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ABSTRACT

The capabilities of a recently-developed continuum-level model developed for the purpose of predicting the evolution of spall, including the
compaction of damaged material, and applicable to the formation of spall in the material that is fully solid as well as material that is locally
liquid, are evaluated against empirical data for lead. The model accounts for inertial forces, elastoplastic constitutive behavior, viscosity, and
surface tension. Predictions of spall layer thickness are shown to match the empirical data reasonably well.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5114904

I. INTRODUCTION

In ductile solid materials subjected to dynamic shock loading,
a type of damage, commonly referred to as spall, can occur as a
consequence of the interaction of rarefaction waves that result in
the production of localized tensile stresses. If the tensile loading
is of sufficient strength and duration, spall will occur. The for-
mation of spall normally follows a thermo-mechanical process,
involving damage initiation (void formation), void growth, void
coalescence, and potentially/ultimately macroscopic material
separation. This thermo-mechanical process is influenced by
factors such as the intensity of tensile stresses, temperature,
shear strength, and phase state, as well as, potentially, a number
of additional factors (see, e.g., Kanel, Razorenov, and Fortov1

and Kiselev et al.2). In liquids, a phenomenon commonly
referred to as cavitation is, to some degree, analogous to spall in
solids (though not normally thought of as progressing to macro-
scopic material separation). In the case of cavitation, the most
important factors influencing the thermo-mechanical process
are the intensity of tensile stresses, void growth inertia, surface
tension, and fluid viscosity (see, e.g., Kedrinskii3). It should be
recognized that spall formation and macroscopic material sepa-
ration may in fact involve complex mixed-mode phenomena
wherein localized regions of liquid within an otherwise solid
body result in both cavitationlike and spalllike processes.

Over the years, a number of theoretical models have been
developed in an attempt to numerically predict the initiation and

growth of spall in solids and of cavitation in liquids. Some of
these models have been based upon continuum mechanics and
are phenomenological in nature, whereas others have attempted
more fundamental microscopic approaches that are based upon
methods of atomistic and/or molecular simulation. A sampling of
the literature pertaining to spall and/or cavitation modeling shall
be very briefly discussed. We emphasize that what follows is by
no means a thorough review of the literature, but merely a sam-
pling of some relevant works. Moreover, our sampling will be
heavily weighted toward continuum-level modeling since that is
the approach taken in the present work. Let us begin by pointing
the reader to a number of works wherein various continuum-level
models have been developed. Many of these models are of the
nucleation and growth (NAG) variety and account for coalescence
(and in some cases various secondary but important associated
effects, such as the Bauschinger effect) in a variety of ways. In
approximately chronological order, we would like to highlight the
works of Seaman, Curran, and Shockey;4 Cochran and Banner;5

Johnson;6 Perzyna;7 Rajendran, Dietenberger, and Grove;8 Eftis
and Nemes;9 Addessio and Johnson;10 Tonks, Zurek, and
Thissell;11 Chen et al.;12,13 Wang et al.;14 Chen and Liu;15 and
Wang, He, and Wang.16 Among the works wherein more funda-
mental atomistic or molecular approaches have been taken are
those of Dremov et al.,17 Lin and Zeng,18 Shao et al.,19 Wang
et al.,20 and Mayer and Mayer.21 We want to highlight especially
the works of Shao et al.19 and of Wang et al.,20 since these works
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focus on spall in lead. Though the focus is more on spall behavior
than on spall modeling per se, we would like to mention the work
of Kanel et al.22 because one of the materials considered in that
work is lead. Finally, we would like to mention the reviews of
Curran, Seaman, and Shockey23 and of Meyers and Aimone.24

Other noteworthy works will be referenced later as we promulgate
a description of the present work.

The present work employs a model, recently introduced by
Desyatnikova et al.,25 that was developed to handle damage evolu-
tion over a wide range of loading states with applicability to both
solids and liquids. The model is termed Dynamics of Growth and
Compaction in Solids and Liquids (DGC-SL). This model accounts
for inertial forces, shear strength, viscosity, and surface tension in
the initiation and evolution of damage. Since DGC-SL is described
in detail in Ref. 25, we shall, in Sec. II, provide only a cursory
description of the model and refer the interested reader to Ref. 25
for additional detail. Herein, we apply the model to predictions of
spall in lead. Those predictions are compared to empirical data
taken from the work of Breed et al.26 In Ref. 26, lead samples were
subjected to shock loading generated by the detonation of high
explosive (HE). By varying the thickness of the HE layer, spall
layers of varying thicknesses were produced. Spall thickness was
measured using flash radiography. Important for the current work
is a recognition that, dependent upon the magnitude of the
detonation-wave-induced loading of the samples, some of the
samples spalled in a solid state, whereas others spalled in mixed-
mode fashion involving regions of liquid within an otherwise solid
body. Hence, these sets of experiments provide an ideal test for the
validation of DGC-SL.

II. THE DGC-SL MODEL

Following the work of Carroll and Holt,27 we employ a repre-
sentative volume element, or unit cell, comprised of a spherical
domain with an outer radius, Rсell, and an inner radius, R. A collec-
tion of these unit cells may be thought of as microvoids (or micro-
pores) that are ideally considered to be dispersed in equidistant

manner throughout the macroscopic domain of interest. The unit
cell may be subjected to either tensile or compressive loading as
illustrated in Fig. 1.

In an idealized material with equidistant and uniformly-sized
microvoids, the unit cell may be related to the macroscopic volume
of solid material, VS, as follows:

VS ¼ 1
N0

¼ 4
3
π(R3

Cell � R3), (1)

where N0 is the void density per unit of volume as R→ 0. However,
in real materials, microvoid size is not uniform, but rather follows a
statistical distribution, such as that of Rosin and Rammler,28

Wþ ¼ exp �R
�R

� �n

,

where W+ is the probability of detecting a void with a radius >R,
�R is a distribution parameter equal to the mean radius of all
pores R0, and n is a fitting parameter. In this case, Eq. (1) is
modified as follows:

VS ¼ 1
N0

¼ 8π(R3
Cell � R3):

We shall now introduce a measure of damage, which we shall
denote as ω,

ω ¼
�R

�RCell

� �3

¼ 1

1þ 1

8π �N0�R
3

: (2)

For convenience, we shall hereinafter omit the use of the
average-indicating-“overbars” in �R and �N0, instead using the
notation R and N0 alone to denote average values of radius
and void density. Please note also that damage is bounded such
that 0 ≤ ω ≤ 1.

FIG. 1. Spherical unit cell in a material
with dynamic yield strength Y sub-
jected to tensile loading (a) or com-
pressive loading (b).
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While some of the early works, such as, that of Johnson,6

which employs Carroll and Holt27 methodologies in a study of
spall in ductile solids, represent significant contributions to
our understanding of spall, many of these works fail to
account for important physics, such as the inertia of void
motion, viscosity, and surface tension. In an attempt to rectify

such oversights, considerable effort was extended in the devel-
opment of DGC-SL in order to account for the heretofore
“missing” physics. For example, DGC-SL includes an expres-
sion for the kinetic energy associated with motion of the boun-
dary of the unit cell that accounts for dynamic yield strength,
viscosity, and surface tension,

2πρR3(RCell � R)(+ _R)
2

RCell
¼ +4π

ðt

0

P(t)R2j _Rjdt � 8
3
π

ðt

0

Y � ln 1þ 1
8πN0R3

� �
R2j _Rjdt + 8π

ðt

0

σRj _Rjdt � 64
9
π

ðt

0

μj _Rj2R(1� ω)dt, (3)

where ρ is the density, _R is the velocity of the internal boundary of
the unit cell, Y is the dynamic yield strength, σ is the surface tension,
μ is the viscosity, ω is the damage, and N0 is the void density. It
should be recognized that, dependent upon the model used, the
dynamic yield strength, Y, is a typical function of strain, strain rate,
temperature, pressure, etc. Likewise the surface tension, σ, and vis-
cosity, μ, are normally functions of temperature. Note that in the
development of Eq. (3), it is assumed that the material comprising
the unit cell is incompressible and that the elastic energy of the
material is small compared to the work of plastic deformation. The
term on the left hand side of Eq. (3) is the kinetic energy associated
with a movement of the unit cell boundaries, the first term on the
right hand side represents the work of pressure forces, the second
term on the right hand side represents the work of plastic deforma-
tion (dissipation), the third term on the right hand side represents
the work of surface tension, and the final term represents the dissipa-
tion of energy due to viscous forces. The ± is included in Eq. (3) to
handle deformation under both compression (−) and tension (+) in
a single equation. With a little manipulation, Eq. (3) may be simpli-
fied such that _R ¼ _R(Y , σ, μ) for solids and _R ¼ _R(σ, μ) for liquids
(in which case Y = 0) as follows:

(+ _R)
2 ¼ 2RCell

ρR3(RCell � R)

�

Ðt
0
P(t)R2j _Rjdt � 2

3

ðt

0

Y � ln 1þ 1
8πN0R3

� �
R2j _Rjdt

+2
Ðt
0
σRj _Rjdt � 16

9

ðt

0

μj _Rj2R(1� ω)dt

2
66666664

3
77777775
: (4)

Void growth ( _R . 0) commences when the following condi-
tion is met:

P , � 2
3
Y0 ln

1
ωmin

� �
þ 2σ

1
8πN0

� ω

1� ω

� �1=3

0
BBB@

1
CCCA, (5)

with initial conditions: _R(0) ¼ 0, R(0) = Rmin, ω(0) ¼ ωmin, and
N0 = const. Void growth ends at t = tstopping time when _R(tstopping time) ¼ 0
and ω ¼ ω0.

Void compaction [ _R(t) , 0] commences when the following
condition is met:

P . P0 ¼ 2
3
Y0 ln

1
ω0

� �
� 2 � σ

1
8πN0

� ω

1� ω

� �1=3
, (6)

with initial conditions: _R(0) ¼ 0, R(0) =R0, ω(0) ¼ ω0, and N0 = const.
Void compaction ends at t = tstopping time when _R(tstopping time) ¼ 0
and ω ¼ ωmin.ω ¼ ωc (or alternatively ω ¼ ωc), where ωmin and ωc

represent the minimum and current values of damage, respectively.
As hinted at earlier, it should now be clearly stated that the

DGC-SL model is not limited by association with any particular set
of subsidiary models (e.g., models for pressure, internal energy,
dynamic yield, surface tension, viscosity, and the like). Rather, the
analyst is free to choose whatever subsidiary models he wishes. In
the current work, we have chosen to model surface tension, σ, and
viscosity, μ, using

σ ¼ σ0 1� a1
T
Tb

� �a2� �
, (7)

μ ¼ μ0Le
�a3 T

Tb

� �a4

, (8)

where Т is the temperature, Тb is the boiling temperature, and а1–
а4 are constants. These equations have been fit to the empirical
data for lead that is available in Grigor’yev and Meylikhova.29

We have chosen to model the hydrostatic constitutive behavior
(i.e., the equation of state—EOS) of lead using a Mie-Gruneisen
formulation for pressure and internal energy as follows:

P ¼ Pe(V)þ ΓP � ρ � CV � T ,
E ¼ Ee(V)þ CV � T ,

Ee ¼ �
ð
Pe(V)dV , Pe ¼ ρ0KC

2
0K

n
(δn � 1),

ΓP ¼ Γ1 þ Γ0 � Γ1
δM

,

(9)

where P = P(V,T) and E = E(V,T) are the pressure and internal
energy, respectively (expressed here as functions of specific volume,
V, and of temperature, T). Additional terms appearing in Eq. (9)
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include Ee and Pe (which are deformation-specific components of the
energy and pressure), and Γp, an expression for the Gruneisen param-
eter. The remaining terms in Eq. (9) are the density, ρ (ρ = 1/V);
the volumetric compression, δ (δ = ρ/ρ0K); values of the density
and volumetric sound speed at T = 0 K (ρ0K and C0K, respectively);
the specific heat at constant volume, CV; the value of Γp at ρ = ρ0
(denoted as Γ0); the limit of Γp as δ→∞ (denoted as Γ∞); and
finally, two phenomenological constants, M and n. For a porous
media, the pressure equation is adjusted so as to account for
damage in the following manner:

P ¼ (1� ω) � P ρ

1� ω
, T

� �
:

We have chosen to model the deviatoric constitutive behavior
using a relaxation model of dynamic yield strength (RING) that is
described in detail in Glushak et al.30 The main features of this
model are presented in the following equation set:

_Yd ¼ 3G _εi � Yd � YS

τ
,

τ ¼ τ0 � (1� �T)

1þ _εi
_εi0

� �0:5 ,

YS ¼ Y0 � [1þ f1] � GG0
,

f1 ¼ a5 1� exp � εþ ε0
ε1

� �� �
,

(10)

where Yd and YS are the dynamic and static yield strengths, G and
G0 are shear moduli in the current state and under standard condi-
tions, τ is a time of relaxation, _εi is the strain rate, Y0 is the initial
yield strength, f1(t) is a function that takes into account strain hard-
ening, �T ¼ T

Tm
is the ratio of current temperature to melting tem-

perature (as calculated by the law of Lindeman), and а5, ε1, ε0, τ0,
and _εi0 are constants.

We have chosen to model the shear modulus and Poisson’s
ratio, which are required in a determination of the stress deviator
in regions within which material flow is elastic, using the following

equation:

G ¼ 3
2
� 1� 2ν
1þ ν

� ρ � C2
0 , C

2
0 ¼

@P
@ρ

� �
S

,

ν ¼ ν0 � [1þ b0 � �T], �T , 1, v ¼ 0:5, �T � 1,

(11)

where ν is Poisson’s ratio, С0 is the current volumetric sound
speed, and ν0, and b0 are constants.

The DGC-SL model as described above has been implemented
into a one-dimensional Lagrangian elastoplastic continuum mechan-
ics code (described in Gavrilov et al.31). The DGC-SL equation set,
along with the equations of gas dynamics, is solved simultaneously,
numerically. It should be emphasized that the simultaneous solution
of the DGC-SL equation set in conformity with the equations of gas
dynamics presents a formidable challenge. This is because the
first-order ordinary differential equation of DGC-SL, which repre-
sents the kinetics of compaction and/or dilitation as presented in
Eq. (4), can be shown to be mathematically stiff. Recall that a differen-
tial equation is commonly referred to as being stiff whenever numeri-
cal solution of the associated boundary value problem (or in this case
initial boundary value problem) is numerically unstable unless the
step size is exceedingly small. This poses numerical difficulties in the
context of gas dynamics, and concomitantly the one-dimensional
continuum mechanics code, because it presents a situation wherein
characteristic times of dynamical processes as modeled in DGC-SL
can differ significantly from those of fundamental gas dynamics.
Fortunately, within Khairer and Vanner32 is a numerical methodology
presented that is specifically devised to handle just such a scenario. It
is based upon a complex parameter variant of the scheme of
Rosenbrock33 (CROS) that affords increased numerical stability.

The DGC-SL model has previously undergone validation
testing involving the comparison of prediction to empirical data
derived from the compaction and generation of spall damage in a
variety of metals and liquids (see, e.g., Ref. 25 and Ignatova,
Raevskiy, and Tselikov34). In the present work, the validation para-
digm is extended to include comparisons of prediction to the
empirical data presented in Ref. 26. It is unfortunate that Ref. 26
does not include a discussion of the grade of lead, its thermo-
mechanical properties, or characteristics of its microstructure.
Consequently, we have had to rely upon the literature (especially
Zinoviev,35 Ogorodnikov et al.,36 and Malatynski and Klepachko37)

TABLE I. Parameters required by the DGC-SL models [Eqs. (4), (7), and (8)].

Rmin (cm) N0 (1/cm
3) σ0 (N/m) а1 а2 μ0L (10

−3 ⋅ Pa s) а3 а4 Тb (K)

1.75 × 10−7 2.48 × 104 635 0.6 3.0 10.6 0.1 2.0 2018

TABLE II. Parameters required by the EOS [Eq. (9)] plus Tm0 (from Ref. 32).

ρ0 (g/cm
3) ρ0K (g/cm3) ρ0m (g/cm3) С0 (km/s) n Г∞ Г0 М Тm0 (K) CV (J/gK)

11.34 11.6 10.88 2.14 4.5 0.67 2.78 6.0 600 0.12
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for an estimation of the value of some of the parameters that are
required in order to conduct our validation study. Values of the
various parameters used in this study are presented in Tables I–III.

The value Rmin for lead was established from simple physical
considerations. For many metals, crystallographic lattice constants
lie within а∼ (4–6) × 10−8 cm. Assuming that the absence of a
single atom corresponds to minimal void (or pore) volume, we
shall assign Rmin such that Rmin∼ а. In this work, Rmin = 1.75 ×
10−7 cm. The number of pores, N0, can be estimated from metallo-
graphic analysis. In developing an estimation of N0, it is beneficial
to consider the value of N0 in the initial state of the material, as
well as in a postloaded state. In Ref. 36, a photomicrograph is pro-
vided that reveals void distribution in a section of recovered sample
that has been subjected to damage-inducing tensile loading. Taking
into consideration that distribution, along with the distribution in
an undamaged region, a value of N0 = 2.48 × 104 1/cm3 was selected
for this work.

The parameters required in Eq. (8) for viscosity as a function
of temperature were determined by fitting the equation to the data
provided in Ref. 35. We show the results of that fit in comparison
to the empirical data of Ref. 35 in Fig. 2. Similarly, the empirical
data of Ref. 35 were used in determining the parameters required
in Eq. (7) for surface tension. Our fit to the data is compared to the
empirical data of Ref. 35 in Fig. 3. Finally, the strain hardening
aspect of dynamic yield was determined using the empirical data
provided in Ref. 37 for “American” lead. Our fit to that data is pro-
vided in Fig. 4.

III. EXPERIMENTS AND SIMULATION THEREOF

As stated earlier, the empirical data used in this work come
from Ref. 26. In the experiments described in Ref. 26, lead

samples were subjected to shock loading generated by the deto-
nation of high explosive (HE) with initiation achieved through
the use of a plane wave generator. The explosive was composition
B-3 (60% RDX and 40% TNT by weight). RDX is an organic
compound with the chemical formula C3H6N6O6 (IUPAC ID:
1,3,5-trinitroperhydro-1,3,5-triazine). TNT, or trinitrotoluene,
has a chemical formula of C7H5N3O6 (IUPAC ID: 2-methyl-
1,3,5-trinitrobenzene). The experimental setup is illustrated in
Fig. 5. When the detonation-produced Taylor wave reaches the
free surface of the lead, reflection results in rarefaction and the
creation of internal tensile stresses. Tensile stresses of sufficient
magnitude produce spall. By varying the thickness of the sample
and of the HE layer, spall layers of varying thicknesses were gen-
erated. Moreover, by varying these thicknesses, it is postulated
that some of the samples discussed in Ref. 26 spalled with mate-
rial in a purely solid state, whereas others underwent spall that
proceeded from localized regions of liquid. This conjecture will
be expounded upon later. Spall layer thicknesses were recorded
and measured through the use of flash radiography.

Numerical simulation of the experiments described in Ref. 26
was conducted in this work using the one-dimensional Lagrangian
elastoplastic continuum mechanics code described in Ref. 31. We
chose not to model the plane wave generator used in the experi-
ments explicitly, but rather, to simulate its effect by replacing it
with a 1 mm thick initiating layer that is lit “instantaneously” at
t = 0. We chose to model the HE detonation products using a cubic
EOS. We assumed an initial density of the HE of ρ0 = 1.82 g/cm3

and a specific energy content of Q = 3.97 kJ/g.
Experimental results are provided in Ref. 26 for seven distinct

tests involving lead. In five of these tests, the lead sample had a
thickness of 2.5 cm; and in two of the tests, the lead sample had a
thickness of 1.2 cm. The thickness of the HE layer in these seven

FIG. 3. Surface tension vs Т/Тb for lead (exp. data from Ref. 35).

TABLE III. Parameters required for the deviatoric constitutive response [Eqs. (10) and (11)].

Y0 (GPа) а5 ε0 ε1 G0 (GPа) τ0 (ms) _εi0 (1/s) v0 b0

0.009 3.25 0 0.2 5.5 8.35 10 0.402 0.242

FIG. 2. Viscosity vs Т/Тb for lead (exp. data from Ref. 35).
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tests varied, test-to-test, within a range of [1.27, 10] cm. In prepara-
tion for presenting a comparison of predicted (using DGC-SL) vs
measured spall thicknesses, it will be informative to first consider
an important implication of the various specimen/HE thickness
combinations. In particular, let us consider an implication pertain-
ing to melt. In Fig. 6, we present predictions of peak pressures
internal to the samples for each of the specimen/HE thickness
combinations. We observe that for all seven specimens, dependent
upon the thickness of the HE layer, through-thickness peak pres-
sure profiles are generated that descend from ∼44 GPa to some-
where in the range of 14–32 GPa. Metallographic analysis
conducted on recovered lead samples (see Ignatova et al.38) has
revealed indications of melt in samples wherein the pressure at
release is ∼>26 GPa. This observation implies that samples 4, 5,
and 7 spall with all materials in the solid state, whereas all other
specimens develop spall within samples that are locally liquid. That
being the case, this set of experimental data is ideally suited as a
validation suite for DGC-SL since it involves damage formation in
some samples that is driven by elastoplastic processes, whereas in
other samples it is driven by processes wherein viscosity and
surface tension are dominant factors.

Whereas Fig. 6 presents peak pressures predicted to have
occurred at any given location within the specimen during the
course of the experiment, Fig. 7 provides a typical predicted
through-thickness pressure profile at a particular point in time, the
time at which the shock wave arrives at the free surface of the lead

(this particular prediction is for the case wherein Δspall = 2.5 cm and
ΔExplosive = 10 cm). The reader will note that Fig. 7 requires extrapo-
lation for the pressure to reach zero at the free surface, which of
course it must do. This is merely because in the numerical method,
pressure is a cell-centered as opposed to node-centered quantity.

Predictions of spall have been conducted (using DGC-SL) for
each of the seven tests involving lead that was discussed in Ref. 26.
The results of those calculations are presented in Table IV in com-
parison to the empirical data. It is noted that for each of the tests
involving a sample with a thickness of 2.5 cm, predictions of spall
layer thicknesses are in very good agreement with the empirical
data. However, for those tests involving a sample with a thickness
of 1.2 cm, spall layer thicknesses are under-predicted by 20%–30%.
It is proposed that the reason for accurately predicting spall layer
thickness for one set of experiments, while underpredicting for the
other set, relates to our choice of modeling detonation initiation. It
is conjectured that our choice of modeling detonation initiation
using the instantaneous lighting of a 1 mm thick slab resulted in
inaccuracies that were insignificant in the modeling of tests involv-
ing thick specimens, yet not insignificant in the modeling of tests

FIG. 4. Stress-strain relationship for lead (exp. data from Ref. 37).

FIG. 5. Experimental assembly (from Ref. 26).

FIG. 6. Predictions of peak pressures internal to the samples for each of the
specimen/HE thickness combinations: the specimen thickness ΔSample = 2.5 cm
(a) and the specimen thickness ΔSample = 1.2 cm (b).
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involving thin specimens. Graphical comparisons of prediction to
data are presented in Fig. 8. Here, we include, for emphasis, our
supposition that some of the samples spalled in the solid state
whereas others spalled with at least some of the material being in
a liquid state. Figure 9 provides a typical predicted through-
thickness density profile at a particular point in time, the time at
which spall is created (this particular prediction is for the case
wherein Δspall = 2.5 cm and ΔExplosive = 10 cm).

IV. CONCLUSIONS

A recently-developed continuum-level model capable of predict-
ing the evolution of spall, including the compaction of damaged
material, and applicable to the formation of spall in the material that
is fully solid as well as the material that is locally liquid, has herein
undergone an evaluation of its predictive capabilities. The model
accounts for inertial forces, elastoplastic constitutive behavior, viscos-
ity, and surface tension. In particular, the model has been used to
predict the formation of spall in lead samples subjected to loading by
HE. The wide-range dynamic applicability of the model is highlighted
in this work by the probability that some of the experimental data
derived from samples that spalled with material in a fully solid state,
whereas other data derived from samples that most probably spalled
at a location where the material was locally liquid. Predictions of spall
layer thickness match the empirical data reasonably well.
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