles are dominating the scattering signal. However, the simple hard-sphere306

model does not describe the results at low-q, which is dominated by clusters of307

the particles. As a result, a simulation using the analytical model should agree308

with the nanodiamond measurements only in high-q.309

4. Simulations310

Simulations of simple representations of a SANS instrument and a reflec-311

tometer instrument were performed in order to demonstrate the behavior of312

the SANS mode in MCNPX for the analytical model described above. The313

reflectometer configuration was also simulated with data from EQ-SANS. The314

EQ-SANS measurement was simulated in MCNPX using the EQ-SANS data as315

input in order to confirm that the scattering routines produce results consistent316

with the measurement.317

4.1. SANS simulation with the analytical model318

The SANS configuration consists of a monochromatic beam of 2.86 Å cold

neutrons collimated to a radius of 0.5 mm incident on a 0.1-mm-thick volume

containing carbon particles in vacuum medium with scattering length density of

2.34× 10−6Å
−2

, diameter ζµ = 50 Å, and polydispersity z = 104 (ie. monodis-

perse), corresponding to the parameters for the differential cross sections cal-

culated in figures 1 and 2. The neutron flux is tallied downstream from the

scattering volume using a segmented surface tally with 10000 cylindrical seg-

ments to a maximum radius of 200 cm at three positions downstream of the
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sample (50 cm, 4 m, and 8 m). Figure 8 shows the scattered profile for two

different packing fractions (η = 0.1 and 0.3) along with the calculated differen-

tial cross sections from figures 1 and 2 for z = 104. There is good qualitative
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Figure 8: Differential cross section determined from SANS simulation in MCNPX with cylin-

drical tallies (solid lines) along with the analytically calculated cross sections (dashed lines)

for p = 2.34 × 10−6Å
−2

, ζµ=50 Å, packing fractions η = 0.1 and η = 0.3, and z = 104. For

clarity, the η = 0.1 profiles have been scaled by a factor of 0.01 (color online).

agreement between the two simulated profiles and the input cross sections. The

simulation results were then analyzed using SasView [23] in order to check that

the input parameters for the model can be extracted from the simulation scat-

tering profiles. The SasView fit used the spherical form factor

I(q) = Ap

[
sin( 1

2qζµ)− qζ cos( 1
2qζµ)

( 1
2qζµ)3

]2

+ b, (36)

where A is a scale factor, p is the contrast between the medium and the scatterer,319

ζµ is the diameter of the spheres, and b is the background level. Additionally,320

the hard-sphere structure factor was applied that adds a parameter for the321

packing fraction. The parameters A and b were fixed at the values 1.0 and322
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0.001 respectively and were not used for fitting, which leaves p, ζµ, and η as free323

parameters. The fit results are shown in table 7 along with uncertainties, and324

the fitted values are within error bars of the input values.

Parameter Simulation 1 Simulation 2

ζ 50.2± 2.2 Å 51.2± 6.2 Å

p 2.42± 0.12× 10−6 Å
−2

2.33± 0.53× 10−6 Å
−2

η 0.284± 0.023 0.103± 0.042

Table 7: Extracted fit parameters for the simulated profiles using the analytical model. Recall

that the input parameters are ζµ = 50 Å, p = 2.34 × 10−6 Å
−2

, and η = 0.3 (simulation 1)

or η = 0.1 (simulation 2).

325

4.2. Simulation of a reflectometer326

The reflectometer configuration mimics the Cubitt [4] measurement (see fig.327

9). There is a 0.3 mm radius beam with divergence of 0.4 mrad incident on328

the 4 cm thick sample volume. The sample volume is a rectangular box with329

width and height of 14.7 cm composed of pure nanodiamonds with a density of330

0.4 gcm−3 (the density of diamond is 3.5 gcm−3), rather than the prism shape331

of Cubitt. The entire sample except for the front face is covered by 0.5 mm332

of cadmium. Two surface tallies that are each 19.25 cm wide and 50 cm tall333

and positioned 110 cm from the center of the sample were used as detectors.334

The sample can be rotated at varying angles of incidence, α. As with Cubitt,335

the first detector is at a position 2α when the sample is at angle of incidence336

α and the second detector is positioned at 2α + 10◦. The angle of incidence337

is varied from 2◦ to 4◦. Surface tallies measure the neutron spectrum at the338

detector positions and these tallies are divided by the incident spectrum in order339

to determine the reflectivity towards the detector. Simulations were performed340

using the analytical model as well as the nanodiamond measurement data.341

The parameters used for the analytical hard-sphere model simulation of the342

Cubitt measurement correspond to a packing fraction of η = ρmass

ρdiamond
= 0.4

3.5 =343

0.114, a polydispersity of z = 1.064, scattering length density for the parti-344
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α
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2α+10

Figure 9: Diagram showing the reflectometer configuration with the angular positions of the

detector centers 110 cm from the center of the sample.

cles of (14.0 × 10−6Å
−2

) and 0 for the medium, and particle size (rg = 13.2)345

(see section 3.4.2). The differential macroscopic cross section for sample 4346

(see section 3.4.1) was scaled by the ratio of the densities of the measured347

sample (ρ = 0.0645 gcm−3) and the sample used in the Cubitt measurement348

(0.4 gcm−3). This rescaled input was used for another set of simulations of the349

Cubitt measurement. The calculated reflectivities for each simulation set are350

shown in figure 10.351

The differential cross sections input to these simulations agree above q =352

0.05Å
−1

) and differ significantly below that level with the measured data show-353

ing enhanced scattering at low-q. The cutoff below 4 Å observed in Cubitt is354

not seen here because the simulations did not use a polycrystalline scattering355

kernel. The comparision between the analytical hard-sphere model (HS) and356

the nanodiamond data (ND) in figure 10 shows a steeper fall off at longer wave-357

lengths for the HS model. This is in agreement with the Cubitt measured data358

(analogous to the ND simulation here)in comparison to the Cubitt predicted re-359

flectivity (analogous to the HS simulation here), and due to the unaccounted-for360

low-q scattering in a simple spherical model. The magnitude of the reflectiv-361

ity predicted from these simulations is higher than Cubitt by approximately362

5-7%. These results are still qualitatively consistent with the measured reflec-363

tivity from thick layers of nanodiamonds by Cubitt [4] in the wavelength range364
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4 differential macroscopic cross section scaled up by a factor of 0.4
0.0645

(ND in legend) as well as

the hard-sphere model (HS in legend) with the fit parameters in section 3.4.2 and the packing

fraction scaled up to η = ρmass
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3.5
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of 5 − 20 Å and nourish the perspective of serving as reflector-enhancement of365

cold and very-cold moderator systems.366

4.3. Simulation of the EQ-SANS measurement367

The MCNPX geometry model was constructed with thin samples comprised

of 88% carbon, 1.0% hydrogen, 2.5% nitrogen, and 10% oxygen (all by weight) [26]

and with a 0.5 mm circular and mono-chromatic neutron source of varying wave-

length (1.0, 2.5, 5.0, 7.5, 10, and 12.5 Å). The neutron fluence was tallied in

annular bins of width ∆r = 0.01 cm out to 2 m in radius at distances of 0.5 m,

4 m, and 8 m from the sample using cylindrical mesh tallies. The cylindrical

mesh tally results are then converted to I(q) by

I(q) =
T (r)

Ωd
, (37)
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there T (r) is the mesh tally result at a radius r from the beam axis, Ω is the solid368

angle of the annulus at radius r of thickness ∆r, and d is the sample thickness.369

The results from each mesh position are then stitched together similar to the370

stitching method for the EQ-SANS measurements to produce an I(q) for each371

wavelength. The results from each wavelength are then averaged to produce the372

final simulation result for each sample configuration.373

A data file using the DAB fit function and fit parameters for Porasil B374

was generated in order to model the Porasil B sample. The comparison of375

the Porasil data, fit function, and simulation result is shown in figure 11.376

The simulation fit correlation length is L = 42.9345 Å which corresponds to377

dΣ
dΩ (0) = 438.8cm−1, which agrees well with the data fit results (L = 42.625 Å378

and dΣ
dΩ (0) = 445.3cm−1).
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Figure 11: MCNPX results from simulating the Porasil calibration standard.

379

The sample 4 dΣ
dΩ (q) fit function (shown in figure 7) with the background pa-380

rameter subtracted was used to generate a data file with the q range 10−3Å
−1

<381

q < 102Å
−1

for input into MCNPX. Sample 4 was the thinnest sample and there-382

fore has the least multiple scattering contamination. The MCNPX simulated383
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scattering curves using sample 4 input data is expected to match the scattering384

curves from the measurement at least in the case of the other powder samples385

because they only differ from sample 4 in thickness and density.

Sample pPL s rg m

1 2.2162 1.5718 12.932 3.9897

2 2.0343 1.5721 12.427 3.9793

3 1.9973 1.5698 12.359 3.9769

4 2.3147 1.6254 12.783 3.9997

5 1.8607 1.5698 12.004 3.9815

Table 8: Fit parameters for the MCNPX simulation of the powder samples (1-4) and the

composite sample (5).

386

The thicknesses and densities in table 1 were used along with the sample 4387

dΣ
dΩ (q) to simulate the four powder samples and the composite sample (sample 5)388

at each wavelength. Simulations for samples 1, 4, and 5 can be seen along with389

the measured data in figures 12, 13, and 14. For each sample configuration, the390

simulations for each wavelength were averaged together to produce combined391

scattering curves which were then fit to the same model as the measurement392

data using SasView [23]. There is good agreement between the measurement393

fit parameters (see table 5) and the post-simulation fit parameters (see table394

8) for the powder samples (1-4). The simulated particle sizes agree within395

approximately 5%. As all of the simulations were performed using a single data396

file (the fit for sample 4), this suggests that these samples are sufficiently similar397

that they can be described by the same differential macroscopic cross section398

and differ only in their density. The sample 5 simulation, however, has a large399

discrepancy with the measured sample 5 data (figure 14). Whereas the sample 5400

data suggests a larger particle size, the simulation implies a smaller particle size401

due to multiple scattering effects shifting the I(q) curve towards higher q. From402

this we can conclude that care must be used in applying a given differential403

scattering cross section to samples that are substantially different.404
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Figure 12: MCNPX results from simulating sample 1 using the data file generated from the

sample 4 fit.

5. Conclusions405

Implementation of the analytical model has been demonstrated to produce406

differential macroscopic cross sections that are consistent with expectations from407

the literature [11] (figs. 1 and 2) as well as scattering profiles that are consis-408

tent with the analytically calculated cross sections (see table 7). This gives409

confidence that the implementation of both the analytical cross section and the410

neutron transport components in MCNPX 2.7 well representing SANS scat-411

tering. Additionally, the simulations have been benchmarked successfully with412

nanodiamonds via the EQ-SANS measurement. The discrepancy between the413

simulation of the composite sample using the powder sample data shows that414

appropriate scattering data are required to arrive at good simulation results.415

This is not surprising, but illustrates limitations on the use of particular data416

files.417

The reflectometer configuration simulation suggests that a nanoscale mate-418

rial could be used as a high albedo material for long wavelength neutrons with419
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Figure 13: MCNPX results from simulating sample 4 using the data file generated from the

sample 4 fit.

the largest effects in the vicinity of 10 Å. A reflector composed of a nanoscale420

material could enhance source brightness of both cold and very cold neutrons or421

could be used as a guide material close to a reactor core provided that it could422

withstand the high radiation environment. A simulation campaign using this423

extension of MCNPX is under way to investigate these prospects.424
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