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Abstract—This paper introduces signal-flow graphs for linear
time-periodic systems to streamline and visually describe the
frequency-domain modeling of complex phase-locked loop (PLL)
systems used in grid-connected converters. Small-signal modeling
using the proposed graphs is demonstrated for two commonly used
single-phase PLL structures: SOGI-PLL and Park-PLL. Loop-
gain models are developed for these PLLs to evaluate how an
orthogonal signal generator (OSG), which is required in single-
phase PLLs using the synchronous reference frame (SRF)
architecture, modifies the PLL loop gain compared to that of a
three-phase SRF-PLL, which does not require an OSG. It is shown
that the OSG in the SOGI-PLL and Park-PLL introduces a
significant phase lag in the PLL loop gain, limiting the maximum
bandwidth for which either PLL can be designed. Slow-frequency
adaptation (SFA) of OSG is proposed to mitigate the influence of
the OSG dynamics on the PLL loop gain. Experimental results are
presented to validate the developed loop-gain models and show
that the proposed SFA-SOGI-PLL and SFA-Park-PLL have
better transient performance, they do not suffer from the
bandwidth limit, and they preserve the steady-state performance
of the standard SOGI-PLL and Park-PLL.

Index Terms-Linear time-periodic (LTP) systems, small-signal
stability, phase-locked loops, impedance modeling.

I. INTRODUCTION

EW STABILITY problems such as control interactions

and resonance have emerged in modern power systems
with the high penetration of power electronics [1]-[4]. This has
increased the importance of dynamic modeling of grid-
connected power electronics equipment such as wind turbines,
PV and storage inverters, HYDC and FACTS devices, etc.
Modeling of grid-connected converters is difficult because they
involve time-periodic quantities, and hence their linearized
dynamics often form a linear time-periodic (LTP) system
instead of a linear time-invariant (LTI) system. The frequency-
domain relationship between any two variables in an LTP
system—for example, between the terminal voltages and
currents of a device for impedance modeling—is an infinite-
dimensional transfer matrix known as harmonic transfer
function (HTF) [5], [6]. Two mathematically equivalent
modeling methods are used to derive HTF models of
converters: harmonic linearization method [7]-[10] and
harmonic state-space (HSS) method [11]-[13]. Modeling
complexity increases exponentially using both methods for
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converter topologies with rich circuit and control dynamics,
such as modular multilevel converters [14].

Modeling using the HSS method results in models that are
functions of high-dimensional state-space matrices [11], [12];
individual control functions do not appear as independent units in
the final model, making the model difficult to use for control
design [11], [12]. The harmonic linearization method, on the other
hand, directly shows how each control function affects the final
model, making it suitable for design-oriented analysis [15]. It can
also be used with some modifications for large-signal modeling to
predict the magnitude of resonance-generated oscillations or
interharmonics. [16]-[18]; modeling using the harmonic
linearization method, however, is not straight-forward because it
requires analytically tracing a sinusoidal perturbation through
highly nonlinear circuit and control system of a converter such as
a complex phase-locked loop (PLL) structure. Dynamics such as
coupling with the ac and dc networks at the converter terminals,
frequency cross-coupling effects, and slow control functions are
often ignored based on intuition without realizing their importance
or an ability to add them if needed at a later stage [1]. This paper
introduces signal-flow graphs for LTP systems to streamline the
modeling using harmonic linearization method by visually
describing the flow of perturbations through grid-connected
converters. Such graphs are called “harmonic signal-flow graphs”
because the frequencies of nodes in the graph are separated by
multiples of the fundamental frequency. The structure of harmonic
signal-flow graphs inspires understanding of how different control
functions interact with each other and influence the dynamic
behavior of a converter. For example, such graphs visually
demonstrate different paths an injected perturbation flows through,
giving insights on how each control function shapes the impedance
response of the converter, which are very useful for control design
to mitigate different types of stability problems. In this paper, the
modeling using harmonic signal-flow graphs is demonstrated for
two commonly used single-phase PLL structures based on the
synchronous reference frame (SRF) architecture.

Modeling of a single-phase SRF-PLL is more complicated than
a three-phase SRF-PLL because it requires a signal orthogonal to
the input single-phase voltage to transform the input voltage to a
rotating reference frame [19]. Different orthogonal signal
generators (OSG) are presented in the literature [20]. Among them,
delay-based OSG have the simplest implementation, but they
suffer from poor steady-state performance and stability properties
[21]. Second order generalized integrator (SOGI) and back-to-back
Park transformation are more commonly used OSG methods
owing to their superior performance and simpler implementation
[20], [22]. Specifically, SOGI is the core building block of many
advanced PLLs used for tracking harmonics in addition to the
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fundamental component of the grid voltage [23], [24]. These
advanced PLLs have been modeled in the time domain by
approximating periodic ac variables by their steady-state values
[21]-[26]; this has limited the understanding of instabilities
experienced when a PLL is designed for a bandwidth higher than
a few tens of hertz [22], [26]. Additionally, the time-domain
modeling and ensuing assumptions do not reveal differences
between the dynamics of PLLs using the SOGI and back-to-back
Park’s transformation-based OSG. This has resulted in a
misconception that the so-called SOGI-PLL and Park-PLL—
which use SOGI and back-to-back Park’s transformation-based
OSG, respectively—have identical dynamics [22]. This paper
shows that even though the gains of both SOGI and back-to-back
Park’s transformation-based OSG from the input voltage to the
output orthogonal signals are identical, the PLLs using these OSG
have different dynamic characteristics because of different
frequency-locking mechanisms used by their respective OSGs.

This paper develops loop-gain models of single-phase SOGI-
PLL and Park-PLL using harmonic signal-flow graphs and
evaluates the influence of the OSG on the PLL loop gain. It is
shown that in contrast to three-phase SRF-PLL, which does not
require an OSG, single-phase SOGI-PLL and Park-PLL suffer
from a significant phase lag in their loop gains because of their
interaction with the OSG, limiting the maximum bandwidth for
which they can be designed. To mitigate the bandwidth limit, a
slow-frequency adaptation (SFA) mechanism is proposed for
OSG. Experimental results are presented by implementing both the
PLL structures on a dSPACE DS1104 controller board to validate
their loop gain models and show that the proposed SFA approach
improves transient performance and eliminates the bandwidth limit
of both the PLLs without degrading their steady-state performance.

The paper is organized as follows: Section Il introduces signal-
flow graphs for LTP systems. Section Il develops loop-gain
models for single-phase SOGI-PLL and Park-PLL using harmonic
signal-flow graphs. Section 1V performs stability analysis of
SOGI-PLL and Park-PLL using the developed loop-gain models.
It shows that the bandwidth of these PLLs is limited because of
interaction with the OSG. Section IV also presents SFA of OSG to
eliminate the bandwidth limit and improve transient performance
of both the PLLs. Section V concludes this paper.

Il. HARMONIC SIGNAL-FLOW GRAPHS

Harmonic signal-flow graphs are introduced by using them for
the modeling of the Lossy Mathieu equation, a widely studied LTP
system [6]:

K(t) +28X(t) + k- [1-2Bcos(2nfyt)]- x(t) = 0 1)

Fig. 1a) represents the Lossy Mathieu equation as a feedback
loop; its loop-gain can be used to study the stability of the equation.
To obtain the loop gain, when a sinusoidal perturbation is injected
in v (ref. Fig. 1) at an arbitrary frequency f,, w will have response
at frequencies f, and foxfi. This is because the time-varying gain
[1-2Bcos(2nfit)] contains a constant as well as a periodic
component with frequency f1. After feedback through gain —k, the
perturbation in w generates components at frequencies fg£f; in v in
addition to the injected frequency fp.. This feedback reaction results
in an infinite number of perturbation components at frequencies
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Fig. 1. Lossy Mathieu equation: (a) feedback loop representation and (b)
harmonic signal-flow graph. Note ®; = 2xf; and s = j2xf;.

foxn-fi, where n is any nonnegative integer. The flow of the
perturbation components is described using a signal-flow graph, as
shown in Fig. 1b).

1) Nodes representing perturbation in a particular
variable at different frequencies are kept on the same
vertical line.

2) Nodes representing perturbation at a particular
frequency in different variables are kept on the same
horizontal line.

Gains of the horizontal branches between the nodes of v and w
are unity, whereas the gains of the transverse branches between the
nodes of v and w whose frequencies are separated by f; are equal
to . These statements are followed from the block diagram in
Fig. 1a). Gains of branches between the nodes of other variables
can be similarly obtained. Even though there is only one physical
loop in Fig. 1b), the LTP nature results in multiple loops in Fig.
1a). Hence, the loop gain is a HTF describing the frequency-
domain relationship between v and x. It is obtained in (2) at the top
of the next page using the graph in Fig. 1b). The same relationship
is developed in [6] using much less intuitive HSS method.

Note that the gains of mirror branches in a harmonic signal-flow
graph are related as shown below:

if Y(S—+J_a) =G(s), then Y(S—_J_a) =G(-s)" ©)
X (s+ jb) X(s— jb)

I1l. MODELING OF SOGI-PLL AND PARK-PLL

Fig. 2 shows the implementation of SOGI-PLL and Park-PLL.
Park’s transformation in (4) is used to transform variables from a
stationary a,3-frame to rotating dg-frame:
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Fig. 2. Synchronous reference frame-based single-phase PLLs: (a) SOGI-PLL and (b) Park-PLL.
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where 0p.. is the PLL output angle.
For SOGI-PLL, the relationship between the SOGI-based OSG
input vac and outputs v and vg is [19]:

sin ePLL

(4)

COoS epLL

Vo (8) _ ko s _G 5
Vac (S) 32 + |((013 + (Df e (S) ( )
\V/ 2

Vee(s) 82+ ks + 0)12

where K is the SOGI gain, which is kept J2 in this paper to
achieve critical damping of the transfer function gains in (5) and
(6). Fig. 3 shows the response of these gains; note that Ga(s)
and Gg(s) have unity gain and, respectively, the phase of 0° and
—90° at the fundamental frequency fi. Hence, the input voltage,
Vac, at the fundamental frequency f; gives the desired orthogonal
signals v and v for using them in the SRF-PLL block (ref. Fig.
2a). The back-to-back Park’s transformation-based OSG in the
Park-PLL has the same gains as in (5) and (6) when the corner
frequency o of the low-pass filter shown in Fig. 2b) is kept
equal to k-m1 [22]. Hence, o is kept 533 rad/s. This equivalence
between the SOGI and Park’s transformation-based OSGs has
resulted in a misconception that the SOGI-PLL and Park-PLL
have identical small-signal dynamics [19].
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Fig. 3. Gains of SOGI-based OSG from the input voltage, Vs, to output
signals, v, and vg.

Table I shows compensator Hp i (S) for different bandwidth
designs used for the experimental and analytical case studies
presented in this paper. To maintain uniformity for comparison, the
PLL compensators in Table | are designed to provide the same
phase margin of 45° while ignoring the OSG dynamics [19]; i.e.,
for designing these compensators, the loop gain of both the SOGI-
PLL and Park-PLL is assumed to be the same as that of the
standard three-phase SRF-PLL: V1-Hp (S)/s. It will be shown later
that the ignored OSG dynamics introduce a significant phase lag in
the PLL loop gain and destabilize the PLL if it is designed for a
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Fig. 4. Spectrum of PLL variables under small-signal perturbation. Solid arrows indicate steady-state components, and dashed arrows indicate small-signal linear
components that appear when a small-signal sinusoidal perturbation is injected in wp. at frequency f,. Note that the mirror images of the perturbation components

are not shown for clarity.

TABLE I: PLL COMPENSATOR FOR DIFFERENT BANDWIDTH DESIGNS

Bandwidth (Hz) Hpp1(s)
20 0.52 +65.68/s
30 0.78 + 147.78 /s
40 1.04 +262.73 /s
50 1.30 + 410.52/s
60 1.56 +591.151/s
200 5.22+6568.34/s

TABLE II: FREQUENCIES OF PERTURBATION COMPONENTS

PLL Variables Frequency

ac quantities:

Voo Vo Vi €00 €3 and c05(0p 1) Jtnofi (n € odd integers)

dc quantities:

+n'f; (n € even integers
OpLLs V> Vg» Vdo and Vo0 J; fi ( gers)

bandwidth above a certain limit. The grid voltage amplitude, Vi,
and frequency, f1, are 170 V and 60 Hz, respectively.

The loop-gain L(s) of SRF-based PLLs is the product of the
transfer function from the PLL frequency, wpy(, to g-axis voltage,
Vg, and the PLL compensator, Hp.(S):

Vq (s)
Qp (s)

where Vq(s) and Qpui(S) denote the Laplace transforms,
respectively, of the time-domain signals vq and wpL. The
negative sign in (7) is included so that negative-feedback loop
can be assumed while using the loop-gain response for
designing HpLL(S).

L(s)=- “Hp (5) (7)

A. Spectrum of PLL Variables Under Perturbation

Based on (7), the loop gain of the SOGI-PLL and Park-PLL can
be obtained by obtaining the linear response in vq when a sinusoidal
perturbation is injected in wpLL. When a sinusoidal perturbation is
injected in wpL at frequency f,, because of the time-periodic nature
of the dynamics of these PLLs, multiple perturbation components
will appear in the PLL variables at frequencies m-f,xn-f1 [1], where
f1 is the fundamental frequency. Nonlinear components with ‘m’
other than unity can be ignored for the small-signal modeling.
Moreover, it can be shown that the linear components at

frequencies f,+n-f; appear in the ac and dc variables only for
alternate values of n, as shown in Table Il. This is inferred by
tracing the injected perturbation in wp. through the PLL circuit.
For instance, the perturbation in wp.. of the SOGI-PLL in Fig. 2a)
at frequency f, will produce perturbations in v« and vp at
frequencies f,+f; because of the multiplication in the SOGI block
with ac signals at the fundamental frequency fi. After going
through Park’s transformation, these components will, in turn,
produce perturbation in vy, Vg, and wpLL at frequencies f, and f,+2-fi.
Following through this feedback reaction, it can be shown that the
perturbation appears in the ac and dc variables at frequencies
fo£n-fy with n being even integers for dc variables and odd integers
for ac variables. Similarly, for developing the transfer function
gains from the input voltage, Vs, to PLL outputs (Vg, Vg, @pLL,
cos(6piL), etc.), it can be shown that the response to a perturbation
in the input voltage, v, at frequencies f£n-f, is decoupled for n
being even and odd integers. In other words, considering the
perturbation in vy at frequencies fxn-f; with n e even integers is

redundant, i.e., the resulting harmonic signal-flow graph is
disconnected from the graph showing the flow of perturbation in
Vyc at frequencies fxn-fy with n € odd integers [3]. Based on this

discussion, the spectrum of the PLL variables during small-signal
perturbation is shown in Fig. 4.

B. SOGI-PLL

Based on the spectrum of the PLL variables in Fig. 4 during the
small-signal perturbation and the SOGI-PLL structure in Fig. 2a),
the harmonic signal-flow graph of the SOGI-PLL can be drawn as
shown in Fig. 5. To obtain the PLL loop gain as defined in (7), the
branches between the nodes of vq and wp.L are “opened” by
removing the compensator Hpi( (S) (these branches are represented
with small rectangles). Additionally, we model only a part of the
graph drawn using solid lines. This is equivalent to considering
only the f, perturbation component in the dc variables and fy+f;
perturbation components in the ac variables.

To obtain the gains of the branches from Qpy((S) t0 Vep(Stjoa),
corresponding time-domain variables, including steady-state and
small-signal perturbations, can be written as:

op L (D=0 + f)s cos(2nf pt + @y, ) (8)

v, (t) =V, cos(2xft) N"E cos[2n(f , + F )t +@ypp 1+ ©
Von €0S[2m(f, = f)t+ @y ]

Vg (t) =V, sin(2nf ) +Vy, cos[2a(f, + i)t + 5,1+ 10)

Vi cos[2n(f, — )t +¢p, ]
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Fig. 5. Harmonic signal-flow graph of SOGI-PLL.

“Hat” in (8)—(10) signifies the small-signal nature of the
perturbation components. Note that the fundamental
component of vq is in phase with the input voltage, vac, and that
of vp lags by 90°.

wpLL, Ve and vg can be written in the frequency-domain as:

o1, f=0
Qp [f]= 0, f-:f, (11)
V2, f=tf
Vol F1=19Vep. f=x(f,+f) (12)
Vo f=2(fy—f)
Fivi /2, f=xf
Ve[ F1=1 Vi, f=t(fy+f) (13)
Vin, f=t(f,—f)

where Q= (Q/ 2)e % The Fourier coefficients Vop, Von,

Vpp, and Vg, follow similar shorthand notations. Based on (11)-
(13) and Fig. 2(a), the Fourier components of the error signal ep
can be obtained as:

Eplfl=4-(k-V,, +Vp,),  f==(f,+f) (14)
~(K-Vyy + V), f=2(f, - 1)

5

Based on the SOGI block implementation in Fig. 2(a), the
components of v, and vp at frequencies £(f,+f1) can be obtained in
terms of the components of e and e from (11) and (14) as:

1 V .
V,[£(f, + )] = [i—lﬂs + oy (k- Vg +VBP)}

t2n(f,+f) 2

(15)
Vi 1 jo
Vy[(fy+ f)]=¢ 2 —-——1 1O
B[ ( p+ 1)] 2 {j(‘)l [27’[(fp+ fl)]z} st
2 (16)

(K- Vgp +Vpp)

Y.
2n(f,+ 1)

Comparing (15) and (16) with (12) and (13), Vup and Vg, can be
written in terms of €, giving the following gains:

V, (s+ jo .V .
l81J0) _ NG s+ o (17)
Qpy L (9) K-y
Vi(s+ jo
T T % B A Ser
Qp (5) K- 2.0y

Using the relationship between mirror branches from (3), the
following gains are obtained from (17) and (18):

V (s— jo .V .
wBJ0) VG (oo (19)
Qpy (9) K-y
Vi (s— jo) Y/ . .V
P = Gy (s jo)+ (20)
Qpy 1 (5) k- 2.0

Eq. (17)—(20) give linear response in ve and vp at frequencies
foxf1 because of the perturbation in wpy. at frequency fp.

Based on Fig. 5, the next step to obtain the SOGI-PLL loop gain
requires developing the response in vq at frequency f, because of
the perturbation in v, and vp at frequencies f,+f; and in Op . at
frequency f,. Although the perturbations in ve, vg, and Op.. affect
Vg through the same Park’s transformation shown in Fig. 2(a), their
effects can be modeled independently using the superposition
principle. Applying Park’s transformation (4) to Ve and vp in (9)
and (10) while ignoring the perturbation in Op,( (i.e., assuming Op
= 0y), the response in vq at frequency f, can be obtained as:

A A

Vg (t) = Vop i (nf t+¢ )+V—BP cos(2nf ot + ¢ ) —

q 2 p vap 2A p vBp (21)
on i VBn
) sin (2nf pt + @ygn ) + - cos(2xf pt + @ypy,)

The gains of branches from Vo(stjw1) and Vp(Sxjos) to Vg(s) in
the harmonic signal-flow graph are obtained by comparing the
Fourier components of vq in (21) with (12) and (13). Additionally,
linearizing the Park’s transformation, the gain of the branch from
OpLL(S) to Vg(s) in Fig. 5 can be obtained as —Vi. Hence, the total
response in vq at frequency f, is found to be:
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Fig. 6. Response of the loop gain of SOGI-PLL excluding the compensator
HpiL(s). Solid lines: model considering the dynamics of SOGI-based OSG;
dashed-lines: model ignoring the SOGI dynamics; circles: point-by-point
simulations.
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Using (17)—(20) in (22), the desired transfer function from wpi
to vq is obtained as:

Vg () :_v_{ea(suml)wu(s—iw])} (23)
Qp(s) s 2

Based on (7), the SOGI-PLL loop gain excluding the
compensator Hpy( (S) is negative of the gain developed in (23). Fig.
6 validates the loop-gain response obtained using the developed
model against point-by-point simulations. It also shows the
response of the model ignoring the SOGI block dynamics, which
is equivalent to assuming Gq(S) to be unity in (23). It is evident that
the SOGI-based OSG introduces significant phase lag, limiting the
maximum bandwidth of an SOGI-PLL to a few tens of Hertz. The
model in (23) shows that the loop gain depends on the SOGI-based
OSG design in a more sophisticated manner than as interpreted in
[22] by a first-order low-pass filter.

C. Park-PLL

The harmonic signal-flow graph of the Park-PLL is drawn in
Fig. 7 based on the implementation in Fig. 2b) and the spectrum of
PLL variables during perturbation from Fig. 4. First, we consider
only the solid branches in the graph. Gains of individual branches
can be derived using the harmonic linearization method by
following the same procedure as the SOGI-PLL. The developed
gains of the solid branches are listed in Table Ill. The transfer
function from Qe (S) to V4(S) is obtained by solving the graph:

We vl Sor
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Fig. 7. Harmonic signal-flow graph of Park-PLL.

TABLE I1I: GAINS OF BRANCHES IN THE HARMONIC SIGNAL-FLOW GRAPH

OF PARK-PLL
Source Node Sink Node Gain?
QpLL(s) OpLL(s) 1/s
OpLL(5) Viq(s) [0 vy
Op | (5) Vp(stioy) Vv, /2
Op | (5) Vg(s-jor) V72
1/(1+s’o 0
Vigq(S) Viqo(s) ( )
0 1/(1+s/w¢)
Vdqo(s) Vp(stjoq) [-j’2 1/2]
Vaqo(s) Vp(s—jeor) [j72 1/2]
VB(s+jm1) qu(s) [j /2 1 /Z]T
Vg(s-jo1) Vgq(S) [-j’2 1721
a. where Vg, (5) = [V4(S) Vo1

The Park-PLL loop gain excluding the compensator Hpy . (S) is
the negative of the transfer function in (24). Fig. 8 compares the
Park-PLL loop-gain response obtained using the model in (24)
[long-dashed lines] and point-by-point simulations [circles]. Fig. 8
also shows the response of the model ignoring the OSG dynamics
[short-dashed lines]. Clearly, the developed model better captures
the Park-PLL dynamics. Nonetheless, the model still exhibits
significant errors in capturing the phase lag introduced by the OSG.
The model accuracy can be improved by considering additional
branches represented using dashed lines in Fig. 7. Solid lines in
Fig. 8 show the response of the updated model. As shown, the
model accuracy has significantly improved. The gains of the
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dashed branches are obtained directly from Table 111 based on the
relationships between parallel and mirror branches of a harmonic
signal-flow graph. It is increasingly difficult to manipulate
equations when the additional dashed branches are considered in
the modeling. Hence, the updated model is obtained by solving the
signal-flow graph in Fig. 7 using a Mason’s rule solver algorithm
from [27] based on the symbolic toolbox of MATLAB.

Even after considering the dashed branches of the harmonic
signal-flow graph, some errors persist in the model prediction in
Fig. 8. The inaccuracy in the model prediction is because of the
dependence of the transfer function from Qp(S) to Vg(S) on
HpL.(S), which is ignored by neglecting the flow of the perturbation
components at f,+2f; through the PLL compensator. The model
prediction is exact, as shown in Fig. 9, when the coupling with
HpLL(S+j200y) is included in the input file to the signal-flow graph
solver [27]. The signal-flow graph solver [27] showed that there
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Fig. 10. Limitation on the bandwidth of SOGI-PLL. a) start-up transient of
SOGI-PLL for 30 Hz bandwidth design; b) loss of stability when the bandwidth
is increased to 40 Hz by updating the PLL compensator Hp..(S) in real time.

are around 1000 loops of different orders in Fig. 7; obviously, it is
not possible to manually manipulate such a complicated graph.

IV. SLOW-FREQUENCY ADAPTATION (SFA) OF ORTHOGONAL-
SIGNAL GENERATORS

A. Bandwidth Limit of OSG-Based PLLs

Phase lag introduced by OSG in the loop gains of SOGI-PLL
(ref. Fig. 6) and Park-PLL (ref. Fig. 8) limits the maximum
bandwidth for which either PLL can be designed. For example, the
bandwidth of the SOGI-PLL with the loop-gain response in Fig. 6
is limited to 35 Hz. Fig. 10a) shows the response of the SOGI-PLL
implemented on a dSPACE controller board during start-up when
HeLL(S) is selected from Table | for 30 Hz bandwidth. The response
in Fig. 10b) shows that the PLL loses stability when the
compensator Hp(S) is updated in real time for a 40 Hz bandwidth
design. For both cases, the PLL compensator is designed to give a
45° phase margin without considering the dynamics of the SOGI-
based OSG; however, the interaction between the SOGI-based
OSG and the SRF-PLL block pushes the phase margin to a low
value and makes the SOGI-PLL unstable if designed for a
bandwidth above 35 Hz. The bandwidth of the Park-PLL is
similarly limited because of the interaction between back-to-back
Park’s transformation-based OSG and the SRF-PLL block. Fig.
11a) shows the start-up of the Park-PLL for a 50 Hz bandwidth
design. Fig 11b) shows that the PLL loses stability when the
bandwidth is increased to 60 Hz by updating HeL(S) in real time.

B. SFA-SOGI-PLL

The OSG of a single-phase SRF-PLL requires estimation of the
grid voltage frequency for accurately generating two orthogonal
signals. As shown in Fig. 2(a), the frequency estimation input to
OSG is provided in SOGI-PLL via feedback of wp.. from the SRF-
PLL block. This couples the dynamics of the SOGI-based OSG
and the SRF-PLL block, which consequently modifies the loop
gain of the single-phase SOGI-PLL from that of a three-phase
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Fig. 12. Single-phase SOGI-PLL with slow frequency-adaptation (SFA) of
SOGI-based OSG to mitigate phase lag in the PLL loop gain.

SRF-PLL. As shown by the developed model in the previous
section, the coupling between the OSG and SRF-PLL blocks
manifest as a significant phase lag in the PLL loop gain, limiting
the bandwidth for which an SOGI-PLL can be designed.

From the harmonic signal-flow graph of the SOGI-PLL shown
in Fig. 5, it can be inferred that if the branches from the nodes of
opL 0 Vap are removed, the interaction of the SOGI-based OSG
with the SRF-PLL block is eliminated. This is achieved in [26] by
eliminating the frequency estimation for the OSG by fixing its
frequency input at the nominal frequency fi1; however, this results
in steady-state distortions whenever the actual frequency is
different from the nominal frequency fi. The dynamics of the
SOGI-based OSG and the SRF-PLL block can be decoupled while
preserving the frequency estimation to avoid steady-state
distortions by using a low-pass filter in the frequency feedback
from the SRF-PLL to the OSG. Implementation of the SOGI-PLL
with the SFA of OSG using a low-pass filter is shown in Fig. 12.
The transfer function from e to vq of the updated PLL is:
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Fig. 13. Loop-gain response of standard SOGI-PLL and proposed SFA-
SOGI-PLL with SFA of OSG. Loop-gain responses of the proposed SFA-
SOGI-PLL are shown for different corner frequencies of the low-pass filter
(wsfa) Used for SFA.
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It is evident from (25) that the SFA reduces the effects of the
OSG design on the PLL loop gain. Fig. 13 shows how SFA
changes the loop gain of an SOGI-PLL for different corner
frequencies, ws, Of the low-pass filter used for SFA. As expected,
Fig 13 shows that as the corner frequency st is reduced, the
SOGI-PLL loop gain starts approaching that of a three-phase SRF-
PLL, eliminating the bandwidth limit. Fig. 14 compares the
performance during a phase jump of the standard SOGI-PLL
(designed for 30 Hz bandwidth because it becomes unstable for
higher bandwidths) and the SOGI-PLL with SFA loop (designed
for 200 Hz bandwidth); sz is 27t-10 rad/s for the responses in Fig.
14b).

Pursuant to the DOE Public Access Plan, this document represents the authors' peer-reviewed, accepted manuscript.
The published version of the article is available from the relevant publisher.



ac

Fig. 15. OSG of the proposed SFA-Park-PLL.

e r\;: Vac (85uV/d|v) s (85 Vidv)
W TN h TR
I ) M \ N'M i | /‘ ! M“ \f\ ’\
SHNTN w“u.' AT
i
CUUY VUV YTy v vy vy
o VA% opy L (27-60 rad/s/div)
@ (o1 bl e s 0] (53
e "Vac (85 V/div) vg (85 V/div)
‘U\] i\ ;f\ \Hf i ,i"\f\"‘,\r\f‘”\]
LLLLARARALLALL AL
Y
H\ iﬂ‘i“‘wﬂf””'\f&: ""J Ml” MU | \
o tad ©pLy (27-60 rad/s/div)
(b)

& soomv @ o “nom. 25.0k5/5

H 15 Feb 201?‘|
Miw119.2000ms 10k points 8%omv )| 052656 )

Fig. 16. Performance of Park-PLL during 45° phase jump: a) standard Park-
PLL with 50 Hz bandwidth design [higher bandwidth is not possible for
standard Park-PLL], b) Park-PLL with SFA of OSG and designed for 200 Hz
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C. SFA-Park-PLL

In contrast to SOGI-PLL, the back-to-back Park’s
transformation-based OSG in Park-PLL receives frequency
estimation indirectly via feedback of 6p... Nonetheless, the same
as SOGI-PLL, the frequency adaptation of OSG is the reason
behind coupling between the OSG and SRF-PLL block. Because
the frequency adaptation is achieved in an indirect manner in Park-
PLL, the SFA cannot be implemented directly for the back-to-back
Park’s transformation-based OSG. Hence, the back-to-back Park’s
transformation-based OSG of the Park-PLL is modified as shown
in Fig. 15 to make it compatible with the implementation of the
SFA mechanism shown in Fig. 12. The modified OSG in Fig. 15
can be used in the place of SOGI block in Fig. 12 for realizing Park-
PLL with SFA of its OSG. Fig. 16 compares the performance
during a phase jump of the standard Park-PLL (designed for 50 Hz
bandwidth since it becomes unstable for a higher bandwidth) with
the proposed SFA-Park-PLL with SFA (designed for 200 Hz
bandwidth).

Figs. 14 and 16 show that the proposed SFA-SOGI-PLL and
SFA-Park-PLL with SFA of their OSG do not suffer from the
bandwidth limit, and they have significantly improved transient
performance compared to their standard counterparts.
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D. Frequency Tracking and Steady State Performance

It is important to evaluate the effect of SFA mechanism on the
frequency-tracking as well as the steady state performance of a
PLL. It might seem that the SFA will slow down the speed of
frequency tracking or it achieves the mitigation of phase lag at the
cost of degraded steady state performance. Both these concerns are
invalidated as follows.

Fig. 17 compares the response of the standard SOGI-PLL and
the proposed SFA-SOGI-PLL during a step change of 5 Hz in the
input voltage frequency. Compensator Hp..(S) for both the PLLs
are identical and selected from Table I for 30 Hz bandwidth design.
It is evident from Fig. 17 that the proposed SFA-SOGI-PLL
significantly improves damping and does not slow down the speed
of frequency tracking.

Because in the steady state the frequency input to an OSG for
PLL with or without the SFA mechanism are equal, the proposed
PLLs with SFA of OSG preserve the steady-state performance of
standard PLL structures. For example, Fig. 18 compares the steady
state response of a standard SOGI-PLL and the proposed SFA-
SOGI PLL in the presence of a 5% third harmonic in the input
voltage, Va. It is evident that both the PLLs experience the same
level of distortion in steady state in the estimated frequency output.
This confirms that the SFA of OSG improves transient
performance and eliminates the bandwidth limit of single-phase
SRF-PLLs without affecting their steady state performance.
Obviously, because SFA does not improve or degrade the steady
state behavior, increasing the bandwidth of a PLL using SFA will
also increase distortions in the PLL output if the input voltage is
polluted, same as expected from a standard PLL; however,
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mitigating the effects of harmonic pollution as the PLL bandwidth
is increased is a separate problem whose severity is unaffected by
the proposed SFA mechanism. Many modifications have been
proposed recently in the literature for standard PLL structures to
improve their performance in the presence of harmonics and dc-
offsets [28]; all these methods are equally applicable to PLLs with
SFA of OSG.

V. CONCLUSION

This paper introduced harmonic signal-flow graphs for LTP
systems to streamline the modeling of grid-connected converters
by visually describing the flow of sinusoidal perturbations through
the circuit and control system of a converter. The paper
demonstrated modeling using harmonic signal-flow graphs for two
commonly used single-phase PLLs based on the SRF architecture:
SOGI-PLL and Park-PLL. It is shown using the developed loop
gain models of these PLLs that interaction with the orthogonal
signal generator (OSG) in these PLLs introduces a significant
phase lag in their loop gains, which limits the maximum bandwidth
for which either PLL can be designed. The paper proposed slow-
frequency adaptation (SFA) of OSG to decouple the frequency and
phase-locking dynamics and eliminate the bandwidth limit. This
enables PLL designs with higher bandwidths and faster response.
Experimental results are presented to verify the stability
predictions of the developed loop-gains models and show that the
proposed SFA of OSG eliminates the bandwidth limit and
significantly improves the transient performance of single-phase
SRF-PLLs without degrading their steady-state performance.
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