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Abstract 

Aerosol deposition (AD) can lead to the formation of dense coatings via deposition of 

particles from a gas flow; in AD the aerosol is passed through a converging-diverging nozzle, 

facilitating inertial particle impaction on a desired substrate at supersonic particle velocities.  

Unique from thermal spray methods, AD can be applied near room temperature and unique from 

cold spray, in AD the aerosol is typically at atmospheric pressure upstream of the nozzle.  

Though AD has been successfully demonstrated previously, a number of aspects related to 

particle motion in AD systems remain poorly understood.  In this work, we simulated 

compressible flow field profiles and particle trajectories for typical AD working conditions for a 

slit type converging-diverging nozzle with a planar substrate. In examining the fluid flow profile, 

we show that the velocity and pressure profiles, as well as the shock structure are sensitive to the 

upstream and downstream operating pressures of the nozzle.  These ultimately affect particle 

impaction speed. Importantly, in AD, the particle drag regime is dynamic; both particle Knudsen 

numbers and Mach numbers can vary by orders of magnitude.  To aid particle trajectory 

simulations, we trained a neural network to predict the drag force on the particles based on 

existing experimental data, theoretical limits, and new direct simulation Monte Carlo (DMSC) 

results. The neural network based drag law, which depends upon both Mach and Knudsen 

numbers, shows better agreement with the DSMC simulation data than pre-existing correlations. 

With it, particle trajectory simulation results reveal that for a given particle density, there exists 

an optimal particle diameter to maximize particle impaction speed.  We also find that in AD 

particles undergo size dependent inertial focusing, i.e. there is a particular particle diameter 

where the particle deposition linewidth is minimized.  Particles smaller than this diameter are 

underfocused, and particles larger than this are overfocused, and hence have larger deposition 

linewidths in both cases. Using trajectory simulations, we additionally develop a framework that 

can be used to evaluate the position-dependent mass, momentum and kinetic energy fluxes to the 

deposition substrate for any aerosol size distribution function upstream the nozzle. It is shown 

for typical aerosol concentrations achievable in the laboratory, the kinetic energy flux can 

approach a magnitude normally observed in convective heat transfer with phase change, hence 

translational kinetic energy to thermal energy transfer in AD is likely the key contributor to the 

formation of dense coatings.    

 

Keywords:  Aerosol Deposition; Converging-Diverging Nozzle, Inertial Focusing; Inertial 

Impaction; Direct Simulation Monte Carlo 

 

 

 

 

 

 

 



1. Introduction 

Aerosol deposition (AD) has emerged as an additive manufacturing method for coating 

and thin film production [1-7]. Distinct from other particle deposition methods, such as thermal 

and cold spray [8, 9], AD can function at room temperature and does not require highly 

pressurized gas [3, 10]; this facilitates deposition onto low-melting point materials with simpler 

manufacturing devices. The AD process involves accelerating particles with a compressible, 

high-speed carrier gas, leading to particle impaction at supersonic speeds and at reduced pressure, 

with the potential for both particle heating as well as plastic deformation upon collision with the 

substrate (while the substrate itself is relatively undisturbed). It is generally acknowledged that 

high particle speed during impaction is critical to control coating/film properties such as porosity, 

and to mitigate particle bounce upon deposition [8, 11]. To this end, converging-diverging 

nozzles (i.e. de Laval nozzles) are frequently utilized, as such nozzles enable the acceleration of 

flow and of particles to supersonic speeds within the nozzles themselves.  

Though considerable effort has been devoted to simulation of particle trajectories within 

converging-diverging nozzles and to estimate impaction speeds in particle deposition systems [5, 

12-14], many critical aspects the AD process remain uninvestigated. First, the drag force of the 

carrier gas on particles needs to be carefully considered in designing AD systems.  As particles 

traverse through the nozzle, rapid gas rarefication and densification (due to shock formation) can 

lead to particle Knudsen number (Kn) variations by as much as ~102, hence the drag regime 

rapidly varies between the ballistic/free molecular [15, 16] and continuum limits.  In addition, 

due to gas stagnation close to the substrate or insufficient particle acceleration, particle Mach 

numbers (Ma, based on relative speed of gas and particles) can exceed unity, with potential 

shock formation close to the particle surface [17]. Modeling of particle trajectories, therefore, 



requires a drag law that is valid for a wide range of Kn and Ma. To date, many models of the AD 

process do not appropriately consider the Knudsen and Mach number evolution for particles [5, 

18, 19], and for those where this is considered [20], the most widely used particle drag 

correlation is that proposed by Henderson [21].  The basis dataset for Henderson’s correlation is 

unfortunately incomplete; in particular it does not span the Kn and Ma number ranges critical to 

AD systems operating at reduced pressure. For example, submicrometer particles typically lie 

within the transition regime (0.1<Kn<10), and can have Mach numbers between 0 and 3 during 

deposition; however, a large fraction of the data utilized in Henderson’s correlation in this Kn 

range were collected at extremely low Mach number, i.e.   𝑀𝑎 ∈ (5 × 10−7, 6 × 10−6), and 

there are few data points with Kn of order 10
-1

 and Ma > 1.  [22]   

Another aspect to be explored in AD relates to how operating conditions of the nozzle 

influence particle impaction speed. Relevant factors, such as gas temperature and composition, 

substrate position and particle size, have been examined closely for cold spray process, [8, 13, 14, 

23] wherein the upstream pressures are typically on the order of  10
6 
Pa, the downstream pressure 

is atmospheric pressure, and the particles are tens of micrometers in diameter. The AD process, 

conversely, is characterized by atmospheric upstream pressure and reduced downstream pressure, 

and has significantly larger gas rarefaction effects.  Because of low downstream pressures AD 

has the potential for application with submicrometer and nano-sized  (<100nm) particles [10, 17, 

24], though this is not commonly considered in AD design.  

A final concern regarding the AD process is the influence of the input particle size 

distribution function on linewidth/mass deposition profile, as well as momentum and energy 

fluxes to the substrate.  Ultimately, aerosol deposition is an inertial process.  Inertial motion of 

particles is not only known to be highly particle size dependent, but also leads to lateral focusing 



of particles [25, 26], i.e. the depositing particle linewidths will be highly particle size specific, 

and there will be an optimally focused particle size which has the minimal deposition linewidth. 

Such focusing effects, coupled with polydisperse size distributions, must dramatically impact the 

mass, momentum, and energy flux distributions over the substrate area, though this has not been 

described previously.  

Here, we apply a combined computational fluid dynamics-particle trajectory model to 

better examine particle mass, momentum, and energy transfer to substrates in aerosol deposition.  

Specifically, in our modeling we examine a slit shaped converging-diverging nozzle under 

conditions applicable to AD.  Particle trajectories are simulated using drag coefficients derived 

from a neural network (to correct the drag coefficient relationship) incorporating new direct 

simulation Monte Carlo data to compute particle drag coefficients for 𝑀𝑎 ∈ (0, 5) over a wide 

Kn number range.  Particle trajectories and spatial distributions at impaction are examined 

varying particle size and density.  Finally, mass, momentum, and energy flux distribution 

equations are developed and applied to examine how the spatial distribution of depositing 

particles affects the overall mass deposition rate, particle momentum flux, and impinging particle 

kinetic energy flux. 

 

2. Computational Methods 

2.1 Nozzle Geometry and Simulation Domain 

 The nozzle geometry used in this study is shown in Figure 1. The nozzle is a slit-shaped, 

converging-diverging de Laval nozzle, which would be suitable for deposition of coatings via 

rastering of the substrate.[3]  It has an inlet width of 4.4 mm and an outlet width of 2 mm, as well 

as a throat width of 0.2 mm. The converging section of the nozzle has a length of 2.5 cm, while 



the diverging section is 3.5 cm.  A 20 mm width, flat substrate is placed 6 mm below the nozzle 

outlet; the chamber housing the substrate is 44 mm in width.   

 

Figure 1. Nozzle geometry and simulation domain. 

 

2.2 Computational Fluid Dynamics Simulation 

We employed finite volume simulations using ANSYS Fluent 18, solving the two 

dimensional compressible Navier-Stokes equations to obtain the fluid flow profile under steady 

conditions coupled with solution to the energy equation.  We elected to use two-dimensional 

simulations in consideration of the high nozzle cross section aspect ratio (near 10
2
) commonly 

utilized in AD with slit-type nozzles; in this instance two-dimensional simulation should provide 

reasonable accuracy in a more computationally efficient manner than a fully three-dimensional 

model.  A turbulence model was employed because at the nozzle throat, the hydraulic diameter 

based Reynolds number is ~5 x 10
3
 with atmospheric pressure upstream, hence a modest degree 

of turbulence may arise in the flow.  Prior work has shown that the SST 𝑘 − 𝜔 turbulence model 

[27] is accurate in simulating compressible flows in converging-diverging nozzles [28]; thus, we 

chose this model to account for turbulent dissipation in flow-profile simulations.  The governing 



equations for continuity, momentum transfer, and energy using this model are provided in [29, 

30] and noted in the supplemental information here. 

It is important in AD fluid flow simulations to have a sufficiently high node density near 

the substrate to resolve the shock structure at the substrate surface. A grid independence study 

was carried out to determine the number of grid points required to fully resolve the flow profile.  

In this study, we simulated half of the nozzle geometry (because of symmetry conditions) with 

1.0 x 10
6
, 1.6 x 10

6
, and 3.0 x 10

6 
nodes.  We observed negligible difference in simulation 

velocity and pressure fields between these three simulations, indicating all were appropriate in 

modeling the flow and pressure fields.     In all simulations the gas modeled was nitrogen (N2); 

its viscosity varied with temperature in accordance with the Sutherland equation, as noted in the 

supplemental information. The boundary conditions were set as follows: (1) the no-slip condition 

was invoked at all solid walls and the substrate, and all solid boundaries were treated as adiabatic; 

(2) the inlet temperature was set to 300K, at a stagnation pressure of either 190 or 760 Torr; and 

(3) the outlet static pressure (at the boundaries, Figure 1) was set to either 1 Torr or 10 Torr.  At 

the inlet the flow direction was set to be normal to the boundary and the turbulence intensity was 

set to be 1% (low turbulence). Simulations were run until the scaled residual reached the 

following criteria, which are commonplace in ANSYS Fluent simulations [30]: continuity< 1 ×

10−5 , x-velocity<  1 × 10−5 , y-velocity< 1 × 10−5 , energy ≤ 1 × 10−5 , 𝑘 < 5 × 10−5 , and 

𝜔 < 1 × 10−6. The difference between inlet and outlet mass flow rates were checked as another 

criteria for convergence: for all cases examined, the flowrate differences were less 0.1%.   

 

 

 



2.3 Particle Trajectory Simulations 

We assumed one way coupling between the fluid and the particles, i.e. the presence of 

particles was assumed to have negligible effect on the flow profile.  To estimate particle 

impaction velocity and flux distribution to the substrate, particles of prescribed diameter and 

density were released uniformly along the inlet boundary of the nozzle.  The examined particle 

diameters ranged from 3 nm to 10 m, and two densities were selected: 2650 kg m
-3

 and 8960 kg 

m
-3

, which correspond to bulk silica and copper, respectively.  Particle Brownian (thermal) 

motion was not considered as this effect is expected to be small relative to the influences of flow 

and inertia. [31] Additionally, as shown in the Results & Discussion section, for the simulated 

flow conditions, only particles > 15 nm impact upon the substrate (for copper), for which 

Brownian motion would certainly minimally impact trajectories.  

For trajectory calculations, user-defined functions were incorporated in Fluent’s discrete 

phase model (DPM). At each time step, the gas properties (specifically the velocity vector, the 

temperature, and the pressure) were sampled from the cell in which a particle was located. These 

properties were then used to compute the drag force on the particles using user defined drag laws.  

The equation of motion for a particle is expressed as: 

𝜌𝑝
𝜋

6
𝑑𝑝

3 𝑑𝑣𝑟⃗⃗⃗⃗ 

𝑑𝑡
= −

1

2
𝜌𝑔‖𝑣𝑟⃗⃗  ⃗‖

2𝐴𝑝𝐶𝑑
𝑣𝑟⃗⃗⃗⃗ 

‖𝑣𝑟⃗⃗⃗⃗ ‖
        (1) 

where 𝑣𝑟⃗⃗  ⃗ is th relative velocity vector between the particle and fluid, 𝜌𝑝 is the particle density, 

𝑑𝑝 is the particle diameter, 𝜌𝑔 is the gas density, 𝐴𝑝 is the particle cross sectional area, and  𝐶𝑑 is 

the drag coefficient.  Correlations have been developed for 𝐶𝑑 in different Mach number and 

Knudsen number regimes.  We review selected regimes here, showing that there are limited 

results in the Ma and Kn ranges of interest for AD.  In the limit of particle Mach number 



𝑀𝑎 → 0, the Cunningham correction factor is used to modify Stokes’s law to account for the 

rarefaction effect. 𝐶𝑑,𝐶, is given by [32]:  

𝐶𝑑,𝐶 =
24

𝑅𝑒
(1 + 2𝐾𝑛 [1.257 + 0.4exp (−

0.55

𝐾𝑛
)])

−1

     (2) 

where the subscript “C” denotes it is Cunningham’s correlation, and 𝑅𝑒 =
𝜌𝑔‖𝑣𝑟⃗⃗⃗⃗ ‖𝑑𝑝

𝜇
 and 𝐾𝑛 =

𝜆

𝑑𝑝
 

are particle Reynolds and Knudsen number, respectively ( is the gas dynamic viscosity and  is 

the gas hard sphere mean free path, calculated as noted in the supplemental information).  We 

note that this definition of Kn, used throughout this manuscript, is distinct from the commonly 

used definition normalizing by particle radius [33] and equations have been adjusted accordingly.  

For particles in the free molecular regime (𝐾𝑛 → ∞), assuming all gas molecules are reflected 

diffusely after colliding with the particle surface, an analytical expression for 𝐶𝑑 was derived by 

Patterson [15]: 

𝐶𝑑,𝑃 =
2

𝑆3
[
2𝑆2+1

2√𝜋
exp(−𝑆2) + (

4𝑆4+4𝑆2−1

4𝑆
)erf(𝑆)] +

2√𝜋

3𝑆
(

𝑇𝑝

𝑇∞
)

1

2
   (3) 

where the subscript “P” denotes Patterson’s equation (derived), 𝑆 = 𝑀𝑎√
𝛾

2
 , 𝛾  is the heat 

capacity ratio of the gas, and 𝑇𝑝  and 𝑇∞  are the particle and the free stream temperature, 

respectivley.  Equation (3) applies at all Mach numbers (and hence all values of 𝑀𝑎) in the free 

molecular limit.  

Equations (2) and (3) give the drag coefficients only in limiting cases, unfortunately. 

Based  on theoretical results [34] as well as experimental data [22, 35, 36], Henderson [21] 

derived a correlation that is applicable to particle Reynolds numbers up to the critical Reynolds 

number (for formation of a turbulent boundary layer) and all Mach numbers. The Knudsen 

number is a better indication of gas rarefaction effects, with the relationship of Re, Kn and Ma 

for a spherical particle given by the equation:  



 𝐾𝑛 =
𝑀𝑎

𝑅𝑒
√

𝛾𝜋

2
           (4) 

Henderson’s correlation can be rewritten in terms of Ma and Kn: 

for 𝑀𝑎 ≤ 1 

𝐶𝑑,𝐻 = 24 [1.77
𝑆

𝐾𝑛
+ 𝑆 {4.33 + (

3.65−1.53
𝑇𝑝
𝑇∞

1+0.353
𝑇𝑝
𝑇∞

) × exp(−
0.438

𝐾𝑛
)}]

−1

+ exp(−0.447 √
𝑀𝑎∙𝐾𝑛

𝛾0.5 ) ×

[
4.5𝐾𝑛+0.38(0.053𝑆+0.639√𝐾𝑛∙𝑆)

𝐾𝑛+0.053𝑆+0.639√𝐾𝑛∙𝑆
+ 0.1𝑀𝑎2 + 0.2𝑀𝑎8] + 0.6𝑆 ∙ [1 − exp (−0.798

𝐾𝑛

𝛾0.5)]   (5) 

for 𝑀𝑎 ≥ 1.75 

𝐶𝑑,𝐻 = 
0.9+

0.34

𝑀𝑎2+1.661
𝐾𝑛0.5

𝛾0.25 [2+
2

𝑆2+
1.058

𝑆2 (
𝑇𝑝

𝑇∞
)0.5−

1

𝑆4]

1+1.661
𝐾𝑛0.5

𝛾0.25

       (6) 

for 1 ≤ 𝑀𝑎 ≤ 1.75 

𝐶𝑑,𝐻(𝑀𝑎,𝐾𝑛) =  𝐶𝑑(1.0, 𝐾𝑛) + 
4

3
(𝑀𝑎 − 1)[𝐶𝑑(1.75, 𝐾𝑛) − 𝐶𝑑(1.0, 𝐾𝑛)] (7) 

where the subscript “H” denotes Henderson’s correlation. However, Henderson’s data set is 

incomplete for particles in the slip and transition regimes for compressible flow, and the 

accuracy of the correlation in this regime had not been evaluated. In light of this, we compared 

Henderson’s correlation with simulation results obtained by DSMC (direct simulation of Monte 

Carlo)[37] under isothermal conditions (identical particle and free stream gas temperature), 

considering a uniform flow of nitrogen gas upstream of a particle (which was immobile) at 

specified Knudsen number and Mach number.  Details on the DSMC approach are provided in 

Zhang & Schwartzentruber [38] as well as Singh & Schwartzentruber. [39] We find that drag 

coefficients predicted by Henderson’s correlation deviate as much as 30% from the simulated 

values in the transition regime (see figure S1 in supplemental information). A new correlation, 

based on a neural network, is proposed for 10−4 < 𝐾𝑛 < ∞ and  0 < 𝑀𝑎 < 5: 

 𝐶𝑑 = 𝐶𝑖𝑐(𝐾𝑛,𝑀𝑎) ∙ (𝑾𝟐 tanh(𝑾𝟏𝑿 + 𝒃𝟏) + 𝑏2)       (8) 



𝐶𝑖𝑐 = 
24

𝑀𝑎

𝐾𝑛
√

𝛾𝜋

2
[1+2𝐾𝑛(1.257+0.4exp (−

0.55

𝐾𝑛
)]

+ exp (−0.447 √
𝑀𝑎∙𝐾𝑛

𝛾0.5
) × [

4.5𝐾𝑛+0.38(0.053𝑆+0.639√𝐾𝑛∙𝑆)

𝐾𝑛+0.053𝑆+0.639√𝐾𝑛∙𝑆
] 

             (9) 

where W1,W2,b1,b2 are weights and biases of the network, and 𝐶𝑖𝑐 is a fit to drag coefficient for    

𝑀𝑎 → 0, and 𝑋 is the input into the neural network with the form 𝑿 = [
𝑀𝑎

min (𝑙𝑜𝑔10𝐾𝑛, 1)
].  A 

more detailed description of the correlation is provided in supplemental information (along with 

figure S2, providing a plot of equation (8)). For AD, the particles of interest lie in the regime of 

10−4 < 𝐾𝑛 < ∞ and  0 < 𝑀𝑎 < 5. In light of this, the particle drag coefficients are calculated 

with equation (8) and (9) throughout this work.  

   

3. Results & Discussion 

In total, we simulate the velocity and pressure fields for a de Laval-type AD system and 

examine particle trajectories in the 3 nm – 10 m range using drag coefficients determined for 

conditions relevant to AD.  We first present results of flow field simulations, followed by 

evaluation of the impaction velocities for particles of two different densities (under all three flow 

conditions).  Finally, using copper particles as a model we examine the deposition distribution 

functions (over the substrate area) and calculate location dependent mass fluxes, momentum 

fluxes and energy fluxes for model particle size distribution functions. 

 

3.1 Simulation results of flow properties 

Though most AD systems function with atmospheric pressure upstream, [1, 40, 41] 

variable pressure is worthy of examination as it is possible to optimize the particle deposition 

process by varying upstream and downstream pressures. [42, 43] In addition, the variability of 



flow properties brought about by operating conditions provides useful information in the 

optimization of nozzle design. The simulated operating conditions are summarized in Table 1, 

along with flow properties calculated by the isentropic, one-dimensional nozzle theory [44] for 

comparison. 

Table 1. A summary of the three simulation cases examined and a comparison with isentropic 

nozzle theory. 

Case 

No. 

Upstream 

pressure 

Downstream 

pressure 

Velocity at 

exit center 

(isentropic) 

Velocity at 

exit center 

(simulation) 

Pressure at exit 

center 

(isentropic) 

Pressure at exit 

center 

(simulation) 

1 760 Torr 10 Torr 
Shock inside 

nozzle 

596 m/s Shock inside 

nozzle 

14.36 Torr 

2 760 Torr 1 Torr 685 m/s 596 m/s 5.32 Torr 14.36 Torr 

3 190 Torr 1 Torr 685 m/s 491 m/s 1.33 Torr 4.50 Torr 

 

Figures 2a-2c show the contour plots of gas speed for three different cases; 

correspondingly, gas pressure, density and velocity along the nozzle symmetry line are plotted 

in figures 2(d-f) as functions of distance to the nozzle inlet. For case 1 (760 Torr upstream 

pressure, 10 Torr downstream pressure),  figure 2a indicates that the gas is fully expanded 

within the nozzle and goes through a minimal amount of expansion after exiting the nozzle. 

This in contrast to isentropic theory for de Laval nozzles [44], which predicts that outlet to 

throat area ratio of 10 requires the upstream/downstream pressure ratio to be ~150 to fully 

expand the gas.  Instead, due to the formation of a boundary layer, the ‘effective’ outlet area is 

reduced and a pressure ratio of 76 results in nearly full expansion.  We remark that depending 

on the degree of turbulence in the boundary layer and the turbulence model used in simulations, 

the effective outlet area may change slightly. This in turn may change the magnitude of 

pressure and velocity fields, but all trends discussed here should not be affected by model 

choice.   



Figure 2b shows that if the downstream pressure of the nozzle is reduced to 1 Torr, the 

gas exiting the nozzle is underexpanded and goes through further expansion after exiting the 

nozzle. However, comparison of the green and orange curves in figures 2(d-e) reveals gas 

properties within the nozzle are exactly the same along the symmetry line for the downstream 

pressures of 1 Torr and 10 Torr. This is in accordance with supersonic flow theory; gas 

travelling supersonically prevents downstream conditions from affecting flow inside the nozzle. 

 

 

Figure 2. Fluid flow simulation results for the 3 examined cases. In (a-c), contour plots of gas 

speed are shown for different operating pressures of the nozzle: (a) 760 Torr at the inlet, 10 Torr 

at the outlet; (b) 760 Torr at the inlet, 1 Torr at the outlet; (c) 190 Torr at the inlet, 1 Torr at the 

outlet. In contour plots, the dimension of the nozzle along the symmetry line has been scaled 

down by a factor of 2.85 and the simulation domain beyond substrate is not displayed. Gas 

pressures, densities and velocities along the nozzle symmetry line are shown in (d), (e) and (f), 

respectively.  



 

For case 3, figure 2c reveals that as the upstream pressure is reduced, the flow speed 

within the nozzle is also reduced. This contradicts isentropic theory (c.f. table 1), but is again 

attributable to viscous effects in the flow. The gas viscosity is independent of pressure, hence 

reducing the upstream pressure from 760 Torr to 190 Torr does not result in a decrease of 

viscous effects given the same velocity gradient. Therefore, a higher fraction of the pressure head 

must act to compensate for viscous effects in case 3 than in the higher upstream pressure cases; 

this results in a less accelerated gas.  Additional pressure and temperature contour plots are 

shown for case 1 in figure S3 of the supplemental information; qualitatively similar plots are 

obtained for other cases.   

Figure 2 also provides useful information regarding the post-shock region, i.e. the region 

close to the substrate, as well as how operating pressures affect gas properties within this region. 

As the gas traverses through the shock, its properties change drastically, which is clearly evident 

in figures 2(d-f). With static pressure as an example, changing the downstream pressure from 10 

Torr to 1 Torr decreases the pressure in post-shock region from ~113 Torr to ~37 Torr. 

Simultaneously, the thickness of the post shock region (distance between the shock and the 

substrate) changes from ~0.68 mm to ~1.65 mm.  Reducing the upstream operation pressure 

from 760 Torr to 190 Torr has a similar effect.  The pressure in the post-shock region changes 

from ~37 Torr to ~6.75 Torr, and the thickness of the post-shock region increases form ~1.65mm 

to 2.25 mm.  These results highlight the need for a drag coefficient correlation that is accurate 

over the wide range of particle Knudsen numbers and relative gas-particle Mach numbers caused 

by nozzle expansion and compression near the substrate.  Figure S4 shows selected plots of 

particle Knudsen and Mach numbers (expressed as the relative particle velocity to speed of 

sound ratio) along the center line for case 1 (copper particles). With the exception of the largest 



particles examined (10 m and larger), the Mach number is smaller than unity for particles until 

they approach the shock; however, for smaller particles, as they enter the shock the Mach 

number exceeds 1.0.  Particle Knudsen numbers span more than one order of magnitude (for a 

given particle diameter) as they traverse the nozzle. The smallest particles examined reach 

Knudsen numbers above 10
1
, while the Knudsen numbers of the largest particles remain below 

10
-1

. The effects of this unique Kn, Ma range on particle deposition are discussed in the next 

section. 

 

3.2 Particle Impaction Simulation Results 

Particle impaction speed at the substrate surface is of critical importance in the AD 

processes;  it appears to be directly related to particle adhesion, plastic deformation, and is likely 

the key parameter governing the resulting coating/film properties in AD.[1, 3, 23]  For trajectory 

calculations, utilizing the simulated flow fields, 100 particles of prescribed size and density were 

released with their initial positions equally spaced along the nozzle inlet.  The velocities and 

positions of the particles were recorded until they were either trapped by a wall or they escaped 

the simulation domain.  



 

Figure 3. Particle trajectory simulation results for copper particles for case 1.  (a) The particle 

impaction efficiency as a function of particle diameter. (b) Average particle impact speed and x-

velocity (i.e. perpendicular to the substrate) as a function of particle diameter. (c) Impact x-

velocity and impact position for different particle diameters.  (d) Particle impaction linewidth for 

different particle diameters. Particle impaction linewidth is defined as four times the average 

distance of particle impaction point from the center of the substrate. 

 

We first present particle trajectory results in detail for copper particles traversing the flow 

field of case 1 (760 Torr upstream pressure, 10 Torr downstream pressure), with results 

summarized in figure 3(a-d). Specifically, figure 3a shows the deposition efficiency (defined as 

the fraction of particles impacting upon the substrate) as a function of particle diameter. Both 



small particles (𝑑𝑝 < 16𝑛𝑚) and large particles (𝑑𝑝 > 5𝜇𝑚) have low impaction efficiencies 

while particles intermediate to these diameters impact with perfect efficiency. For small particles, 

the drag force on particles is high compared to particle inertia, as a result, sufficiently small 

particles tend to follow gas stream lines in the post-shock region and escape the simulation 

domain (this phenomenon is observed in all particle inertial separation systems [45, 46]). 

Conversely, particles larger than 5𝜇𝑚 do not leave the simulation domain, but as a result of high 

inertia compared to drag they cross the nozzle symmetry line at the throat and collide with the 

nozzle wall on the side opposite to their release point. Sample particle trajectories are provided in 

supplemental information in figure S5.  Figure 3b shows average particle impact velocity along 

with its x-component for different particle diameters. The average particle impaction velocity 

initially increases with particle diameter and then decreases with it, with a maximum impact 

speed for ~300 nm diameter particles.   To our knowledge, this is first direct calculation 

revealing that particles of highest impaction speed in AD can be in the submicrometer size range, 

as most work has focused on supermicrometer particles.  As particles traverse through the nozzle, 

they are first accelerated by the carrier gas and are then decelerated by stagnated gas in the post-

shock region, just prior to impaction. Though particles of small sizes tend to be fully accelerated 

in the nozzle, they are decelerated significantly in the post-shock region, where the gas has an x-

velocity approaching 0 (refer to figure 2f). In contrast, sufficiently large particles are less 

affected by the post-shock region, but are not fully accelerated inside the nozzle. The net result 

of the acceleration-deceleration process is an optimal particle size that has the highest impact 

velocity.  This phenomenon has been reported in simulations of cold spray [47], though 

maximum deposition speed was found for significantly larger particles; this is because in high 

pressure cold spray, the effects of the post-shock are more pronounced but larger particles are 



better accelerated upstream (i.e. the drag coefficient is larger in cold spray).  We can therefore 

conclude that the existence of an optimum in particle diameter for the impact speed is universal 

in nozzle based deposition systems, though the particle diameter impacting with highest speed is 

adjustable by adjusting upstream and downstream pressures. 

Figure 3c shows the lateral position r (i.e. distance between the substrate center and the 

particle impaction point) and the x-velocity for each deposited particle at selected particle 

diameters. For 𝑑𝑝 = 20 𝑛𝑚 , the particle impact positions are relatively dispersed in r. As 

particle diameter increases, the dispersity of particle impact positions decreases substantially, 

reaching a minimum at 𝑑𝑝 = 1 m.  This is attributable to inertial focusing of particles.[25, 26]  

Inertial focusing occurs when particles are first directed towards the substrate center in the 

converging section the nozzle, but, because of their inertia, they are not sufficiently accelerated 

laterally outward in the diverging section.  Focused particles hence deposit close to the substrate 

center, independent of their initial position.  For the examined nozzle and flow conditions at 

diameters below 1 m, the particles are underfocused, hence the deposition linewidth increases 

with decreasing particle diameter.  Beyond a diameter of 1 m, particles are overfocused; 

overfocusing occurs when particles are inertially directed across the symmetry axis of the nozzle 

in the converging section.    An alternative representation of focusing is shown in figure 3d, 

which is a plot of the impaction linewidth as a function of particle diameter. Impaction linewidth 

is defined as 4 times the average impact position (accounting for the symmetry condition).  

Evident in the figure, an optimal diameter (1 m) for particle focusing exists, and the nozzle 

functions as an aerodynamic lens [25]. We note that for 𝑑𝑝 > 5 m, the impaction width is 

approximately 0.8 mm.  For these particle diameters the impaction efficiencies are less than 

100%, and the impaction linewidth only reflects the dispersity of transmitted particles (i.e. the 



linewidth is reduced due to particle loss upstream).  While focusing is a known phenomenon, 

commonly used in concentrating aerosol particles for chemical analysis [48-51], it has not been 

examined closely in either cold spray or aerosol deposition.  However, our results indicate that 

the focusing effect is pronounced in AD with converging-diverging nozzles, and although the 

optimally focused diameter of 1 m is system specific, a maximally focused diameter will exist 

in all gas phase particle inertial deposition systems (similarly, smaller particles will be 

underfocused and sufficiently large particles will be overfocused).  Through focusing, the input 

particle size distribution in any deposition system has a strong influence on the overall linewidth, 

as well as the momentum and kinetic energy flux distributions to the substrate.  We examine 

these effects subsequently using test polydisperse particle size distribution functions.  We also 

remark that focusing would be adversely affected were the turbulence intensity within the flow to 

reach appreciably high levels; this would lead to a distribution of particle trajectories (for a given 

diameter and initial position) as opposed to deterministic trajectories.    

 

Figure 4. Comparison of (a) copper and (b) silica particle average impaction speeds.  The red 

vertical lines denote the particle diameter of maximum impaction speed with 760 Torr upstream 

pressure.  



 

The influence of particle density and nozzle operating pressures on average impaction 

speed are also shown in figures 4a and 4b.  For copper (denser) particles, figure 4a indicates that 

changing the downstream pressure from 10 Torr to 1 Torr has a minimal effect on particle 

impaction speed. As discussed previously, a downstream pressure of 1 Torr results in a thicker 

post-shock region, albeit with lower gas density. The thickened post-shock region results in a 

longer deceleration distance for particles, while the decreased gas density reduces drag force on 

the particles in this region. These two effects work to oppose one another, such that impaction 

speeds for 𝑑𝑝 ≥ 50 𝑛𝑚  are relatively insensitive to downstream pressure.  Reduction of the 

upstream pressure has a much more significant effect on particle impaction speeds; an upstream 

pressure of 190 Torr leads to decreased particle impaction speed for 𝑑𝑝 > 100 𝑛𝑚, but a higher 

impaction speed 𝑑𝑝 < 100 𝑛𝑚. Supported by the results in figure 2d, lowering the upstream 

pressure reduces the pressure in the post shock region, facilitating the deposition of small 

particles (𝑑𝑝 < 100 𝑛𝑚) but leads to incomplete acceleration of larger, more inertial particles in 

the nozzle.  A comparison of figure 4b to 4a indicates that silica particle impaction speed follows 

the same trend qualitatively as copper particle impaction speed, but with one noticeable 

difference; the particle size for the maximum impaction speed is larger for silica particles 

(~1𝜇𝑚). Such a difference arises because silica particles have lower densities, and hence less 

inertia than copper particles of the same diameter.  Though not shown, for silica, the maximally 

focused particle diameter is near 2 m.  Interestingly, the maximally focused particle diameter is 

larger than the particle diameter of maximum impaction speed for both materials.  It is presently 

unclear if this is true in all deposition systems. All converging-diverging AD systems will 

display a maximally focused particle diameter and have maximum impaction speed diameter, 

though a clear relationship between these two diameters is likely system specific. 



 

3.3  Mass, Momentum and Energy Transfer 

3.3.1  A Framework for Flux Calculations 

With particle size dependent impaction velocities and spatial distributions known, in this 

section we develop a framework to analyze the mass, momentum and kinetic energy fluxes to the 

substrate for any spatially uniform particle size distribution function in the upstream flow of the 

nozzle. The mass flux (𝑀𝐴) at a point A on the substrate, which is a distance r from the center of 

the substrate, is given by:  

𝑀𝐴 =
𝜋𝑄𝜌𝑝

6𝐿
∫ 𝑑𝑝

3𝐹(𝑑𝑝, 𝑟)
𝑑𝑛

𝑑𝑑𝑝
𝑑𝑑𝑝

∞

0

̇
       (10)  

where Q is the volumetric gas flowrate through the nozzle, L is the nozzle slit length (i.e. Q/L is 

the flowrate per unit length)  𝜌𝑝 is particle density, dp is particle diameter, 𝐹(𝑑𝑝, 𝑟) is probability 

that a particle with diameter dp impinges at location A (i.e. it is the linewidth distribution 

function), and  
𝑑𝑛

𝑑𝑑𝑝
 is the particle size distribution function upstream the nozzle, such that:  

∫ 𝐹(𝑑𝑝, 𝑟)𝑑𝑟
∞

0
= 𝑃(𝑑𝑝); ∫

𝑑𝑛

𝑑𝑑𝑝
𝑑𝑑𝑝

∞

0
= 𝑁

̇
       (11) 

where 𝑃(𝑑𝑝) is the deposition efficiency of particles with diameter dp, N is the upstream number 

concentration of particles.  The momentum flux (𝑃𝐴) at location A in the direction perpendicular 

to the substrate (i.e. in the x direction) can be calculated via the equation 

𝑃𝐴 =
𝜋𝑄𝜌𝑝

6𝐿
∫ ∫ (1 + 𝜑𝑑𝑣)𝑑𝑝

3𝑣𝑥(𝑑𝑝,𝑟)𝐹(𝑑𝑝, 𝑟)
𝑑𝑓

𝑑𝑣𝑥
|
𝑟,𝑑𝑝

𝑑𝑛

𝑑𝑑𝑝
𝑑𝑣𝑥𝑑𝑑𝑝

∞

0

∞

0
 , (12) 

where 𝜑𝑑𝑣 is the fraction of particles rebounding (bouncing) from the surface, 𝑣𝑥(𝑑𝑝,𝑟) is the 

particle velocity in the x direction, and 
𝑑𝑓

𝑑𝑣𝑥
|
𝑟,𝑑𝑝

 is the x-direction velocity distribution function of 



particles with diameter dp impinging on location A (∫
𝑑𝑓

𝑑𝑣𝑝
|
𝑟,𝑑𝑝

𝑑𝑣𝑝
∞

0
= 1). The quantity 𝜑𝑑𝑣 

needs to be determined by experiment or simulation, and is a function of particle size, particle 

material properties, impaction speed, and substrate properties. Similar to the momentum flux 

equation, the kinetic energy flux from particles to the substrate surface (𝐸𝐴) is given by: 

𝐸𝐴 =
𝜋𝑄𝜌𝑝

12𝐿
∫ ∫ (1 − 𝜑𝑑𝑣)𝑑𝑝

3𝑣𝑝(𝑑𝑝,𝑟)
2𝐹(𝑑𝑝, 𝑟)

𝑑𝑓

𝑑𝑣𝑝
|
𝑟,𝑑𝑝

𝑑𝑛

𝑑𝑑𝑝
𝑑𝑣𝑝𝑑𝑑𝑝

∞

0

∞

0
  (13) 

where 𝑣𝑝 is the particle speed and 
𝑑𝑓

𝑑𝑣𝑝
|
𝑟,𝑑𝑝

 is the speed distribution function.  

The total mass, momentum, and energy flows/transfer rates can be obtained by 

integrating equations (10), (12), and (13) over the substrate surface.  To implement these 

equations, distribution functions, namely 𝐹(𝑑𝑝, 𝑟) , 
𝑑𝑓

𝑑𝑣𝑝
|
𝑟,𝑑𝑝

and 
𝑑𝑛

𝑑𝑑𝑝
 , need to be 

determined/prescribed. Among these quantities, 𝐹(𝑑𝑝, 𝑟) and 
𝑑𝑓

𝑑𝑣𝑝
|
𝑟,𝑑𝑝

 can be directly inferred 

from examining particle impaction locations and velocities, as are displayed in figure 3c.  We 

discuss both distribution functions in the subsequent section.  Meanwhile,  
𝑑𝑛

𝑑𝑑𝑝
 needs to be 

measured (and can be done using conventional aerosol measurement techniques, though this is 

not commonly done in AD).    

 

3.3.2  Flux Calculations  

We elect to perform flow/transfer rate calculations for case 1 with copper particles, with 

an upstream pressure of 760 Torr and a downstream pressure of 10 Torr for different upstream 

particle size distributions. Figure 3c shows the impaction position and impaction velocity of 

individual particles. An examination of this figure leads to a number of simplifying assumptions 



for the implementation of flux equations.  First, figure 3c shows particles of a specific diameter 

deposit with clearly defined velocity at each impaction position. While this is the consequence of 

not including Brownian motion in the simulations, we anticipate the Brownian (thermal) 

influence on motion would be negligible. As a result, 
𝑑𝑓

𝑑𝑣𝑝
|
𝑟,𝑑𝑝

can be approximated as a constant, 

and integration across this distribution function can be removed from the flux equations. Second, 

particles with diameters in the 50nm < 𝑑𝑝 < 5𝜇𝑚  range have impaction velocities/speeds 

which do not vary appreciably with impaction position. Therefore, 𝑣𝑥(𝑑𝑝,𝑟) and 𝑣𝑝(𝑑𝑝,𝑟) can be 

reduced to 𝑣𝑥(𝑑𝑝) and 𝑣𝑝(𝑑𝑝) , independent of r in this size range. The last observation from 

figure 3c is that within the impaction width, 𝐹(𝑑𝑝, 𝑟)  can be approximated by a uniform 

distribution within a range, i.e.  

 𝐹(𝑑𝑝, 𝑟) = {

1

2𝑟̅(𝑑𝑝)
          0 ≤ 𝑟 ≤ 2𝑟̅(𝑑𝑝)

0                    𝑟 > 2𝑟̅(𝑑𝑝) 
,      (14) 

where 2𝑟̅(𝑑𝑝) is the half impaction linewidth. With these assumptions, equations (10), (12), and 

(13) can be rewritten as 

𝑀𝐴 =
𝜋𝑄𝜌𝑝

6𝐿
∫ 𝑑𝑝

3𝐹(𝑑𝑝, 𝑟)
𝑑𝑛

𝑑𝑑𝑝
𝑑𝑑𝑝

∞

0
       (15) 

𝑃𝐴 =
𝜋𝑄𝜌𝑝

6𝐿
∫ (1 + 𝜑𝑑𝑣)𝑑𝑝

3𝑣𝑥(𝑑𝑝)𝐹(𝑑𝑝, 𝑟)
𝑑𝑛

𝑑𝑑𝑝
𝑑𝑑𝑝

∞

0
     (16) 

𝐸𝐴 =
𝜋𝑄𝜌𝑝

12𝐿
∫ (1 − 𝜑𝑑𝑣)𝑑𝑝

3[𝑣𝑝(𝑑𝑝)]
2
𝐹(𝑑𝑝, 𝑟)

𝑑𝑛

𝑑𝑑𝑝
𝑑𝑑𝑝

∞

0
    (17) 

Fluxes for three test lognormal particle size distributions of copper particles were 

calculated with the equations above.  The three test lognormal distributions have different 

geometric mean diameters (𝜇 =200 nm, 800nm and 2𝜇𝑚) but the same geometric standard 

deviation (𝜎 = 1.65) . The normalized particle size distribution functions of all three are 



shown in figure 5a (
𝑑𝐹

𝑑𝑙𝑛(𝑑𝑝)
, the integration of this distribution over 𝑙𝑛(𝑑𝑝)  is 1.0). The 

upstream particle concentrations, N, for the three distribution functions were 5 ×10
6
/cm

3
, 

7.85×10
4
/cm

3
 and 5.64 ×10

3
/cm

3
, respectively. These concentrations were chosen so that the 

particle mass flowrate to the substrate is identical in each case. In general, these are dilute 

particle concentrations relative to what is experimentally obtainable.  All subsequently 

reported results are linearly proportional to number concentration, provided the one-way 

coupling assumption remains satisfied (i.e. that the particles can be considered dilute). The gas 

flowrate through the nozzle, Q, was set to 21.3 liters per minute for a 1.2 cm length nozzle and 

was obtained from the fluid dynamics simulations.  

 



 

Figure 5. (a) Normalized test lognormal size distribution functions (: geometric mean, : 

geometric standard deviation).   (b) Equation (10) calculated mass fluxes.  (c) Equation (12) 
calculated x-direction momentum fluxes.  (d) Equation (13) calculated kinetic energy fluxes. 

 

The mass, x-momentum, and kinetic energy fluxes are plotted as functions of distance 

to the substrate center (r) in figures 5b, 5c and 5d, respectively. The sudden drop in the 2 mm 

geometric mean curves near 4.5 mm arises because of large particle deposition within the 

nozzle (affecting larger particle linewidth distribution functions).  For mass fluxes, passage 

through the converging-diverging nozzle system has a clear focusing effect for all three 

distributions, and the mass flux is an order of magnitude higher (or more) at the nozzle center.  

Distribution 2 (𝜇 =800 nm) is most focused, while distribution 1 (𝜇 =2 𝜇m) is the least 



focused. This is a direct result of the size-dependent focusing effect shown in figure 3d.  We 

note that although the geometric mean of distribution 3 (𝜇 = 2𝜇𝑚) is close to the optimal 

focusing size (refer to figure 3d), the particles that take up the majority of particle mass have 

sizes greater than 2𝜇𝑚; these particles are not as well focused.  

Momentum and kinetic energy fluxes follow the same qualitative trend as the mass 

fluxes. However, it is not directly obvious from figure 5c and 5d if momentum and kinetic 

energy are more focused than mass. To facilitate comparison, the ratio of mass, momentum 

and kinetic energy deposited within r < 0.1mm and total mass, momentum and kinetic energy 

transfer rate is calculated for all three distributions (r = 0.1 mm corresponds to an impaction 

width of 0.2mm, which is the throat width of the nozzle). The ratios are provided in table 2, 

together with the total transfer quantities.   For distribution function 1, mass, momentum and 

kinetic energy have similar ratios, indicating the particles deposited within r < 0.1mm do not 

have higher than average impaction speed.  For distribution functions 2 and 3, kinetic energy 

and momentum are more focused than mass, indicating for these two distribution functions, 

particles deposited in the center region of the substrate also have greater impaction speed than 

average. 

 

 

 

 

 

 

 



Table 2. Summary of upstream particle size distribution and flux quantities. 

Distribution No. 1 2 3 

Geometric 

mean 
200 nm 800 nm 2 𝜇𝑚 

Geometric standard 

deviation 
1.65 1.65 1.65 

Upstream particle 

concentration 

(#/cm
3
) 

5 ×10
6 7.85 ×10

4
  5.64 ×10

3
 

Total mass 

deposition rate (kg/s) 
~2.05 ×10

-7
 ~2.05 ×10

-7
 ~2.05 ×10

-7
 

Total x-momentum 

transfer(N) 
1.00 ×10

-4
 7.58 ×10

-5
 5.26×10

-5
 

Total kinetic energy 

transfer(W) 
2.48 ×10

-2
 1.44 ×10

-2
 7.10 ×10

-2
 

Percentage of 

mass/momentum/ 

energy transfer 

within r<0.1mm 

44.52% / 43.53% 

/ 42.6%  

61.83% / 66.22% 

/ 70.07% 

26.8% / 29.23% 

/ 32.15% 

 

With the framework proposed in section 3.3.1, it is possible to calculate mass, 

momentum and kinetic energy fluxes for particle size distributions of any shape, as long as 

particle size distributions are spatially uniform in the upstream flow of the nozzle and the drag 

coefficients of the particles are appropriately described.[33]  For spatially non-uniform particle 

size distribution functions, the framework is still applicable, and only requires modification of 

𝐹(𝑑𝑝, 𝑟) (which can be easily done when the spatial particle concentration function is 

prescribed).   Also noteworthy in figure 5c and 5d is that the momentum flux is relatively 

small (< 100 Pa) while the kinetic energy flux can be close to 10
4
 W m

-2
, even for the 

moderate particle number concentrations examined (concentrations two orders of magnitude 

higher are possible with standard fluidization approaches).  This suggests that high average 

stresses do not result on the substrate by particle impaction (though this is not necessarily true 

during a single particle impact event).  However, average translational kinetic energy to 



thermal kinetic energy conversation can be extremely high, approaching a magnitude normally 

observed in convective heat transfer with phase change (particularly if the particle number 

exceeds the test concentration by an order of magnitude or more).  Though this would be 

counteracted by convective cooling from the gas around the substrate, kinetic to thermal 

energy transfer may facilitate particle coalescence upon impact and may be a key reason that 

AD can yield dense, non-particulate coatings.  We suggest that future studies of the AD 

process further investigate kinetic to thermal energy transfer during particle deposition, as 

energy flux calculations suggest the rate is high, enhanced by focusing effects, and strongly 

dependent and particle size distribution function.   Such future investigations will require more 

detailed investigation of the one-way coupling assumption, which may breakdown if a 

sufficiently high concentration of particles is focused inertially.   

 

4.  Conclusions  

 We apply a trajectory calculation approach to examine particle transport in supersonic 

aerosol deposition using a converging-diverging nozzle and subsequently develop approaches to 

examine mass, momentum, and kinetic energy fluxes due to particle impaction on a substrate.  

To our knowledge, the latter flux calculations have not been attempted previously.  In addition, 

the drag correlation applied in trajectory calculations is itself new, and specifically developed for 

AD gas conditions.  Based upon this study, we draw the following conclusions: 

a.  The use of upstream atmospheric pressure in AD, as compared to its high upstream 

pressure cold spray counterpart, facilitates the inertial deposition of submicrometer 

particles.  Further reducing the upstream pressure below atmospheric pressure enables 

inertial impaction for progressively smaller particles, which is also observed in 



experiments. [42]  However, for a given upstream pressure, decreasing the downstream 

pressure beyond a critical value does not drastically influence inertial impaction.  This is 

due to two counteracting effects; at reduced downstream pressure the pressure within the 

post-shock region is reduced, but the size of the post-shock region increases.   

b. Simulations were performed dimensionally, mainly because AD conditions lead to 

drastically changing pressure and temperature, and hence selection of reference variables 

for non-dimensionalization is rather subjective.  Nonetheless, we can generally conclude 

that in all supersonic deposition systems (i.e. those with converging-diverging nozzles 

and a perpendicular substrate), there is a particle diameter of maximum impaction 

velocity; smaller diameter particles are decelerated in the shock and post-shock region 

while larger particles are not accelerated to the gas velocity within the nozzle.  The 

particle diameter of maximum impaction speed can be adjusted by changing nozzle 

dimensions (though not studied directly here) as well as by varying upstream pressure 

and particle density.  In addition, lateral inertial focusing in supersonic AD is significant 

and there will exist a particle diameter which is optimally focused (i.e. of infinitesimal 

deposition linewidth) in converging-diverging nozzle systems.  Particles smaller than the 

critically focused diameter are underfocused while larger particles are overfocused.  We 

suggest that future AD and cold spray systems be designed with the focused particle 

diameter in mind; rarely is the interplay between input particle size distribution function 

and inertial focusing considered in these processes. 

c. Inertial focusing has a significant effect on the particle mass, momentum, and kinetic 

energy flux distributions at the substrate surface.  Among these, most interesting is the 

enhancement in kinetic energy flux distributions along the centerline of the nozzle; it 



appears such focusing can lead to kinetic energy fluxes approaching 10
4
 W m

-2
 for 

modest aerosol concentrations (and hence up to 10
6
 W m

-2
 for much higher concentration 

systems).  We suggest that future studies of AD examine kinetic energy to thermal energy 

transfer for particle upon impact in light of the finding of highly focused kinetic energy 

transfer.   
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