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perturbatively to leading order in the gravitational coupling by gravitationally dressing
local field theory operators in order to solve the gravitational constraints. Many such
dressings are allowed and two are explicitly examined, corresponding to a gravitational
line and to a Coulomb field; these also reveal an apparent role for more general boundary
conditions than considered previously. The observables obey a nonlocal algebra, and we
derive explicit expressions for the boundary generators of the SO(D-1,2) AdS isometries
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role of such a boundary Hamiltonian. Our leading-order gravitational construction reveals
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holographic map appears to require solution of the non-perturbative generalization of the
bulk constraint equations.
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1 Introduction and overview

Two longstanding problems for gravity are how to think about gauge symmetries and about
gauge-invariant observables in the quantum context. An important arena for testing our
understanding of quantum gravity is anti de Sitter (AdS) space. An additional motivation
for this is the widespread belief in the conjecture [1] that quantum gravity in AdS is
quantum-mechanically equivalent to a conformal field theory on its boundary.

With these motivations, this paper will extend recent work on construction of gauge-
invariant observables from the case of flat backgrounds [2] to the AdS context. The basic
idea is that while local operators of a field theory coupled to gravity are not gauge invariant,
since diffeomorphisms relocate points, these operators may be “gravitationally dressed” to



construct operators that are invariant under the diffeomorphism gauge symmetries. In
the perturbative theory these are the diffeomorphisms that vanish sufficiently rapidly at
infinity and they are generated by the constraints of general relativity (GR). Colloquially,
in gravity a particle is inseparable from its gravitational field, and so an operator creating
a particle must also create the corresponding field.

Understanding such constructions is also interesting and important from the viewpoint
of the AdS/CFT conjecture. This is because in order for the conjecture to be true, one needs
to understand how a D-dimensional bulk quantum-gravitational theory can be equivalent to
a D —1-dimensional boundary theory, through a “holographic equivalence.” While this was
originally motivated within string theory, it has been argued by Marolf [3-5] (see also [6])
that the gauge structure of gravity provides the basic explanation for such a holographic
correspondence, and that stringy degrees of freedom play no significant role in explaining
holography. It is clearly important to put these statements to concrete tests.

While we may not yet fully understand how to describe the degrees of freedom, dy-
namics, and symmetries of the complete theory of quantum gravity, this paper will take
an approach that rests on the idea that there is a “correspondence principle” for quantum
gravity [7, 8]: in the long-distance/low-energy limit, for questions where gravitational fields
are effectively weak, phenomena should be approximately well described by local quantum
field theory coupled to perturbative general relativity. If so, then whatever is the structure
of observables in the full theory, those should match onto and be well approximated by

¢

gauge-invariant observables in the perturbative regime. Such a “weak-gravity correspon-
dence” provides an important set of constraints on the more basic theory, extending also
beyond the construction of observables. Taking this weak-field limit, we may investigate
observables and other quantities perturbatively in the gravitational coupling. Since gauge
transformations are generated by the constraints in this limit, constructing observables
involves perturbatively solving the GR constraints. This paper takes such a perturbative
approach.

In outline, the next section will discuss the explicit construction of two different kinds
of gauge-invariant observables to leading order in the gravitational coupling. The first is a
gravitational line dressing; the dressed operator is shown to create a particle together with
a gravitational field concentrated to a narrow region extending to infinity. The second is
a Coulomb dressing, which creates a symmetric gravitational field; this matches the AdS-
Schwarzschild solution, although with non-standard boundary conditions on asymptotic
field behavior. The difference between these field configurations is a radiation field; the
state created by the line dressing decays to the Coulomb field plus radiation at infinity.
These are examples of a very large set of possible gravitational dressings.! In general, the
presence of the gravitational dressing means that observables obey a nonlocal algebra, as
in flat space [2, 8], whose nonlocality can be characterized by the locality bound of [13-15].

Acting on such operators that commute with the constraints, generators of the global
SO(D — 1,2) symmetries of AdS reduce to surface terms. Using the covariant canonical
formalism described in [16-23], section 3 derives an explicit expression for these surface

!'For related constructions in AdSs, see [9-12].



charges. The Hamiltonian and rotation generators are in particular examined in detail and
related to components of a “boundary stress tensor” defined in terms of the asymptotic
metric perturbations. We also explicitly check that this boundary Hamiltonian correctly
generates time translation of the gauge-invariant operators.

Section 4 turns to the question of a gravitational explanation for holography. The
presence and role of the gravitational dressings raises interesting puzzles about how gravity
might explain holography. First, the ambiguity in dressings for gauge-invariant operators
appears to lead to an ambiguity in the “extrapolate” dictionary, where a bulk operator
is supposed to correspond to a boundary operator which is taken to the boundary and
rescaled. This is part of the complication in trying to construct an inverse mapping that
determines the general bulk operator in terms of boundary operators, as in [24-28|. But,
beyond that, we explicitly see that the “boundary unitarity” and “holography of infor-
mation” arguments of [3, 5], and particularly construction of an equal time “holographic
map” determining bulk operators in terms of boundary operators, appear to rely on non-
perturbatively solving the constraints, or their non-perturbative generalization, which in-
volves solving for unitary bulk evolution. In this sense, an AdS/CFT correspondence
doesn’t solve the problem of unitary bulk evolution, but rather existence of a holographic
map appears to require its solution.

Appendices briefly outline canonical quantization of perturbative gravity in AdS, ex-
tension of the dressing theorem of [23] to AdS, and discussion of boundary conditions on
gravitational perturbations.

2 Diffeomorphism-invariant observables in AdS

2.1 Basic setup

One of the goals of this paper is to explore diffeomorphism-invariant (gauge-invariant)
operators that create excitations in the bulk of AdS. In doing this, we will explore the im-
plications of gauge invariance in a perturbative expansion in G p, the gravitational coupling.
Specifically, to help understand the basic structural issues, we will consider perturbative
quantization of a theory with a scalar field minimally coupled to gravity in AdS, and so

work with the action
1

S = /d% 9] {;(R—QA) +Lgs = 5 [(v¢)2+m2¢2]} , (2.1)

where k2 = 327Gp and A is the cosmological constant. Here Lyy is a possible “gauge-
fixing” (really, gauge-breaking) term; a common choice, working in a background ¢°, is

Vi0glLes = —0;2||gg|0’ [Vg ( Iglg"”ﬂ2 : (2.2)

with a the gauge-breaking parameter. Indices p, v, etc. run over the D bulk spacetime
dimensions. This paper will consider the AdS background metric

2 _
dsy =

o p (—d7'2 + dp* 4 sin’ p dQQD_Q) (2.3)



where R = \/—(D — 1)(D — 2)/2A is the AdS radius and dQ%,_, is the round metric on
the (D — 2)-sphere.

We will use the approach of [2] to construct gauge-invariant observables in AdS, work-
ing in the perturbative expansion

Guw = Gy + Ehy - (2.4)
At linear order in k, a diffeomorphism with parameter k£ transforms the fields by

dued(x) = —KLe + O(r?) = —kE10,P + oK%
Onehyy = —Leguw + O(k) = V& = Vi€ + O(k) (2.5)

where the covariant derivative is that of the background ¢°. So, at this order the field
operator ¢(z) is not gauge-invariant. However, a gauge-invariant modification to this
operator can be found, by “dressing” it with its gravitational field.

Gauge invariance of such operators may be checked either by examining their commu-
tators with the gravitational constraints, or by examining their explicit gauge dependence.
There are in fact many different such gauge-invariant dressings of a given operator ¢(z);
roughly, these dressings differ by operators creating gravitational fields that are source-free
solutions of the gravitational equations. At linear order, for example, different dressings
include a Coulomb-like dressing and a line-like dressing, both described in flat space in [2].
The resulting gauge-invariant operators can be written in the form

O(z) = p(a” + Vi (2)), (2.6)
where V#(z) is a functional of the metric such that ®(x) is gauge-invariant.

2.2 Gravitational line dressing
2.2.1 Construction

Here, as a first example, we will construct line-like dressings analogous to those of [2]. Like
there, we can think of doing so geometrically. We take the boundary of AdS to serve as a
fixed “platform,” where the diffeomorphisms vanish. If we seek to define a gauge-invariant
operator @y, in a general perturbation (2.4) of AdS, we can do so by locating a field
operator ¢ at a point we find by by picking a point (7,¢é) on the boundary (é is a unit
vector giving a point on SP~2) and launching a geodesic perpendicular to the boundary
for a given distance. The coordinates (7,¢é) and this distance specify the gauge-invariant
location of ¢. If we use these parameters as coordinates, the metric perturbation satisfies

hpp =0, (2.7)

which we can think of as a specification of an axial, gaussian-normal, or in the AdS context,
Fefferman-Graham (FG), gauge. Then to write ®1(x) in terms of arbitrary coordinates,
following [2], we need to undo the gauge transformation taking us to this FG gauge. Given
the gauge transformation (2.5), FG gauge is found from a general perturbed metric by
solving the equation

ViuXe + Voxu = hpu - (2.8)



So, given this solution, the gauge-invariant operator ® (z) will take the form (2.6) with
VI = —rx". (2.9)

2.2.2 Explicit solution

Solving the equation (2.8) thus gives the needed dressing, and is straightforward. First we
rewrite (2.8) as a collection of ordinary differential equations,

OpXp + OpXu — 2T xXx = Ty - (2.10)

The nonvanishing Christoffel symbols for the metric (2.3) are given by

) 1 .
[0, =T, =Tp, =tanp, TQ =—tanpga, Iy = m‘ﬁ% be =17, (211)
where a,b, - -- are indices? and §g is the unit-radius metric on the boundary SP~2. The

p equation has a similar structure to the flat space case and is immediately integrated to
find x”, and thus via (2.9),

w/2
VP(z) = RCOSé)/ ducosu hpy(T,u, €) (2.12)
2R J,

where the coordinates of the point x# = (7, p, é€) determine the unit spatial vector é; that
is, integration is along a radial line from x to the boundary.
Next, the 7 equation takes the form

Opxr — 2tan pxr = hrp — Or X, ; (2.13)

this can be integrated to give, via (2.9),

/2 /2
/ du <0082uhm(7,u, é) + CO;u/ du’ cosu' O hp(T, u',é))] . (2.14)
p u

Finally, equations for the angular components take the form

- K
Vi(z) = R

aan - Xa = hap — UaXp > (2'15)

sin p cos p

and integrate to give, via (2.9),

a K ~Q
Vi(z) = ﬁg b

/2
a,,/ du’ hpp(T,u',é) cos

(2.16)
The expressions (2.12), (2.14), and (2.16) thus specify the line dressing version of the

2cosu

w/2
/ du cot?u (hpb(T, u,é) +
p

general dressed operator (2.6).

2We collect our index conventions here: p,v,--- denote bulk D-dimensional spacetime indices; 7, 7, - - -
denote bulk D — 1-dimensional spatial indices; «, 3, -+ denote boundary D — 1-dimensional spacetime
indices; and a, b, - - - denote boundary D — 2-dimensional spatial indices.



2.2.3 Gauge invariance

Gauge invariance of ®(z) of the resulting expression (2.6) is readily checked. Given equa-
tions (2.12), (2.14), and (2.16), and the gauge transformation (2.5), one straightforwardly
finds the gauge transformation

Ore Vi (x) = K€M . (2.17)

This, to linear order, exactly cancels the gauge transformation of ¢ from (2.5), in the
expression for ®(z).

This can alternately be phrased in terms of the generators of gauge transformations,
which are diffeomorphisms vanishing at infinity and are generated by the constraints, Gf +
ASly — 8tGT}' (see the next section). The linearized versions of these should commute
with the operator ®(x). Alternately, in the presence of a gauge-breaking term (2.2), these
gauge transformations are generated by the linearized version of the gauge-fixing term

v, <\/ Iglg“”)-
2.2.4 Dressing field

It is also instructive to find the gravitational field created by a given dressing operator;
this was called the “dressing field” in [2]. This is found by computing a commutator

o (), ()] 5 (2.18)

® also in general yields a non-zero value for hW, found via the commutator with the
conjugate momentum. For simplicity we consider the case of a very massive particle,
at the center of AdS (in some frame), so that the momentum may be neglected. The
commutator (2.18) then becomes (from the creation part of the operator)

[ (2), @(0)] 2= im R [y, (x), Vi (0)] 9(0) , (2.19)

so in this limit the dressing field is given by the expression

hyw(x) = imR[h(x), VZ (0)] . (2.20)

This field can be evaluated from the dressing using commutation relations for the
metric, which are worked out in appendix A. Gauge invariance of ® indicates that the result
should be independent of gauge parameter; we set o = 0o, corresponding to the symmetry-
restoration limit. The expression for the commutator simplifies if we first integrate the
second term of (2.14) by parts, to find

/2 : .
Vi) =1 /0 du (h + 2h) | (2.21)

The resulting non-zero components of the dressing field are, at 7 = 0,

D—3 rwm cosP=Pps(e—¢é)
2D —2) RSP,

Bpp(0, T) =~ (2.22)



and
- 1 km cosP™2 p (e —¢é)
hay(0,T) >~ — Ja 2.23
b( I’) 2(D—2) RD_5 <in D— 5,0 \/5 Gab ( )

where ¢’ points along the gravitational line.

For the line dressing these are concentrated on an infinitesimally thin line; this behavior
may be regulated by averaging over a small solid angle AQ). To do that, we replace (2.21) by

sin u cos u

/2
K .
VI0) = —— Qp_ 2uh, + —— 2.24
A(O) R2‘AQD—2’ /O' du AQDQ #- <COS uhp " 2 hpp) 7 ( )

resulting in a dressing field smeared over the solid angle AQp_o.

While the gravitational line dressing given in this section gives a consistent description
of gauge-invariant operators, to linear order in x, the dressing field that it produces is not
a static field. Specifically, the dressed operator ®(x) creates a particle together with a
gravitational field localized to the line; in subsequent evolution the non-trivial gravitational
field will spread out [2], analogous to the behavior found in electrodynamics [29-31]. One
expects that after radiating gravitational radiation to infinity, the field ultimately settles
down to a more symmetric Coulomb field. We next turn to the operator that creates this

field directly.

2.3 Coulomb dressing

2.3.1 Construction

As in [2], we expect to also be able to construct a Coulomb-like dressing by averaging
the gravitational line dressing over all angles. The 7 component of the dressing is given
by (2.24), integrated over the full solid angle Qp_s to give

KR

iy 9 Sinu cos U ;
VC (0) = —W/dudQDQ <COS Uhp—,- + 2hpp> . (225)

The spatial part of the Coulomb dressing is most easily determined by starting with an
expression analogous to that in [2],

Va0 = [ aVorf(DE B E N (2.26)

Here dVp_ is the spatial volume element for the AdS metric (2.3), E# = (0,cosp/R,0---)
is the unit radial vector, and f(p) is chosen so that the dressing also transforms as
needed, (2.17), under a diffeomorphism (2.5); correspondingly it has normalization match-
ing the flat space result [2]. These determine f(p) = w(D — 1)/(2RP2tan? 2 pQp ),
so that

— Op_oE'E'E h. . 2.2
VC( 2QD 9 /cospd D=2 i (2.27)



2.3.2 Coulomb dressing field and relation to AdS-Schwarzschild

The Coulomb dressing field is computed in analogy with that of the line dressing, above.
Indeed, the non-trivial components of the metric at 7 = 0 may be found directly from the
angle-averaged formula (2.25), which yields (see (2.22))

~ D -3 km cosP 5 p

hpp(x) >~ imR[hpp(x), V& (0)] = 3D = 2)0p 3 RD5 sinD 3 p . (2.28)
One likewise finds
- ] - 1 Km 5 4
() = imRlhap(z), VE(0)] = — ot~ pay (2.29)

2(D — Q)QD_Q RDP-5 ¢

These perturbations may be compared with the expected Schwarzschild mass pertur-
bation of AdS. This is found from the standard expression

2 K 2 K -1
m2:—<1+;2—T§T>ﬁ2+(r+;2—r§?> dr® +1r%dQ0%,_, (2:30)
with constant
K 2.31
Kp—=— " :
P aD=2)0p (2:31)

Using the transformation ¢t = R7, » = Rtanp, and expanding to linear order in 2, this
yields the Schwarzschild metric perturbation

KDm
RD—B

khydatds” = cot? 3 p(dr? + dp?) . (2.32)

There is clear disagreement between the dressing field (2.28), (2.29) and the
Schwarzschild perturbation (2.32); in fact the former don’t even have the naively ex-
pected [32] cosP~2p falloff behavior as p — m/2.> However, the linear perturba-
tions (2.28), (2.29) are related to (2.32) through a diffeomorphism

Kpm cosP~2p

2RD=3 ginD—4

p=p+ (2.33)

establishing that the dressing does indeed create a field of the correct form.

2.4 Dressing ambiguity and nonlocal algebra

The preceding subsections have illustrated two different dressings for the field operator
¢(x). The dressing fields that these create differ by a solutions of the homogeneous (source-
free) gravitational equations, that is, by a radiation field. Specifically, as we have noted,
the line dressing field (2.22), (2.23) will evolve into a Coulomb field plus radiation to
infinity [2], in parallel with the QED case [29-31]. More generally, we might expect there
to be a very large number of gauge-invariant dressings, corresponding to all the possible
radiation fields by which the Coulomb field can be augmented. For example, [33] suggest

3Brief discussion of falloff behavior and finiteness and conservation of the symplectic form is given in
appendix C.



dressings that are Zs symmetric, which may represent yet another prescription within this
wide ambiguity; it would be interesting to further test their proposal via comparison with
the type of construction we have outlined. Note also that we expect to be able to extend
such dressing fields to consistent solutions at higher orders in x. In particular, work by
Carlotto and Schoen [34] (for a review, see [35]) shows that there are initial data for the full
nonlinear Einstein equations which vanish outside of specified cones, suggesting a way to
extend dressing fields similar to (2.24) beyond the linear approximation, and to generalize
to a distribution of conical fields.

The gauge invariance of gravity and the need to solve the constraints implies nonlocality
of the observables and of their algebra in gravity. A characterization of when this becomes
important is the “locality bound” of [13-15]. Non-commutativity of observables due to
dressing in flat space was explicitly shown in [2], confirming the locality bound.*

The expressions for the dressing that we have derived for AdS likewise exhibit the
nonlocality of the observables and their algebra in this context. Specifically, while the
commutator of the scalar field ¢ vanishes at spacelike separation, commutators of gauge-
invariant observables like (2.6) do not in general vanish at spacelike separation. This
clearly occurs either for the line form or Coulomb form of the dressing V#(x), and nonzero
commutators analogous to the expressions in [2] can be worked out.

Thus, as in flat space, the observables of a gravitational theory in AdS do not obey
a local algebra. This has potentially important implications for the nature of locality in
quantum gravity, and in particular it obstructs an algebraic definition of locality analogous
to that in quantum field theory [37]; an alternate approach to characterizing localization
has been preliminarily discussed in [38].

It has also been argued that this gravitational nonlocality is at the heart of holography,
and explains its existence [3-5] (see also [6]). Specifically, the constraints tell us that the
Hamiltonian is a boundary term, suggesting that evolution can be completely character-
ized in terms of evolution at the boundary. A boundary Hamiltonian can generate time
translation precisely because of the nonlocality of the observables that we have described.
We turn next to examining this question more closely, starting with a derivation of the
generators of the SO(D — 1,2) symmetries of AdS.

3 Symmetry generators and the “boundary stress tensor”

It was found in [2] that in flat space the presence of the gravitational dressing is precisely
what is needed so that generators of Poincaré transformations, which are surface terms in
general relativity, act to correctly transform the dressed fields. Indeed, [23] proved a flat
space “dressing theorem,” stating that once a local operator is gravitationally dressed to
make it gauge-invariant, that dressing must involve the asymptotic metric; this asymptotic
dependence is what is needed to ensure the correct commutators with these surface terms.
In order to understand the analogous story for AdS, one needs to find the analogous

“Prior to that, non-commutativity in a gauge-fixed approach was studied in [36]. Refs. [27, 28] also
discussed the algebra of observables in gauge theory and gravity in AdS, but did not exhibit the non-
commutativity we describe.



generators of the SO(D — 1,2) isometries of AdS, which likewise will be surface terms at
the boundary of AdS. This section will investigate these generators; for completeness, the
AdS version of the dressing theorem is given in appendix B.

The generators of SO(D—1,2) and their relation to what has been called the “boundary
stress tensor” have been discussed in the literature; we seek an explicit expression for them
in terms of the metric perturbation. This can be worked out following the canonical
covariant approach developed in [16-22], which is summarized in appendix B of [23].

3.1 Symmetry generators: derivation

Consider a general diffeomorphism &*. As is reviewed in [23], this has generator H found

5H§:5</EC§+7({92Q5>—£21'59. (3.1)

Here 0 denotes a variation (exterior derivative) on field space, ¥ is a Cauchy surface, and C¢

by solving the equation

is a D — 1 form whose Hodge dual (in the conventions of [23], appendix A) is proportional
to the Einstein equations,

4A 4 ,
(*Cﬁ)u = <TMV - ?g,u,u - ISJQG'uV) § . (32)

The Noether charge Q¢ D — 2-form and symplectic potential § are given by

Qe = —— x e (3.3)

2
(x0), = — =3 (VY09 — V,4u69) , (3.4)

with §,dz" = g,,§"dx*, and i¢ is the standard interior product. Recall that the symplectic
form is Q = [ d6; to enforce its finiteness and conservation we restrict to dimensions

D > 4.° If the condition
jiz i¢0 =0 (3.5)

is satisfied (see B21 of [23]), ref. [23] argues that

fi b= <L€h ]i . ige)) , (3.6)

where the field-space interior product I, instructs us to replace the infinitesimal variation
dg by kh. Then, eq. (3.1) can be solved for the generator of ¢,

He = I, yf (6Q¢ — ich) + / C . (3.7)
ox P
For a solution of the gravitational constraint equations,

n(xCe), =0, (3.8)

SFor further discussion, see appendix C.

,10,



with n* the unit normal to X, the last term vanishes, making the generator a surface term,
as stated. All that remains is to evaluate the remaining expressions in (3.7), to derive the
explicit form of the resulting charges.

To evaluate the first term, we can rewrite

2
(Qé)ur-upfz = —?em...HD_QZ,)\gWg/\“’BU(nggg) . (3.9)

Then, varying g and replacing dg by xh gives

2 h 1% vo v w
(Ieh0QE)us--p—2 = == € —aw> <2v  — ROV + VRN g,) : (3.10)
The second term gives
N 2 vo 14
(Lsniet)psup - = ~€prppowr (Voh"? = V7R) & . (3.11)
Combining these gives the generator
2 §vA cos?ph
H? = = ¢ dP20 lim (Rtanp)P~> 0~ 12y ¢, — w7V,
3 ;af p—1>17]rn/2(R an p) R? QV &x — hy Vol
+Vihao€” + (Vohy — Vyh) fA] (3.12)
where (5E’T)‘p) is the unit antisymmetric symbol for indices T, p.

3.2 Boundary Hamiltonian

For example, consider the case where &# = (1,6) is the Killing vector generating time
translations. Then, one can straightforwardly find the Hamiltonian generator

2
HO — - Y{dD—2QﬁT£T lim (Rtanp)D—2 (Vahg — V,hg + hg tan p) . (3.13)

p—7/2

Here the covariant derivatives are calculated with the bulk metric, and the area element
and normal n* = (1, 6) are defined using the boundary metric,’

3% = Gopdz®da’ = —dr* +dQ* . (3.14)

H? may also be rewritten in terms of the boundary metric and its covariant derivative Vo

2 A
g9 = =2 %dD_ZQ ATET lim (Rtanp)P~? |:Vah/ap + (D —2)tan phy,
R p—7/2

92 _ 2
+ (COSP - ap) gabhab] . (3.15)

sin p cos p

Since this Hamiltonian is a boundary integral, it is natural to propose that the inte-
grand be identified with a “boundary stress tensor,”

2 D4 | &a 2 —cos?p ~ab
7;—7- = E pll)l;l/2(R tan p) |:V hap + (D 2) tanp hpp + <SlanOSp 8p g hab .
(3.16)

5Index conventions are summarized in an earlier footnote.

— 11 —



However, note that the metric doesn’t always obey the boundary conditions that have been
typically assumed for normalizable perturbations [32],

D-3

hap — cosP 73 phag(x?),  hpp = cosP T3 p (), hpa — cosP T2 ph (), (3.17)

and so T is not trivially reexpressed in terms of such coefficients of the asymptotic metric.
(Further discussion of normalizability and boundary conditions appears in appendix C.)
Specifically, the Coulomb fields (2.28) and (2.29) have asymptotic behavior h,, ~ hqp ~
cos? =5 p, so with an extra power of 1/ cos? p. Nonetheless, one may check that when (3.15)
is evaluated for these perturbations, it gives the correct answer,

H? = mR ; (3.18)

the naively singular behavior in (3.15) cancels between the terms.

Note that while we have been lead to consider boundary conditions more general
than (3.17), in the special case where these boundary conditions are assumed, the Hamilto-
nian and stress tensor can be written in terms of the metric coefficients appearing in (3.17).
In this case, the p — 7/2 limit gives

HY = % 7{ dP2Qn7¢™ RPA(D — 2)h,p + (D — 1)§% k) (3.19)
and
2RD_4 ~ab
Trr = - (D = 2)hpp + (D —1)G"hap) - (3.20)

3.3 Rotation generators

We can likewise derive expressions for other SO(D —1, 2) generators. For example, consider
the rotation generators. For simplicity, choose coordinates so that the rotation is in the
last, azimuthal, angle, which we call ¢, and so gives Killing vector n = % This can then

be used in the expression (3.12), which is found to reduce to
2 —2e . _ _
H;? == jq{dD 2Qnkn” pgr;lﬂ RP~*tanP"2 p (2hy cot p+ 2cos® p V|, k)

4
= j{ dP=2Qaty” 051;1/2 RP~*tanP~2p (cos2 p Ouhy), + cotp hyw) (3.21)

with antisymmetrization normalization [ij] = (ij — ji)/2. This leads to the proposal that

the 7a component of the “boundary stress tensor” is

4
Tra = - pl_igl/z RP~*tanP~2) ((:os2 p Orhyq + cot p hm) . (3.22)

3.4 Translating bulk operators

In order to better understand the bulk and boundary algebras, and their relation, we also
want to check that the boundary hamiltonian of section 3.2 acts to translate the dressed
field ®(x). Here, as expected, the role of the dressing is critical. We also would like to

— 12 —



more clearly understand the form of the hamiltonian acting on expressions that are not
gauge-invariant.

The full hamiltonian is given by eq. (3.7), with &* = (1,0). Given C¢ from (3.2) and
the boundary hamiltonian Hy from eq. (3.13) or (3.15), this takes the form

H=H+ /E dvnH [TW — (Guw + Mg | € (3.23)

1
87G
where dV is the D — 1 volume element and n* the unit normal to . H? is evaluated on
0. The dressing makes ®(z) gauge-invariant, so it will commute with the term in square
brackets, proportional to the constraints (3.8). Then, the commutator of the hamiltonian
with @ is given by the commutator with H?.

On the other hand, we may consider the action of the hamiltonian on non gauge-
invariant expressions, like ¢(z) or hy,(x). This may be understood by expanding in the
metric perturbation,

Guw + Mg =G — 871Gt , (3.24)

where G, is the linear term in h and t,, contains quadratic and higher terms in h. The
first term, G,,,,, gives a total derivative which integrates to a surface term cancelling i 9

1
i Vit v — g9
87TG/Ed n*G,§" = HY, (3.25)

as may be seen by trivial generalization of the argument leading to (B24) of [23]. Then H
becomes

H— / AV (T + 1) € (3.26)
P

and so is given in terms of the stress tensor 7}, for matter and ¢,,, for gravity. Commutators
of this expression with ¢(x) or hy, (x) then generate their time translations via the canonical
commutators.

In short, the boundary hamiltonian H? only correctly time translates gauge-invariant
objects like ®(z), and likewise the boundary stress tensor 7,s is only expected to act
correctly on such objects. On the other hand, the bulk expression (3.26) correctly translates
either gauge-invariant or gauge-variant objects; on the former the stress tensor acts to
correctly translate the different pieces of ®.

We can explicitly check to see that H? correctly time translates ®. To do so, it needs
to have the commutator

[HO, V7 (2)] = —i (3.27)

with the dressing. This can be checked in the simple case of the line dressing (2.14). To
see this, note that the non-trivial part of the commutator comes from the time derivative
of the metric perturbation in (2.14) and the diagonal terms in (3.15). In particular, we
find that

ik(D—3) §P72(e—¢) cosP=% p

[hpp(), VLT(x/)] = _2(D —2)RD-4 NG, 0(p — p')(sin p — sin Pl)m

(3.28)



and

~ab T iR 5D_2(é_é/) N . cosTTEp
hap(), V, — — g(p— - =7 3.29
(9" hav(2), VL ()] SRD1 i (p—p')(sinp Slnp)sinD_4p (3.29)

Using these to evaluate Hp from (3.15) then yields (3.27). Notice also that the expres-
sions (3.28), (3.29) are useful in calculating the dressing field for an operator not located
at the origin, generalizing the derivation of section 2.2.4.

4 Puzzles regarding gravitational holography and the boundary algebra

It has been argued by Marolf [3-5] that the origin of holography, and thus of a proposed
AdS/CFT equivalence, is intrinsically gravitational in nature, and in particular that it
arises from the gauge symmetry and constraints of gravity, and not from stringy behavior
such as extendedness of strings. Since the preceding discussion describes how to solve the
constraints to find gauge-invariant operators, in an order-by-order expansion in x, and
how to find the boundary symmetry generators, it provides a very concrete approach to
assessing such statements.

Bulk algebra, induced boundary algebra, and “holography of information”.

A starting point for the argument of [3-5] is the relationship between the bulk and boundary
algebras. The bulk algebra is simply that of bulk operators. In the case where we consider
bulk operators that are not gauge-invariant and depend on the metric, defining the algebra
may depend on the gauge-fixing prescription, as is for example described in appendix A.
On the other hand, gauge-invariant operators should have no such dependence.” Next,
if boundary operators are obtained from the boundary limit of bulk operators, the bulk
algebra induces an algebra of these boundary operators. Of course the consistency and
closure of this algebra depends on details of this boundary limit. As an example, consider
the operators 7,3, which were derived for a8 = 77,7a in the preceding section. These
are interpreted as components of the boundary stress tensor, and have an algebra induced
from that of the bulk perturbation h,,. The statement that the various generators H¢ of
the SO(D — 1,2) symmetries should have the correct algebra presumably implies that the
components of 7,3 have induced commutators corresponding to those of the stress tensor®
of a conformal theory, although we have not checked this explicitly.

We next summarize the basic argument for “holography of information” of [5]. Con-
sider a bulk operator, such as ®(7, %) of (2.6). Suppose that this operator can be written
in terms of operators in the boundary algebra, at some later time (or times) 7/. Then, since
the boundary Hamiltonian H? of the preceding section is also in the boundary algebra,
the resulting expression may be converted into an expression in terms of operators at time
7. This is done by conjugating by exp{iH?(t — 7')}, which translates the operators at 7’
to operators at 7. If all this can be done, then the operator ®(7,x%) has been rewritten
in terms of boundary operators at the equal time 7. This, then, would explicitly exhibit

TA possible alternative approach (see [2]) is to work in a particular gauge, such as Fefferman-Graham
gauge, and define the algebra via the Dirac brackets.
8For related discussion, see [39)].
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the equal time “holographic map” between bulk and boundary operators, and so such an
explicit expression would clearly be of significant interest.

The intuition that ®(7,z%) can be written in terms of boundary operators at a later
time 7/ arises from the intuition that this operator creates a state, which then propagates
out to the boundary, and can be though of as arising from a boundary operator. This kind
of construction certainly holds in the free (kx = 0) theory and has been explored in work
going back to [24-28]; we refer to it as the HKLL construction. A question is how such
a construction would work in the interacting theory, since gravitational interactions also
imply the presence of gravitational dressing and the need to properly handle the gauge
structure of gravity — as well as other subtleties of strong gravity.

The extrapolate map? A starting point for the HKLL construction is the “extrapolate”
map, which in the free theory states how the field operator ¢(z) maps to a boundary
operator in the limit as it approaches the boundary,

O@") = Tim, (cosp) 26", p). (4.1)

where the conformal dimension A = (D — 1+ /(D — 1)2 + 4m2R2)/2 is given in terms of
the mass m.

The analogous statement of the extrapolate map in the k # 0 theory is plausibly also
a good starting point there, but raises the question of the proper form of this map. There
are different possibilities.

A first possibility is that one continues to use the map (4.1), in terms of the undressed
operator. However, if this were the case, then the boundary stress tensor (3.16) and
hamiltonian (3.15) would commute with O(z®) and wouldn’t generate time translations of
O(x®), as is seen explicitly in the discussion of the preceding subsection 3.4.

An alternate proposal is that the extrapolate map is formulated in terms of a dressed
operator (2.6),

O(z®) = lim (cosp) 2@ (z%,p) . (4.2)

p—T/2

However, this raises new questions. First, we have found different dressed operators — e.g.
with the line dressing or Coulomb dressing — and there are many more. These appear to
give different prescriptions.? Moreover, if we consider a particular form of the dressing, say
the line dressing, then that linear structure is not maintained under time evolution, as was
noted in section 2.2.4 — a generic such dressing evolves by spreading out, approaching the
Coulomb dressing. One could posit (4.2) using the Coulomb operator ®c. However, this
operator has nonvanishing equal-time commutator with 7,g(z”) over the entire boundary,
and does not obviously localize in the boundary limit.

Indeed, a related question involves the locality of the operators. Dressed operators do
not commute outside the lightcone [2] and so, as discussed above, their algebra is nonlocal.
This raises the question of locality of the corresponding boundary operators, which at xk = 0

It is plausible that the boundary limit suppresses differences between certain dressings, but a full
investigation of this, and e.g. the role of the “antipodal” line dressing is an open question for future work.
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were argued to obey a local algebra in [40]. For example, in principle it looks like it may be
possible to take a line operator ®; to an equal-time boundary point that is different from
the point where the dressing is anchored; this could even be the antipodal point. Such an
operator would not commute with an operator at the spacelike-separated anchor point.

In short, the presence of gravitational dressing raises questions about how to properly
and unambiguously define an extrapolate map that is valid to order x and beyond. The
identification (4.1) leads to the wrong commutators, and (4.2) apparently suffers from
ambiguities.

A related perspective on these puzzles it to try to understand how the boundary

t.IO

algebra and expression (4.1) arise from the x — 0 limit."” We find the correct commutator

[Tap, @] by including the dressing, which is of order k', in ®. The limit produces a non-
vanishing result for this commutator because the boundary stress tensor scales as k!
(see (3.16), (3.22)) — and so this tensor lacks a clear definition in this limit. This also

raises the question of how to define the boundary algebra [3] in this limit.

The HKLL map? Questions continue when one attempts to infer the O(x) and higher
generalization of the HKLL map, which we have seen plays a key role in the boundary
unitarity argument of [3-5]. First, given the apparent ambiguity in the extrapolate map, it
is also not clear how to invert it to provide a construction of ®(7,z*) in terms of operators
O(x®) at a given time. In principle, it has been advocated that this construction arises via
evolution by the bulk equations of motion, which in the free case propagate the particle to
the boundary. How this works is less clear working to order x and beyond. For example,
if we consider the line operator ® creating a particle at £ # 0, we have seen that this
operator can be interpreted as creating the particle with the Coulomb dressing, together
with a radiative component of the gravitational field. The corresponding gravitational
radiation does not all necessarily reach the boundary at the same time that the particle
would. In order to find a boundary dual of each of the different bulk operators ®, one
one could try to find an order-by-order relation of perturbative bulk fields to boundary
operators, by solving bulk equations of motion, as in [26-28]. An open question is whether
this provides a systematically well-defined prescription including dressing effects.!!

Of course, part of the challenge is determining the evolution of a dressed operator
®(x). In principle, its Heisenberg equation of motion can be written as

& = —[H,[H,3] . (4.3)
and this has formal solution
O(r) = ™ P(0)eTH” (4.4)

but finding an explicit solution is a challenge. Alternately, one can try to read off the
equations for ® from its expression in terms of ¢(x) and hy, (x), and from the bulk equations

ONote that since s is dimensionfull, it does not by itself provide a good expansion parameter. One
natural bulk expansion parameter is HE(D72)/2, where ' = £/R is the bulk energy conjugate to t = R7.
The corresponding CFT expansion parameter in the case of AdSs x S° is £*/N.

HNote also the question of how to treat the metric perturbations, given that they fall off more slowly
than the typically assumed behavior (3.17).
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for these. But, in either case the equations that result are apparently not simple, and
require solving the constraints.

These points raise important questions about the precise form of a generalization of
the HKLL map to O(k) and beyond!? and reinforce the apparent necessity of solving
the full bulk equations. Related discussion of questions in time-dependent backgrounds
appears in [41].

Boundary unitarity and holography of information? Without a complete prescrip-
tion for writing ®(7,z%) in terms of operators O(z®) at a given (e.g. later) time, it is not
clear how to sharply formulate the argument for holography of information; more definite
expressions, valid to O(k) and beyond, appear to be needed to assess its viability. And if,
for example, an order-by-order procedure as noted above is carried out, using HKLL inver-
sion of expressions such as (4.1), then it is unclear how to use the step in the holography
argument that relies on H? generating time translations, since that is only true for the
action on gauge-invariant operators, and not on perturbative fields as in (4.1). Perturba-
tive fields are instead translated by the full bulk hamiltonian, (3.26). Put differently, the
Hamiltonian H can only be thought of as lying in the boundary algebra when acting on
operators commuting with the constraints, and this amounts to solving the equations for
unitary time evolution in the bulk.

Of course, another closely related possible approach to achieving the goal of these
arguments — expressing ®(7, z°) in terms of operators O(x®) at equal time — is to consider
conjugating ®(x) by the translation operator; in the limiting case, such a large translation
reaches the boundary, and thus could directly relate ®(z) to a boundary operator.

However, as was argued in [38], performing such a large translation again requires
having the dressed operator ®(z) to all orders in x. This would again be equivalent to
solving the full nonperturbative generalization of the constraint equations Go, + Agoy =
8mGToy, and this is equivalent to having the full non-perturbative evolution of the system,
since solving the constraints amounts to solving for time evolution.!?

Indeed, an important claim of the AdS/CFT correspondence — if it truly defines a
fine-grained quantum equivalence of theories [43] — is that it maps boundary evolution,
which is manifestly unitary, onto bulk evolution, and thus it would appear to demonstrate
the form of unitary bulk evolution. This is particularly important in view of the unitarity
crisis (information problem) for black holes, which raises the profound question of how
black hole evolution can be unitary. Specifically, if we were given the precise map between
bulk and boundary theories, this should map unitary boundary evolution onto unitary
bulk evolution. But, the preceding arguments suggest that the problem of defining the
“holographic map” is not independent of the problem of describing unitary evolution in the
bulk — finding this map and finding the form of unitary bulk evolution are directly linked.

2Note that aspects of such a map have been proposed in [28]. This work was based in part on the
assumption of commutativity of the bulk observables, which contrasts with the non-commutative algebraic
structure that we have found for the bulk observables.

1311 the context of a hypothesized more complete quantum gravity theory, the constraints (3.8) may well
be replaced by some more complete evolution equation and/or expression of gauge invariance. For one
example of a possible role for high-energy degrees of freedom, see [42].
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In this sense such an AdS/CFT correspondence doesn’t obviously solve the problem of bulk
unitarity and in particular the unitarity crisis for black holes — it requires its solution.
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A Canonical quantization in AdS

To quantize metric fluctuations in AdS, a first step is to find the canonical commutators
arising from the action (2.1), again working perturbatively in the expansion (2.4). This is
most easily done by writing the metric (2.4) in Arnowitt-Deser-Misner (ADM) form [44],

ds? = —N?dr* + g;j(dz" + N'dr)(da? + N7dr) . (A1)
One easily finds from (2.4) the relation to the metric perturbation,
¢ij = g?j + Khij , Nt = /qujth , N? = _927 — Kkhr + H2qijhi7—h]‘7— . (A.2)

The spatial metric ¢;; has conjugate momenta

- 2 » . 1 0 ij
i _ ?\/(?(K” —¢TK) + — ||gg| ’nyvg ( !g\g“”) Vaq” (A.3)

with extrinsic curvature defined as

1

Ri=on

(¢ij — DiNj — D;N;), (A4)
covariant derivative D; defined with respect to the spatial metric ¢;;, and normal n* =
(1/N,—N?/N) to the constant-7 slices. Eq. (A.3) agrees with the usual ADM momentum
for vanishing gauge-fixing term (o = 00). The extra term is proportional to the gauge term
Vg <\/W g””); this generates gauge transformations and so may be dropped in commuta-
tors with gauge-invariant objects; alternately, it vanishes in the gauge symmetry restoring
limit a« — oo. If the action is written in ADM form the momenta conjugate to N, N*
vanish, up to such a gauge-generating term proportional to 1/c.
The canonical commutators take the form

[Qij(T7 i})?q,d(7—7 fl)] =0 (A5)
[ﬂ'ij(T, :E’),Wkl(T,:Z"") =0 (A.6)

(. @), 7 (7, @) - &) (A7)

311

| = iofts) s
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5D—1

where is the Dirac delta function and our symmetrization normalization is (ij) =

(ij + 7i)/2. In the presence of the a term, (A.7) may be extended to
(0 (7, ), 7 (7, )] = 60667 (7 - 7) (A.8)
Written in terms of the metric perturbation, the momenta (A.3) with o = oo become
T = %ﬂqikqﬂ [hkl — Dihir — Dibger — quiq™ (hunn, — 2Dinhny) | (A.9)

Thus the metric perturbations commute at equal times, and satisfy

. . ik i1 5D—1 =
[hij('r’ .’f), hkl(Ta ip/) o qqurrw’Lh7ﬂn(7_7 :Z,»/)} — N (q k451 —;q IQJk) (.T xT ) , (Al())
V4
or D—1 4
; 07T =) Qi + qudy ij
[hij(T, Z), hy(r,2")| =iN E; ) <q k41 _g Budsk _ lq);gm;) : (A.11)
q —

B Dressing theorem in AdS

This appendix generalizes the dressing theorem of [23] to the case of asymptotically AdS
spacetimes. Let O be a compactly supported operator in a quantum field theory in an AdS
background. Let O be a gravitationally dressed (i.e. gauge-invariant) version of O, which
has perturbative expansion

A= 0400 4202 4 ... (B.1)

Then the theorem states that O transforms nontrivially under some AdS isometry if and
only if O1) depends on the asymptotic spacetime metric.
To prove this, note that gauge invariance states that O commutes with the constraints,

VE Cg,@] =0, (B.2)

with C¢ given in (3.2), for any compactly supported &; this must therefore also hold for &
with non-compact support. We consider this statement for an infinitesimal AdS isometry
&. Once again, we expand the Einstein tensor as in (3.24), so that C¢ becomes

1 v
C§ = (_1)D * |:<_87TGg'uV + T,uu + t;w) 5 dSU'u:| 5 (BS)

with ¢, the gravitational stress tensor defined in (3.24). Next, integrating over the surface
> gives

» >

Here we have used the generalization of (3.25)

1
0 m v
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which is true for a Killing vector £*; this is shown via a simple generalization of the proof
of the analogous flat space relation, (B25), given in [23].
The statement of gauge invariance then becomes

{_Hg +/ AV (Ty + tu) nt€”, 0| = 0. (B.6)
b
This statement can be expanded
H?Jxﬂﬂ+4£o@>+'~]:{/"M/upy+qw)mf%63+moﬂ>+K?o@>+.~ , (B.7)
b

where, for a localized operator O, [H ? ,O] =0. Since H ? is O(1/k) if O is independent of
v, the O(k%) term in this equation states

[Hg,ﬁ(’j(l)] - [ /E dVTWn“g”,O] . (B.8)

The commutator on the left vanishes if and only if the commutator on the right does. But
since H 5‘9 depends only on the boundary metric, the commutator on the left is nonvanishing
if and only if O depends on the asymptotic metric. The commutator on the right is just
that of the O(x") AdS isometry generator with O, which vanishes if and only if O has zero
charges under the AdS isometry group. This proves the theorem.

C Boundary conditions for metric perturbations

The main text found a difference between the falloff found for the dressing
field, (2.28), (2.29), and the boundary conditions for a “standard” form of AdS/Schwarz-
schild, (2.32), which were advocated as more general boundary conditions in [32]; there
is a related question of defining charges. This appendix briefly describes some aspects of
boundary conditions.

Specifically, two important criteria for boundary conditions of a self-contained system
is that they give finite symplectic form, and vanishing asymptotic symplectic flux so that
the symplectic form is conserved. The symplectic form is

Q:/Eae, (C.1)

with ¥ a spatial slice and symplectic potential § given in (3.4). Moreover, if S, is a constant
p surface that approaches the boundary of AdS as p — m/2, the condition of vanishing
asymptotic flux is

lim [ 60=0. (C.2)
p—=/2)s,
An explicit formula for the integrands of these is [17, 45]

2
* 59L(5gl, (592) = ?P‘A‘“"”’ (6g/z\uvyégclw — 69/1\MV,,693U) , (C.3)
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with

1 1 1
§gL>\g,quUU - 79)\,ugwgvu + 79)\,u,gwgov ) (C4)

1
PL)\/LVO’U L0 VN v w Ao
g g B 9

- v _
9 29 99

Starting with these expressions and the form (2.3) of the AdS metric, carefully enu-
meration of the different terms shows sufficient conditions for finiteness of €2 and vanishing

of the flux. In particular, this shows that the behavior h,, ~ hg, ~ cosP—?

p, as found
in (2.28), (2.29), yield finite symplectic form for D > 3. The conditions for vanishing
asymptotic flux can also be checked; in this paper we take D > 4 to ensure finiteness and

conservation.
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