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ABSTRACT: We explore consequences of the Averaged Null Energy Condition (ANEC) for
scaling dimensions A of operators in four-dimensional N' = 1 superconformal field theories.
We show that in many cases the ANEC bounds are stronger than the corresponding unitar-
ity bounds on A. We analyze in detail chiral operators in the (% J,0) Lorentz representation
and prove that the ANEC implies the lower bound A > % j, which is stronger than the
corresponding unitarity bound for j > 1. We also derive ANEC bounds on (% Jj,0) operators
obeying other possible shortening conditions, as well as general (% J,0) operators not obey-
ing any shortening condition. In both cases we find that they are typically stronger than
the corresponding unitarity bounds. Finally, we elucidate operator-dimension constraints
that follow from our ' = 1 results for multiplets of N' = 2,4 superconformal theories
in four dimensions. By recasting the ANEC as a convex optimization problem and using
standard semidefinite programming methods we are able to improve on previous analyses
in the literature pertaining to the nonsupersymmetric case.
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1 Introduction and summary of results

In recent years attention has been brought to the utility of expectation values of integrated
projections of the stress-energy tensor along null lines in conformal field theories (CFTs).
Such observables have a long history in jet physics — see for example [1-3] — and they
were first examined in the CFT context in the seminal work [4]. There, it was shown that
an energy-positivity condition implies constraints on the coefficients in the three-point
function of the stress-energy tensor. More precisely, given a state [i) of a local CFT with
stress-energy tensor 7}, and a null geodesic parametrized by A with tangent vector u*, the
following inequality, called the Averaged Null Energy Condition (ANEC), holds:

(I = / AN (W] Ty |) P > 0. (L.1)

In [4] this was viewed as a positivity requirement for the energy measured by a hypothet-
ical “calorimeter” placed at a large distance from the region where [¢) is localized. The
inequality (1.1) was later established more rigorously as a theorem [5, 6]. It has also been
understood that the ANEC is part of a larger class of constraints, which also follow from
a thought collider experiment, namely the deep inelastic scattering bounds [7, 8], which
state the positivity of an expectation value similar to (1.1) but with 7),, replaced by the
lowest-twist operator of a given spin ¢ > 2. Recently it was shown that the integral (1.1)
is a special case of a larger set of integral transforms [9].

An important, perhaps unexpected application of (1.1) is that it implies lower bounds
on operator dimensions A in CFTs [10]. It is of course known that in CFTs scaling
dimensions of operators are bounded from below as a consequence of unitarity [11, 12]. This
is true independently of locality properties of the CFT, i.e. it does not rely on the presence
of a stress-energy tensor in the CFT spectrum. However, it was demonstrated in [10] that
in CFTs with a stress-energy tensor the unitarity bound is suboptimal for some classes of
operators. The analysis of a few examples led [10] to the conjecture A > max{j, 7}, where
(% Js %j) is the Lorentz representation of the CFT operator. This becomes stronger than
the unitarity bound whenever |j — 7| > 4. We find that this conjecture is not supported by
the ANEC for large values of j in the case of (% J,0) and (% 7, %) operators — see figures 5
and 6 below.

In this work we apply the methods of [10] to four-dimensional N' = 1 superconformal
field theories (SCFTs). We find that for certain classes of operators the unitarity bounds
of [13-15] cannot be saturated. Just as in [10], our results follow from a careful analysis of
three-point functions of the schematic type (0T, 0) with O a conformal primary and O
its conjugate. The difference with the nonsupersymmetric case is that here such conformal
three-point functions are encoded in superconformal three-point functions involving the
Ferrara-Zumino multiplet [16]. The constraints of 4d N' = 1 superconformal symmetry on
three-point functions of superconformal primary operators have been examined in great
detail in [17, 18], and we rely heavily on those results.

The constraints imposed by the ANEC and explored in [10] are schematically of
the form

Ao > Aanec(d,]) and M(Ay57,Q0) =0, (1.2)



where M is a matrix that depends linearly on the three-point function coefficients A5,
In a nonsupersymmetric theory, the constraints on the three-point function coefficients
generically admit a solution. Therefore, the first condition determines the bound on oper-
ator dimensions.

In the presence of supersymmetry things can change significantly. First, there exist
certain multiplet shortening conditions, without a nonsupersymmetric analog, that fix some
of the three-point function coefficients A 5, thus leaving less freedom to satisfy (1.2).
Moreover, even without imposing any shortening conditions, the ANEC must hold on
any state ) given by the most general superposition of states in a super-multiplet —
schematically

) ~ (0+aQO+ Q0 +...)|0). (1.3)

Computing the integral (1.1) on states (1.3) leads to more intricate constraints on the three-
point function coefficients A,5,, which sometimes do not admit a solution. Intuitively, we
then expect that in the presence of supersymmetry a broader class of operators will violate
the ANEC and must thus be absent in any unitary local SCFT.

In the remainder of this section we briefly outline the logic behind our computations
and present our final results. The rest of the paper carefully goes through the details of
our calculations.

1.1 Strategy

In this work we focus on superconformal multiplets O(z,6,8) for which the lowest compo-
nent field O transforms in the (% J,0) irreducible representation of the Lorentz group. Our
first goal is to determine the most general form of the three-point function in superspace
among O, its complex conjugate superfield, and the Ferrara-Zumino multiplet 7, which

contains the stress-energy tensor:!

<O(Z1)j(Z2)O(Z3)>, z; — (.%'Z', 01', éz) . (14)

In order to determine (1.4), in section 2 we write the most general three-point function
consistent with N' = 1 superconformal invariance, complex conjugation, and conservation of
the Ferrara-Zumino multiplet. Next, we fix certain combinations of the three-point function
coefficients entering (1.4) by imposing the Ward identities generated by the conserved
currents Jl’é, Ty and S in J. Although in principle it should be possible to obtain a
superspace version of the Ward identities, along the lines of [18], in this work we impose the
constraints at the level of the individual primaries and superdescendants. More specifically,
we find that once the J f and T}, Ward identities are imposed in the three-point function
involving the superprimary O, all other ones we checked follow.?

In addition to the above, the three-point function (1.4) could satisfy further constraints,
associated to various shortening conditions of the superconformal multiplet O. Following

'In this section we only present schematic formulas. Details are given in the next sections.
*More specifically, we checked the Ward identities for ((Q0)Jr(QO)), ((QO)T(QO)) and {(QD)SO).
In principle there could be extra relations that we did not take into account.



the convention of [19] we denote N' = 1 multiplets as [Xr, X |, where X, p represents
the action of the charges @ and @, which give rise to long (L), semi-short (A;, As) or
chiral (B) multiplets. We spell out the exact definitions in section 3.4, together with the
corresponding unitarity bounds, and we compute the most general form of (1.4) compatible
with these constraints. The results are summarized in the tables in appendix C.1.

As a final step, we need to decompose the superspace three-point function in the
various # components and extract the nonsupersymmetric three-point functions of the
superprimary O and various primary superdescendants. This task is performed in section 4
and summarized in the tables in appendix C.2. Unfortunately the computations required
to perform this step become rapidly very complicated. In this work we only pushed to
the fourth order in 6; or #; and computed three-point functions involving at most T, and
superdescendants QO* and Q0.3

After all these preparatory steps, we can impose the ANEC (1.1) on a general state of
the form of (1.3). Due to R-charge conservation, only a few three-point functions are non
vanishing. In the end we impose that?

(O[£10) 20, ((QO)IEI(QO)) =0

o (1QoMIEIQO") (QOYIENQ0 )
‘ <<<Qo>\er<czo+>> <<Qo>|e<czo>>)t0' 5

We should stress that the above conditions are a subset of all conditions one can impose,
since they do not include superdescendants of the form Q%O or QQO for example. Never-
theless, we find that in any unitary and local SCFT superprimaries that transform in the
(% J,0) representation and satisfy the usual unitarity bounds do not necessarily satisfy the
conditions (1.5).

In section 5 we obtain closed-form expressions for all the correlators appearing in (1.5)
as rational functions of the spin j and dimension A. Such formulas allow us to easily
compute bounds up to large values of j and in some cases rigorously prove bounds for
any j.

Finally, we explore the consequences of our analysis for theories with extended su-
persymmetry. In section 6 we consider special N = 2 and N = 4 supermultiplets and
decompose them with respect to an N’ = 1 subalgebra. The ANEC constraints presented
in the next subsection are then recast as bounds on the N' = 2,4 superprimaries.

1.2 Summary of results

Let us first mention the results of our analysis for nonsupersymmetric CFTs, in the case
of a conformal primary with dimension A, transforming in (% 7, %j) representation, with

3We remind that the action of a supercharge produces in general two distinct primary superdescendants,
which we schematically denote with £, with equal dimension and R-charge but transforming in different
Lorentz representations. For operators in the (% 4,0) representation only QO™ exists, so we will denote it
as QO.

4For certain short supermultiplets some of these three-point functions vanish.



7=0,1. In section 5.5 we show convincing evidence that the ANEC requires

z&}mm<$i#Bj+4m). (1.6)
For 7 = 0,1 the above expression is stronger than the corresponding unitarity bound for
j > 2,6, respectively. Although we don’t have an analytic proof, we checked (1.6) up
to j = 103.

Next, we summarize the results of applying the ANEC inequality to superconformal
multiplets OU:0). We present them as bounds on the quantum numbers ¢, g, which are
related to the dimension and the R-charge of a given operator by the simple relations

2
A=q+q, R=3(¢-7). (L.7)

We considered all possible shortening conditions classified in [19] and we also follow their
notation,” which we briefly explain in section 3.4.

All cases for j = 0. In this case the ANEC requires only ¢ > 0 and ¢ > 0. Therefore,
it is never stronger than the unitarity bound.

[A1, B] for j = 1. For these operators there are no free three-point function coefficients
and the dimension and R-charge are fixed. It can be easily verified that the ANEC holds.

[A1, B] for j > 2. As shown in table 1, these operators do not admit a three-point func-
tion with the Ferrara-Zumino multiplet consistent with all conditions. They are therefore
absent in any local SCFT.6

[L, B] for j > 1. With this shortening condition, corresponding to chiral operators, there
are no free three-point function coefficients. Therefore the ANEC for any given j is simply
a system of inequalities on ¢ that can be solved algebraically. The result is

This is equivalent to the unitarity bound for j = 1 and it is stronger for all j > 1. This
result is not in contradiction with already known Lagrangian constructions, which so far
have only provided examples for j = 1 [20, 21]. Also note that the bound is saturated by
J copies of a free j = 1 superconformal chiral primary

gy =gl Lg% (1.9)

In N = 2 theories, the bound in (1.8) implies a constraint on the dimension of the so called
“exotic chiral primaries” discussed in [22]. In section 6.2 we show that

3.
Aexotic > 5 +1. (1.10)

°In a nutshell, L (resp. L) stand for long, B (resp. B) for short or chiral, A (resp. A) for semi-short

with respect to the supercharge @ (resp. Q).
5This conclusion does not require the ANEC.
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Figure 1. Lower bounds on the conformal dimension as a result of the ANEC for long multiples.
Each point is the result of a bisection algorithm done with sdpb [23] (see section 5.4). The solid lines
are the unitarity bound: the red line is the bound on ¢ and the colored lines are the j-dependent

bounds on g. The larger dots correspond to the points with shortening conditions [L, A] (for the
red circled dots) and [A;, L] (for the black circled dots).

20

15

10

Figure 2. Plot of the results in figure 1 in the (R, A) plane.

[L, L] for j > 1. In this case there are two free parameters ¢ and g and two undetermined
three-point function coefficients (one for j = 1). For every value of j we fixed ¢ and ran
a bisection algorithm on g. The results are in figure 1. See also figure 2 for a plot in the
(R, A) plane.

[L, As] for j > 1. For this shortening condition the constraints are equivalent to [L, L]
for ¢ = 1. The results are given in figure 3 and correspond to the red circled dots on
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Figure 3. Lower bounds on the conformal dimension as a result of the ANEC for [L, A3] multiplets.
Each point is the result of a bisection algorithm done with sdpb [23] (see section 5.4). The red line
is the unitarity bound ¢ = %j + 1. The operators for j < 3 that lie on the red line satisfy [A;, A].

figure 1. The operators at the unitarity bound, which satisfy the [A;, A3] shortening, are
not allowed for j > 3 (see below). Therefore, for j > 3 the ANEC provides a constraint
strictly stronger than unitarity.

[A1, L] for j > 1. Since for this case there is only one free three-point function coefficient
and one parameter, g, the system of inequalities is considerably simpler to solve. The results
are given in figure 4 and correspond to the black circled dots on figure 1. As before, for
j > 3, the ANEC is strictly stronger than unitarity.

[A1, As] for j > 1. This condition admits solutions only for j < 3. In the edge case
j = 3 the ANEC inequalities fix the only independent three-point function coefficient to

16

Co=——5. (1.11)

™

For all 7 > 3 the ANEC admits no solution and thus such operators must be absent in any
local SCFT.

2 Setup

Our object of study will be the three-point correlator in four dimensional N = 1 superspace
of a superconformal multiplet ©79)(z), its conjugate @(O’J)(z) and the Ferrara-Zumino
multiplet J(Ll)(z). The charges of J are q7 = g7 = %, while those of @ and O are
go = Jp = q and ¢z = o = ¢. The superscript (j, 7) refers to the SO(3,1) representation,”

"Following standard conventions we denote the irreducible representations of the Lorentz group by
(%j7 %j), where j is the number of undotted and 7 the number of dotted indices.
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Figure 4. Lower bounds on the conformal dimension as a result of the ANEC for [A;, L] multiplets.
Each point is the result of a bisection algorithm done with Mathematica. The operators for j < 3
that lie on the red line satisfy [A1, As].

and will be henceforth dropped for brevity. The shorthand z denotes
z; = (2i,mi,7i), where 2z = (2;,6;,0;). (2.1)
The polarizations 7;, ; are commuting spinors used to contract all free indices as follows:
OUI)(z) = pt - . -ﬁdiOal...ajal...aj(Z) ) (2.2)

The tensor can be recovered by using spinor derivatives 9,, d; which obey 877a17f3 =67 and
Opang = €gq, and similarly for the barred counterparts. We will follow the notation of [24]
and the formalism introduced in [18].

The most general three-point function involving @Y%) (z) can be written as

— 74\ _A_ —m,
(O(21)T (22)O(23)) = (8X1);1;7q12j 22}1{2?5;;42?32772 t(Z3; X1, X2, X2, 13) » (2.3)
where Z3 = (X3,03,03) will be defined shortly and y;, ¥; are auxiliary spinor polariza-
tions.® The function ¢ can be expressed as a linear combination of ten tensor structures,
but the coefficients multiplying them are not arbitrary as they are constrained by reality of
the correlator, conservation of 7, eventual shortening conditions on O and the Ward iden-
tities for the R-symmetry and the conformal group. We will analyze all these constraints
in the next section. Let us now briefly describe all the fundamental building blocks of such

tensor structures. They are functions of the supersymmetric interval x;; defined as

(xXi7)ad = —€apeap(X5i)"P = —o" (2500 = (Xij)ad — 210ia0ia — 2100054 + 4i0i00ja , (2.4)

8They are denoted with a different letter than 7 only to emphasize the fact that they are eventually
removed by the derivatives in the numerator.



with z;; = x;—x;, 235 = ($fj2)a/2 and of the Grassmann intervals 0;; = 0;—0;, 0;; = 0;,—0;.
We can use these objects to define

X3 = X37X12X23 o = _X3§>~<§1X1:§ _ XT
— 2.2 - 2.2 — 3
13" 39 I31"Tag
[ X37031  X33032 = 031%13 932X2§ T
63—z<x_2 E— , O3 o P =0;. (2.5)
13 23 31 32

Similar objects X;, ©;, ©;, i = 1,2, can be defined by a cyclic permutation of the points.
We will further define .
Us = 5 (X3 +X3). (2.6)

Also, note that X3 — X3 = 4i0303. We can then form fully contracted monomials of the
quantities defined above to obtain the building blocks of the tensor structures in ¢. A
complete list is

. niUﬁ' = @U(:) . . L @2

il ="y 00= g lidl=mm. @=am. (6=

g% - © On; 5o _ O . nUO 1
Cl=m ® =g BA=guee VOI=ppry 191=gpe- 20

Other than the physical constraints mentioned before, that will be addressed later, t
must satisfy certain homogeneity properties, which can be summarized as

HAAX, A0, A8; kit g, iz, Fns) = (AN) 72 (kk)! pint(X, ©, 6; s, ;) - (2.8)

All possible tensor structures are built out of the blocks in eq. (2.7) times a factor U3 to
take care of the A\ scaling. Not all combinations will be independent due to several relations
termed Schouten identities which stem from the vanishing of €*/#¢7® and the corresponding
tensor with dotted indices. We will now produce a list of ten tensor structures that we
have explicitly checked to be linearly independent. We can then claim it is a basis because
it agrees with the expected number of structures obtained with a group theoretic formula
introduced in [25] as a superspace generalization of [26].
As already mentioned, ¢ can be written as a linear combination

10
t(Z;m1,m2, 25 113) ! ZCka Z5m1,m2, M2, m3) - (2.9)
k=1
The explicit expressions for the Ty’s are
Ty = i[22][13] T = [12][12][©3][36][13]
Ty = [12][32][13] T; = [12][©2][03][13]
T; = [36][0©2][12] 13}~ Ts = [12][32][00] [13]~ (2.10)
= [02][62] 13} Ty = i[6?][67)[22)[13)
= [22][00] 13} Ty = i[6%][67)[12](32)[13]

The factors of ¢ are introduced for later convenience. If j = 1 then Tg is not present and
if j = 0 then T2,3,677,8710 are not present.



3 Constraints on the supersymmetric three-point correlator

3.1 Conservation

The superconformal multiplet 7 (z) contains the R-symmetry current, the supersymmetry
current and the stress-energy tensor. As a consequence, it satisfies a shortening condition
(see e.g. [27]) which can be expressed in superspace as

Dajocd(z) - deocd(z) - 07 (31)

with D and D the superspace derivatives. In this subsection we will explore the conse-
quences of this constraint on the correlator at separated points. In section 3.3 we will
study the contact terms instead. At separated points the prefactor in (2.3) commutes with
the conservation differential operators acting on zs,” thus we can express the conservation
condition as an equation involving only ¢ and the variable Z:

O Dt(Z;mis 1) = aﬁj)t(z; ni,7i) =0, (3.2)
where
0 —a 0 — 0 0
D, = — it —_— Dy = - 0%, — | .
HO 046 © U’ 56" +1i0 Oad UM (3 3)

Equation (3.2) imposes the following linear constraints for general j > 1:
Cs =—C3—2Cy, Cr=2C2—C3—Cs, Cs=—-4Co+2C3+Cs, Cog=Cio=0. (3.4)
When j = 1 it suffices to set Cg to zero and when j = 0 one simply has
Cs = —2C4, Cyg=0. (3.5)

3.2 Reality

Since @ and O = O are conjugated to each other and 7 is hermitian, the correlator under
study must be real. Concretely, we want to impose that

(O(21) T (22)0(23))" = (O(23) T (22)O(21)) (3.6)

namely that taking the complex conjugation is the same as swapping points 1 and 3. The
prefactor in (2.3) is not invariant under this transformation, moreover the exchange 1 <+ 3
does not act nicely on Z3. This means that we cannot translate the reality condition into
a constraint for ¢ right away.!® We proceed, then, to expand the definition of (3.6)

(_771X138)21 )] 772X2§a>22 8><2X3Q 12
—944] 727 4
2312977 179 w551 1351

(Ox1x13M3)7 M2X010%, OxX1372 |,

— 12! t(Z15 X1, X25 X2:M1) 5 (3.7
13297 2789 w75t 250t ( )

t(Z37 X1, X2 227 773)*

9Due to Dg‘(xgg)ad/x§2 = Bg‘(xg,ﬁ)a,i/m%B = 0 when x23 # 0.

10This is obviously a consequence of our parametrization. In the ordering (OOJ) the reality condition
can be solved easily. On the other hand we would lose the fact that the conservation operator commutes
with the prefactor thus making conservation much harder to impose.



where we defined, Z; = (= X1, —01,—01). The prefactor appearing in the above expression
can be recast in terms of the supersymmetric inversion tensor I introduced in [18], which
we review in appendix A. The indices i (resp. 7) collectively denote j symmetrized « (resp.
(&) indices and p is an ordinary Lorentz vector index. In this notation (3.7) reads

R D . _ o
ﬁf”“ (213) Luv (%93, ©33) ()5, 25 (Z3) = gy (w30) L (@01, 231 17 (Z1) . (3.8)

Contracting both sides of this expression with (X1, X1)I%% (23) I\,(213, T13)
IPH(139,255) and using the various identities listed in appendix A we get to the final

expression
Ju! (Xl)jiﬂs ()?1) (t*)_lg73 (Zy) = o (21) , (3.9)

1

which, in index-free form, reads!!
(=1 X2 () (Z; X1, 2, T2, Xmi3) = H(Z; 3,10, T2 1) - (3.10)

We can then solve this equation much more easily. In doing so we find the following linear
constraints for even j > 1:

Ci*=Cr, Cy* =Cq,
C3* =2Cy — Cs — Cr, Cy* =—-2C+C3+Cs+Cs+Cr,
Cs" =Cs, Ce" =Cs,
Ci*=2Cy —C3—Cg, Cs" =Csg,
1
Co* =Coy — 5(63 + Cq +C7) +Cy, C10" = —2Co +C3+C¢ +C7 +Crp . (3.11)

If j is odd the equations are obtained by adding an overall minus sign on the right hand
side. If j = 1 it is sufficient to set Cg = C¢* = 0. For j = 0 instead one has simply

C*=C, Cif=Ci, C=C5, Co*=Co. (3.12)

Combined with conservation (3.4), these equations imply that the remaining Cj, are purely
real (resp. imaginary) if j is even (resp. odd).

3.3 Ward identities

There are in principle two ways to impose the Ward identities: one could apply them
directly in superspace with the formalism of [18], or alternatively one could expand the
correlator in components and apply the nonsupersymmetric Ward identity to each triplet of
superdescendants. Since we already need the three-point function in components to make
contact with the ANEC and since nonsupersymmetric Ward identities are much easier to
compute, we opted for the second approach. We did not explore all possible combinations
of superdescendants but we observed that after imposing the identities for (OJO) and

"By (t*)(Z;...) we mean: first apply the complex conjugation to t(Z;n1,n2,72,73), then replace 71(3)
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(OTO), all other choices of superdescendants that we investigated were not yielding any
new constraints. By O,O we mean the lowest component of O, 0, while the R-current
J,, and the stress-energy tensor T, are, respectively, the lowest component and the QQ
component of 7. We will also denote the supersymmetry currents as Sh and S%. They
are, respectively, the Q and the QQ components of 7.

For nonsupersymmetric three-point functions we use the conventions of [28].12 A three-
point function t can be expressed as a prefactor multiplying a linear combination of tensor
structures,

£0,0005 (71,23, M.2:8:M.2.3) = ([[121 Oi(@i, 10, 1)) = K Y M Tr(@1,2,3, 7,23, T.2.3) »
K
(3.13)

where K is of the form K = Hj>z.
spins of the operators in the three-point function. The tensor structures 75 can be built

xij‘sii, 0;; being linear functions of the dimensions and

out of the following invariants:

ij k ij ==ij
1Y, Jij, K, K -

We refer the reader to [28, appendix D] for their definition. For the two-point function we
use the convention

_ ~ _ _ s (mexaai ) (mxaaiz)?
noo(Z12,m,2,M,2) = (O(x1, 1, M) O(2,m2,72)) = co ™ 2128017 , (314)

assuming O has spin (% Js %j) In a unitary theory co > 0. The coefficient co is usually
set to 1 by normalizing the operator in the two-point function, but here we do not do
this rescaling of operator because in the supersymmetric case the relative normalizations
of the operators in the same superconformal multiplet are fixed. We will assume that
the superconformal primary is normalized to co = 1 and use the results of [29] to fix the
normalization of its superdescendants.

R-current. Let us start our analysis with the Ward identity for the U(1)g symmetry.
The three-point function under study is t5 ;,, where O is any operator with charge  under
U(1)g and O its conjugate (with charge —r). Now consider a codimension-one surface
enclosing xo and x3 but not ;. The Ward identity states

% /2 dQ(aj‘Qg) .7}%3 87,2)(238772 ta]o(xi; N, ﬁz) =MNr N5o (.1‘13, 71,3, 771,3) . (3.15)
The factor i/2 on the left hand side comes from the —1/2 obtained from z#J, = —%i‘m Jaa
and a —¢ from the Wick rotation. Indeed the integral in the above equation is in Euclidean
signature and the right prescription for the Wick rotation is the one that keeps the operators
radially ordered as indicated, namely if CL‘? = —i7, then 71 > 79 > 73. The constant 9N is a
normalization for the multiplet 7. In order to match the conventions of [10] we must set

12We used their Mathematica package CFTs4D to generate the tensor structures.
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M = 2. Since this integral depends only topologically on the points we can evaluate it in
the simplified limit 1 — 00, x93 — 0. The results for an operator O of spin (% j,0) are
summarized in table 3 and those for O of spin (37, %) in table 4.13

Stress-energy tensor. We proceed by considering the Ward identities for the conformal

a
I

is sufficient to impose only €, =z, (dilatations) and e}, = ¢, (translations).'* Dilatations

group. To each conformal Killing vector € is associated a possibly independent identity. It

and translations imply respectively the identities

1
~3 / dQ(za3) a:232 Op, %2305, O, X205, toro (i1, i)
b
= —iN(A +z3-03) ngo(T13,71,3,71.3) »
1 _
-8 /2 d€2(z23) o’ O %2305, Ona YO toro (i, iy i)

= —iNy - Bngo(r13,171,3,71.3) (3.16)

where y* is an arbitrary vector used to contract the free index of the translation Killing
vector. The operator O in the above expression can be regarded to be the superconformal
primary of spin (% 4,0), in which case the result is summarized in table 5. We can also
replace O — QO of spin (% 7, %) whose results are in table 6. Finally one could also
consider O — QQO; the result is obtained by a simple rescaling of the coefficients in table 5
and a replacement j — j + 1. For the reader’s convenience we report here the relative
normalizations for the operators in the O multiplet as derived in [29]:

C(OO)+1,0) ) C(0O)i—1,0) +1)(2¢ —j —2 ‘@
@O+ _, j+ q27 Q)60 _, (J+ )(q J )7 @9) _y4gq. (3.17)
co (J+1) co J o

Supersymmetry current. For this Ward identity let us fix the third operator to be O.
We then have three choices: t©o)50 and t5o+)s0 where we used QO as a shorthand for

(QO)(#LOX The topological operator obtained by integrating S or S over ¥ is precisely

the supercharge @ or @) respectively. We thus readily obtain the following identities

] _
2/ dQ(z93) T25 O, x2305, t00)50 (@i Mis 1)
>
= N7203; 1 006y(Q0) (13, 11,3,71,3)
1 _
2/ dQ(23) 28" Dy X230, t 35+ 50 (€63 i i)
>

= Nn20p, n(@5+)(Qo+)($13> M3 71,3) 5

13The results showed in these tables and the subsequent ones already assume the normalization 91 = 2.
MFollowing [30, appendix B] the independent constraints given by the Ward identities are as many as
the number of singlets in
PO ®p;rj ® (.@ (170) S2) (071))7

po representing the Lorentz representation of O and e the singlet. For po = (% 7,0) the tensor product
contains two singlets (one if j = 0) and for p = (%j, %) it contains three singlets (two if j = 0). The
equations (3.16) yield the exact same number of independent constraints.
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/) _
5 / dQ(l‘Qg) .73232 8772><238,72 t(@@*)SO (xi; iy 77i)
b

J i
=0 jﬁmnﬁ% n(@é—)(QO—)(xISa 7,35 71,3) - (3.18)

The two-point functions must be normalized according to eq. (3.17). All the results are
summarized in tables 7, 8 and 9.

3.4 Shortening conditions

The possible shortening conditions on the superconformal multiplet O have been classified
in [19]. In this section we will explore all of them. On the algebra generated by @ we can
have the shortening conditions

L: Unconstrained action on O (no null states). Unitarity bound ¢ > % Jj+ 1
Ay: Null state (QO)U~17), j > 1. Unitarity bound ¢ = %j + 1.
Ag: Null state (Q20)(07), j = 0. Unitarity bound ¢ = 1.

B: Null state (QO)7), j = 0. Unitarity bound ¢ = 0.

The same applies to the algebra generated by (). Therefore, a shortening condition on a
superconformal multiplet can be described by specifying a choice of X; = L, A1, Ao, B for
each of the two subalgebras: [X, X g]. For simplicity we will refer to [L, B] as chirality.
Furthermore the conditions [, A1] are absent because we are considering the case 7 = 0.
Since O = O, O will satisfy the conjugate shortening [Xr, X'1]. However, after imposing
reality, either one of the two conditions is sufficient.

Shortening B or B. For the QO = 0 case (¢ = 0) the prefactor of (2.3) does not
depend on x5, while for the QO = 0 case (¢ = j = 0) the prefactor does not depend on
x13. In both cases we can commute the superspace derivative and obtain conditions on ¢
only. They read, respectively,

mDt(Z;n;,m;) =0, mDt(Z;mi, 7)) =0. (3.19)

Shortening A;. Also in this case (when ¢ = j/2 + 1) we can commute the differential
operator with the prefactor due to

— - )J
aﬁlDlw =0, for x13 #0, (3.20)
13

and thus we readily obtain

O DHZsmismi) = 0. (3.21)
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(a) j >1 (b)j=1 (c)j=0

o _ L A, B

L A, B L A, B . [0 0 2 5

L2 2 0 L1 1 o0 wlo o o
A1 1 A1 1 2

1 / ! 0 Blo 0 o0

Table 1. Number of independent coefficients Cy, of the superspace correlator as different shortening
conditions are chosen. The slash means that there is no consistent three-point function. The
boldface zero means that the three-point function is identically zero. Other zeros imply that the
three-point function is completely fixed in terms of ¢, ¢ and j. In all cases these numbers refer to
real degrees of freedom as the Cj, are either all real or all purely imaginary.

Shortening A or Ay. In this case the commutation of the derivative and the prefactor
is due to the identities

—, 1 1

D1272 = 1)1272 =0, for x13 #0. (3.22)

Ty 3
13 31

Thus for Q>0 =0 (¢ =1 and j = 0) and for Q>0 =0 (g = 1) we get, respectively
D*U(Z;mi,m) =0,  D*t(Z;mi,mi) =0. (3.23)

In table 2 we summarize all the constraints arising from (3.19), (3.21) and (3.23). All
shortening conditions can be easily obtained by combining them. table 1 instead shows how
many independent coefficients are left in the superspace correlator as we choose different
shortening conditions and impose all other constraints obtained before.

4 Expansion of the superspace correlator

In order to apply the various constraints originating from the ANEC to our three-point
function in superspace we need to express its components in a basis of nonsupersymmet-
ric three-point functions. This will be achieved by Taylor expanding in the Grassmann
coordinates ;,0;. We relied on a Mathematica package'® to perform the spinor algebra,
involved in this computation. Due to the Schouten identities mentioned above, it is hard to
determine whether two quantities are equal. Therefore we check for equality by replacing
the various quantities that appear with random numerical values.'6

Every order that contains at least a 6 and a 6 at the same point will mix with conformal
descendants due to {Q4, Qa} = 2Pag. The results of [29] can be used to subtract these
contributions. We will only perform this expansion to first order in 6;,6; and not for all
possible combinations but only the ones of interest. We also performed the expansion to

5Which can be made available upon request.
16 After sufficiently many replacements, this is equivalent to picking a basis at random and checking for

equality for every vector in it. The fact that we replace numerical values to Grassmann coordinates is not
an issue if one orders the factors in a canonical way before applying the replacement. Moreover there are
no precision issues because we use exact rational numbers.
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Constraints Conditions

o iG-1,,
Ce=(j—1)Cs+ . (C5 —4Cy),
Ny
Cr=—2Cy+C3+ jCy + .—’1(c5 (i —3)0),
Ay I j=1,q=j/2+1

27
=4Cy — ——(4Cq —
Cg CQ C3 + 1 ]( Cl C5) )

Cio=jCog = jCy+ %(Cg +Cs).

1 .
As C9:C4+§C5. j=0,qg=1

1
C9:—§(C:3+C5)—C4,

Cio = —i(CG-i-Cg)—C?-

B Ci=-2C1, C5=4C1, Cy=0. 7=0,¢=0
C4 :261, C5 == —461,

B C;=2Cy, Cs=—4Cy, g=0

C3=Cs=C9=C19=0.

Table 2. Constraints on the coefficients Cj, following from the various shortening conditions on the
multiplet O (here 7 = 0 is implicit). Case A; for j = 1 and cases Ay and B for j = 0,1 can be
obtained by setting to zero the absent coefficients (C¢ for j = 1 and Ca 36,7,8,10 for j = 0).

all orders in 69,65 and to all orders in 6;,6; to make some consistency checks,!” but we
will not present these results here. For nonsupersymmetric three-point functions we will
remain consistent with the conventions introduced in section 3.3.

4.1 Lowest order

At this order we simply have J. Consistently with the previous sections we denote the
three-point function coefficients by

tojo — C . (4.1)
The results, without assuming the reality condition and conservation, are shown in table 10.

4.2 Three-point function (OTO)

At order 050, we have the stress-energy tensor. Consistently with the previous sections we
denote the three-point function coefficients by

toro — Dy . (4.2)

"Namely we observed that the order 203 consists only of descendants when the conservation condi-
tion (3.4) is applied, consistently with the operator content of 7. In addition we verified that applying the
shortening differential operators in section 3.4 on the expanded correlator yields the same constraints.
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The results are shown in table 11. The conservation of J and the reality condition are
not assumed there. In principle the expansion also contains superdescendants of J of
spin (0,0), (0,1) and (1,0). We checked that those contributions vanish after imposing
conservation and we will not report those results here.

4.3 Three-point functions {(QO)SO) and ((QO)SO)

At order 616, 16, we have the supersymmetry current with the first superdescendant of
O. The naming of the coefficients is

As before QO* stands for (@5)”4 +1) " Also in these cases the results are presented without

conservation and reality applied — they can be found in tables 12, 13 and 14. There are also
3
we have verified that they vanish after conservation is imposed and we will not report

contributions from superdescendants of spin (0, %) or (5,0). As in the previous subsection

those results.

4.4 Three-point functions ((QO)J(QO)) and {(QO)J(QO))
At order 0,03, 0,05 we extract the descendants QO, QO and their conjugates. We need

this mainly as a preliminary result for the computation of the next subsection. We named

tgorysoty — N tqo+io-) — Ok

tGo-yor) — Per  YGo-ys@o-) — @k (4-3)

where (QOF) stands for (QO)U*10) | and

In order to make the computation more manageable, this time we applied conservation and
reality from the start. The results are in tables 15, 16, 17, 18 and 19.

4.5 Three-point functions ((QO)T(QO)) and ((QO)T(QO))

At order 016020403, 016020,05 we extract the descendants QO, QO and their conjugates cou-
pled with the stress tensor. These terms are needed in order to impose the ANEC on
superconformal descendants inside O. We named

t@orory — Ik tgonro-y — Kk
tQo-yro+) — Lk, tqo-yro-y — Mk, (4.5)
toyr@o) — He- (4.6)

Also this time we applied conservation and reality from the start. The results are in
tables 20, 21, 22, 23 and 24.
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5 The averaged null energy condition

Following [10, 31] we define the state [¢) of (1.1) by acting with some operator O(x,n,7)
on the CFT vacuum |0). Then we take the Fourier transform in order to give the state a
definite momentum,'® which can be set to ¢* = (1,0) without loss of generality. Next we
multiply by (z%)2/16 and send 2t — oo to simplify the computations. Lastly we need to
specify a polarization, but using the auxiliary spinors n and 7 we can obtain all possible
polarizations at once.

B

The ANEC integral breaks rotation invariance to an SO(2) generated by ¢'2_” and

612d3 in the respective representations. Under a ¢ rotation of this subgroup, fundamental

spinors with a lower index transform as follows:

a ae /2 a aeie/?
N — s , 7 .—> pe-iel2 | (5.1)

This will help us in the following way: in principle, if there are s choices for the polar-
ization of O and O one would have to apply the ANEC integral to each pair of choices,
diagonalize an s x s matrix and require the positivity of each eigenvalue (or equivalently
require semidefinite positiveness of an s x s matrix). This rotational symmetry reduces the
matrix to a block diagonal form, making much simpler the study of its positiveness.

5.1 Operators of spin (%j, 0)
Let us focus first on the case where O(x,7n,7) has spin (%j, 0). We can expand the 7’s in

the eigenbasis of the SO(2) spin,

L I

where the redundancy £, = E¥ has been introduced for convenience. The stress tensor is

pE +mE”, (5.2)

instead polarized along the null geodesic u*, which is translated to
ns =€2, iy =§&%. (5.3)

Now we can perform the ANEC integral (1.1) with the prescriptions defined above on an
arbitrary three-point function t5T0.19 We define x13 = z, 93 = y and

[e'e) +\2
— . Y —ix0 _ _
Altorol E/ dy~ lim W) /11%4 d*ze toro (T Y3 T 025 125 M3) |5y ms—s (5.2) - (5+4)

+ 6
—00 Yoo M2sm2— (5.3)

¥Due to translational invariance, Fourier transforming in both x1 and z3 will lead to a divergent an-
swer. This can be fixed by using Gaussian wavepackets and taking the limit of plane waves in the end.
Alternatively we can simply keep the third point fixed and integrate in x13 only.

9The conventions are

x+:x0+x3:§,x£+, m_:mo—mszﬁj@(é,, 2=zt + 3.
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In order to enforce the correct ordering, the integral in ¥y~ must be supplemented with
the appropriate ie prescription, namely y° — y° — ie and 20 — 2% — 2ie. The integrals
and the limit y* — oo remove all dependence on the points x,y. The result is therefore a
polynomial in the variables p, m,p and m. The same considerations apply for the norm of
the state, which is computed by Fourier transforming the two-point function

_ 70 _
Flngol = /R4 d'ze ™ ngo (371, m3)

The restrictions imposed by SO(2) invariance imply that only certain terms can ap-

. 5.5
1,m3— (5.2) (5:5)

pear, i.e.

J J
Altgrol = Y Asltorol (0m)*(mp)' =, Flngel = Y Fslnge) (pm)*(mp)=>. (5.6)
s=0 s=0

Each coefficient of this polynomial corresponds to a different choice for the polarizations
of O and O, therefore the polarization matrix is diagonal and the ANEC states

As[toro)
]:s[n@O]

The integrals have been computed explicitly for some values of j in [10]. Here we provide

E: (3,0)58] = >0,  fors=0,...,j. (5.7)

a general formula, whose proof can be found in appendix B:

:37r(—i)j (6 —1)(0+ ) <D +j—8 o+j—1
3

A. y .
5[ 7(]’0)75] 8 (5“‘]_5_1) j 5+]_5_2

D, (5.8)

G—s—1)2 (0—j—2) )
+ B B -D 9
G—12 @+j—s—3)3 °
where § = A—1j—1 and (a),, = I'(a+n)/T(a) is the Pochhammer symbol. See table 5 for

the meaning of the three-point function coefficients. For the special cases 7 = 0, 1 it suffices

to set to zero the absent coefficient(s). Note that (5.9) is real because the coefficients D,
are purely real (resp. imaginary) if j is even (resp. odd).

5.2 ANEC on a superposition of states

In the previous subsection the operator O could have been either the superconformal pri-
mary or the first superdescendant QO*. However, these operators mix with each other,
i.e. the three-point function ((QOT)T(QO™)) is nonzero. This means that we can impose
an even stronger constraint by demanding positivity on the general superposition

w(@QONIY) . w(@ODo)
[{((QOT)(QOM)[Y2 ~ [{((QO~)(QO™))[/?

A similar approach was used in [32]. Since v and w can be chosen arbitrarily, the ANEC

) = (5.9)

now becomes a semidefinite-positiveness constraint on a 2(j + 1) x 2(j + 1) matrix. Such
a matrix can be decomposed in j blocks of size 2 x 2 and two 1 x 1 blocks, resulting in

(S[A F A 1,0)55 1] EmlA+ L5 (5 £1,0); ]

>i0 fors=0,...,5—1,
Em[A+ (i £1,0);8] EA+L;(j—1,0);8]

1
£ A+2;(j+1,0);3] 20 fors=0,j+1. (5.10)
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The diagonal entries have the same expression as (5.9) with the substitution D; — J;

or D; — M, (see tables 20, 23), together with the appropriate redefinition of 6. The

“Interference” terms Ey are defined as follows: 2"

1
Eint | A + = (j—1,0);s

1
=+ 1,0);3] =Eint [AJr 5

2

= Alt@oyrgo-)) . (5.11)

1/2
(Fs+1lngonon) FsnGo-yqgo)))

Following steps similar to the ones illustrated in appendix B one can prove the general
formula

3m(—i)1 S(s+1)(j—s) (0+7—1)3
16 JG+DO+i+1)(6+75—s5—2)

0+j—s—2 j—s—1
— K K. 12
><< P 1+ i1 2>7 (5 )

1
Eint | A + X (j+ 1,0);8:| =

where the coefficients K; = L; are defined in tables 21, 22 and § = Ago — %j — % Here
Ago = A+ % is the dimension of the superdescendant. The polarization s takes values
from 0 to j — 1.

5.3 Operators of spin (%j, %)

The only difference when considering more general SO(1,3) representations is that the
polarization matrix will not be diagonal. This means that the ANEC will not be a set
of simple inequalities but rather semidefinite positiveness constraints. In the (% 7, %) case
we further have to specify the polarizations 7; and 73; thus together with (5.2) and (5.3)
one has

o m'\ _ I por &y P\ _ e | iz
L =mE+pEL, g =\ | =pE e (5.13)

The ANEC integral for an arbitrary operator O of spin (% 7, %) takes the form

7 _ > — . (y+)2 4 —iz0 . =
Altgrol = dy Pgloo 16 \ d*ze ™ topo(T,y; 771,2,37771,2,3)‘771,773—> 2) - (5.14)
—0o0 Y R n3,M1— (5.13)
T2,m2— (5.3)

We also define F [n50) in a similar way. The constraints of SO(2) invariance allow us
to express

j+1 1 —_ /N a _/\ b
pm mp
Altorol =Y Y (Asltorol) , (m)* (mp)y ~—*p'm’ <_,> ( _,) , (5.15)

m m
=0 a,b=0 p p

20The definition of A, for the interference correlator is similar to (5.6) with the difference that we pick
up the term mp(pm)®(mp)’ = for (QOT)T(QO™)) and mp(pm)*(mp)? " for its conjugate.
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and similarly for F [n5o)- The terms for s = 0 and s = j + 1 are restricted to, respectively,
a=>b=0and a =b=1. Thus we can see that the polarization matrix is block diagonal
with 7 blocks of size 2 x 2 and two blocks of size 1 x 1. Defining

(S[A, (]7 1)’ S])ab = _ (As[taTO])ab )1/2 : (516)

(( S[néo})aa}—s [néo])bb

the positivity constraints are

EIA; (4, 1); 8]

1 =0, for s=1,...,7,
E[A;(4,1);s] 20, fors=0,7+1. (5.17)

In the next subsection we will explain how to implement a numerical study of this system
of inequalities. We obtained a general formula for E[A; (j,1);s] as well — unfortunately,
however, the expression is too unwieldy to be reported here. In appendix B we briefly
explain how to obtain it.

5.4 The ANEC as a semidefinite programming problem

Imposing semidefinite positiveness on a symmetric matrix is a well known problem for
which there exist algorithms that go under the name of semidefinite programming. We will
make use of the implementation realized by the software sdpb [23], which was developed
for the numerical bootstrap approach for the study of CFTs [33], but is general purpose
enough to work for our problem too.

In general we need to solve a system of inequalities

EIA;(4,7);8) =0, for s=0,...,5+7, (5.18)

where E[A; (4,7); s] is a symmetric mg X ms matrix with mg = min{j, 7, s, j+7—s}+1. The
matrices £ will depend on N arbitrary three-point function coefficients (given by table 1)
plus an inhomogeneous part which is fixed by the Ward identities. Dropping the A and
(7,7) labels for brevity one has

N
5[8]:5(0)[3]+Z)\n5(”)[3]50, for s=0,...,7+7. (5.19)
n=1

This is known as the dual formulation of a semidefinite problem. We are interested in

studying the feasibility of (5.19). The algorithm we used only terminates when either

a solution )\, is found, or when a numerical threshold for the internal computations?® is

exceeded. For our purposes, a problem that terminates for the latter condition is considered
to have no solution. This means that our ANEC-disallowed points are not disallowed in a

mathematically rigorous way. We expect this to not have any practical consequences.??

21 Called --maxComplementarity.

22In principle there is also a way to mathematically prove that no solutions exist by providing a certificate
of infeasibility [34]. By using [35-37] this amounts to finding a solution of another (larger) semidefinite
problem.
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Figure 5. Lower bounds on the conformal dimension A as a result of the ANEC for primaries
transforming in the (% J,0) Lorentz representation. Each point is the result of a bisection in A. The
red line is the unitarity bound, A = %j + 1. The black line corresponds to the conjecture of [10],
A = j, and the green line gives an approximate behavior of the bound valid above j = 20.

5.5 Details on ANEC bounds: nonsupersymmetric case

Let us briefly review the results obtained in [10] and prove a few results for generic values
of j. First let us consider conformal primaries in the (% J,0) Lorentz representation. The
ANEC condition is expressed by the formula (5.9), where the coefficients D; are given in
table 5. In particular, one can take Dy = —i D to be the only independent real coefficient.
By choosing the value s = 0 and s = j in (5.9) and restricting to the case j > 2 for simplicity
we obtain

(0 —1)((7*Dy —4)3 + j(7*Dy +26 — 6) + 25> +4) >0, Dy >0, (5.20)

where § > 0 represents the distance from the unitarity bound. It is straightforward to
verify that the above conditions cannot be simultaneously satisfied unless 0 > 1.

By considering all polarizations we can obtain stronger bounds at the price of fixing
the value of j, for instance by using the function Reduce of Mathematica. We show our
results in figure 5 up to j = 103. Although the bound initially agrees with the conjecture
of [10], it departs from it for j > 21 and follows a different pattern which is well fitted by
the expression A = %j +1+4> %(133’ + 42). It would be tempting to assign a meaning
to the kink at j ~ 21, but the explanation might simply reside in the fact that, going to
large values, the integer nature of j becomes less and less important and new solutions for
ﬁl become available.

Let us now move to the case of conformal primaries in the (% 75 %) representation. The
procedure to obtain the general formula is described in appendix B.2. After imposing the
Ward identities, whose solution is reported in table 6, one is left with four independent
three-point function coefficients H;. In order to systematically address the feasibility of the
ANEC we translated the linear matrix inequality into a semidefinite problem as discussed
in the previous subsection. We found agreement with the results of [10] for j < 7 and
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Figure 6. Lower bounds on the conformal dimension A as a result of the ANEC for primaries
transforming in the (% 7, %) Lorentz representation. Each point is the result of a bisection in A. The
red line is the unitarity bound, A = % 7+ % The operators for j < 5 lie on the red line. The black
line corresponds to the conjecture of [10], A = j, and the green line gives an approximate behavior
of the bound valid above j = 20.

extended the bounds up to j = 50. A lower bound on A as a function of j is shown in
figure 6: again we observe that for j > 21 the bounds departs from the conjecture A > j
of [10] and closely follows the bound A > (135 + 42) instead.

In the case of conserved operators the problem simplifies considerably: only two co-
efficients remain independent?® and we can easily prove that conserved currents cannot
exist for j > 5. For instance, we can take ﬁgJo = —ij“Hg,lo to be the two independent
real coefficients. By considering the eigenvalues of matrices with s = j — 3,...,j and the
condition at s = j + 1, we obtain the following set of inequalities:

185 -1 A~ 2741
fj.iéﬂlo.]+ )
w25+ j—1

Hyp>0, 3Hy + .
12
7-[-2

j+1

. 9 . .
Hy < §H10, 3Hg +

> 2H) (5.21)
One can immediately check that the above conditions admit a solution only for j < 5,
corresponding to the cases when conserved currents can be constructed in free theories.
Interestingly, for the boundary case 7 = 5 the solution to the ANEC is unique:

~ 4 N

Hy = — 3 Hiyp=0. (5.22)
5.6 Details on ANEC bounds: supersymmetric case
In the supersymmetric case the analysis follows the same steps as before, except that now
one needs to combine multiple conditions. Let us discuss some of the results presented

ZThe relation imposed by conservation of the operator O can be easily computed using the pack-
age CFTs4D.
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in the introduction. We first start from a multiplet whose zero component transforms
in the (% 4,0) representation and satisfies the [L, B] shortening condition. These are the
generalizations to j > 1 of the usual chiral scalar and gauge-invariant spin—% multiplets. In
this case § = 0 and ¢ = A. The multiplet contains only four conformal primaries: O, QO*
and Q?0. In this work we only consider the first three. As discussed in section 3.4 the
superspace three-point function does not have any free parameters. Let us consider, then,
the ANEC applied to the superprimary only. The condition is again encoded in (5.9), where
now the coefficients D; are related to the superspace coefficients through the relations in
table 11, supplemented by the relations in table 2. The analog of Dy > 0in (5.20) is
now simply

2¢—3j>0. (5.23)

We explicitly checked that including other constraints does not strengthen the bound. This
is expected since one can construct chiral operators with A = % j by taking products of
free chiral vector multiplets. The bound is therefore optimal.

Let us move to another simple case, namely [A1, As], corresponding to superprimaries
again in the (% J,0) representation with ¢ = % j+ 1 and ¢ = 1. This multiplet contains
conserved operators in the ( %( j+1), %) and, due to the results of the previous subsection,
we can immediately conclude that j > 4. It turns out, however, that j = 4 is excluded
since the values Hy and Hig fixed by supersymmetry do not satisfy (5.22). Smaller values
of j must be consistent since these operators appear in the decomposition of extended
supersymmetry multiplets in the free limit.

All other bounds found in this work were obtained with a numerical approach. For
completeness we collect here all the conditions we imposed in the most complicated case
[L, L]. In simpler cases some of them do not appear since the corresponding superdescen-
dant is absent. At the same time, the correct three-point function coefficient relations
must be imposed. Given an [L, L] supermultiplet with a superprimary transforming in the
(%j, 0) representation and ¢ > %j + 1, @ = 1, the ANEC can be satisfied if there exist real
coefficients Cj, = iICy, k = 2,6, such that

(QO)T(QO))
EA+ 5+ 1,05 +1] Em[A+ 5 (G £1,0); 8]
&nt[A—i;;oil,O);s] 5[A+Z;<y‘—1,0>;s]> SRR
E[A-i-;;(j—i—l,O);s]}O fors=0,7+1,
(QO)T(Q0))
S[A—i-;;(j,l);s]io, for s=0,...,7+1. (5.24)
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As usual we defined A = ¢ + q. Whenever the above system of conditions does not admit
a solution, we conclude that the corresponding supersymmetry multiplet cannot exist in a
local unitary SCFT.

6 Bounds on extended supersymmetry multiplets

6.1 Conventions

The aim of this section is to constrain the superconformal multiplets of theories with N > 1
supersymmetry by decomposing them into A/ = 1 multiplets. This approach does not make
use of the additional linear relations among the three-point function coefficients and thus
may not yield optimal bounds. Following [19], we will denote N/ = 2 supermultiplets as

XL/?R[j,j](AR’r), where (R,r) are the quantum numbers under the su(2) @ u(1) algebra,
while we will denote N' = 4 supermultiplets as XX R[j,j](Apl’p 2P 3), where p1,po and p3

are the Dynkin labels of the su(4) algebra representation [p1,p2,ps], for which we use
the conventions of [38]. As in previous sections, the left /right shortening can take values
XL,R = L, Al, Ag, Bj.

We define the supercharges to transform under the u(1) R-symmetry of the N # 4
superalgebra as

rnv, QL =—QL,  [rn.Qral = Qra - (6.1)

We consider for any N the superalgebra generated by QL and Q4. The embedding of the
N =1 u(1) R-charge in the larger R-symmetry group is

4 1
N=2: RETN:1:—§R3+§TN:2,

3 (6.2)
N=4: RE’I’N:1:—§(3H1+2H2+H3),

where H; is the Cartan generator associated to the i-th Dynkin label in [p1, p2, ps]. The
generator Rj is the su(2) Cartan in units of % (R3 = —%R, ey %R) Consistently with the
rest of the paper, R is the N’ = 1 R-charge. We will also abbreviate r = rx/—o.

6.2 N =2

Let us start by considering the so-called “exotic chiral primaries,” namely the LB [j; O](AO’T)

multiplets, with A = %r.“ The bound on chiral multiplets (1.8) for the A/ = 1 subalgebra
2 O(exotic)

(a1 Tzt

generated by QL, applied to the chiral superprimary Q ) implies that

G+1) = A>2j41. (6.3)

A+ 5

>

N =
[\CR V]

The unitarity bound is A > % j + 1, and so we see that the ANEC bound is stronger
for 7 > 0.

#Denoted 55(;0) in [38].
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A similar argument can be made on operators with nonzero su(2) R-charge
LBlj; O]gz,r)7 where A =R + %7’ and R is in integer units. We considered several values
of R and performed the decomposition into A/ = 1 multiplets. Imposing (1.8) on each of
the chiral multiplets that appear yields the following pattern (which we conjecture to be
true for arbitrary R):

3
r>3j+2—-2R = A>§j+1. (6.4)

This is stronger than unitarity (r > j + 2) for j > R. As a consequence, short multiplets
of the form A,B1[j; O]Xz’r) are only allowed for j < R.

The multiplets A1 B1[j; ()](Al’jH) and A; As[j; O](Ao’j) with A = %j—l—Q are absent from any
local SCFT for j > 2. This is a consequence of the presence of an Aj A3[j + 1; 0] multiplet
in their A/ = 1 decomposition, which we have shown to be forbidden by the ANEC when
j+1>3.

We also considered long multiplets LL[j; O]Xz’r) for some values of R. Calling § the
difference of their dimension and their unitarity bound,

1
b=A-2-j-R+gr, (6.5)

and calling f(R, j) the separation between the unitarity and the ANEC bound in figure 2,
we find the following pattern

6>f((r+m4+1)—R. (6.6)

6.3 N =4

We considered a few short multiplets and found no constraints from the ANEC. Interest-

ingly, By B1]0; 0](21,0,1) contains a chiral multiplet that saturates (1.8), namely

By B1[0; 08" 5 LB [2;0) . (6.7)

The simplest long multiplet is the Konishi multiplet LL[0;0](*:%0), In its N = 1 decom-
3
27
In terms of the Q! subalgebra, calling ¢ the Konishi operator, one has

position we find a long multiplet of spin (3,0) and R-charge 1 with dimension Agonishi + %

Oalagag = E11JK Q{al iQQi(J) gb . (68)

Since in perturbation theory one can compute Axonisni = 2+ O(g?), we see that the ANEC
and the unitarity bound for /' = 1 long multiplets of spin (%, 0) are saturated.

More generally, we checked some cases of long multiplets LL[j; 0] (P1:p2:P3) namely those
with Dynkin labels [p1, p2,ps] = [0,0,0], [0,2,0] and [1,0,1]. Calling § the difference of

their dimension and their unitarity bound,

o1
0=A-2-7—5(3p1+2p2+p3), (6.9)
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and calling f(R,j) the separation between the unitarity and the ANEC bound in figure 2,
we find

0,0,0] : 5>f<;l,j+2>—2,
[07270]: 5>f<;7j+3>_47
[1,0,1] : 5>f<;j+3>—4. (6.10)

7 Conclusions and outlook

In this paper we studied effects of the ANEC on the operator spectrum of CFTs. In
particular, we showed that the ANEC imposes lower bounds on operator dimensions that
are stronger than unitarity bounds. Our considerations were mostly limited to the case of
N = 1 superconformal multiplets whose superconformal primaries transform in the (% 7,0)
representation of the Lorentz group. This suffices to show that the unitarity bounds are
typically suboptimal to the ANEC bounds.

Our methods apply in more general situations, with or without supersymmetry. It
would be of great value to obtain an educated guess for the ANEC bound on multiplets
whose superconformal primaries transform in the general (% 7, %j) representation. In this
respect, the techniques presented here to compute the ANEC integral in closed form and
the usage of semidefinite programming will considerably simplify the analysis.

These ideas can also be generalized to extended supersymmetry, in particular N = 2.
In principle it is possible to carry out a similar analysis for the three-point functions in
N = 2 superspace with a formalism similar to the one used in this paper and using results

of [39, 40]. One of the motivations behind pursuing this direction would be to potentially
(0,r)
r/2

been proved to be absent in a very large class of theories [22]. Using the results in section 6

further constrain the exotic chiral primaries LB[j; 0] . These operators for j > 1 have
we are able to constrain their dimension to

Aexotic P g] +1. (71)
It would be interesting to see if ANEC forbids them in general once the N/ = 2 supercon-
formal symmetry is fully taken into account.

In N = 2 one could also investigate the higher-spin version of the ANEC mentioned
in the introduction [7, 8]. In a generic CFT it is hard to address such a problem because,
unlike the spin-two case, the dimension of the lowest-twist operator is not fixed and there
are no Ward identities to constrain the three-point function coefficients. In N/ = 2 SCFTs,
however, there are higher-spin operators with protected dimensions that are not at the
unitarity bound (hence do not decouple from the theory [41, 42]). An example are the
A1 Aq¢; E]f’o) multiplets, with A = ¢+ 2+ R and R > 0. Clearly the bounds obtained
this way will not be general but will assume that R is the smallest R-charge among these
protected operators and, at spin ¢, the unprotected spectrum has a gap larger than {+2+ R.
We leave these questions for future investigations.
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A Supersymmetric inversion tensors

Here we list the properties needed to derive equation (3.10). The order in which they
appear is roughly the order in which one needs to apply them. First of all, the explicit
definition of the tensors is

_ tr(ouXq90,%X91)  tr(0,X130,%01)

Lo (x5, 270) = I,u(251, To7) = = , Ala
iz, o12) = Loz, var) = = U = = (A.1a)
[i(ayy) = & 12)onten - Ca2doyie) (A.1b)
J! T37
_ —i) (%5,)0 (@ L (o))
Li(wsy) = ( .') (X21) : j( 21) ' (A.1c)
J: L31

The needed properties are

INV(xa'f)IVp(ixa j) = 55 ) (A 2&)
I () Iy (—a) = 6%, (A.2D)
I/\p(xl?n 3013)1:’)”(5”327 xsi)lz/u(ﬂﬁﬂa T31) = IAu(—le -X1). (A-QC)

The covariance property of the ¢ and its A\ scaling (2.8) imply

I (243) 1 (313) Iy, (213, r13)ty," 7, (Z3)
= XPX P a3 T (X)) T43(X ) I (X1, X))t 0. (Z1) . (A3)

71 13

The last identities that we need are

2 2
X5 — x
Xp=—2_ XZ=—2_ (A.4)
L2177 213 L3177 T12
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B Proof of the general formula

B.1 Formula for the (%_], 0) case

In this section we provide a proof of the formula (5.9) which we reproduce here for
convenience:

Asltorol
Fslngol
_ 3w (=) (6—1)(0+7) (D +j—s 0+75—-1
T8 (0+j-s—1)3 " 0+ j—s5—2

E[A;(5,0); 8] =

2

(—s=1)2 (6—j—2)
i (4 —1)2 (5+j_8_3)2D3)- (B.1)

The first step is to realize that the dependence on j and s is entirely coming from the tensors
(I'3)7 which appear both in tsro at the numerator (with j = 7,5 — 1,7 — 2) and in ng, at
the denominator (with 7 = j). Let us then expand this tensor when the polarizations are
replaced as in (5.2),

(1) = (nsxm ) = (mpat + pma™ +mmx_- +ppx, )’

-y () (2N () @ty my ey 2)

2r s—r T

We obtained this result by simply doing a double binomial expansion and using x_-x, ; =
23 = (z')? + (2%)%. All terms where x_- and x, ; appear with different powers can
be thrown away as they are not SO(2) neutral and there are no other invariants in the
tensor structures that can compensate for them.?® The first sum is precisely the sum over
polarizations, and so we can remove it and focus on one s at a time. The second sum,
instead, can be extended to Y 2 since the binomial coefficients are automatically zero
when r is out of bounds. This fact will be useful later on.
This expansion completely takes care of the polarizations of n5, and of the structure
D of tgpp. For the other two structures it is not hard to see that the terms (pm)*(mp)’—*
of the (I'3)7 tensor of each structure all contribute to the same term (pm)®(mp)’—*.26
Concretely we find
3im 4, —ix® —\s—r—5 j—r—s5—2(, 2\, 2\1—A—j/2
Asltorol === | d'we Yo @)@ty (¢1)" (%) 27/
R* r=0

o« (19 @ P 2Dy 1 Vam Dy 4 1670 092D;) L (B3

)

2=

25This statement holds in the y* — oo limit.
26To be more precise there are contributions also to the terms (pm)*T*(mp)?~*~* (a = 1,2), but it can

where

be verified that in the limit y™ — oo they are subleading.
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Similarly, the denominator has the form

Filngp) = /R 4 dlze™™ ST ID () @ty @) (o)A, (B.5)
r’'=0

The Fourier transforms can be straightforwardly computed using the general formulas

[ e @)t = O gty
o 7)2(—q)atb(_9)a+b+2
/R2 datdy™ e e (zF)4(z7)" = \2n) ;(—)a)F((—i)) (B.6)

What remains now is to compute the sums in r and r’. After some simplifications all sums

can be reduced to the following general form for some m, n:2"

5 _i(—w DA+ —7r—m)
et rl T(1l—r+s)T(j—r—s+mn)

r=0

(B.7)

We stress again that even though the upper limit is oo, there are actually only a finite
number of nonzero terms. After using the property

T(X)

PO =) = (0

(B.8)

of the I' function, we can rewrite this sum in the form of a 9F} hypergeometric function
evaluated at 1, for which the explicit expression is known:

ERACLS ki) N i
Em,nF(1+8)F(j_8+n)2FI<—S71_]_TL+S,1—A—2_|_m71)
I(A+4-m) F(1—A—24m)T( +mtn—A)

F(1+s)I(G—s+n) F(s+1—A—%+m)F(%+m+n—A—s).

The final result will be expressed in terms of ratios ¥, ,,/X11 which are rational functions of
A, j and s. It is now straightforward to check that it agrees with the general formula (5.9).

B.2 Formula for the (%j, %) case

In order to obtain a formula for this case we mostly need to follow the same steps as
in the previous subsection, with some minor modifications. The main difference is that
the invariants I3!, J3, and Ji; can yield contributions with SO(2) charge 41 in the limit
yT — oco. By looking at table 24 we see that all tensor structures have at most one of these
invariant except for Hg which contains two. Since that particular structure is zero in our
superspace correlator we will not compute a formula for it. As a consequence we need to

*7(m,n) can be (1,1),(2,1), (3,0) or (4,—1)
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expand (I'3)7 keeping also terms of charge +1. This is easily done as follows:

(1) = (mpa™ +pma~ +mmx_- +ppx, i)’

gm(z) <2J> (js__Qf > <2> (27) 7 @ @) (o) (mp)

0 r=0
7—1 min(s,j—s—1) N _
’ Uk s —\s—t(pH)I—t=s—1(,2\t
+sz=;) ; <2’5+1>< s—t ><t+1 (@7)" (@) (z7)

X (mmx_ +ppx, i) (pm)*(mp) 7" (B.9)

As before, both sums in r and ¢ can be extended to any range. After taking care of the
remaining polarizations and performing the Fourier transform with (B.6) we again end up
with sums in the form of (B.7). The result will be a 2 x 2 matrix whose entries are ratios
of I' functions, which can be reduced to rational functions of A, j and s. For the extreme
cases s = 0 and s = j + 1 one needs to retain only the appropriate entry of this matrix
— respectively the upper left and the lower right — and discard the other ones. As an
example we show the part of the formula that multiplies the coefficient Ho:

; d+j—s+3 s(j—s+1)
ElA: G 1)es]| = BT+ +2) st G (e e
D Hy 8(d+j—s+1)3 s(j—s+1) (845—1)(6+j—s+1) ’
(s+0)(0+j—s+1) (0+5)(0+5—s+4)

(B.10)

where now § = A — j/2 — 5/2 with A the dimension of the operator of spin (17, 3).

Clearly the same logic can be applied to more general cases (% 7, %j) with 7 fixed and j
arbitrary. It suffices to expand like in (B.9) keeping terms with charge up to +u where u is
the total number of invariants 13!, J3, and JJ; in the tensor structure under consideration.
Then all steps follow in the same way, except that one may get sums more complicated
than >, ,,.
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C Tables

C.1 'Ward identities

C; Structure j>1 j=1 j=0
: 1 20 (q—q) 1 2(q—q) 2i(q—q)
2 13
(I3 = 9749 Lo
G I SR —— 272 312 3n2
Cy TIBIBY—1 ¢ C /

Table 3. Ward identities of the R-current for the correlator (O.JO) when O has spin (37,0).

I; Structure 7>1 j=1 45=0
L J213ﬂ23}132 (H13>j—1 L /
Iy JZI3(1'3)7 I

1
215 + Iy — 5(]1 + Ig —|—I4)

Lo T2\32(113y )
3 ™ 4B +2g- )

32
L R L ;7
I 1223 (i3yi-! I Y
To  J3I12121(113)-1 I Vs

Table 4. Ward identities of the R-current for the correlator (O'JO’) when O’ has spin (37, 3).
R-charge %(q —@)+1 and is assumed to be unit normalized. If O’ = QO the terms not proportional
to I must be rescaled by €50y The unbarred entries in the j = 1,0 columns are obtained by
setting the absent coefficients to zero.

D; Structure 7>1 j=1 7=0
- i(2A —3) 2A
Dy (Jfy)*(1'%) Dy 53 3.2
. 4i7(A —75) 20
D H12]123 2 ]113 j—1 —6D “v
2 Ji5(I™) 6D + — 2 2 /
: 247 (2A — 35
Ds (H12)2(H23)2(H13)g72 6D, — i ( . 37) / /
e

Table 5. Ward identities of the stress tensor for the correlator (OT'O) when O has spin (37,0).
We have defined A = ¢ + q.
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H;  Structure 7>1 j=1 j=0

Hl H23H32J123J213(H13)]—1 H6 Hﬁ'
1

H,  T3(J2)2(113)) — (35 +2Hs + Hio) 2,  28-5  2(A-1)

2 (Jiz)"(@™) EH 4128 —j -2 376 372 a2
60" 372
1
o - §(3H5+8H6+H10) 4 2 2

H3 H21H32J123(]113)j Py _7H6 _ -
EH,_Qﬂ (G-3) 3 72 2
37 3n2

H4 H12H32(H23)2J213(H13)j72 H10 / /

a1 o ol 2
Hy IPI¥I3118)y Hj Hs + — /
HG H12H21J123Ji52(]113)j71 H6 HG /
. . 2

H7 H12H21H23H32(H13)]—1 g(HG _ HlO) 7H6 /

4
1272 /723 273 71 13\7—-3 B §(2H6 + HlO)
Hg  (I7%)%(1%°) "] 15055 (17°) 1ii+1 / /
+2(Hs + Ho) + —
T
Hg (H12)2(H23)2H31(H13)j_2 Hg / /
HIO (H12)2H21H23Ji’>2(]113)j72 Hl() / /

Table 6. Ward identities of the stress tensor for the correlator (O'T0’) when O’ has spin (37, 1),
dimension A + % and is assumed to be unit normalized. If O’ = QO the terms not proportional to

Hj, must be rescaled by €Q0)-

G;  Structure j>1 j=1 7=0
Gy JJEI23(113)i -1 G1 G1 V4
. 1 1 8i/q 1 8ig 8¢
2172 (713
ISR _Z G, 2 i T
Gy T7J35(I1°°) 2(G1 + Ga) 3G3 + 3 2(G1 +G4) + 32 3.2
G3 1[12(]123)2J213(H13)j_2 G3 / /
G4 H12H21H23(H13)j_1 G4 G4 /

Table 7. Ward identities of the supersymmetry current for the correlator ((Q0O)SO) when QO has

spin (3, 54)-

E; Structure j>1 j=1 7=0

, 2 4i7(2q + 7) 2 2i(2¢+1) 8¢

E 2 1i2(13yJ g, =14 _Zp 2\ T2

b TR 377 3m2(j+1) 3 372 372
E2 (H12)2(H13)j_1 EQ E2 /

Table 8. Ward identities of the supersymmetry current for the correlator ((Q0)SO) when QO has

spin (0,3 (j + 1)).
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F;  Structure j>1 j=1
. 1 4i7(2q —j —2)  4i(2q — 3)
2 1723 (713451
By JKyP (@) —§F2 + 372 3.2
FQ H12H23K213(H13)j_2 F2 /

Table 9. Ward identities of the supersymmetry current for the correlator ((Q0)SO) when QO has
spin (0, 1(j — 1))

C.2 Expansion in components

C; Structure j >0 7=0
Ch J123(]I13)j i(C1 + CQ) 1Cq
02 H23(H13)j—1 —ZCQ /

Table 10. Expansion of the supersymmetric correlator in the component (OJO) when O has

spin (%j,O).

D;  Structure j>1 j=1 j=0
Dy (Jf5)(IY —i(c5 +Cs) —%(C5 +Cs) —%C5
Dy TR2123J2,(113)71 %(C6 +Cs) ics /
Dy (I2)2(123)%(113)/-2 _366 % y

Table 11. Expansion of the supersymmetric correlator in the component (OTO) when O has

spin (%j, 0).

FE; Structure j>0 7=0
. 1
2 112/713)j . _ _ _ _ =
E; Ji5I (H ) 2(1+j) (4C1 +4Cy + C3 — C5 + Cq Cg) 2C1 2C5
. 1
Ey (I'¥)2([13)7—1  ———  (4Cy +C3+Cs—C
> (I7)°(I) 2(1+j)(2+3+6 8) /

Table 12. Expansion of the supersymmetric correlator in the component ((Q0O)SO) when QO has

spin (0,2 (j +1)). The result for j = 1 is obtained by setting Cg = 0.

F;  Structure j>1 j=1
. 1 1
Fro JRKP I3 2(C1 +Co) — 5(05 +Cg) — 27(63 +Cs)
. 1 ) — 1
j28 H12H23K213(H13)]—2 ~C¢ — 37 (4C2 + C3 — Cg) /
J

Table 13. Expansion of the supersymmetric correlator in the component ((Q0)SO) when QO has
spin (0, %(] —1)). The unbarred entry in the j = 1 column is obtained by setting Cs = 0.
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G;  Structure i>1 j=1 45=0

Gr Iy JfI? @)yt Co — %& /

Gy T2JZ,(113) —2(Cy + Cy) — %(05 + Cg) -2C; — %cg)
Gy T2APPTHA? o ;o

Gy TRPr2(pis)i—t Co+ %(Cﬁ + C7 +Cs) /

Table 14. Expansion of the supersymmetric correlator in the component ((Q0O)SO) when QO has

spin (%, %]) The unbarred entries in the j = 1 column can be obtained by setting the Cg = 0.

N; Structure 720
; 2(2¢+j—1) 1
Ny JZ(113)tt Co) — ————(Cs+C5+Cr +C
1 J) G+ 1) (C1+Co) (j+1)2(4+ 5 +Cr +Cg)
! 1
Ny T'2123(113)7 201 +2(2¢+j —1)Co+Cy+Cr +C
2 ( ) (]+1)2( 1+ (q+] )2+ 4+ 7+ 8)

Table 15. Expansion of the supersymmetric correlator in the component ((Q0).J(QO)) when QO

has spin (0, 3(j + 1)) and QO has spin (3(j + 1),0). The result for j = 0,1 can be obtained by

setting the absent coefficients to zero (see caption of table 2).

O; Structure ji=>1

O, TRPRP@B)-! (C3 4 Co)

1 1
——4(g—1)Co+Cs) — ——(2C1 +C4 + C7) — =

Table 16. Expansion of the supersymmetric correlator in the component ((QO)J(QO)) when QO
has spin (0, (j +1)) and QO has spin (5(j —1),0). The result for j = 1 can be obtained by setting
Cg to zero.

P, Structure ji=>1

Pl H23K213(I[13>j—1

(2(2q —j—3)Cy+Cs+ C7) (2C1 4+ Cy)

i+ 1) TS

Table 17. Expansion of the supersymmetric correlator in the component ((Q0).J(QO)) when QO
has spin (0, 3(j — 1)) and QO has spin (3(j +1),0).
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Q; Structure ji=1
2 .
- -1
Q1 I3y —701 j;c ey 1o+ iCs) + %Cg
2 —1)= 2 —1 2(5 +1 —1
<] ) 3C + (2C1 +C4)+] > Cs — <]—; )Ce—j ) Cy
Qs T2IB(113)2 2 J J J
G-+ Q)C
S A

Table 18. Expansion of the supersymmetric correlator in the component ((Q0O)J(QO)) when QO

has spin (0, 3(j —

1)) and QO

has spin ((j —1),0). The result for j =
2

Cs to zero and removing the last row. Furthermore we defined

(a1 [ [1
[N}

1 =42 —2jqg+5j —2q+ 3,
— 259+ 35+ 2q—3,

3_2j2q+5j2
=42 —2jq+6j —4q+ 7.

1 can be obtained by setting

I; Structure i>1 j=1 45=0
-[1 J213H23I[32(]I13)j—1 C? _ 202
; 2(2q — 1)(C1 + (o)
I, JAI3L113)) 212G —1)C, —C4 —C
2 1317 (I7) CCy—Cs—Cr—Cy (2q )C1 4 5
I3 THI3%(13) 2(C1 +C2) —Cy — Cr 201 — Cy
1'4 J213J?2H12]I23(]113)j_2 C6 / /
Iy TR21Bp3qis)i—t —2(2q — 1)Cy — C3 + C7 + Cs /
I JLIPIPHARY Y -GG /

Table 19. Expansion of the supersymmetric correlator in the component {(QO)J(QO)) when QO
has spin (%, %j) The unbarred entries in the j = 1 column can be obtained by setting Cg = 0.

J;  Structure 7>0 7=0
i
. ——————(4C1 + (2¢+ j)(C3 + C

S ()Y ST 0T e+ (G +Go) ~2iCy +i(2q — 1)Cs

—(2¢+j—2)(4C2 + 264))

, 766—%30 —2(2¢+ j — 10)Cs

Jo  JRIPT(I') (G +1) (61 +8Cs =200+ =10 3i(2C1 + Cy)

+(2¢+ 7 —1)C3 + (2¢ + 4)Cs)
Jy  (I¥2)2(1%)2(113)i-1 . 32C, — 4Cs + (2q + 4)C
5 (I9)*(I*)*(I1) 2(HUQ( o —4C3 + (2¢+j)Cs)

Table 20. Expansion of the supersymmetric correlator in the component ((QO)T(QO)) when QO
has spin (0, %(j +1)) and QO has spin (%(] +1),0). The result for j = 1 can be obtained by setting

Ce = 0.
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K; Structure 7>1 ji=1
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Table 21. Expansion of the supersymmetric correlator in the component ((QO)T(QO)) when QO
has spin (0, 3(j 4+ 1)) and QO has spin (3(j — 1),0). The unbarred entry in the j = 1 column can
be obtained by setting C¢ = 0.

L; Structure J>1 i=1
_ (2 +C)+L((2 +j-1)¢

Ly KPJHIP@ey— PR R RS VA
— (2¢ +5)Co — 2(2q + Tj — 4)C2)

Ly KPIRENARY . 20 - DEC =)~ Qe +4)G) S
30

Table 22. Expansion of the supersymmetric correlator in the component ((QO)T(QO)) when QO
has spin (0, 3(j — 1)) and QO has spin (3(j +1),0). The unbarred entry in the j = 1 column can
be obtained by setting Cg = 0. Note that this table is identical to table 21.

M;  Structure j>2 ji=2 j=1
2i(25 — 1 21= =
o TR
M J2)2(113)1 — . - .
1 i) B, ii-D(Es—2¢+5-1),
— L4 — 5 L6
J 2j
6i(j — 1 217 — 1= 3i(j —1
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Table 23. Expansion of the supersymmetric correlator in the component ((QO)T(QO)) when QO
has spin (0,1 (j — 1)) and QO has spin (3(j —1),0). The unbarred entries in the j = 2 column are
identical and the ones in the j = 1 column are obtained by setting Cg = 0. We further defined:

4=
55 =17
56 =1J
Er=7J
Es =

8 —2j%q—j% — 2jq+5j+2¢— 4,
3 — 252+ % — 2jg+4q — 4,

2 —2jq+j—2q+3,

2 _2jq—8j —4q + 18,

3252 —2jg+8¢—3.
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Table 24. Expansion of the supersymmetric correlator in the component ((QO)T(QO)) when QO
has spin (%, % 7). The unbarred entries in the last two columns can be obtained by setting the absent
coefficients to zero (see caption of table 2).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References
[1] N.A. Sveshnikov and F.V. Tkachov, Jets and quantum field theory, Phys. Lett. B 382 (1996)
403 [hep-ph/9512370] [InSPIRE].

[2] A.V. Belitsky, G.P. Korchemsky and G.F. Sterman, Energy flow in QCD and event shape
functions, Phys. Lett. B 515 (2001) 297 [hep-ph/0106308] [INSPIRE].

[3] C. Lee and G.F. Sterman, Universality of nonperturbative effects in event shapes, eConf C
0601121 (2006) A001 [hep-ph/0603066] [INSPIRE].

[4] D.M. Hofman and J. Maldacena, Conformal collider physics: energy and charge correlations,
JHEP 05 (2008) 012 [arXiv:0803.1467] [INSPIRE].

[6] T. Faulkner, R.G. Leigh, O. Parrikar and H. Wang, Modular Hamiltonians for deformed
half-spaces and the averaged null energy condition, JHEP 09 (2016) 038 [arXiv:1605.08072]
[INSPIRE].

[6] T. Hartman, S. Kundu and A. Tajdini, Averaged null energy condition from causality, JHEP
07 (2017) 066 [arXiv:1610.05308] [INSPIRE].

— 37 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/0370-2693(96)00558-8
https://doi.org/10.1016/0370-2693(96)00558-8
https://arxiv.org/abs/hep-ph/9512370
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9512370
https://doi.org/10.1016/S0370-2693(01)00899-1
https://arxiv.org/abs/hep-ph/0106308
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0106308
https://arxiv.org/abs/hep-ph/0603066
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0603066
https://doi.org/10.1088/1126-6708/2008/05/012
https://arxiv.org/abs/0803.1467
https://inspirehep.net/search?p=find+EPRINT+arXiv:0803.1467
https://doi.org/10.1007/JHEP09(2016)038
https://arxiv.org/abs/1605.08072
https://inspirehep.net/search?p=find+EPRINT+arXiv:1605.08072
https://doi.org/10.1007/JHEP07(2017)066
https://doi.org/10.1007/JHEP07(2017)066
https://arxiv.org/abs/1610.05308
https://inspirehep.net/search?p=find+EPRINT+arXiv:1610.05308

[7]

[21]

22]

[23]

Z. Komargodski, M. Kulaxizi, A. Parnachev and A. Zhiboedov, Conformal field theories and
deep inelastic scattering, Phys. Rev. D 95 (2017) 065011 [arXiv:1601.05453] [INnSPIRE].

D. Meltzer, Higher spin ANEC and the space of CFTs, JHEP 07 (2019) 001
[arXiv:1811.01913] [INSPIRE].

P. Kravchuk and D. Simmons-Duffin, Light-ray operators in conformal field theory, JHEP 11
(2018) 102 [arXiv:1805.00098] [INSPIRE].

C. Cordova and K. Diab, Universal bounds on operator dimensions from the average null
energy condition, JHEP 02 (2018) 131 [arXiv:1712.01089] [INnSPIRE].

G. Mack, All unitary ray representations of the conformal group SU(2,2) with positive
energy, Commun. Math. Phys. 55 (1977) 1 [INSPIRE].

B. Grinstein, K.A. Intriligator and 1.Z. Rothstein, Comments on unparticles, Phys. Lett. B
662 (2008) 367 [arXiv:0801.1140] INSPIRE].

M. Flato and C. Fronsdal, Representations of conformal supersymmetry, Lett. Math. Phys. 8
(1984) 159 [INSPIRE].

V.K. Dobrev and V.B. Petkova, All positive energy unitary irreducible representations of
extended conformal supersymmetry, Phys. Lett. 162B (1985) 127 [INSPIRE].

S. Minwalla, Restrictions imposed by superconformal invariance on quantum field theories,
Adv. Theor. Math. Phys. 2 (1998) 783 [hep-th/9712074] [INSPIRE].

S. Ferrara and B. Zumino, Transformation properties of the supercurrent, Nucl. Phys. B 87
(1975) 207 [INSPIRE].

J.-H. Park, N =1 superconformal symmetry in four-dimensions, Int. J. Mod. Phys. A 13
(1998) 1743 [hep-th/9703191] [INSPIRE].

H. Osborn, N =1 superconformal symmetry in four-dimensional quantum field theory,
Annals Phys. 272 (1999) 243 [hep-th/9808041] [INSPIRE].

C. Cordova, T.T. Dumitrescu and K. Intriligator, Multiplets of superconformal symmetry in
diverse dimensions, JHEP 03 (2019) 163 [arXiv:1612.00809] [InSPIRE].

A. Ceresole, G. Dall’Agata, R. D’Auria and S. Ferrara, Spectrum of type IIB supergravity on
AdSs x T 1: Predictions on N =1 SCFT’s, Phys. Rev. D 61 (2000) 066001
[hep-th/9905226] [INSPIRE].

F. Cachazo, M.R. Douglas, N. Seiberg and E. Witten, Chiral rings and anomalies in
supersymmetric gauge theory, JHEP 12 (2002) 071 [hep-th/0211170] [INSPIRE].

M. Buican, T. Nishinaka and C. Papageorgakis, Constraints on chiral operators in N' = 2
SCFTs, JHEP 12 (2014) 095 [arXiv:1407.2835] INSPIRE].

D. Simmons-Duffin, A semidefinite program solver for the conformal bootstrap, JHEP 06
(2015) 174 [arXiv:1502.02033] [INSPIRE].

J. Wess and J. Bagger, Supersymmetry and supergravity, Princeton University Press,
Princeton U.S.A. (1992).

A. Manenti, A. Stergiou and A. Vichi, R-current three-point functions in 4d N =1
superconformal theories, JHEP 12 (2018) 108 [arXiv:1804.09717] [InSPIRE].

P. Kravchuk and D. Simmons-Duffin, Counting conformal correlators, JHEP 02 (2018) 096
[arXiv:1612.08987] [INSPIRE].

— 38 —


https://doi.org/10.1103/PhysRevD.95.065011
https://arxiv.org/abs/1601.05453
https://inspirehep.net/search?p=find+EPRINT+arXiv:1601.05453
https://doi.org/10.1007/JHEP07(2019)001
https://arxiv.org/abs/1811.01913
https://inspirehep.net/search?p=find+EPRINT+arXiv:1811.01913
https://doi.org/10.1007/JHEP11(2018)102
https://doi.org/10.1007/JHEP11(2018)102
https://arxiv.org/abs/1805.00098
https://inspirehep.net/search?p=find+EPRINT+arXiv:1805.00098
https://doi.org/10.1007/JHEP02(2018)131
https://arxiv.org/abs/1712.01089
https://inspirehep.net/search?p=find+EPRINT+arXiv:1712.01089
https://doi.org/10.1007/BF01613145
https://inspirehep.net/search?p=find+J+%22Comm.Math.Phys.,55,1%22
https://doi.org/10.1016/j.physletb.2008.03.020
https://doi.org/10.1016/j.physletb.2008.03.020
https://arxiv.org/abs/0801.1140
https://inspirehep.net/search?p=find+EPRINT+arXiv:0801.1140
https://doi.org/10.1007/BF00406399
https://doi.org/10.1007/BF00406399
https://inspirehep.net/search?p=find+J+%22Lett.Math.Phys.,8,159%22
https://doi.org/10.1016/0370-2693(85)91073-1
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B162,127%22
https://doi.org/10.4310/ATMP.1998.v2.n4.a4
https://arxiv.org/abs/hep-th/9712074
https://inspirehep.net/search?p=find+EPRINT+hep-th/9712074
https://doi.org/10.1016/0550-3213(75)90063-2
https://doi.org/10.1016/0550-3213(75)90063-2
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B87,207%22
https://doi.org/10.1142/S0217751X98000755
https://doi.org/10.1142/S0217751X98000755
https://arxiv.org/abs/hep-th/9703191
https://inspirehep.net/search?p=find+EPRINT+hep-th/9703191
https://doi.org/10.1006/aphy.1998.5893
https://arxiv.org/abs/hep-th/9808041
https://inspirehep.net/search?p=find+EPRINT+hep-th/9808041
https://doi.org/10.1007/JHEP03(2019)163
https://arxiv.org/abs/1612.00809
https://inspirehep.net/search?p=find+EPRINT+arXiv:1612.00809
https://doi.org/10.1103/PhysRevD.61.066001
https://arxiv.org/abs/hep-th/9905226
https://inspirehep.net/search?p=find+EPRINT+hep-th/9905226
https://doi.org/10.1088/1126-6708/2002/12/071
https://arxiv.org/abs/hep-th/0211170
https://inspirehep.net/search?p=find+EPRINT+hep-th/0211170
https://doi.org/10.1007/JHEP12(2014)095
https://arxiv.org/abs/1407.2835
https://inspirehep.net/search?p=find+EPRINT+arXiv:1407.2835
https://doi.org/10.1007/JHEP06(2015)174
https://doi.org/10.1007/JHEP06(2015)174
https://arxiv.org/abs/1502.02033
https://inspirehep.net/search?p=find+EPRINT+arXiv:1502.02033
https://doi.org/10.1007/JHEP12(2018)108
https://arxiv.org/abs/1804.09717
https://inspirehep.net/search?p=find+EPRINT+arXiv:1804.09717
https://doi.org/10.1007/JHEP02(2018)096
https://arxiv.org/abs/1612.08987
https://inspirehep.net/search?p=find+EPRINT+arXiv:1612.08987

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

Z. Komargodski and N. Seiberg, Comments on supercurrent multiplets, supersymmetric field
theories and supergravity, JHEP 07 (2010) 017 [arXiv:1002.2228] [INSPIRE].

G.F. Cuomo, D. Karateev and P. Kravchuk, General bootstrap equations in 4D CFTs, JHEP
01 (2018) 130 [arXiv:1705.05401] [INSPIRE].

D. Li and A. Stergiou, Two-point functions of conformal primary operators in N =1
superconformal theories, JHEP 10 (2014) 037 [arXiv:1407.6354] [INSPIRE].

D. Karateev, P. Kravchuk, M. Serone and A. Vichi, Fermion conformal bootstrap in 4d,
JHEP 06 (2019) 088 [arXiv:1902.05969] [INSPIRE].

A. Zhiboedov, On conformal field theories with extremal a/c values, JHEP 04 (2014) 038
[arXiv:1304.6075] [INSPIRE].

C. Cordova, J. Maldacena and G.J. Turiaci, Bounds on OPE coefficients from interference
effects in the conformal collider, JHEP 11 (2017) 032 [arXiv:1710.03199] [INSPIRE].

D. Poland, S. Rychkov and A. Vichi, The conformal bootstrap: theory, numerical techniques
and applications, Rev. Mod. Phys. 91 (2019) 015002 [arXiv:1805.04405] [INSPIRE].

I. Klep and M. Schweighofer, Infeasibility certificates for linear matriz inequalities,
arXiv:1108.5930.

M. Laurent, Sums of squares, moment matrices and optimization over polynomials, Emerging
Appl. Alg. Goem. 149 (2009) 157.

M. Kojima, Sums of squares relaxations of polynomial semidefinite programs, Technical
report, Tokyo Institute of Technology, Tokyo Japan (2003).

C.W. Scherer and C.W.J. Hol, Matrix sum-of-squares relaxations for robust semi-definite
programs, Math. Prog. 107 (2006) 189.

F.A. Dolan and H. Osborn, On short and semi-short representations for four-dimensional
superconformal symmetry, Annals Phys. 307 (2003) 41 [hep-th/0209056] [INSPIRE].

S.M. Kuzenko and S. Theisen, Correlation functions of conserved currents in N = 2
superconformal theory, Class. Quant. Grav. 17 (2000) 665 [hep-th/9907107| [INSPIRE].

I.A. Ramirez, Mized OPEs in N' = 2 superconformal theories, JHEP 05 (2016) 043
[arXiv:1602.07269] [INSPIRE].

J. Maldacena and A. Zhiboedov, Constraining conformal field theories with a higher spin
symmetry, J. Phys. A 46 (2013) 214011 [arXiv:1112.1016] [INSPIRE].

V. Alba and K. Diab, Constraining conformal field theories with a higher spin symmetry in
d > 3 dimensions, JHEP 03 (2016) 044 [arXiv:1510.02535] [INSPIRE].

-39 —


https://doi.org/10.1007/JHEP07(2010)017
https://arxiv.org/abs/1002.2228
https://inspirehep.net/search?p=find+EPRINT+arXiv:1002.2228
https://doi.org/10.1007/JHEP01(2018)130
https://doi.org/10.1007/JHEP01(2018)130
https://arxiv.org/abs/1705.05401
https://inspirehep.net/search?p=find+EPRINT+arXiv:1705.05401
https://doi.org/10.1007/JHEP10(2014)037
https://arxiv.org/abs/1407.6354
https://inspirehep.net/search?p=find+EPRINT+arXiv:1407.6354
https://doi.org/10.1007/JHEP06(2019)088
https://arxiv.org/abs/1902.05969
https://inspirehep.net/search?p=find+EPRINT+arXiv:1902.05969
https://doi.org/10.1007/JHEP04(2014)038
https://arxiv.org/abs/1304.6075
https://inspirehep.net/search?p=find+EPRINT+arXiv:1304.6075
https://doi.org/10.1007/JHEP11(2017)032
https://arxiv.org/abs/1710.03199
https://inspirehep.net/search?p=find+EPRINT+arXiv:1710.03199
https://doi.org/10.1103/RevModPhys.91.015002
https://arxiv.org/abs/1805.04405
https://inspirehep.net/search?p=find+EPRINT+arXiv:1805.04405
https://arxiv.org/abs/1108.5930
http://dx.doi.org/10.1007/978-0-387-09686-5_7
http://dx.doi.org/10.1007/978-0-387-09686-5_7
http://dx.doi.org/10.1007/s10107-005-0684-2
https://doi.org/10.1016/S0003-4916(03)00074-5
https://arxiv.org/abs/hep-th/0209056
https://inspirehep.net/search?p=find+EPRINT+hep-th/0209056
https://doi.org/10.1088/0264-9381/17/3/307
https://arxiv.org/abs/hep-th/9907107
https://inspirehep.net/search?p=find+EPRINT+hep-th/9907107
https://doi.org/10.1007/JHEP05(2016)043
https://arxiv.org/abs/1602.07269
https://inspirehep.net/search?p=find+EPRINT+arXiv:1602.07269
https://doi.org/10.1088/1751-8113/46/21/214011
https://arxiv.org/abs/1112.1016
https://inspirehep.net/search?p=find+EPRINT+arXiv:1112.1016
https://doi.org/10.1007/JHEP03(2016)044
https://arxiv.org/abs/1510.02535
https://inspirehep.net/search?p=find+EPRINT+arXiv:1510.02535

	Introduction and summary of results
	Strategy
	Summary of results

	Setup
	Constraints on the supersymmetric three-point correlator
	Conservation
	Reality
	Ward identities
	Shortening conditions

	Expansion of the superspace correlator
	Lowest order
	Three-point function <Ob T O>
	Three-point functions <QbOb S O> and <QOb Sb O>
	Three-point functions <QbOb J QO> and <QOb J QbO>
	Three-point functions <QbOb T QO> and <QOb T QbO>

	The averaged null energy condition
	Operators of spin (j/2,0)
	ANEC on a superposition of states
	Operators of spin (j/2,1/2)
	The ANEC as a semidefinite programming problem
	Details on ANEC bounds: nonsupersymmetric case
	Details on ANEC bounds: supersymmetric case

	Bounds on extended supersymmetry multiplets
	Conventions
	N=2
	N=4

	Conclusions and outlook
	Supersymmetric inversion tensors
	Proof of the general formula
	Formula for the (j/2,0) case
	Formula for the (j/2,1/2) case

	Tables
	Ward identities
	Expansion in components


