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Abstract

This paper develops a novel, wavelet-enriched adaptive finite element model for solving coupled crystal plasticity-phase
field models to simulate crack propagation in polycrystalline microstructures. No a-priori assumption of the crack path is
needed. Crack propagation under conditions of finite deformation is driven by stored elastic energy that accounts for material
anisotropy and tension–compression asymmetry, and defect energy resulting from slip system dislocation glide and hardening.
The resulting finite element model is capable of simulating both brittle and ductile crack propagation in material microstructures.
A major contribution of this work is the creation of the adaptive, multi-resolution wavelet-based hierarchical enrichment of the
FE model. The adapted enrichment follows the path of crack growth and is able to successfully overcome the challenges of
high resolution required for the regularized crack in the coupled model. The multi-resolution wavelet basis functions adaptively
construct optimal enrichment basis for the high gradients in the phase field order parameter near the crack path. The wavelet-
enriched adaptive finite element model is found to be robust with excellent convergence characteristics in multiple validation
tests conducted with the polycrystalline Ti–6V–4Al alloy.
c⃝ 2019 Elsevier B.V. All rights reserved.
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1. Introduction 1

Modeling crack growth in polycrystalline materials, for which deformation is governed by crystal plasticity 2

constitutive relations [1–5], is a difficult undertaking. Its implementation requires special consideration of the com- 3

plex interaction between the propagating crack and deformation in the polycrystalline microstructure, characterized 4

by crystallographic lattices, grain boundaries, twins, precipitates etc. Microstructural features like crystal lattice 5

orientation, grain-boundary misorientation, micro-texture and twin boundaries can significantly affect the crack 6
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path and growth-rates. Depending on the microstructure, cracks surfaces are non-planar and can undergo kinking,1

twisting or branching. In some materials, cracks propagate along the crystallographic cleavage planes. While crystal2

plasticity-based computational models of deformation in polycrystalline materials are now mature [1–5], failure3

prediction by intra-, trans- or inter-granular crack propagation in polycrystalline microstructures is still in its infancy.4

A variety of alternative approaches have been proposed for modeling crack propagation in continuum media.5

Many of these approaches use linear elastic fracture mechanics (LEFM) to model material cracking at the6

macroscopic scale. The extended FEM or XFEM [6,7], generalized finite element methods [8,9], symmetric-Galerkin7

boundary element method alternating with FEM or SGBEM-FEM [10], the discontinuous Galerkin approach [11,12]8

and the cohesive zone models or CZM [13–16] introduce idealized surfaces in the computational domain for discrete9

crack representation. In these methods, the crack propagation-rate and direction are determined by criteria that are10

based on stress intensity factors or global energy release-rate. X-FEM can avert adaptive remeshing with crack11

propagation since the mesh is generally independent of the crack geometry. However augmentation functions for12

3D crack tip fields can be difficult to procure in the presence of plastic slip on crystalline lattices. Also the 3D13

level-set functions that are conventionally used to represent crack surface topology can be very difficult with14

inherent grain-scale heterogeneities of polycrystalline microstructures. CZMs, on the other hand, require cohesive15

elements embedded between adjacent finite elements along the projected crack path with special traction–separation16

constitutive relations. CZMs have been used in conjunction with crystal plasticity and discrete dislocation models17

in [17,18] to simulate crack tip behavior and crack opening. A major shortcoming with CZMs in the polycrystalline18

plasticity framework is that they require a-priori knowledge of 3D crack paths for inserting the traction–separation19

laws in the computational model. These methods often require modification to the FE formulation, mesh adaptation,20

element deletion or explicit mesh separation, which are computationally inefficient when dealing with cracks with21

non-planar 3D surfaces. Nonlocal methods like peridynamics [19,20] have been successfully proposed to model22

crack propagation predominantly in elastic media. While peridynamics formulations have been used for solving23

crystal plasticity problems in [21], these methods are yet to model crack propagation in the context of crystal24

plasticity.25

Phase field (PF) models [22–27] have shown promise in overcoming some of the aforementioned difficulties,26

and have received considerable attention from the fracture modeling community. This approach is based on the27

regularization of a sharp crack surface through an auxiliary scalar field variable or order parameter s ∈ [0, 1] to28

represent the crack topology. The sharp crack discontinuity is approximated by a smooth transition between the29

uncracked (s = 0) and fully-cracked (s = 1) material phases [28,29]. This is shown in the schematic Fig. 1(a).30

The evolution of s with deformation and loading naturally models the crack growth process. An appealing feature31

of the continuum phase field model is that it can be easily incorporated in a standard FEM framework, as it32

implicitly tracks the crack phase without the need for remeshing due to discontinuous fracture surfaces. Relatively33

few material parameters are needed in its representation. Phase field models for 3D crack branching and their34

relation to fractographic patterns have been developed in [29,30]. Dynamic crack propagation with the phase field35

models have been investigated in [30–34]. A fourth-order phase-field model of brittle fracture has been developed36

and solved by isogeometric analysis in [33]. In [24,35–37] preferred cleavage planes are incorporated in oriented37

grains by explicitly integrating the effect of grain orientation into phase field models. Comparison of phase field38

models and LEFM has been made in [38–40].39

This paper aims at modeling crack growth in polycrystalline microstructures, for which rate and temperature-40

dependent crystal plasticity constitutive relations govern the material deformation. Image-based crystal plasticity41

finite element (CPFE) models of statistically equivalent RVEs or SERVEs are solved e.g. in [4,41–43] for defor-42

mation related fields in the polycrystalline microstructures. The SERVEs have crystallographic and morphological43

distributions that are statistically equivalent to those obtained from experimental electron back-scatter diffraction44

(EBSD) images. Fatigue crack nucleation in these microstructures has been predicted in [44–46] from variables45

in CPFE simulations. The problem becomes significantly more challenging when changes in microstructural46

topology occur with intra- and trans-granular crack propagation. Advanced phase field models have been developed47

in [40,47,48] to study trans- and inter-granular fracture in materials with internal interfaces. A crystal plasticity48

model has been coupled with phase field model in [49] for 2D analysis of ductile fracture in a single-crystal49

Nickel-base superalloy. In [50], a kinematically linear crystal plasticity model has been combined with a phase50

field model for ductile fracture in a single crystal material. A coupled crystal elasticity and phase field modeling51

framework has been developed in [51] for simulating fracture processes in anisotropic elastic materials under finite52

deformation conditions with crack-phase tension–compression asymmetry.53
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Fig. 1. (a) Illustration of a regularized sharp crack in the phase field representation with an order parameter s ∈ [0, 1], and (b) regularized
representation of a sharp crack at X = 0 with different length-scale parameters lc .

A major bottleneck with phase field implementation of crack propagation in crystal plasticity FE models 1

of polycrystalline microstructures is the requirement of very high mesh resolution, commensurate with the 2

infinitesimally small length-scale of the order parameter s. A coarse finite element mesh cannot resolve the high 3

gradient of s and may not effectively bound it to the theoretical range [0, 1]. For accurately tracking the crack, the 4

element size must be sufficiently smaller than the characteristic physical length-scale of the crack. On the other hand, 5

the typical converged mesh size for crystal plasticity analysis of grain-scale deformation variables is significantly 6

larger. Without a-priori knowledge of the crack path, the coupled crystal plasticity-phase field FE model would 7

require a highly refined mesh in its entirety to provide accurate mechanical driving forces near the crack tip. Such 8

a high density mesh with large degrees of freedom for the coupled problem inevitably leads to prohibitively high 9

computational costs especially for fatigue failure. 10

A few alternative approaches have been explored in the literature for accelerating phase field simulations. For 11

example, GPU computing with compute unified device architecture (CUDA) has been used to accelerate phase field 12

simulations in [52,53]. A non-intrusive global–local approach has been proposed in [54] for modeling brittle fracture 13

in large-scale structure analysis. For polycrystalline microstructures, adaptive augmentation of mesh resolution 14

with crack propagation is deemed to be a viable method for accelerating coupled crystal plasticity-phase field 15

FE simulations and reducing computational costs. Adaptive methods generally rely on a-posteriori estimation of 16

a solution error, followed by mesh refinement or h-adaptation [55,56], hierarchical enhancement of polynomial 17

basis functions or p-adaptation [57,58] or their combination [59,60]. However, many of the above strategies do 18

not guarantee conformity of the new enriched space to the profile of the crack phase field solution s. Moreover, 19

old shape functions are not preserved in the new enriched solution space, which adds to the difficulty of mapping 20

internal variables. 21

An adaptive wavelet-based hierarchical enrichment method has been proposed for crystal elasticity and crystal 22

plasticity finite element modeling of polycrystalline microstructures in [61] and [62] respectively. Rather than 23

evaluating error indicators, the method adaptively creates an optimal discretization space conforming to the solution 24

profile by projecting the solution field onto a set of scaling and multi-resolution wavelet basis functions. A fine-scale 25

solution profile is estimated from a computationally efficient coarse mesh solution using a modified Jacobi iterative 26

solver. This solution profile is subsequently represented using a fast wavelet transform and compression method 27

with identification of the optimal discretization basis. Second generation family of wavelets [63–65] is used to 28

generate hierarchical functions that are compatible with finite element shape functions on an irregular mesh. This 29

wavelet-based adaptive method is advantageous for constructing an optimal set of enrichment functions that conform 30

to the solution space, rendering it appropriate for solving the coupled crystal plasticity-phase field problems. 31

This paper begins with a discussion of governing equations for the coupled crystal plasticity and phase field 32

crack model in Section 2. The finite element formulation and numerical implementation of the coupled model 33

are discussed in Section 3. Section 4 examines mesh-dependence issues and introduces wavelet-based adaptive 34
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hierarchical finite element formulation and implementation algorithms. A discussion of the wavelet basis functions1

and some numerical implementation issues are commenced in Section 5. Simulations are conducted for the titanium2

alloy Ti–6V–4Al in Section 6. Convergence rates, solution errors and crack path characteristics are examined for two3

computational microstructures of the polycrystalline material. The paper concludes with a summary in Section 7.4

2. Governing equations for the coupled crystal plasticity and phase field crack model5

The phase field formulation of crack propagation is developed within the framework of crystal plasticity finite6

element model for polycrystalline microstructures in this paper. The crack phase field and its gradient regularize the7

geometric features of the sharp crack topology. Crack evolution results in energy dissipation by releasing both the8

elastic stored energy and the defect energy of plastic work. The coupled crystal plasticity and phase field constitutive9

relations, describing the dissipation process result from thermodynamic principles with the crack geometric function.10

2.1. Crystal plasticity kinematic relations11

Consider a continuum body occupying a domain Ω ∈ R3 and undergoing finite deformation described by the12

deformation gradient tensor F (= ∂x/∂X), where x(= u + X) and X are respectively the Cartesian coordinates of a13

material point in the current and reference configuration and u is the displacement vector. In the crystal plasticity14

formulation e.g. in [2,4,41,42,66] the deformation gradient is multiplicatively decomposed into elastic and plastic15

parts, expressed as16

F = FeFp (1)17

Crystal plasticity kinematics assumes the existence of Nsli p slip systems of dislocation glide. Each slip system18

is characterized by a slip plane with unit normal nα and a slip direction vector mα . The collective motion of19

dislocations gliding on each slip system α with a slip-rate γ̇ α causes plastic flow. The corresponding plastic velocity20

gradient tensor is expressed in terms of the slip-rate on each slip system α as:21

Lp
= ḞpFp−1

=

Nsli p∑
α=1

γ̇ αmα
0 ⊗ nα0 (2)22

where nα0 and mα
0 are respectively the slip plane unit normal and the slip direction vector in the reference23

configuration. A power law model is used for representing the plastic slip rate γ̇ α on the α-th slip system in terms24

of the resolved shear stress τ α and the slip system deformation resistance gα , and is expressed as:25

γ̇ α = γ̇0 |
τ α

gα
|
1/m sign(τ α) (3)26

Here m is the material rate sensitivity parameter and γ̇0 is the reference plastic shearing rate. The evolution of slip27

system deformation resistance is assumed to be controlled by statistically stored dislocations due to homogeneous28

plastic deformation. The corresponding rate of deformation resistance for a slip system α is expressed as:29

ġα =

Nsli p∑
β

hαβ |γ̇ β | where hαβ = qαβhβ (no sum on β) (4)30

The anisotropic hardening modulus hαβ corresponds to the strain hardening rate due to self and latent hardening on31

the α-th slip system by slip on the β-th slip system respectively. Here, hβ is the self hardening coefficient and qαβ32

is a matrix describing latent hardening. The evolution laws for hβ have been given in [67,68]. The above relations33

are derived in the context of defect energy due to dislocations in Section 2.3.2.34

2.2. Phase field description of the crack35

The phase field model introduces a continuous order parameter s field to describe the discrete crack topology. It36

represents the discrete crack interface Γ by a functional Γlc (s). In 1-D, the mathematical form of Γlc (s) is derived37
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from an exponential approximation of the s field. The regularization of a sharp crack discontinuity is represented 1

by the s field as: 2

s(X ) = e−
|X−X0|

lc (5) 3

where X and X0 are respectively the coordinates of a point in the regularized s domain and its origin, corresponding 4

to the location of the sharp crack discontinuity and |X − X0| is the relative distance. lc is a length-scale parameter 5

that controls the sharpness of the regularization function [22]. As shown in Fig. 1(b), the s field recovers the 6

sharp crack geometry in the limit lc → 0. From Eq. (5), s(X0) = 1 corresponds to a fully cracked point and 7

limX→±∞ s(X ) = 0. The expression for s in Eq. (5) is the solution of the Euler–Lagrange equation for the variational 8

problem stated as: 9

s = Arg
{

inf
s∈w

Π (s)
}

for Π (s) =
1
2

∫
Ω

{
s2

+ l2
c

(
ds
d X

)2
}

dΩ (6) 10

where w = {s |s(X0 = 0) = 1, and s(±∞) = 0 } corresponds to the Dirichlet boundary condition. For the cross- 11

sectional area of the cracked bar denoted by Γ , the incremental volume is dΩ = Γd X . Substituting s from Eq. (5) 12

to Π (s) in Eq. (6) establishes the relation Π (S) = Γ lc. The regularized crack surface area functional in the phase 13

field model can therefore be expressed as: 14

Γlc (s) =

∫
Ω

γlc dΩ where γlc =
1

2lc

{
s2

+ l2
c

(
ds
d X

)2
}

(7) 15

In the limit lc → 0, infs∈w Γlc (s) restores the geometry of the sharp crack interface Γ . For 3D problems, Eq. (7) 16

can be extended to the 3D regularized crack surface density function as: 17

γlc =
1

2lc

(
s2

+ l2
c ∇Xs · ∇Xs

)
(8) 18

where ∇X corresponds to the spatial derivative vector with respect to the reference coordinates. 19

2.3. Helmholtz free energy density of degrading material undergoing finite elasto-plastic deformation 20

The crystal plasticity-based finite deformation fields and the crack phase field are coupled through a Helmholtz 21

free energy density (HFED) function in the reference configuration. The stored energy density contributions are due 22

to elastic stretching of the crystal lattice, as well as due to defect formation, e.g. dislocation density evolution with 23

plastic deformation. With material degradation due to crack evolution the stored energy is released locally in the 24

form of a crack surface energy. For simulating finite deformation in elastic–plastic crystalline materials with material 25

degradation, the HFED function in the reference configuration ρ0ψ is assumed to be the sum of contributions from 26

each of the three mechanisms, expressed as: 27

ρ0ψ = ρ0ψe(Ee, s) + ρ0ψd (η, s) + ρ0ψc(s,∇X s) (9) 28

where ρ0 is the material density in the reference configuration. The elastic energy per unit mass ψe is a function of 29

the elastic part of the Green–Lagrange strain defined as Ee
=

1
2 (FeT Fe

− I) and the phase field order parameter s. 30

The second term ψp is the stored defect energy density per unit mass due to the population of defect structures such 31

as sessile dislocations and dislocation cell walls [69]. It is a function of a set of internal variables η representing 32

microscopic defects, as well as s. The dependence of both the stored elastic energy ψe and the defect energy ψd of 33

the material degradation state s is due to the fact that crack propagation requires the release of both these energy 34

components. Finally, the crack surface energy per unit mass ψc is defined by a Griffith-type fracture energy per 35

unit area gc and the regularized crack surface density function γlc given in Eq. (8), as: 36

ρ0ψc =
gc

2lc

(
s2

+ l2
c ∇Xs · ∇Xs

)
(10) 37

The simulations in this work are conducted under isothermal conditions and hence the evolution of temperature 38

fields is not accounted for a thermal energy in Eq. (9). 39
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2.3.1. Finite deformation anisotropic elastic energy with tension–compression asymmetry for evolving cracks1

Modeling crack propagation in polycrystalline materials requires incorporation of finite deformation kinematics2

in anisotropic crystalline materials. Furthermore, the crack surface behavior is governed by unilateral conditions3

of stress carrying capacity depending on the state of strain i.e. compressive vs. tensile [70]. In tension, the crack4

surfaces open up causing a loss of stress-carrying capacity, while under compression, the crack surfaces close5

allowing the stress to be transmitted across the crack surfaces. Various stored elastic energy density functions has6

been proposed for phase field fracture theory, e.g. in [22,24,28,71] for isotropic materials undergoing infinitesimal7

strains. However, they are generally not applicable for modeling polycrystalline microstructures, for which each8

individual grain is intrinsically anisotropic and undergo finite deformation.9

For an undamaged anisotropic material that is characterized by anisotropic crystallographic lattices, the elastic10

part of the Helmholtz free energy density (HFED) in Eq. (9) may be expressed as [51]:11

ρ0ψ̂e
(
Ee, s

)
=

1
2

Ee(s) : Ce
: Ee(s) (11)12

where Ce denotes the fourth-order anisotropic elasticity tensor at a material point expressed in the material symmetry13

coordinate system, and Ee(s) =
1
2 (FeT Fe

− I) is the elastic part of the Green–Lagrange strain tensor. A phase field14

parameter s dependent degradable Green–Lagrange elastic strain tensor Ẽe has been proposed in [51] for a coupled15

FE-phase field model to simulate crack evolution in elastic polycrystalline microstructures. The degradable strain16

tensor Ẽe is formulated to represent tension–compression asymmetry of crack fields in the HFED expression under17

finite strain conditions. It is obtained from isochoric–volumetric decomposition of the elastic deformation gradient,18

i.e.:19

Fe
= Fe

iso Fe
vol (12)20

where Fe
iso = (det Fe)−

1
3 Fe is the isochoric deformation gradient, and Fe

vol = (det Fe)
1
3 I is the volumetric

deformation gradient. The degradable elastic Green–Lagrange strain tensor is then expressed as:

Ẽe
= g1

(
J e, s

)
Ee
vol + g2 (s)Ee (13a)

with g1
(
J e, s

)
= H

(
1 − J e) (1 − κs)s and g2 (s) = 1 − (1 − κs)s (13b)

The volumetric part of the Green–Lagrangian elastic strain tensor is Ee
vol =

1
2

(
FeT
volF

e
vol − I

)
and J e

= det Fe
21

is the elastic Jacobian. H(x) represents the Heaviside step function. Since plastic deformation is assumed to be22

isochoric, J e > 1 indicates a tensile volume change while J e < 1 indicates a volume change in compression. If the23

volume change is tensile, both components of Ẽe in Eq. (13) are degraded with s. However, if the volume change24

is compressive, the volumetric strain in the first component is unaffected. κs is a small positive parameter that is25

incorporated to prevent complete vanishing of the local stiffness that can lead to numerical difficulties [28]. In this26

work, a small value κs = 0.001 is assumed.27

The anisotropic elastic energy density in Eq. (11) is consequently modified for a material undergoing crack28

evolution in the form of the evolving phase field parameter s as:29

ρ0ψe =
1
2

Ẽe
: Ce

: Ẽe (14)30

In this HFED expression (14), the isochoric part of the elastic strain always degrades with the evolving phase field31

order parameter s, whereas the volumetric part is degraded only if the volume change is positive corresponding to32

a tensile state. Note that since the degradation is operated only on the strain tensor, the anisotropic elastic stiffness33

matrix Ce is unchanged by the phase field.34

2.3.2. Degradable defect energy for crystal plasticity induced deformation35

In the crystal plasticity constitutive framework, dislocation densities increase with slip due to expansion of36

dislocation loops, interaction of gliding dislocations with forest dislocations and formation of dislocation junctions,37

jogs and dislocation cell walls. These structures act as barriers to gliding dislocations. Further elastic stretching is38

required to overcome the barriers resulting in hardening. While the additional elastic stretch of the crystal lattice39

continues to increase the stored elastic strain energy, it also adds to the local dislocation structures resulting in40

higher defect energies. The degrading, stored defect energy density is assumed to be of the form:41

ρ0ψd (η, s) = g(s)ρ0ψ̂d (η) (15)42
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where ψ̂d (η) is a non-degraded defect energy per unit mass and g(s) = (1 − s) is a degradation function. Consider 1

that the defects are in the form of dislocations on Nsli p systems. Following [69], a simple quadratic form may be 2

used to define the defect energy density as: 3

ρ0ψ̂d (η) =
1
2

Nsli p∑
α,β

hαβ |ηα|
⏐⏐ηβ ⏐⏐ (16) 4

where ηα and ηβ are the internal variables corresponding to defects (dislocations) on the α and β slip systems 5

respectively, and hαβ is the anisotropic hardening modulus matrix defined in Eq. (4) of Section 2.1. It describes the 6

contribution from the interactions between slip systems α and β to the defect energy. 7

It is common to invoke the principle of maximum plastic dissipation for deriving the special form of ηα . The 8

non-negative plastic dissipation-rate density D p is defined as the internal plastic power density minus the stored 9

defect energy density, and expressed as: 10

D p
= Ξ : Lp

− ρ0
˙̂
ψd (η) = FeT FeS :

Nsli p∑
α

γ̇ α(mα
0 ⊗ nα0 ) −

Nsli p∑
α

ρ0
∂ψ̂d

∂ηα
η̇α 11

=

Nsli p∑
α

τ α γ̇ α −

Nsli p∑
α

gαη̇α ≥ 0 (17) 12

where S is the second Piola–Kirchhoff stress. The term Ξ : Lp is deduced from the equations 13∫
Ω

σ : L dΩ =

∫
Ω0

τ :
(
Le

+ Lp) dΩ0 =

∫
Ω0

τ : ḞeFe−1
+ τ : FeLpFe−1 dΩ0 14

and 15∫
Ω0

τ : FeLpFe−1 dΩ0 =

∫
Ω0

Ξ : Lp dΩ0 16

where σ and τ are respectively the Cauchy stress and Kirchhoff stress tensor. Ξ (= FeT τFe−T
= FeT FeS) is the 17

Mandel stress, which is the power conjugate to Lp and is convenient to use for finite strain plasticity. L and Le are 18

the total and elastic velocity gradient tensors respectively. τ α = FeT FeS : (mα
0 ⊗ nα0 ) is the resolved shear stress on 19

the α-th slip system and gα ≡
∂ψ̂d
∂ηα
ηα is the thermodynamic hardening stress [72]. 20

The constitutive relation for the defect internal variable ηα is first examined for rate-independent crystal plasticity 21

theory. The results are consequently generalized to rate-dependent crystal plasticity constitutive framework. The 22

rate-independent crystal plasticity theory is based on a yield surface on each slip system α, written as: 23

f α = |τ α| − (gα0 + gα) (18) 24

where gα0 is a constant initial slip resistance. Taking the yield surface as a constraint, the constrained dissipation 25

function may be expressed using Lagrangian multiplier as: 26

L(τ α, gα) = D p
− λα f α =

⎧⎨⎩
Nsli p∑
α

(τ α γ̇ α − gαη̇α)

⎫⎬⎭− λα
{
|τ α| − (gα0 + gα)

}
(19) 27

where λα is the Lagrange multiplier on α slip system, that is subject to the Kuhn–Tucker complementarity 28

conditions: 29

λα ≥ 0, f α ≤ 0, λα f α = 0 (20) 30

The extremum of L(τ α, gα) yields the plasticity relations for the internal variables, expressed as: 31

∇L = 0 ⇒

{
∂L
∂τα

= 0 ⇒ γ̇ α = λαsign(τ α)
∂L
∂gα = 0 ⇒ η̇α = λα = |γ̇ α|

(21) 32
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Thus, reasonable choices for the defect internal variable ηα and the non-degraded stored defect energy density ψ̂d1

are :2

ηα = |γ α| , and ρ0ψ̂d (η) =
1
2

Nsli p∑
α,β

hαβ |γ α|
⏐⏐γ β ⏐⏐ (22)3

Combining equations (16) and (22) along with the definition of the thermodynamic hardening stress gα ≡
∂ψ̂d
∂ηα
ηα ,4

and assuming symmetry of hαβ , the crystal plasticity hardening relation is obtained as:5

ġα =

Nsli p∑
β

hαβ
⏐⏐γ̇ β ⏐⏐ (23)6

For rate-dependent power-law type crystal plasticity model, a Norton–Hoff type viscoplastic regularization of7

the above procedure is employed. The yield function for each slip system is expressed as:8

f̂ α =
γ̇0(gα0 + gα)

1+m
m

[
|Φ|

1+m
m − 1

]
where Φ =

τ α

gα0 + gα
(24)9

Here γ̇0(> 0) is the reference slip-rate and m > 0 is the strain-rate sensitivity parameter as given in Section 2.1. In10

contrast to the static yield surface equation (18),11

f̂ α > 0 for τ − (gα0 + gα) > 0 and f̂ α ≤ 0 for |τ | − (gα0 + gα) ≤ 0 (25)12

The state Φ > 1 is an overshoot of the stress state beyond the static yield surface. The Kuhn–Tucker complemen-13

tarity conditions are not needed for this case, as all slip systems are active at all times. The constraint f̂ α is applied14

as a penalty function in the plastic dissipation function as:15

L(τ α, gα) = D p
− f̂ α (26)16

Analogous to Eq. (21), the extremum conditions of Eq. (26) is sought from the relations ∂L
∂τα

= 0 and ∂L
∂gα = 0.

These respectively leads to the power-law equation for the slip-rates, as well as the relation for the defect variables
as:

γ̇ α = γ̇ α0

⏐⏐⏐⏐ τ α

gα0 + gα

⏐⏐⏐⏐ 1
m

sign (τ α) (27a)

η̇α ∼= |γ̇ α| (27b)

The defect equation (27b) makes the plastic dissipation D p non-negative. It suggests the selection of the same defect17

variable and defect energy form as in Eq. (22), as well as the hardening of Eq. (23). The anisotropic hardening18

modulus matrix hαβ (also discussed in Eq. (4)) has been constructed in various forms for different crystal plasticity19

models. In the present work, a form suggested in [67,68] is used:20

hαβ = qαβhβ, hβ = hβ0

⏐⏐⏐⏐1 −
gβ

gβs

⏐⏐⏐⏐r sign
(

1 −
gβ

gβs

)
, gβs = g̃

(
γ̇ β

˙̃γ

)n

(28)21

Here qαβ , hβ0 , r , g̃ and ˙̃γ are constant hardening parameters. This establishes the stored defect energy density in the22

HEFD, consistent with classical crystal plasticity power-law slip-rate model of Eq. (27a) and hardening relations23

in Eqs. (23) and (28).24

2.4. Equilibrium equations and constitutive relations for the coupled mechanical and crack phase field problem25

The equilibrium equation and constitutive relations for the coupled deformation and crack propagation problem26

are derived from the principle of virtual power and laws of thermodynamics.27

2.4.1. Equilibrium equations28

For the two-field (u, s) problem in the domain Ω with boundary ∂Ω , it is necessary to first specify the boundary29

and loading conditions for each solution field. The Dirichlet conditions on the displacement and crack phase fields
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are respectively specified as: 1

u = u on Γ0u and s = s on Γ0s 2

where Γ0u and Γ0s are boundary segments in the reference configuration, where displacement u and phase field s
boundary conditions are imposed respectively. The domain is subject to external mechanical traction loadings T = T
on boundary Γ0T in the reference configuration. Furthermore, the domain is also subjected to external microscopic
traction λ0 = λ0, which is power-conjugate to the rate of phase field variable ṡ and applied on boundary Γ0λ in the
reference configuration. It is noteworthy that boundary segments for the displacement field and phase field can be
overlapping, i.e.

Γ0T ∩ Γ0u = ∅ , Γ0T ∪ Γ0u = ∂Ω0 (29a)

Γ0λ ∩ Γ0s = ∅ , Γ0λ ∪ Γ0s = ∂Ω0 (29b)

Additionally, the body is also subject to an external body force B that is power-conjugate to the velocity field u̇, 3

and an external microscopic body force l0, which is power-conjugate to ṡ, both in the reference configuration. The 4

virtual power δPext on Ω due to external loadings is written as: 5

δPext =

∫
Γ0T

T · δu̇ dΓ0T +

∫
Ω0

B · δu̇ dΩ0 +

∫
Γ0λ

λ0 δṡ dΓ0λ +

∫
Ω0

l0 δṡ dΩ0 (30) 6

where δu̇ ∈ V u and δṡ ∈ V s are respectively the virtual velocity and virtual rate of s, defined as:

V u
=

{
δu̇ ∈ H 1 (Ω) , δu = 0 on Γ0u

}
(31a)

V s
=

{
δṡ ∈ H 1 (Ω) , δṡ = 0 on Γ0s

}
(31b)

Following [50], the virtual internal power for the body in equilibrium in the absence of inertia, is written as: 7

δPint =

∫
Ω0

P : δḞ dΩ0 +

∫
Ω0

ξ 0 · ∇Xδṡ dΩ0 +

∫
Ω0

π0 δṡ dΩ0 (32) 8

where the first term in the right hand side (RHS) corresponds to the internal virtual work done with the virtual 9

displacement field, P is the first Piola–Kirchhoff stress. P is the power conjugate to Ḟ that can be related to other 10

stress measures as: 11∫
Ω0

P : Ḟ dΩ0 =

∫
Ω0

S : Ė dΩ0 =

∫
Ω0

τ : D dΩ0 (33) 12

The last two terms in the RHS of Eq. (32) correspond to the internal virtual work done on the virtual phase field. 13

ξ 0 is the microscopic stress-like vector, which is the power-conjugate to ∇Xṡ, and π0 is an microscopic force-like 14

scalar that is power-conjugate to ṡ, both in the reference configuration. 15

Combining equations (30) and (32) yields the principle of virtual power for the mechanical problem as: 16∫
Γ0T

T · δu̇ dΓ0T +

∫
Ω0

B · δu̇ dΩ0 =

∫
Ω0

S : ∇Xδu̇ dΩ0 (34) 17

which reduces to the governing equation of equilibrium and traction law for the displacement field in the reference 18

configuration as: 19

∇X · P + B = 0 ∀ X ∈ Ω0 and T = P N ∀ X ∈ Γ0T (35) 20

N is unit normal vector to the boundary in the reference configuration. In a similar manner, the principle of virtual 21

power for the phase field problem is obtained as:: 22∫
Γ0λ

λ0 δṡ dΓ0λ +

∫
Ω0

l0 δṡ dΩ0 =

∫
Ω0

ξ 0 · ∇Xδṡ dΩ0 +

∫
Ω0

π0 δṡ dΩ0 (36) 23

This leads to the equilibrium equation and traction law for the crack phase field problem in the reference 24

configuration as: 25

∇X · ξ 0 − π0 + l0 = 0 ∀ X ∈ Ω0 and λ0 = ξ 0 · N ∀ X ∈ Γ0λ (37) 26
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2.4.2. Constitutive relations1

The constitutive relations for the crack propagation driving force ξ 0 and π0 are established through the first and2

second laws of thermodynamics. From the second law, the Clausius−−Duhem inequality or dissipation inequality3

states that the dissipation is always non-negative. The local dissipation Dtot at any material point in the reference4

configuration can be written as:5

Dtot
=

∫
Ω0

[
−ρ0ψ̇ + P : Ḟ + ξ 0 · ∇Xṡ + π0ṡ

]
dΩ0 ≥ 0 (38)6

The relation between the power-conjugation pairs of stress and strain-rate measures can be stated as:∫
Ω0

P : Ḟ dΩ0 =

∫
Ω0

τ : DdΩ0 =

∫
Ω0

τ : L dΩ0 =

∫
Ω0

τ :
(
Le

+ Lp) dΩ0

=

∫
Ω0

(
τ : ḞeFe−1

+ τ : FeLpFe−1
)

dΩ0 =

∫
Ω0

(
τFe−T

: Ḟe
+ Ξ : Lp

)
dΩ0

=

∫
Ω0

(
τFe−T

: Ḟe
+

N∑
α

τ α γ̇ α

)
dΩ0 (39)

D = sym(L) is the rate of deformation tensor. Then equation (38) can be rewritten as:7 ∫
Ω0

⎡⎣−ρ0ψ + τFe−T
: Ḟe

+

Nsli p∑
α

τ α γ̇ α + ξ 0 · ∇Xṡ + π0ṡ

⎤⎦ dΩ0 ≥ 0 (40)8

Recall from Section 2.3 that the Helmholtz free energy density is a function of elastic deformation gradi-9

ent Fe, the defect internal state variables ηα (= |γ α|), the order parameter s and its gradient. Thus ρ0ψ =10

ρ0ψ (Fe, ηα s, ∇Xs, ). Applying chain rule to ψ , the dissipation inequality can be rearranged as:11 ∫
Ω0

[(
τFe−T

− ρ0
∂ψ

∂Fe

)
: Ḟe

+

(
|τ α| − ρ0

∂ψ

∂ηα

)
|γ̇ α|

+

(
π0 − ρ0

∂ψ

∂s

)
ṡ +

(
ξ 0 − ρ0

∂ψ

∂∇Xs

)
· ∇Xṡ

]
dΩ0 ≥ 0

(41)12

Since the non-negative dissipation should be valid for any combination of
(
Ḟe, γ̇ α, ṡ,∇Xṡ

)
, each of the four terms

in the LHS of Eq. (41) should be non-negative. Note that in the second term, the local plastic dissipation density(
|τ α| − ρ0

∂ψ

∂ηα

)
|γ̇ α| = τ α γ̇ α − gα |γ̇ α| = D p

≥ 0 has already been proved in Section 2.3.2. The remaining

inequalities are:∫
Ω0

(
τFe−T

− ρ0
∂ψ

∂Fe

)
dΩ0 ≥ 0 (42a)∫

Ω0

[(
π0 − ρ0

∂ψ

∂s

)
ṡ +

(
ξ 0 − ρ0

∂ψ

∂∇Xs

)
· ∇Xṡ

]
dΩ0 ≥ 0 (42b)

Following developments in [51], Eq. (42a) leads to the finite deformation constitutive relations for the stress13

measure of the coupled mechanical-crack phase field problem as:14

τ = ρ0
∂ψ

∂Fe
FeT

=
1
3

g1 J e 2
3

(
I : Ce

: Ẽe
)

+ g2Fe
(
Ce

: Ẽe
)

Fe T (43)15

Next, the dissipation inequality for the crack phase field in Eq. (42b) may be written as:16 ∫
Ω0

[(
π0 − ρ0

∂ψ

∂s

)
ṡ +

(
ξ 0 − ρ0

∂ψ

∂∇Xs

)
· ∇Xṡ

]
dΩ0 =∫

Ω0

[
π0 − ρ0

∂ψ

∂s
− ∇X ·

(
ξ 0 − ρ0

∂ψ

∂∇Xs

)]
ṡ dΩ0 +

∫
Γ0

(
ξ 0 − ρ0

∂ψ

∂∇Xs

)
· Nṡ dΓ0 ≥ 0

(44)17

With a vanishing dissipation on the domain boundary, the internal micro-force is obtained as:18

ξ 0 = ρ0
∂ψ

∂∇Xs
(45)19
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Therefore, the dissipation inequality for phase field variable in Eq. (44) is reduced to: 1∫
Ω0

(
π0 − ρ0

∂ψ

∂s

)
ṡ dΩ0 ≥ 0 (46) 2

This equation can be enforced at every point as
(
π0 − ρ0

∂ψ

∂s

)
ṡ ≥ 0. To ensure the satisfaction of the inequality, a 3

viscosity term is artificially introduced in the crack phase field formulation by decomposing the internal micro-force 4

π0 into energetic π en
0 and dissipative πdis

0 components [50]. This is given as: 5

π0 = π en
0 + πdis

0 , π en
0 = ρ0

∂ψ

∂s
and πdis

0 = βgs ṡ (47) 6

Here βgs is a non-negative viscous parameter. Setting βgs = 0 renders the crack propagation rate-insensitive. Clearly, 7

βgs ≥ 0 is a sufficient condition for the global inequality (46) and its local form to be satisfied. 8

2.5. Viscous stabilization to resolve convergence issues in the coupled model 9

In constitutive models with material degradation, instabilities can occur depending on the model geometry and 10

constitutive parameters. When a part of the material is degraded, energy can be released from the neighboring 11

sections undergoing localized deformation. Excess released energy can cause instability in the system, leading to 12

non-equilibrium states. In these cases, static or quasi-static numerical solvers experience convergence issues [51]. 13

Following [73], viscous stabilization has been used in [51] as an effective remedy for overcoming instabilities. 14

This can be done at the local (constitutive model) and global (governing differential equation) levels. The artificial 15

viscosity allows the system to dissipate excess energy and thus avoid instabilities. As in [51], the stress constitutive 16

law is augmented by adding a viscosity term as: 17

τ =
1
3

g1 J e 2
3

(
I : Ce

: Ẽe
)

+ g2Fe
(
Ce

: Ẽe
)

Fe T
+ βluFĖFT (48) 18

where βlu is a non-negative number representing local artificial viscosity for the displacement field. 19

A second approach for overcoming instabilities is the introduction of viscous forces in the governing differential 20

equation of motion. This method has proved to be effective in modeling deformation of degradable materials [74]. 21

Viscous forces are incorporated into the stress equilibrium equation as body forces, i.e. 22

∇X · P + B − βgu u̇ = 0 ∀X ∈ Ω0 (49) 23

βgu is the artificial global viscosity parameter for the displacement field. Viscous forces are assumed to be a linear 24

function of velocity and their magnitudes are small for stable deformation. However, when a local region in the 25

computational domain becomes unstable and nodal velocities increase drastically, the viscous forces play a key 26

role in stabilizing the solution. As discussed in [74], βgu may have spatial and temporal dependencies and can be 27

adaptively modified for optimal performance. In this work, a linear dependence is assumed between the artificial 28

global viscosity and the parameter s, i.e. 29

βgu = βgu0s (50) 30

βgu0 is the reference global viscosity parameter. This treatment will ensure that the viscous stabilization is applied 31

to regions in the computational domain, where material integrity is lost, i.e. regions where s > 0. 32

2.6. Summary of governing equations and constitutive relations 33

The governing differential equations, kinematic and kinetic equations and constitutive relations and kinetics laws
in this section are summarized below.

Equilibrium (Mechanical Field): ∇X · P + B − βgu u̇ = 0 ∀X ∈ Ω0 (51a)

Equilibrium (Crack Phase): ∇X · ξ 0 − π0 = 0 ∀X ∈ Ω0 (51b)

Constitutive (Mechanical): P = τF−T
=

1
3

g1 J e 2
3

(
I : Ce

: Ẽe
)

F−T

+ g2Fe
(
Ce

: Ẽe
)

Fp−T
+ βFĖ (51c)
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Crystal Plasticity: Lp
= ḞpFp−1

=

Nsli p∑
α=1

γ̇ αmα
0,sli p ⊗ nα0,sli p (51d)

γ̇ α = γ̇ α0

⏐⏐⏐⏐ τ α

gα0 + gα

⏐⏐⏐⏐ 1
m

sign (τ α) (51e)

ġα =

Nsli p∑
α

hαβ |γ̇ α| (51f)

hαβ = qαβhβ, hβ = hβ0

⏐⏐⏐⏐1 −
gβ

gβs

⏐⏐⏐⏐r sign
(

1 −
gβ

gβs

)
,

gβs = g̃
(
γ̇ β

˙̃γ

)
(51g)

Constitutive (Crack Phase): ξ 0 = ρ0
∂ψ

∂∇Xs
= gclc∇Xs (51h)

π0 = ρ0
∂ψ

∂s
+ βgs ṡ = ρ0

∂ψe

∂s
+ ρ0

∂ψd

∂s
+ ρ0

∂ψc

∂s
+ βgs ṡ (51i)

∂ψe

∂s
=

(
Êe

: Ce
: Êe

)
s + Ee

: Ce
: Êe where

Êe
=

Ẽe

∂s
=

[
−H

(
J e

− 1
)

(1 − κs)Ee
vol − (1 − κs)Ee

]
(51j)

∂ψd

∂s
= −

1
2

Nsli p∑
α,β

hαβ |γ α|
⏐⏐γ β ⏐⏐ (51k)

∂ψc

∂s
=

gc

lc
s (51l)

Traction Reciprocity: T = P N ∀X ∈ Γ0T , λ0 = ξ 0 · N ∀X ∈ Γ0λ (51m)

Dirichlet BC: u = u on Γ0u s = s on Γ0s (51n)

Note that in Eq. (51b), the microscopic body force l0(= 0) for crack phase field is set to zero, since it does not1

connect to a physical quantity in this context.2

3. Finite element formulation and implementation of the coupled crystal plasticity-phase field model3

Governing equations, constitutive relations and boundary conditions for the displacement and crack phase fields
are coupled in Eqs. (51a) to (51n), as they are derived from the Helmholtz free energy density that is a function of
both the displacements u and order parameter s. Finite element weak forms are developed by applying the method
of weighted residuals to equation sets that are consolidated from (51a) to (51n), to yield the principle of virtual
power for the mechanical and phase problems. The weak forms for the coupled crystal plasticity-crack phase field
problem are expressed as:

Mechanical:
∫
Ω0

P : δF dΩ0 =

∫
Γ0T

T · δu dΓ0T +

∫
Ω0

B · δu dΩ0 −

∫
Ω0

βgu u̇ · δu dΩ0 (52a)

Phase Field:
∫
Ω0

gclc∇X s · ∇Xδs dΩ0 +

∫
Ω0

s
[

gc

lc
+ Êe

: Ce
: Êe

]
δsdΩ0 =

∫
Γ0λ

λ0δs dΓ0λ+∫
Ω0

[
−Ee

: Ce
: Êe

+
1
2

N∑
α,β

hαβ |γ α|
⏐⏐γ β ⏐⏐− βgs ṡ

]
δs dΩ0 (52b)

Eqs. (52a) and (52b) are respectively the weak forms for the mechanical field and crack phase field, expressed4

in the reference configuration. A total Lagrangian formulation, corresponding to the fixed reference configuration5

is adopted. It expedites finite element computations of the phase field problem, by avoiding repeated evaluation6
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of configuration-dependent matrices such as the shape function gradient matrix, in each increment of the solution 1

process. 2

3.1. Numerical implementation in finite element models 3

Finite element solutions of the coupled mechanical-crack phase field model have been developed in [23,50,75]. 4

Crystal plasticity FE models of polycrystalline microstructures, e.g. in [41,42] have conventionally used four-noded 5

tetrahedron (TET4) elements to discretize the computational domain Ω . A locking-free, stabilized finite element 6

formulation has been developed for TET4 elements applied to crystal plasticity problems with incompressibility 7

constraints in [76]. In the present analysis of the coupled problem, the same mesh and shape functions are used to 8

interpolate the displacement and the phase field variables, i.e. 9

uh (X) =

Nnodes∑
β

uβNβ (X) and sh (X) =

Nnodes∑
β

sβNβ (X) ∀ Ωe, e = 1, . . . , nelem (53) 10

where Nβ is the finite element shape function associated with a node β, and uβ =
[
u X β, uY β, uZ β

]
and sβ are

the nodal values of displacement components and phase field parameter. Their spatial gradients in the reference
coordinates are approximated as:

∇Xuh (X) =

Nnodes∑
β

uβ ⊗ ∇X Nβ (X) =
[
Gu]{u} and

∇Xsh (X) =

Nnodes∑
β

sβ∇X Nβ (X) =
[
Gs]{s} ∀ Ωe, e = 1, . . . , nelem (54)

where
[
Gu] and

[
Gs
]

are the gradient matrices for the displacement field and phase field parameter in the reference 11

configuration. Henceforth, the subscript X on all gradient terms will be omitted and imply spatial derivatives with 12

respect to the reference coordinates.
{
∆u
}

and
{
∆s
}

are arrays of nodal displacements and phase field parameter 13

respectively. 14

3.1.1. Solution strategy for the nonlinear coupled problem 15

Simultaneous solution of the coupled system for displacement and phase-field degrees of freedom using 16

monolithic solvers can lead to ill-conditioning and lack of convergence. The energy functional corresponding to 17

PFM is typically non-convex in (u, s) [54]. Stiffness matrix components for the coupled system can be orders of 18

magnitude different, corresponding to displacement and order parameter degrees of freedom (DOFs). The staggered 19

solution scheme on the other hand, where each governing equation is solved for one of the fields while keeping 20

the other field fixed, is a preferred choice since the energy functional is convex w.r.t. each of u and s individually. 21

Over-relaxation and line search techniques have been applied recently to improve the performance of staggered [75] 22

solvers. 23

An incremental finite element analysis is conducted, where variables at the discrete at time t + ∆t are solved 24

from a set of linearized nonlinear equations, with known displacement and crack phase-field variables at time t . 25

For an increment ∆t = t → t + ∆t , the finite element discretized weak form is obtained by applying equations 26

(53) and (54) to the weak form of Eq. (52) and applying the backward Euler time integration scheme. The resulting 27

discretized finite element weak forms are: 28

Mechanical Field:
[
Ku
]t{

∆u
}

=
{

f ext
u
}t+∆t

−
{

f int
u
}t where[

Ku
]t

=

Nelem∑
e

[[
Gu]T

: At
:
[
Gu]

+
βgu

∆t

[
Nu]T [Nu]] Ω e

0

{
fext
u
}t+∆t

=

Nelem∑
e

[
Nu]T Tt+∆t Γ e

0T +

Nelem∑
e

[
Nu]T Bt+∆t Ω e

0

{
fint
u
}t

=

Nelem∑
e

[
Gu]T Pt Ω e

0

(55) 29
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1

Phase Field:
[
Ks
]t{

∆s
}

=
{

f ext
s

}t+∆t
−
{

f int
s

}t where[
Ks
]t

=

Nelem∑
e

[
gclc

[
Gs]T [Gs]

+

(
gc

lc
+ Êe,t

: Ce
: Êe,t

+
βgs

∆t

)[
Ns]T [Ns]] Ω e

0

{
f ext

s

}t+∆t
=

Nelem∑
e

[
Ns]T

λt+∆t
0 Γ e

0λ

{
f int

s

}t
=

Nelem∑
e

[
gclc

[
Gs]T [Gs]

+

(
gc

lc
+ Êe,t

: Ce
: Êe,t

)[
Ns]T [Ns]] Ω e

0

{
s
}t

−

Nelem∑
e

[
Ns]T

[
−Ee,t

: Ce
: Êe,t

+
1
2

N∑
α,β

hαβ |γ α|
t ⏐⏐γ β ⏐⏐t] Ω e

0

(56)2

Here A = ∂P/∂F is the material stiffness tensor.
[
Ku
]
,
{
fext
u
}
,
{
fint
u
}
,
[
Ks
]
,
{

f ext
s

}
,
{

f int
s

}
are the global stiffness3

matrix, global external and internal force vectors for displacement field and phase field, respectively. The superscript4

t + ∆t and t indicate discrete time points in the incremental process.5

In the staggered solution algorithm for the coupled FE problem in Eqs. (55) and (56), the nonlinear displacement6

problem is solved first with fixed phase field variables. The elastic and defect energy densities are derived from7

this solution, which drives crack propagation through the phase field surface energy. Subsequently the phase field8

evolution problem is solved with fixed mechanical field variables. The solution process iterates between the phase9

field and mechanical field problems until the convergence is achieved for both fields, before proceeding to the next10

increment. The nonlinear finite element problem for displacements is iteratively solved by the Newton–Raphson11

algorithm. The nodal displacement in the (i + 1) − th iteration
{
∆u
}

i+1 is expressed as:12 {
∆u
}

i+1 =
{
∆u
}

i +
{
du
}

(57)13

where
{
du
}

is the correction to the nodal displacement increment at iteration i , obtained by solving the equation:14

[
Ku
]t+∆t

i

{
du
}

=
{

f ext
u
}t+∆t

−
{

f int
u
}t+∆t

i −

Nelem∑
e

βgu

{
∆u
}

i

∆t

[
Nu]T [Nu]Ω e

0 (58)15

Upon convergence of the displacement solution, the mechanical driving force for crack propagation in Eq. (51i) is16

passed to the phase field problem given by Eq. (56). The phase field parameter in the ( j + 1)th iteration is updated17

as:18 {
∆s
}

j+1 =
{
∆s
}

j +
{
ds
}

(59)19

where
{
ds
}

is the iterative correction to the incremental phase field parameter at the i − th iteration. Applying20

this relation to Eq. (56), the phase field parameter update
{
ds
}

in the staggered iteration process of increment21

∆t = t → t + ∆t is obtained as:22 [
Ks
]t+∆t

j

{
ds
}

=
{

f ext
s

}t+∆t
−
{

f int
s

}t+∆t
j −

Nelem∑
e

βgs

{
∆s
}

j

∆t

[
Ns]T [Ns]Ω e

0 (60)23

The iteration stops when the phase field parameter converges with ∥{ds}∥ ≤ ζ , where ζ is a very small number.24

3.1.2. Enforcing fracture irreversibility25

In the absence of crack healing (not considered in this study), the unilateral condition of crack closure [70]26

is governed by the condition ṡ ≥ 0. This corresponds to the tension–compression asymmetry based formulation27

of the degradable elastic energy discussed in Section 2.3.1. In the numerical model, the condition ṡ ≥ 0 does not28

guarantee irreversibility in crack opening conditions, as this could be satisfied during unloading as well. An effective29

solution has been proposed in [77], where the local history of the maximum positive energy density is introduced30

to enforce irreversibility. A positive energy density corresponds to the part of the Helmholtz free energy density31
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Fig. 2. Contour plots of simulated crack phase field parameter using different TET4 element sizes and length-scale parameters lc: (a) coarse
mesh of element size 5 µm and lc = 10 µm, (b) fine mesh of element size 1 µm and lc = 2 µm, and (c) coarse mesh of element size 5
µm and lc = 2 µm.

that is degraded by the crack phase field. It drives the evolution of phase field order parameter s. Decrease in the 1

positive energy density will cause a reduction in s. Thus, by storing the temporally maximum value of the local 2

positive energy density as a state variable at a given material point, the non-negativeness of ṡ can be assured. A 3

similar approach is adopted in this work in the context of crystal plasticity, to enforce the irreversibility of crack 4

opening. Combining equations (51h), (51i) and (51b), one obtains: 5

βgs ṡ = −ρ0
∂ψe

∂s
− ρ0

∂ψd

∂s
−

gc

lc

(
s − l2

c ∇X · ∇Xs
)

(61) 6

This is the strong form of the phase field problem. The term ( fmech = ρ0
∂ψe

∂s + ρ0
∂ψd

∂s ) is the mechanical driving 7

force from elastic deformation and defects. The condition ḟmech (X) ≥ 0 corresponds to ṡ (X) ≥ 0. Hence, crack 8

irreversibility is enforced by replacing fmech (X) with max[0,t+∆t] fmech (X) in Eq. (51i). 9

4. Wavelet-enriched adaptive hierarchical FE model for high resolution phase-field analysis 10

4.1. Mesh dependence of the coupled CPFE-phase field model 11

As discussed in the introduction, finite element implementation of the crack phase field model faces major 12

difficulties from the required mesh resolution. The mesh has to be highly refined to resolve the critical phase field 13

length-scale parameter lc for simulating the sharp crack. The effect of mesh resolution is illustrated in Fig. 2 with 14

two different mesh sizes and two lc’s to represent a crack. 15

The size of the 3D computational model in Fig. 2 is set to 100 µm×100 µm×1 µm. An initial through thickness 16

(0 µm ≤ z ≤ 1 µm) sharp crack is created along the surface 0 µm ≤ x ≤ 50 µm, y = 50 µm by setting the nodal 17

phase field value to s = 1 as the initial condition. No external mechanical load is applied to the model. The model 18

is run for one relaxation step to capture the phase field representation of the sharp crack. Fig. 2(a) shows the result 19

with a coarse TET4 mesh of element size h = 5 µm and a high characteristic length-scale parameter lc = 10 µm. 20

The phase field solution shows a diffused representation of the crack due to the large value of lc. In contrast, the fine 21

mesh model with TET4 element size h = 1 µm in Fig. 2(b) with a small lc = 2 µm, depicts a sharp crack. Clearly, 22

a sharp crack topology requires high mesh resolution and a small length-scale parameter. Non-physical solutions 23

may arise from using a coarse mesh with a small value of lc, as shown in Fig. 2(c). In this simulation, the TET4 24

element size is h = 5 µm and lc = 2 µm. Results show crack blunting and non-physical diffusion of the order 25

parameter. For 3D crystal plasticity simulations, typical mesh size is an order or two higher than that required for 26

crack representation with a small lc value. Simulations become infeasible if the entire crystal plasticity model has 27

to be reduced to the mesh size needed for crack modeling, due to extreme requirements of memory and computing 28

time. This is addressed in this section through a wavelet-enriched adaptive hierarchical finite element model. 29
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4.2. Wavelet-enriched adaptive hierarchical FE model1

The wavelet-enriched adaptive hierarchical FE model or (WAHFEM) has been developed to solve elastic2

problems in [61] and crystal plasticity problem [62]. The method adaptively creates an optimal discretization space3

conforming to the solution profile by projecting the solution field onto a set of scaling and multi-resolution wavelet4

basis functions. The methods have shown superior convergence rate and significant reduction in computation time in5

comparison with conventional polynomial based hierarchical methods [61,62]. This section extends the WAHFEM to6

the solve the coupled mechanical-phase field problem. The concept of adaptive hierarchical FEM is briefly discussed7

followed by the integration of wavelet basis functions for hierarchical enrichment of both the mechanical and phase8

field problems.9

4.2.1. Hierarchical enrichment of coupled mechanical and phase field FE model10

Most finite element formulations are built on the mathematical foundation of partition of unity. Consequently,11

adaptive strategies that either invoke mesh refinement (h-adaptation) and/or basis function enrichment (p-adaptation)12

discard or modify the initial discretization space. Mesh enhancement strategy in many of the above methods does13

not guarantee conformity of the new enriched space to the solution profile. The hierarchical finite element basis is14

composed of a set of standard finite element shape functions and a set of hierarchical enrichment functions. The15

latter functions do not necessarily admit partition of unity. The basis of hierarchical functions does not constitute16

an interpolation basis, and enrichment function degrees of freedom are associated with displacement correction17

rather than displacement values. This type of functions preserves the initial discretization space and expand it18

into a enriched space during the adaptation process. Multi-scale hierarchical enrichment can lead to a significant19

enhancement of convergence rates and matrix conditioning [78].20

A hierarchical algorithm is proposed for the coupled mechanical-phase field finite element model. For a time
increment ∆t = t → t +∆t , the adaptive enhancement finds the optimal discretization space V h(t+∆t) (Ω) for both
the displacement and phase field parameter fields that will reduce the discretization errors on both fields to within a
prescribed tolerance. As in Section 3.1, the same mesh and basis functions are used for the displacement and phase
field, i.e. V h (Ω)u = V h (Ω)s = V h (Ω). Assume that the approximate solutions of the u and s fields at time t are
evaluated on the discretized space V h(t) (Ω) ⊂ V (Ω):

uh (X) =

m∑
β

uh
βNβ (X)+

menr(t)∑
η

wu,h
η ϕt

η (X) ∀ X ∈ Ω0 (62a)

sh (X) =

m∑
β

sh
βNβ (X)+

menr(t)∑
η

ws,h
η ϕ

t
η (X) ∀ X ∈ Ω0 (62b)

where the same shape function Nβ and hierarchical enrichment function ϕt
η are used for both the displacement and21

phase field solutions. The family
{

N
}m of m shape functions Nβ corresponds to the interpolation of u in the original22

coarse finite element discretization space at the initial time t = 0. Hence m is the number of nodes in the original23

coarse mesh of the domain Ω0. The set
{

N
}m of standard finite element basis functions admits partition of unity.24

The family
{
ϕ
}menr(t) corresponds to the set of hierarchical enrichment functions at time t that do not necessarily25

admit partition of unity. uh
β and sh

β are respectively the displacement components and phase field parameter at node26

β, wu,h
η and ws,h

η are the coefficients associated with hierarchical enrichment functions. The latter is interpreted27

as the corrections to coarse finite element solutions at an enrichment node η. The adaptive method introduces a28

set of enrichment functions {ϕ}
menr in the hierarchy, which expand the discretization space V h(Ω ) to an enriched29

space V henr (Ω ) ⊃ V h(Ω ), while preserving the original set of discretization functions {N }
m . menr(t) corresponds to30

number of additional enrichment nodes that are hierarchically added to the initial mesh.31

Assume the set
{
φ
}n is an arbitrarily large (n → ∞) and sufficient set of multi-scale hierarchical enrichment32

functions for the coarse discretization space
{

N
}m . The functions in the set

{
φ
}n are the standard C0 hierarchical33

FEM shape functions obtained by uniform subdivision of the coarse mesh [61]. For the time increment ∆t = t →34

t + ∆t , the adaptive method finds an optimal set
{
ϕ
}menr(t+∆t)

⊂
{
φ
}n such that:35 u − uhenr

 ≤ ϵu and
s − shenr

 ≤ ϵs (63)36
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where

uhenr (X) =

m∑
β

uhenr
β Nβ (X)+

menr(t+∆t)∑
η

wu,henr
η ϕt+∆t

η (X) ∀X ∈ Ω0 (64a)

shenr (X) =

m∑
β

shenr
β Nβ (X)+

menr(t+∆t)∑
η

ws,henr
η ϕt+∆t

η (X) ∀X ∈ Ω0 (64b)

1

The enrichment algorithm has been detailed in [62] for crystal plasticity analysis of a polycrystalline model. 2

The algorithm starts with an initial guess for the displacement uh(t+∆t) at time t + ∆t , using the converged set 3

of basis functions
{

N1...Nm, ϕ
t
1, . . . ϕ

t
menr (t)

}
at time t . Subsequently, uh(t+∆t) is projected to next higher scale of 4

hierarchical enrichment functions using a modified Jacobi method to find a new optimal enrichment basis for time 5

t +∆t as detailed in [62]. This algorithm works well for the crystal plasticity problem alone. However as shown in 6

Section 4.1, the coupled mechanical-phase field solution based on an inadequate discretization space has significant 7

errors and is unreliable. For this problem, the converged discretization space V h(t) = span
{

N1...Nm, ϕ
t
1, . . . ϕ

t
menr (t)

}
8

at time t does not guarantee a sufficiently fine resolution for the propagated crack at time t+∆t . The modified Jacobi 9

method-based algorithm in [62] is not deemed suitable for the coupled mechanical-phase field fracture problem. 10

4.2.2. Enrichment algorithm based on static condensation 11

A static condensation method based enrichment algorithm is proposed as a remedy to the above deficiency. The 12

algorithm first defines a sufficiently high resolution discretization space at time t +∆t by adding new hierarchical 13

enrichment functions
{
φ
}p to the existing basis

{
ϕ
}menr(t) . Subsequently, the corresponding hierarchical FE stiffness 14

matrix and residuals for the increment ∆t = t → t + ∆t are computed for both mechanical field and phase 15

field problems and condensed onto the m + menr(t) nodes, respectively. The solution is estimated using a modified 16

static condensation method, from which the optimal enrichment functions
{
ϕ
}menr(t+∆t) are determined. The solution 17

estimate using this method takes into account the effect of new enrichment functions
{
φ
}p. The modified static 18

condensation method makes the algorithm computationally efficient. For the subsequent staggered Newton–Raphson 19

nonlinear solution of the coupled problems for this time increment, the function
{
ϕ
}menr(t+∆t) is not updated further. 20

A flowchart of the solution algorithm for the time step t → ∆t is summarized in Fig. 3. The enrichment algorithm 21

that determines
{
ϕ
}menr(t+∆t) is described next. 22

• Step 1- Initialize: Define a basis
{
φ
}p

⊂
{
φ
}n with higher resolution hierarchical enrichment functions, 23

on which the displacement and phase field estimates ũ and s̃ are sought. The initial discretization basis for 24

evaluating the solution estimate ũ and s̃ is expressed as
{

N
}m

∪
{
ϕ
}menr(t+∆t)
(0) ∪

{
φ
}p, where: 25{

ϕ
}menr(t+∆t)
(0) =

{
ϕ
}menr(t) (65) 26

• Step 2: Update enrichment basis: For a iteration step (k + 1) 27

– Compute the solution estimate ũ and s̃ by solving equation (52) on the discretization basis
{

N
}m

∪ 28{
ϕ
}menr(t+∆t)
(k) ∪

{
φ
}p. This is done using modified static condensation method as described in Section 4.2.3 29

. 30

– Select the new enrichment basis
{
ϕ
}menr(t+∆t)
(k+1) . 31

* Identify a minimal set
{
ϕ
}menr(t+∆t),u
(k+1) ⊂

{
ϕ
}menr(t+∆t)
(k) ∪

{
φ
}p, such that the projection P

(
ũ
)

of ũ on 32{
N
}m

∪
{
ϕ
}menr(t+∆t)
(k+1) admits the inequality to within a given tolerance ζ u, written as: 33P

(
ũ
)
− ũ

 ≤ ζ u (66) 34

* Identify a minimal set
{
ϕ
}menr(t+∆t),s
(k+1) ⊂

{
ϕ
}menr(t+∆t)
(k) ∪

{
φ
}p, such that the projection P (s̃) of s̃ on 35{

N
}m

∪
{
ϕ
}menr(t+∆t)
(k+1) admits the inequality to within a given tolerance ζ s , written as: 36

∥P (s̃)− s̃∥ ≤ ζ s (67) 37

* The new enrichment basis
{
ϕ
}menr(t+∆t)
(k+1) is then selected as: 38{

ϕ
}menr(t+∆t)
(k+1) =

{
ϕ
}menr(t+∆t),u
(k+1) ∪

{
ϕ
}menr(t+∆t),s
(k+1) (68) 39
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Fig. 3. Flowchart showing the schematic of adaptive, hierarchical crystal plasticity-phase field finite element model.

• Step 3: Stop: Following the convergence criterion, terminate iteration if:1

∃ j ≤ k |
{
ϕ
}menr(t+∆t)
(k+1) =

{
ϕ
}menr(t+∆t)
( j) (69)2

4.2.3. Static condensation method for computing the solution estimates ũ and s̃3

Due to the stringent requirements of discretization resolution of the coupled mechanical-phase field problem, the
solution estimate ũ and s̃ should be directly computed with the enhanced interpolation basis

{
N
}m

∪
{
ϕ
}menr(t+∆t)
(k) ∪{

φ
}p. A computationally efficient estimation method is proposed here based on a modified static condensation

technique. For the k + 1-th iteration, the interpolation of ũ(k) and s̃(k) is given by:

ũ(k) (X) =

m+menr(t+∆t)∑
β

û∗ N̂β(k) (X)+

p∑
β

qu
βφβ(X) (70a)

s̃(k) (X) =

m+menr(t+∆t)∑
β

ŝ∗ N̂β(k) (X)+

p∑
β

qs
βφβ(X) (70b)
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where
m+menr(t+∆t)∑

α

û∗ N̂α(k) (X) =

m∑
α

ûαNα (X)+

menr(t+∆t)∑
γ

ŵu,henr
γ ϕt+∆t

γ (k) (X) (71a)

m+menr(t+∆t)∑
α

ŝ∗ N̂α(k) (X) =

m∑
α

ŝαNα (X)+

menr(t+∆t)∑
γ

ŵs,henr
γ ϕt+∆t

γ (k) (X) (71b)

Note that here
{

N̂(k)

}
represents the converged shape functions at iteration k.

{
û∗
}

and
{
ŝ∗
}

are solution estimates

associated with
{

N̂(k)

}
that should be solved. {qu} and {qs} are the remainder of the solution estimates to be solved,

associated with the potential refinement basis
{
φ
}p. The discretized gradients ∇ (ũ) and ∇ (s̃) can be obtained

from Eq. (70) and are expressed as:

∇ (ũ) =
[
Gu
(k)

]{
û∗
}

+
[
Θu]{qu} (72a)

∇ (s̃) =
[
Gs
(k)

]{
ŝ∗
}

+
[
Θ s]{qs} (72b)[

Gu
(k)

]
and

[
Gs
(k)

]
correspond to the gradient matrices associated with the interpolation functions

{
N̂(k)

}m+menr(t+∆t) , 1

while
[
Θu] and

[
Θ s] are the gradient matrices associated with

{
φ
}p. The linearized finite element equations 2

for solving for the estimates ∆ũ (= ũ − ut ) and ∆s̃ (= s̃ − st ) are obtained by substituting Eqs. (70) and (72) 3

into Eq. (52). The mechanical part of the resulting matrix equations is written as: 4[ [
Ku
(k)

]
[Cu]T

[Cu]
[
Λu]

]{ {
∆û∗

}
{∆qu}

}
=

{
{bu}{
bu

q

} } (73) 5

where the components are given as: 6[
Ku
(k)

]
=

∫
Ω0

[[
Gu
(k)

]T
: At

:
[
Gu
(k)

]
+
βgu

∆t

[
N̂u
(k)

]T [N̂u
(k)

]]
dΩ0[

Λu]
=

∫
Ω0

[[
Θu]T

: At
:
[
Θu]

+
βgu

∆t

[
φu]T [

φu]] dΩ0[
Cu]

=

∫
Ω0

[[
Gu
(k)

]T
: At

:
[
Θu]

+
βgu

∆t

[
N̂u
(k)

]T [
φu]] dΩ0{

bu}
=

∫
Ω0

[
N̂u]T {Tt+∆t} dΓ0T +

∫
Ω0

[
N̂u]T {Bt+∆t} dΩ0 −

∫
Ω0

[
Gu]T {Pt} dΩ0{

bu
q

}
=

∫
Ω0

[
φu]T {Tt+∆t} dΓ0T +

∫
Ω0

[
φu]T {Bt+∆t} dΩ0 −

∫
Ω0

[
Θu]T {Pt} dΩ0

(74) 7

The size of the above matrices and vectors are:{
bu}

:
(
3 (m + menr (t + ∆t))× 1

)[
Ku
(k)

]
:
(
3 (m + menr (t + ∆t))× 3 (m + menr (t + ∆t))

)[
Λu]

:
(
3p × 3p

)[
Cu]

:
(
3p × 3 (m + menr (t + ∆t))

){
bq

u
}
:
(
3p × 1

)
Even for one scale of refinement, the number of potential hierarchical enrichment functions is larger than the existing 8

hierarchical functions, i.e. 9

p > (m + menr (t + ∆t)) (75) 10

Instead of directly solving equations (73), static condensation is applied and the condensed form is written as: 11([
Ku
(k)

]
−
[
Cu]T [

Λu]−1 [Cu]) {∆û∗
}

=
{
bu}

−
[
Cu]T [

Λu]−1 {bu
q

}
(76) 12
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For computational efficiency, the off-diagonal terms of
[
Λu] in Eq. (76) (that are relatively small) are neglected,1

and the approximate values of
{
û∗
}

and {qu} are solved from the equations:2 {
∆û∗

}
≈

([
Ku
(k)

]
−
[
Cu]T [

Λu]−1 [Cu])−1({
bu}

−
[
Cu]T [

Λu
i i

]−1 {bu
q

})
{
∆qu}

≈
[
Λu

i i

]−1
({

bu
q

}
−
[
Cu] {∆û∗

}) (77)3

With the updated solution
{
∆û∗

}
and {∆qu} are obtained, a constitutive update based on these values is required4

to estimate the mechanical driving forces in Eq. (51i) for the crack propagation problem in the hierarchical space5

V h(t+∆t)
(k) = span

{
N1...Nm, ϕ1, . . . ϕ

t+∆t(k)
menr (t+∆t), φ1, . . . φp

}
.6

The phase field solution estimate ŝ can be subsequently obtained by solving a similar modified static condensation7

problem. The two components are given as:8 {
∆ŝ∗

}
≈

([
Ks
(k)

]
−
[
Cs]T [

Λs]−1 [Cs])−1({
bs}

−
[
Cs]T [

Λs
ii

]−1 {bs
q

})
{
∆qs}

≈
[
Λs

ii

]−1
({

bs
q

}
−
[
Cs] {∆ŝ∗

}) (78)9

where10 [
Ks
(k)

]
=

∫
Ω0

[
gclc

[
Gs
(k)

]T [Gs
(k)

]
+

(
gc

lc
+ Êe

: Ce
: Êe

+
βgs

∆t

)[
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(k)

]T [N̂s
(k)
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dΩ0[

Λs]
=

∫
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[
Θ s]T [

Θ s]
+

(
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+ Êe

: Ce
: Êe

+
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∆t
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Cs]
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∫
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(k)
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(k)
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(k)
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(k)
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: Êe
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∫
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[
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(k)
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−

∫
Ω0

[
gclc

[
Θ s]T [Gs

(k)
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+ Êe
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(79)11

where ψ̂d =
1
2

∑N
α,β hαβ |γ α|

⏐⏐γ β ⏐⏐. Eq. (77) and (78) identify the solution estimate ũ and s̃ for the k + 1-th iteration12

of hierarchical enhancement algorithm in Section 4.2.1.13

5. Wavelets as optimal enrichment basis functions14

The second generation wavelet functions [63] have been shown to provide an optimal basis of hierarchical15

enrichment functions for linear elastic problems in [61] and nonlinear crystal plasticity problems in [62]. This section16

explores the adoption of lifted second generation wavelets as basis functions for optimal hierarchical enrichment that17

conform to the profile of the phase field solution estimate s̃ in Eq. (67). The procedure of generating wavelets-based18

enrichment basis for displacement estimate ũ is provided in detail in [62] and will not be elaborated here.19

The following properties of wavelet functions render wavelets ideal for multi-resolution hierarchical enrichment.20

• Compact support: Wavelet functions have compact support on each subdomain of Ω . Solutions interpolated21

on wavelet function bases do not exhibit spurious instabilities such as the Gibbs phenomena.22

• Multi-resolution: Wavelet bases have multi-resolution characteristics, which resolve the difference between23

hierarchical scales. This implies that wavelet basis functions associated with negligible coefficients indicate24

that higher scale enrichment is not necessary.25
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Fig. 4. Generating wavelet bases with the lifting scheme in a 1D hierarchical finite element mesh.

• Compatibility with FE discretization: Second-generation wavelets functions [63,65] may be constructed from 1

any irregular hierarchical finite element mesh. Errors due to nonconformity are consequently avoided in the 2

wavelet-enriched discretization spaces. 3

As detailed in [61], the following criteria are adopted to generate the wavelet enrichment functions 4

• Riesz basis: Wavelet functions with the Riesz basis property avoid aliasing by ensuring completeness of each 5

scale of wavelet functions. 6

• Vanishing moments: The integral of wavelet functions over any domain is zero, so that a small coefficient has 7

negligible contribution. 8

• Hierarchical characteristics: The wavelet family is constructed from the coarse FEM mesh. 9

Lifted second generation wavelets e.g. in [63,65] naturally conform to these criteria. 10

The procedure to create a wavelet from hierarchical finite element shape function employs a lifting scheme 11

[61,63]. First, a “lazy” wavelet is created from a hierarchical shape functions as: 12

ϕ̃l−1
β (X) = ᾱφl

β (X) (80) 13

where ᾱ is a constant and l denotes the hierarchical scale. Second, this wavelet is transformed through the lifting 14

scheme, in which vanishing moments are added. Each scale of wavelets becomes a Riesz basis of the domain Ω0, 15

expressed as: 16

ϕl−1
β (X) = ϕ̃l−1

β (X)−

R∑
λ

aλN l−1
λ (X) (81) 17

where the function N l−1
λ is a standard finite element shape function at scale l −1. The coefficient aλ is chosen such 18

that: 19∫
Ω

ϕl−1
β (X) dΩ = 0 ∀β ∈ [1, p (l)] (82) 20

Adding the functions N l−1
λ extends the compact support of the wavelet function ϕl−1

β to the whole domain, i.e. 21

p(l)⋃
β

supp
(
ϕl−1
β

)
= Ω0 (83) 22

The lifting scheme with R = 2 is sufficient to satisfy all the properties mentioned above. The lifting scheme for a 23

1D domain is shown in Fig. 4 with R = 2, ᾱ = 2 and aλ = 0.5. The support of ϕ0
1 extends to x ∈ [−1.5, 1.5], 24

while ϕ̃0
1 is non-zero for x ∈ [−0.5, 0.5]. Furthermore,

∫ 1.5
−1.5 ϕ

0
1 (X) d X = 0. The estimate s̃ (X) is projected on a 25
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wavelet basis of l scales, constructed upon the coarse finite element discretization space, as:1

s̃l (X) =

m∑
α

cs
αNα (X)+

l∑
j

p( j)∑
β

ds, j−1
β ϕ

j−1
β (X) (84)2

where
{
ϕ j
}p( j) is a family of p ( j) wavelet function at scale j . The coefficients cs and ds, j are obtained by a3

fast wavelet transform method discussed in [61,65]. Using the multi-resolution property, wavelet bases with small4

coefficients may be omitted with negligible interpolation error. This leads to the criterion for selecting enrichment5

functions, expressed as:6 {
ϕ
}menr ,s

=
{
ϕ j−1
γ

⏐⏐ ds, j−1
γ > ϵ⃗ s, γ = 1, . . . , p( j), j = 1, . . . , l

}
(85)7

where ϵ⃗ s is the tolerance for the phase field parameter in Eq. (84). The projection P
(
s̃l
)
(X) of the phase field8

estimates s̃ (X) on the enrichment basis
{
ϕ
}menr ,s , and is written as:9

P
(
s̃l) (X) =

m∑
α

cs
αNα (X)+

l∑
j

p( j)∑
γ |

{
ds, j−1
γ >ϵ⃗ s

} d j−1
γ ϕ j−1

γ (X) (86)10

Combining equation (84) with Eq. (87) yields:11

s̃l (X)− P
(
s̃l) (X) ≤

l∑
j

p( j)∑
γ |

{
ds, j−1
γ ≤ϵ⃗ s

} ϵ⃗ sϕ j−1
γ (X) (87)12

This leads to the following desired property of the projection error:13 s̃l (X)− P
(
s̃l) (X)2

≤ C2
⏐⏐ϵ⃗ s
⏐⏐2 (88)14

An upper bound for C2 may be given as C2 ≤
∑l

j C j p̂ ( j), where p̂ ( j) is the number of wavelet bases that are15

omitted at scale j and C j is the Riesz upper bound of the wavelet basis at scale j . Since the wavelets are constructed16

from hierarchical shape functions, Eq. (87) is rewritten as:17

P (s̃) (X) =

m∑
α

eαNα (X)+

l∑
j

menr,s ( j)∑
γ

f j
γ φ

j
γ (X) (89)18

with eα and f j
β expressed as functions of cs and ds . These coefficients are not important for the method, and only19

the set of enrichment functions is sought. Eq. (89) provides a set of menr =
∑l

j menr ( j) enrichment functions20

φ
j
β (X). This set is used as the next scale of enrichment functions for the phase field problem, such that:21

{ϕ}
menr ,s =

l⋃
j

{
φ j}menr,s ( j)

(90)22

Similarly, as described in [61], the selection of enrichment functions for the displacement field is expressed as:23 {
ϕ
}menr ,u

=
{
ϕ j−1
γ

⏐⏐ du, j−1
γ > ϵ⃗ u, γ = 1, . . . , p( j), j = 1, . . . , l

}
=

l⋃
j

{
φ j}menr,u( j)

(91)24

5.1. Projection of internal variables on the new mesh25

An important consideration with adaptive methods for nonlinear history dependent problems is the projection of26

internal variables from the old mesh to the new mesh. These variables include the mechanical stiffness and internal27

variables Imech
= {A, P, Fp, gα, γ α} at time t in the mechanical problem in Eq. (74), as well as the phase field28

internal variables I p f
=

{
Êe

: Ce
: Êe, Ee

: Ce
: Êe, ψ̂d

}
in phase field problem in Eq. (79). They are not known29

a-priori for the added enrichment functions and must be projected from the known values in the discretization space30

of the previous increment. This is at a coarser resolution than the one for which ũ and s̃ will be estimated. For a31
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Fig. 5. Projecting stress and tangent stiffnesses to adapted subdivided (child) elements from parent elements.

discretized space, represented in part by linear interpolation functions, the internal variables are calculated at Gauss 1

point and constant in each element and discontinuous at the element boundaries Γe. Hence they are known for all 2

x in Ω |Γe . The internal variables in the new discretization space are directly projected from their respective values 3

in the old discretization space at relevant Gauss points, as shown with a two dimension example in Fig. 5. This 4

uniform projection approach enforces the conservation of the internal variables based on the previous equilibrium 5

conditions since the finer elements constitute a complete subdivision of their parent element. It does not take any 6

ad-hoc correction and is therefore a conservative choice. Higher order interpolation methods can be used to obtain 7

the internal variables associated with new elements, which may lead to higher convergence rate of the non-linear 8

algorithm. 9

6. Numerical simulations with the adaptive CP-PF FE model 10

The basic phase field formulation with crystal elasticity model for polycrystalline microstructures has been 11

validated in a recent paper in [51]. This section focuses on examining the effectiveness of the wavelet-enriched 12

adaptive coupled crystal plasticity-phase field finite element model (CP-PF FEM) in simulating crack propagation 13

in polycrystalline microstructures. In the first example, the accuracy and efficiency of the proposed wavelet enhance- 14

ments are evaluated for crack propagation in Section 6.1. The computational model of a 41-grain polycrystalline 15

microstructure of a titanium alloy Ti–6V–4Al is developed and simulated. The microstructure of this alloy consists 16

of alternating laths of two phases, viz. an α phase with a hcp crystalline structure and a β phase with a bcc 17

crystalline structure. In [68,79] a homogenized model incorporating the individual volume fractions of the α and β 18

lath structure in the colonies is developed following the rule of mixtures. The equivalent model takes into account 19

the deformation produced by multiple slip systems in the α and β phases. This constitutive model is adopted for the 20

Ti–6V–4Al alloy. In the next example of Section 6.2, a larger polycrystalline microstructural RVE of the Ti–6V–4Al 21

alloy containing 513 grains is simulated to study the interaction between crack propagation and local microstructure. 22

Macroscopic stress–strain response are also compared in this example. 23

Constitutive parameters in the crystal plasticity model in Section 2.6 are calibrated from results of uni-axial 24

tension and fatigue tests of the Ti–6V–4Al alloy provided in [80]. The calibration process follows methods discussed 25

in [81]. Phase field parameters are assumed for this analysis. The calibrated elasticity, crystal plasticity and phase 26

field parameters are listed in Table 1. 27

6.1. Convergence study with the wavelet-enriched hierarchical FE model for the phase field crack model 28

The computational model of a 41-grain polycrystalline Ti–6V–4Al microstructure is shown in Fig. 6. The 29

accuracy and efficiency of the wavelet-enriched adaptive coupled CP-PF FE model is evaluated in this section. 30

The computational model needs crystallographic lattice orientation data for individual grains in the polycrystalline 31
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Fig. 6. Computational model of a 41-grain polycrystalline microstructure of a titanium alloy Ti–6V–4Al showing boundary and loading
conditions. A small initial crack is embedded along a grain boundary inside the microstructure in the form of predefined s = 1.

Table 1
Crystal plasticity constitutive parameters for the hcp and bcc slip systems in the Ti–6V–4Al alloy.

C11 C12 C13 C33 C44 Gc (phase field)
170 GPa 98 GPa 86 GPa 204 GPa 51 GPa 200Jm−2

m γ̇0 r n hs (BCC) τs (BCC)
0.02 0.001 s−1 0.1 0.01 25 200 MPa

(gα0 )bas (gα0 )pri (gα0 )pyr⟨a⟩ (gα0 )pyr⟨c+a⟩ (gα0 )bcc⟨c+a⟩

354 MPa 354 MPa 425 MPa 505 MPa 200 MPa

(gαs )bas (gαs )pri (gαs )pyr⟨a⟩ (gαs )pyr⟨c+a⟩ (hβ0 )hcp (hβ0 )bcc
470 MPa 570 MPa 570 MPa 1550 MPa 300 MPa 1500 MPa

(q)bas−all (q)pri−all (q)pry−all (q)bcc−bcc K α
hcp K α

so f t/hard,bcc
1.0 1.0 1.0 1.0 164.5 413.4 / 315.9

ensemble. This is obtained from electron back scatter diffraction (EBSD) image data of the Ti–6V–4Al alloy1

in [80]. The data is input into the 3D microstructure reconstruction software DREAM.3D [82] for constructing2

the microstructural domain shown in Fig. 6. The computational domain contains 41 grains and has a dimension3

of 80 µm × 80 µm × 4 µm. The average equivalent grain diameter on XY plane is ∼ 12 µm. Prior to adaptive4

enrichment, it is discretized into an initial coarse-scale mesh of 5410 TET4 elements with 1554 nodes. The5

41-grain ensemble is statistically insufficient to represent the macroscopic material characteristics. It is created6

only to test the effectiveness of the wavelet enriched adaptive algorithm.7

The wavelet-enriched adaptive coupled FE model is used to simulate brittle and ductile crack propagation,8

respectively using crystal elasticity and crystal plasticity constitutive relations. The crystal elasticity model considers9

the elastic properties of the single crystals with the plastic flow suppressed, i.e. by enforcing γ̇α = 0 ∀α ∈10 [
1, . . . , nsli p

]
in Eqs. (51e). The crystal plasticity constitutive model is described by Eqs. (51c)–(51g). A reference11

solution for each case is created by running the coupled FE model, described in Section 3.1, on a highly refined12

mesh containing 346240 TET4 elements and 67045 nodes, but without any adaptive enrichment.13

6.1.1. Brittle crack problem14

The brittle crack propagation test is considered first. An initial crack is placed inside the microstructure along15

a short grain boundary by setting s = 1 on the gain boundary nodes, as shown in Fig. 6. The microstructure is16

subjected to a uniaxial tensile strain along Y -axis by applying a constant strain-rate ϵ̇ = 1 × 10−3 displacement17

boundary condition on Y = 80 µm surface and fixing uY on the Y = 0 surface. All rigid body degrees of freedom are18
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Fig. 7. Contour plots of the phase field order parameter s in the deformed configuration from brittle crack propagation simulations using
a crystal elasticity model for: (a) 1.4% volume-averaged true strain and (b) 1.6% volume-averaged true strain.

suppressed for the computational model. A crack characteristic length scale parameter lc = 1 µm and critical fracture 1

energy density Gc = 30Jm−2 are used in these simulations. Adaptive enrichment for this example is capped at two 2

scales of hierarchical enrichment functions {φ}
n , as defined in Section 4.2.1. This is considered to be sufficiently fine 3

for the given lc. The adaptive enrichment is triggered with a displacement tolerance of ϵ⃗ u
= 0.01 and phase field 4

tolerance of ϵ⃗ s
= 0.01. Figs. 7(a) and 7(b) depict contour plots of the phase field variable s and the corresponding 5

crack propagation for 1.4% and 1.6% applied strains, respectively. The corresponding nodal positions of enrichment 6

functions {ϕ}
menr in the 2-scale wavelet-basis enriched hierarchical adaptive grid are plotted in Figs. 8(a) and 8(b) 7

on the undeformed configuration. The enrichment nodes are located along the path of crack propagation, where the 8

coarse scale element interpolation error is large. In this case it is observed that the nodal enrichment is triggered 9

primarily by the phase field error in Eq. (88), and the displacement error on wavelet projection is much smaller. 10

Fig. 9(a) shows the convergence rate in terms of the phase field error, calculated as the percentage error of the 11

L2 norm of solution field. It is expressed as: 12

es
=

shenr (X)− s f (X)
2s f (X)

2 × 100 (%) (92) 13

where s f is the reference phase field solution. Simulation results using a hierarchical h-adapted FEM is also 14

provided in Fig. 9 for comparison. Here the h-adaptation hierarchically refines TET4 elements when the phase 15

field parameter reaches a threshold value. Specifically a n-scale TET4 element is uniformly subdivided into 8 16

(n + 1)-scale TET4 elements when the phase field parameter value at its integration point satisfies s > n ∗ 0.25. 17

This adaptivity is known to provide at least the same or better convergence-rate as classical h-adaptivity [59,60]. 18

The wavelet-enriched adaptive coupled FE model consistently converges faster ( O
(
N−3.797

)
) than the hierarchical 19

h-adapted FEM model ( O
(
N−1.385

)
). This convergence-rate for the phase field error is significantly higher than 20

that for the displacement error. This is because the phase field crack propagation is highly sensitive to the mesh 21

resolution, as demonstrated in Section 4.1. Fig. 8(c) shows the location of the enrichment nodes for the hierarchical 22

h-adapted FEM at 1.6% strain. The comparison between Figs. 8(b) and 8(c) clearly shows the significant advantage 23

of the wavelet adapted method over the h-adapted method. The former requires much less enrichment nodes 24

for crack propagation for comparable accuracy, as also seen in Fig. 9(a). The number of enrichment nodes as a 25

function of crack length by the two methods is compared in Fig. 9(b). After the crack has propagated through the 26

microstructure at 1.6% volume-averaged true strain, the total number of nodes for the wavelet adapted FEM is 2790, 27

as opposed to 10244 nodes with the h-adapted FEM. The using of wavelets to provide optimal enrichment basis 28
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Fig. 8. Location of nodes associated with adaptive hierarchical FEM (shown in the undeformed configuration): (a) with second generation
wavelet enrichment at 1.4% volume-averaged true strain, (b) with second generation wavelet enrichment at 1.6% volume-averaged true strain,
and (c) hierarchical h-adapted FEM at 1.6% volume-averaged true strain.

functions reduces the number of required enrichment nodes significantly for high accuracy in the crack propagation1

problem.2

6.1.2. Ductile crack problem3

Next, the ductile crack propagation behavior by the wavelet-enriched hierarchical FE model is studied by4

activating the full crystal plasticity model. The same applied boundary conditions are applied as in Section 6.1.1.5

Also the same adaptive enrichment tolerance ϵ⃗ u
= 0.01 and ϵ⃗ s

= 0.01 are used for the simulations. The length6

scale parameter is lc = 2 µm and critical fracture energy density Gc = 700 J m−2. Contour plots of the simulated7

crack phase field parameter s at 7.6% and 13.0% applied strain are shown in Figs. 10(a) and 10(b) respectively.8

Due to the energy dissipation due to plastic flow, additional deformation is required to propagate the crack tip.9
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Fig. 9. (a) Convergence rates (on a log−−log plot) of the error es in Eq. (92) as a function of the degrees of freedom, and (b) the number
of enrichment nodes as a function of the crack length, for simulations of brittle crack propagation by the wavelet adapted and h-adapted
FEM.

The crack, in this case, is thicker with a blunt crack tip compared to the brittle crack in Section 6.1.1. The crack 1

path is also different from the brittle crack as seen from Figs. 7(b) and 10(b). For the brittle crack, the crack path 2

is almost straight and shows less affects of crystallographic orientation of the grains in the ensemble. For ductile 3

crack propagation, the crack path is found to depend on the crystallographic orientation as it moves through each 4

grain. The Von Mises stress field during brittle and ductile cracking through half of the microstructure is compared 5

in Figs. 12(a) and 12(b). Stress concentration ahead of the brittle crack tip is much higher than that for the ductile 6

crack. The gradient of stress is also higher for brittle crack propagation, while the dislocation slips during ductile 7

crack propagation diffuse the stress field. It is also observed the crack propagation velocities at the two crack tips 8

for ductile cracking are different. In Fig. 12(b), the crack in the X+ direction has already propagated through the 9

microstructure, while the other tip in the X− direction has not propagated as much. This is a consequence of the 10

grain orientations. Hard grains, for which slip systems are oriented to inhibit plastic flow due to high slip system 11

resistance will induce high stress concentration and thereby facilitate crack propagation. Soft grains on the other 12

hand are ideally oriented for high dislocation glide and plastic flow. These grains dissipate considerable plastic 13

energy that will hinder crack propagation and render the crack tip blunt. 14

The location of second generation wavelet nodes, corresponding to hierarchical enrichment in ductile crack 15

propagation, at 7.6% and 13.0% volume-averaged true strains are plotted in Figs. 11(a) and 11(b) respectively (in 16

the undeformed configuration). The convergence rate with respect to the phase field error is shown in Fig. 13(a). 17

The average convergence rate for the wavelet-enriched FEM is ( O
(
N−6.968

)
) compared to ( O

(
N−2.325

)
) for 18

the h-adapted FEM. At 7.6% volume-averaged true strain, the total number of nodes in the wavelet-enriched FEM 19

simulation is 3046, whereas it requires 15750 nodes to solve the same problem with the h-adapted FEM. The number 20

of fine-scale enrichment nodes is plotted as a function of the evolving crack length for the two methods in Fig. 13(b). 21

Once again, there is a large difference in the number of enrichment nodes with crack propagation. The wavelet- 22

adapted FEM is far superior than the h-adapted FEM in terms of the added nodes for similar accuracy in ductile 23

crack propagation. These examples demonstrate the high potential of the wavelet-enriched adaptive hierarchical FEM 24

for solving the coupled mechanical-crack phase field problem for simulating crack propagation in polycrystalline 25

microstructures. 26

6.2. Simulating ductile crack propagation in a polycrystalline microstructural SERVE 27

The statistically equivalent RVE or SERVE [83,84] is an optimal microstructural domain, for which statistical 28

distribution functions of morphological parameters, as well as material properties converge to those for the 29

experimental microstructure in electron back-scatter diffraction (EBSD) of scanning electron microscopy (SEM) 30

images. A polycrystalline SERVE of the Ti–6V–4Al alloy is created using the DREAM.3D software [82] from EBSD 31

data in [80]. The polycrystalline microstructural SERVE, shown in Fig. 14(a), has dimensions 80 µm×80 µm×80 µm 32
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Fig. 10. Contour plots of the phase field order parameter s in the deformed configuration from ductile crack propagation simulations using
a crystal plasticity model for: (a) 7.6% volume-averaged true strain and (b) 13.0% volume-averaged true strain.

Fig. 11. Location of nodes associated with adaptive hierarchical FEM (shown in the undeformed configuration) with second generation
wavelet enrichment for ductile fracture at: (a) 7.6% volume-averaged true strain, and (b) 13.0% volume-averaged true strain.

and consists of 513 grains. Simulations are conducted with the adaptive, wavelet-enriched hierarchical CP-PF FE1

model to evaluate its effectiveness in predicting ductile crack propagation in polycrystalline microstructures. The2

initial mesh consists of 67601 TET4 elements with 12305 nodes. The constitutive model parameters are tabulated3

in Table 1 and the characteristic length scale parameter is lc = 2 µm. Constant strain-rate displacement boundary4

conditions are applied on the top surface (X = 80 µm) and the bottom surface (X = 0) is fixed in the X direction.5

All rigid body motions are suppressed. Two hierarchical scales are used for the adaptive wavelet enrichment in the6



CMA: 112757

Please cite this article as: J. Cheng, X. Tu and S. Ghosh, Wavelet-enriched adaptive hierarchical FE model for coupled crystal plasticity-phase field modeling of crack propagation in
polycrystalline microstructures, Computer Methods in Applied Mechanics and Engineering (2019) 112757, https://doi.org/10.1016/j.cma.2019.112757.

J. Cheng, X. Tu and S. Ghosh / Computer Methods in Applied Mechanics and Engineering xxx (xxxx) xxx 29

Fig. 12. Von Mises stress distribution for (a) brittle crack propagation at 1.4% volume-averaged true strain, and (b) ductile crack propagation
at 8.5% volume-averaged true strain, both plotted in the deformed configuration.

Fig. 13. (a) Convergence rates (on a log–log plot) of the error es in Eq. (92) as a function of degrees of freedom, and (b) comparison of
number of enrichment nodes, for simulation of ductile crack propagation by the wavelet-adapted and h-adapted FEM using crystal plasticity
model.

FEM simulation. The adaptive enrichment is triggered with a displacement tolerance of ϵ⃗ u
= 0.01 and phase field 1

tolerance of ϵ⃗ s
= 0.01. An initial crack nucleus is placed on a hard–soft grain boundary inside the microstructure 2

by pre-defining the nodal order parameter as s = 1. This is shown in Fig. 14(b). This grain boundary is characterized 3

by a near 90◦ c-axis misorientation between contiguous grains, where the soft grain is favorably oriented for time- 4

dependent plastic flow, while the hard grain impedes plastic flow [45,46]. The crack at this nucleus starts to propagate 5

until after 5.5% volume-averaged true strain, when the local driving energy, consisting of the terms ρ0
∂ψe

∂s and ρ0
∂ψd

∂s 6

in Eq. (61), become sufficiently high. 7

Fig. 15(a) shows the contour plots of the phase field parameter when the crack starts to propagate at 5.7% volume- 8

averaged true strain. At 6.4% true strain, the crack has propagated through the entire microstructure, as shown in 9

Fig. 15(b). Fig. 16(b) shows the Von-Mises stress distribution at 5.7% volume-averaged true strain. The volume- 10

averaged stress–strain response of the polycrystalline SERVE is plotted in Fig. 16(b). As the crack propagates, it 11

degrades the material’s stress-carrying capacity as well as the elastic and defect energy, causing a drop in the stress. 12

As shown in Fig. 15(b), the crack does not propagate in a straight path, but takes a sharp turn downward near the 13
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Fig. 14. (a) Illustration of the computational model of a polycrystalline microstructural SERVE containing 512 grains of the titanium alloy
Ti–6V–4Al showing boundary and loading conditions, and (b) nodes depicting the location of initially embedded crack nucleus with predefined
s = 1.

Fig. 15. Contour plots of the phase field order parameter s in the deformed configuration from ductile crack propagation simulations of the
513 grains microstructural SERVE at: (a) 5.7% volume-averaged true strain and (b) 6.4% volume-averaged true strain.

middle of the microstructure. The direction is affected by the hard grains traversed by the crack, causing higher1

stress concentration as indicated in Fig. 16(a). The figure shows an unsymmetric distribution of the stress in grains2

ahead of the crack tip. The higher stress field in the lower grains causes the crack to veer downwards.3

Figs. 17(a) and 17(b) show the lifted second generation wavelet-based multi-resolution nodal enrichment (in4

the undeformed configuration) at 5.7% and 6.4% strains respectively. The enrichment nodes are generally located5

along the crack path. Additionally, a few regions away from the propagating crack path, which have phase field6

concentration and are potential locations of new crack nucleation, also have enrichment nodes. The evolution of7

fine scale nodes, associated with wavelet enrichment functions, is plotted as a function of the evolving crack surface8

area in Fig. 18. At 6.4% strain, a total number of 24727 nodes are activated in the simulation with wavelet-enriched9

hierarchical adaptive FEM. In comparison, approximately 130000 nodes are needed if the simulation is run on the10

same scale of fine mesh with the hierarchical h-adapted FEM. Again, this example demonstrates the robustness11

and efficiency advantages of the wavelet-enriched adaptive hierarchical FEM for simulating crack propagation in12

polycrystalline microstructures.13
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Fig. 16. (a) Von-Mises stress distribution during crack propagation at 5.7% volume-averaged true strain (plotted in the undeformed
configuration), and (b) the volume-averaged stress–strain response of the polycrystalline SERVE using the coupled CP-PF FE model.

Fig. 17. Location of added nodes associated with second generation wavelet enrichment in the adaptive hierarchical FEM (shown in the
undeformed configuration) for ductile fracture of the 512 grain microstructural SERVE at: (a) 5.7% volume-averaged true and (b) 6.4%
volume-averaged true strain.

Fig. 18. Evolution of the number of enrichment nodes as a function of the evolving crack surface area.
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7. Conclusions1

A novel, wavelet-enriched adaptive finite element model is developed in this paper for solving coupled crystal2

plasticity-phase field models to simulate the crack propagation in polycrystalline microstructures. No a-priori3

assumption of the crack path is needed with this formulation. Crack propagation is driven by stored elastic energy4

and defect energy resulting from slip system dislocation glide and hardening. The elastic energy terms account5

for material anisotropy under conditions of finite deformation, as well as tension–compression asymmetry. The6

defect energy formulation is derived from crystal plasticity models through the principle of maximum plastic7

dissipation. The elastic and defect energies driving the crack are coupled in the crystal plasticity-phase field8

variational statements through the use of the principle of virtual power and laws of thermodynamics. The resulting9

finite element model is capable of simulating both brittle and ductile crack propagation in material microstructures.10

A major contribution of this work is the creation of the adaptive, multi-resolution wavelet-based hierarchical11

enrichment of the FE model, following the path of crack growth. Modeling the evolution of the phase field12

order parameter s at the length scale of the regularized sharp crack poses a major challenge to the numerical13

implementation of the coupled crystal plasticity phase field model. For numerical convergence, the coupled model14

requires the element size in the crack region to be finer than the physical length-scale of the regularized crack,15

which is significantly smaller than the resolution required for crystal plasticity modeling of grain structures. This16

requirement is met adaptively in this formulation through the implementation of the lifted second generation wavelet-17

enrichment in a hierarchical finite element formulation. This formulation projects the solution fields onto a set of18

scaling and multi-resolution wavelet basis functions. It engages a family of second generation wavelets with a lifting19

scheme to generate hierarchical interpolation functions that augment the solution by estimating residuals at higher20

length-scales. By compressing the wavelets to within a prescribed tolerance, it introduces a discretization space,21

which conforms to the profile of the solution sought, with a desired level of accuracy. This provides an optimal22

set of hierarchical FE functions that can adaptively enrich the solution space for the crack phase propagation. An23

iterative solution algorithm, based on static condensation method, is implemented to efficiently calculate an estimate24

of the solution for the next increment. The estimate is projected to a wavelet interpolation basis, which is then used25

to form a new solution space.26

The wavelet-enriched adaptive finite element model is found to be robust with excellent convergence charac-27

teristics in multiple validation tests conducted with the polycrystalline Ti–6V–4Al alloy. Computational studies28

are conducted with a 42 grain microstructure to comprehend the numerical convergence-rate and computational29

efficiency. The performance of the wavelet-enriched adaptive FE model is compared with that of a h-adapted30

adaptive hierarchical FE model. Both brittle and ductile crack propagation are compared with crystal elasticity31

and crystal plasticity models respectively. For the error estimates, reference solutions are created by using a FE32

model with an extremely refined uniform mesh. For both cases, the wavelet-enriched adaptive FE model requires33

significantly less enrichment nodes, and shows a far superior convergence-rate and efficiency. The brittle crack shows34

a straight crack propagation path with less influence from grain orientations. Ductile crack propagation however35

shows a high level of dependence of the crack path on the grain slip system orientation. Next the adaptive FE36

model is tested on a polycrystalline SERVE (statistically equivalent RVE) with 512 grains of the Ti–6V–4Al alloy.37

The simulations captures the crack propagation behavior in a robust manner with very reasonable computational38

cost. In summary, this paper has introduced a powerful computational tool for modeling three dimensional crack39

propagation in polycrystalline microstructures that are governed by finite deformation crystal plasticity relations.40
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