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Abstract

A zero-dimensional model for the development of turbulent mixing layers driven
by Rayleigh-Taylor (RT) or Richtmyer-Meshkov (RM) instabilities is presented,
for application in Reynolds-Averaged Navier-Stokes (RANS) simulations. The
model approximates the behavior of the turbulent mixing layer at a passively
advected tracer particle that sits on the material interface of interest in the
simulation, and is used to provide initial conditions for the RANS model once the
mixing layer width has developed to a size that may be resolved on the
computational mesh. The model relies on approximations to the Besnard-Harlow-
Rauenzahn (BHR) RANS closure equations and is thus consistent the turbulent
development of the mixing layer, unlike previous models of this type which have
focused on the early-time laminar development of RT or RM instabilities. These
instabilities will often grow through an initially laminar state before developing
into turbulence, and criteria for switching from an existing laminar model to the
proposed turbulent model are considered. The proposed model reproduces the
mixing layer development of RT and RM instabilities seen in mixed width
resolving BHR RANS simulations to a reasonable degree of accuracy, and relaxes
the need for the RANS simulation to resolve the mixed width as soon as the
mixing layer becomes turbulent, which may be impractical in cases where the
mixing layer grows through a wide range of scales.
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1. Introduction

Perturbed density interfaces in fluids are susceptible to instability when subjected to a mean pressure gradient.
Persistent pressure gradients generated by phenomena such as gravity may produce Rayleigh-Taylor (RT) instabilities,
and Richtmyer-Meshkov (RM) instabilities arise when the interface is subjected to an impulsive pressure gradient,
typically driven by a shockwave. In both instabilities, small perturbations in the interface initially grow through a
linear regime in which perturbations do not interact and the flow remains laminar. The perturbations enter a non-linear
regime as their amplitude grows relative to their wavelength, and in many cases these interactions between modes
drive the interface to become a fully turbulent mixing layer. This turbulence produces molecular mixing between the
materials across the interface, and capturing this mixing is important when simulating problems of engineering or
scientific interest, such as inertial confinement fusion and certain types of supernovae.

Modeling techniques for flows containing RT or RM instabilities are typically specialized to specific flow
regimes. Late time behavior is expected to be captured by models for variable density turbulence such the Besnard-
Harlow-Rauenzahn (BHR) [1, 2] model, but these turbulence models are not appropriate for laminar flow regimes and
lack detailed lengthscale information needed to describe the initial interface. Conversely, analytical models have been
proposed for the early time laminar, but possibly non-linear, evolution of perturbations on the interface. Layzer [3]
first proposed a potential flow model for the growth of a parabolic bubble, or light fluid rising into heavy fluid, on the
interface between a fluid and a vacuum under a prescribed gravitational acceleration. This approach has subsequently
been extended to address finite amplitude initial perturbations on the interface [4], spike behavior, or the behavior of
heavy fluid falling into light fluid [5], interfaces with surface tension and viscosity [6], and interfaces between fluids
of an arbitrary density ratio [7]. Other models offer a more complete description of the interface by, for instance, using
a parameterized curve [8], but to the authors’ knowledge these analytical models all assume a non-diffuse interface
exists and cannot capture a strongly non-linear turbulent state. An in-depth summary of modeling approaches for RT
and RM instabilities may be found in the review articles of Zhou [9, 10].

One method to address modeling flows that transition through the different flow regimes of RT and RM
instabilities is to likewise transition through a series of multiple models, for example the buoyancy-drag model of
Youngs [11] has been used to generate initial conditions for turbulence models [12, 13]. The approach used in this
study follows Rollins & Andrews [14], who used a version of Goncharov’s [7] modal model, modified to incorporate
limited non-linear modal interactions using the model of Haan [15], as a means of generating initial conditions for the
BHR Reynolds-Averaged Navier-Stokes (RANS) model. This would involve running the modal model to determine
the early-time evolution of the instability and, once the mixing layer was sufficiently turbulent, that model solution
would be used to calculate turbulent statistics for use as the initial state of a RANS simulation. In practice, this
approach is only possible if the local grid spacing of the RANS is finer than the mixing layer width at the time when
transition to turbulence occurs, because it is not possible to initialize the mixing layer width and associated turbulent
statistics over a region less than a single computational cell wide.

We propose a tracer-BHR model for the turbulent development of a mixing layer, which is effectively a zero-
dimensional approximation to the BHR RANS solution for an RT or RM instability. The purpose of this model is to
act as an intermediate solution between a laminar modal model and a full RANS simulation when using the
methodology of Rollins & Andrews [14]. Specifically, Goncharov’s model [7] for laminar bubble evolution would be
run until the mixing layer is turbulent, and the tracer-BHR model would then be run until the mixing layer is large
enough to resolve in the full RANS simulation. The proposed method is expected to be most useful in Eulerian codes
which, unlike Lagrangian methods, have the tendency to develop numerically driven mixing at material interfaces
even in the absence of turbulence modeling.

This paper is laid out as follows. Section 2 provides a brief background summary of Goncharov’s model and the
BHR turbulence model that are used in this paper. Section 3 discusses criteria for predicting when the transition
between laminar and turbulence models should occur, and how initial conditions for the RANS are generated from
Goncharov’s model. A tracer-BHR model is introduced in section 4 that models the turbulent evolution mixing layer
at a single subgrid point to address the case when transition to turbulence occurs while the mixing layer width is at
subgrid scales in the RANS simulation.



2. Background
2.1. Goncharov’s model

Goncharov’s model [7] for the laminar evolution of the interface is briefly summarized here. The model considers the
interface between two fluids of constant uniform density, p, and pg, subject to a constant acceleration, g, and
described by Atwood number A; = (pg — pa)/(pPs + pa)- The interface surface displacement, 7, in the vicinity of a
bubble tip is approximated by a second order expansion in space

n(x,t) = no(t) + x2n, (0). 1)

Enforcing that the velocity potentials of the two fluids match at the interface, Goncharov obtained a closed set of
equations for the evolution near the bubble tip for a single mode perturbation [14, 16]
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Where k is the wavenumber of the perturbation and c is a constant, with ¢ = 1 for 3D initial interface perturbations
and ¢ = 2 for 2D perturbations. The variables F;, F,, and D are functions of n,, 4;, ¢, and k and expressions for these
relations are provided by Mikaelian [16]. Given an initial perturbation of sufficiently small amplitude, these
differential equations may be integrated to determine the evolution of the bubble height, and these predictions have
been shown to agree reasonably well with simulations [17].

2.2. The BHR Turbulence model

The BHR3.1 turbulence model [1] is a two-lengthscale Reynolds-Averaged Navier-Stokes (RANS) model for
compressible, variable density flows. In addition to the averaged Navier-Stokes equations, BHR-3.1 tracks transport

equations for the Reynolds stress, Rij = pu;'u’/p, turbulent mass flux, a; = p'u;/p, density-specific volume
covariance, b = —W, a transport lengthscale, Sy, and a dissipation lengthscale, Sp,, where v = 1/p and ]_‘ denotes
the ensemble average of f. Fluctuations from the average are denoted f' = f — ]_‘, and f" is the fluctuation from the
density weighted averaged, " = f — f, where f = ﬁ/ﬁ. The BHR3.1 closure equations are summarized as,
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Repeated subscripts denote summation, subscript commas denote differentiation, and §;; is the Kronecker delta.
Regardless of subscript, C and o terms are empirically tuned constants. Values for these constants and the form of the
averaged Navier-Stokes equations used may be found in Schwarzkopf et al. (2016) [1].

3. Transition between modal and turbulence modeling
3.1. Computational Approach

RANS solutions in this paper are performed in xRAGE [18] which solves multidimensional hydrodynamics equations
on structured grids, and is capable of parallelization and adaptive mesh refinement. The implementation of the
Goncharov’s model used in XRAGE is described in Canfield et al. [19]. The Goncharov model, which produces a
solution at a single point, is tracked in the XRAGE simulation by placing passive tracer particles along the material
interfaces where mixing layers are expected to develop. At each timestep of the hydrodynamics simulation, the
acceleration felt by the tracer particle along the interface normal is used to progress a Goncharov solution at each
particle. The BHR model is left inactive during this stage when the Goncharov model is being tracked at the interface,
but Euler equation hydrodynamics are still simulated in order to capture the large scale interface motion, as well as
shocks or other phenomena that may be driving the acceleration of the interface. Once some model transition criteria,
which will be discussed later, is met in the Goncharov solution the bubble height and velocities tracked by the tracer
particles on that interface are used to initialize a turbulent kinetic energy and set of turbulent lengthscales in the vicinity
of the interface and the BHR turbulence model is activated. The remainder of the simulation is then run as a traditional
RANS simulation.

The acceleration of the tracer particles used to track Goncharov’s model are calculated directly from the gravitational
body force in RT simulations. In more general problems, where there are accelerations from other effects such as
shocks rather than a body force, the acceleration of the particle is calculated by applying finite differences to the
particle velocity in time, and this in turn is used as the acceleration felt by the interface on which the tracer sits. The
tracer, as a Lagrangian point-particle, is reasonably insensitive numerical diffusion at the interface, but in RM-type
problems there is grid dependency in the tracer models due to changes in the acceleration profile of the numerically-
captured shock. The effects of changing the grid size in RM simulations will be shown in later sections.

3.2. Initialization of turbulent quantities from Goncharov’s model

A two-fluid approximation is used to calculate turbulent variables from the bubble heights and velocities predicted by
the Goncharov model. Assuming each fluid has an equal volume fraction, the kinetic energy, density specific-volume
correlation, and turbulent lengthscales follow as [14]
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Sty = 2CsrNp, (11

SDO = 2CspMp, (12)

The constants Cy, C,,, Csr, and Cgp are engineering coefficients, and 7, and v, are the height and velocity of the largest
amplitude bubble from the Goncharov model. The above relations assume that the spike height and velocity are the
same as bubble height and velocity. The turbulent mass flux, a;, is initialized as zero. We use the values C;, = .35,
Cp =1, G5, = 1.05, and Cs; = .175 for these constants. The value of Cj is taken from the empirically tuned value
found by Rollins & Andrews [14], C, = 1 is consistent with the configurational value for a mixing layer with no
molecular mixing, and the lengthscale constants Cg, and Cs, were found to give a smooth transition between
Goncharov’s model and BHR3.1 in RT test problems.

The mixing layer statistics from (9)-(12) must then be initialized on the grid of the XRAGE simulation. RANS
simulations, e.g. [1], typically initialize turbulent variables uniformly across the entire domain, but an advantage of
the tracer particle approach used here is that multiple interfaces may be included in a single simulation, so long as
variables are only initialized locally at the interface and the separate interfaces do not directly interact or coalesce
while the tracer models are running. To accommodate multiple interfaces, it is preferable to use a localized
initialization more similar to that of Souffland et al. [20], in which turbulent values in RM simulations were initialized
with a triangular distribution about the interface.

We opt to not initialize mixing layer density profile from the results of the Goncharov model, rather numerical
viscosity at the interface in the XRAGE simulation creates an initial mixing profile on the order of one cell width. This
numerical profile may be several cells wide in simulations of RM instabilities where the interface moves through the
mesh. This approach allows the full BHR3.1 RANS model to the turned on at the earliest possible time, but it does
mean that there is inherent grid dependency in the initial profiles. A more complex initialization method, requiring
specification of initial profile shapes, would be required in cases where the grid spacing is finer than the width of the
mixing layer at the time modeling transitions away from Goncharov’s model but, in many practical use cases,
simulations have resolutions too coarse for this to be a problem. The numerical interface may have variety of possible
distributions, and so the turbulent kinetic energy and lengthscales are initialized in XRAGE from the Goncharov model
using a weighting function w(x) intended to smoothly initialize the turbulent statistics in mixed cells about the
interface. The kinetic energy is initialized as K(x;) = Kow(x]-) in a cell centered at x;, and likewise for the other
variables, with the weighting function given by,

w(x;) = min| Co, (1 - vq(x]-)) + Cyy Z |va(x;) — vq(x;r)| 1 (13)

faces

Where vq(xj) is the volume fraction of material g, and where q is taken to be the material with the largest volume

fraction in that cell, v? (xj) = max vk(xj). The sum is done over the faces of the cell centered at x;, where xj+ denotes

the cell on the opposite side of the cell face and q is still taken to be the dominant material in cell x;. This sum over
faces is included to slightly widen the region where turbulent variables are initialized about the interface. The transport
lengthscale is initialized as a top hat function S7(x;) = St in cells where W(Xj) > 0, because in practice it is closer
to a flat distribution than a smooth curve. The constants Cy; = 4 and C,, = 0.5 are used here. The form of the
weighting function (13) is arbitrary, but it is sufficient to localize initialization of the turbulent variables to the mixing
layer, with some amount of smoothing at the layer boundaries.



3.3. Criteria for transitioning between models

The procedure to initialize BHR3.1 variables from the Goncharov model is taken from Rollin & Andrews [14], but
that study does not discuss when the transition from modal modeling to turbulence modeling should occur.
Goncharov’s model is expected to fail prior to the onset of fully developed turbulence, but criteria proposed for the
development of turbulence are considered here as a proxy for determining when nonlinear become too prominent for
Goncharov’s model to capture. Predicting the transition of RM and RT instabilities to turbulence remains an open
problem, but two criteria are discussed here. The first is a Reynolds number criterion, and the second is based on the
time necessary for a high Reynolds number flow to develop into turbulence.

3.3.1. Critical Reynolds number criteria

The Reynolds number associated with the bubble amplitude, 1, in the Goncharov modal model is defined as,

ndn

R en = ;E’ (14)
Where v is the kinematic viscosity. The Reynolds number, Re,, increases as a RT-unstable mixing layer grows, and
once it exceeds some critical Reynolds number, Re,, the mixing layer is considered to be turbulent. Thus, once Re;, >
Re. the Goncharov modal model would be disabled and turbulence modeling in the RANS simulation would begin.
The critical Reynolds number was set to Re, = 300 based on comparison with the 4, = 7.5 X 10™* RT experiment
of Mueschke & Schilling [21]. Figure 1a shows a comparison between the experimental data for half-width and the
Goncharov model initialized with a single mode perturbation of 1;-o = 0.3cm and A, = 6cm. Time is non-
dimensionalized T = t.\/A.;g/L,, where, for this experiment, the reference lengthscale is the height of the water
channel, L, = 32cm. At approximately a time of T = 1 the modal model begins to deviate from the data. The deviation
begins even earlier when comparing growth rates of the mixing layers. The selection of Re, = 300 is considerably
smaller than the Re ~ 10* outer-scale transition Reynolds numbers suggested by Dimotakis [22], but the Re, = 300
criterion is more a measure of when nonlinearities become too prominent for the Goncharov model to capture, rather
than a true measure of transition to turbulence.

Figure 1b plots the Reynolds number from the data and modal model, with a Re,, = 300 line added for reference. The
growth rate of the mixing layer, dn/dt, for the experimental data was calculated by centered finite differences, after
applying a five-point moving average to the experimental 7 to reduce noise in the derivative. The model under-predicts
the Re,, observed in the experiments, and if the deviation in Re,, from the data was used then the critical Re, would
be closer to 150.
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Figure 1 - Mixed half-width (a) and Reynolds number (b) from experiment and Goncharov modal model for an A, = 7.5 X 10™%
RT instability. Experimental data [21]: circles. Goncharov model: solid line. Re, = 300: dotted line.



3.3.2. Time criterion

A critical Reynolds number criterion is a measure of how capable a flow is of sustaining turbulence, but laminar flows
may maintain large Reynolds numbers temporarily. Zhou [23] proposed a time criterion, t., for the time needed for a
flow to transition to a minimum state of turbulence

L /100\?
t = () (15)
UvVRe* \ Cp

where Re* = 1.6 X 10° is the minimum outer-scale Reynolds number at which large, energetic scales of the
turbulence cease to interact with modes in the viscous range, L is a large-scale flow lengthscale, and U is a
characteristic velocity scale. The Re* used here is the value derived by Zhou [23] and is again much larger than the
Re, = 300 criterion. The constant Cp, is a measure of the growth of diffusion layers in the flow and ranges from V15
for isotropic homogenous turbulence to 5 for laminar boundary layers. Using the C), for isotropic turbulence, this
motivates a stopping criteria for the modal model of

5
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Where we take L, to be a reference wavelength for the initial perturbation spectrum on the material interface on which
the modal model is applied. The velocity scale would be related to the mixing layer growth rate, for instance it could
be taken to be the asymptotic bubble velocity from the Goncharov model for Rayleigh-Taylor instabilities. To avoid
specialization to a specific flow geometry, (16) is rewritten in terms of a generic characteristic bubble velocity 7,

J L, dt' > > 17)
—7 >
We approximate 1), by the instantaneous bubble velocity, and this recovers a simple transition criterion in terms of
the relative amplitude and wavenumber of the interface perturbation

M= Me=o _ °

L—o = 3 (18)
The ratio of perturbation amplitude to wavelength has previously been used as a flag for turbulence model initialization
in RM simulations by Souffland et al. [20], although that study used the predicted time required for the amplitude to
reach half the wavelength. Figure 2 compares the dimensional time at which transition would take place when running
the Goncharov modal model with a variety of different initial conditions for A; = 0.04 and A; = 0.5 Rayleigh-Taylor
instabilities. The initial interface is a single mode perturbation of wavenumber k, and amplitude 1._,, with all cases
having the same initial interfacial Reynolds number [24]

’Afgnéo
Rello = Vz—ko (19)

The gravitational acceleration, g = 103 cm/s?, and kinematic viscosity, v = 1072 cm? /s, are kept the same for all
initial conditions, but the viscosity does not couple into the physics of the Goncharov model. Ristorcelli & Hjelm [24]
performed a large number of RT instability simulations and found that, after a fixed dimensional amount of time, the
turbulent kinetic energy Reynolds number of the mixing layer was strongly correlated with Re; . This suggests that
model transition should occur at similar times for interfaces of similar Re; , or that that lines in Figure 2 should be
approximately horizontal. The Re,, > 300 transition criteria shows less variation with kq7;—, than the time-criterion
based transition (18), which exhibits a clear trend towards slower transitions for smaller initial amplitude perturbations
of the same Re, . This may be because (18) was constructed using the C}, for isotropic turbulence, which is expected



to be less valid for initial conditions that remain in a low Reynolds number laminar state for longer durations, or
simply because Goncharov’s model does not incorporate viscosity, which would disproportionately affect the higher
wavenumber initial conditions. The Re;, > 300 criterion is favored in this study when handling RT flows, but (18)
may be a more sensible transition criterion for other flows, such as RM instabilities where Re; may become large
extremely rapidly. Alternatively, a combination of the two transition criteria could be used, because (15) is constructed
as a necessary but not sufficient criterion for the transition to turbulence.
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Figure 2 -  Dimensional times, in seconds, at which transition criteria are met in Goncharov model simulations of an A, = 0.04

(a) or Ay = 0.5 (b) Rayleigh-Taylor instability. All cases have the same initial interfacial Reynolds number, Re, , but the relative
amplitude, N¢—qy, and wavelength, k, of the initial perturbation are varied.

4. A tracer-level turbulence model for instabilities

In some scenarios, the mixing layer being tracked by the Goncharov modal model transitions to turbulence at a time
when the mixing layer width is much smaller than a single grid cell of the RANS simulation. In this case, it is not
possible for the RANS simulation to resolve the width of the mixing layer correctly, and thus it is desirable to have a
turbulence model that may describe the mixing layer while it is at the subgrid scales. The Goncharov solution could
then be used to initialize the turbulent subgrid model for the mixing layer instead of the full RANS, and that subgrid
model would evolve the mixing layer until it is resolvable in the RANS simulation. In this section, a zero-dimensional
model for the turbulent mixing layer evolution is developed to act as this subgrid model.

4.1. Governing Equations

The approach taken here is to attempt to model the value of each turbulent statistic at the centerline of the mixing
layer, which is taken to be the position of a passively advected tracer particle sitting on the material interface of interest
in the same manner as the way Goncharov solutions are tracked. It is assumed that, while turbulent, the subgrid mixing
layer evolves subject to the same closure equations (4)-(8) of the BHR3.1 turbulence model that is used at the resolved
scales of the RANS simulation. The tracer is advected with the resolved flow and thus acts as a Lagrangian reference
frame that reduces the transport terms on the left hand side of (4)-(8) to an ordinary time derivative, plus a tracer
particle acceleration term that is combined with the gravitational acceleration. It is assumed that the mean density
gradient, velocity gradient, and pressure gradient are all aligned in the interface normal x-direction, and the flow is
taken to be homogenous in the transverse directions. Additionally, it is assumed that the mixing layer is approximately
symmetric and so gradients of a; and b are zero at the tracked centerline location. The assumption of a symmetric
mixing layer also relaxes the need for a precise definition of the mixing layer centerline, because volume and mass
fraction based definitions of the centerline are the same under that low-A, approximation. The equations (4)-(8) then
reduce to equations for the centerline value of each variable,
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The effect of diffusive turbulent transport terms on the centerline statistics of variable f, where f represents any one
of the variables tracked on the left hand side of (20)-(24), is represented by the Dy terms which will be subsequently
modeled. An evolution equation for the transport lengthscale S7 is not explicitly tracked because BHR3.1 simulations
of RT instability flows suggests that S; takes a value roughly equal to the mixing layer half-width, which will be
modeled later, and the unusually small turbulent Schmidt number of S; makes it otherwise difficult to model.
Following the procedure of Cihonksi et al. [25] for homogenous buoyancy driven turbulence, the pressure gradient is
approximated by subtracting the momentum equation by (22) and enforcing u; = #i; — a; = 0. Neglecting the
velocity gradient terms, this becomes,

ldp_ 1 (@@+g +—C‘”a1\m—0a ) (25)
pdx 1+b(A1—-Cyp)\ p dx Sp !

The combined body force and tracer particle acceleration term, g, and the velocity gradient are both sampled at the
location of the tracer particle on the mesh of the xRAGE simulation. The tracer model for the subgrid mixing layer is
not actively coupled with the XRAGE simulation, and so the velocity gradient is strictly due to compressibility in the
flow and does not include the velocity divergence associated with the mixing of different density materials. The
velocity gradient is included primarily to address the effects of shockwaves, and we do not differentiate between
0ti,/0x and 0u, /0x because the gradient of a; is assumed to be small relative to the mean velocity gradient inside
a shock. The pressure gradient could be sampled directly from the mesh of the xRAGE simulation, but (25) was found
to offer improved stability. This is because the pressure gradient and density are both discontinuous across the
unresolved RT-unstable interface and, even though their ratio would be continuous on a resolved mixing layer,

. .19 . S . . . .
numerically calculating P £ at those discontinuities can be sensitive to small changes in the tracer position. The density

gradient is also not sampled from the xRAGE simulation because it cannot be reconstructed accurately across the
subgrid-scale mixed width, but the density on either side of the interface is sampled to calculate an Atwood number
which can then be used, along with the mixed width, to approximate the density gradient. The Atwood number is
constructed from averaged material densities in a 15 grid cell radius about the tracer particle. The resolved flows do
not contain turbulence or other complex flow features, and entropy errors in the hydrodynamics that can spuriously
change material densities and temperatures in mixed zones are insignificant for the simple flow geometries considered
in this study. Shocks will alter the Atwood number shortly before and after they impact the interface and this, in
addition to numerical smoothing of the shock acceleration profile, contributes to the limited grid dependencies in the
tracer models when applied to RM simulations.

4.2. Mixing layer width

The mixing layer width is one of the primary outputs of interest from this model, and directly connects to production
of turbulence associated with the density gradient. Turbulent transport is the dominant driver of the mixing layer
growth and so, neglecting source terms, the mixed width is assumed to grow like the diffusion of a turbulent variable

fx,t),



of (x ) C“ST< WED Zf ( EAC D) (26)

Where f represents any one of the values evolved one the left hand side of (4) - (8). The transport length scale, Sr,
and turbulent kinetic energy, K, are taken to be uniform in space but may vary in time. The constant, C,,, and turbulent
Schmidt number, oy, are the diffusion coefficients associated with the turbulent transport of whichever variable f is
taken to be. Subject to an initially narrow mixing profile approximated by a Dirac delta function, the solution to the
heat equation is a Gaussian profile with variance, ¢2, that grows as [26]

_ Cﬂ ‘ ’
$2(t) = za—ffo SyVK dt'. (27)

Assuming the mixing layer half-width is proportional to the standard deviation of the Gaussian, 7, (t) = C,$(t),
then this yields an equation for the profile half-width for each variable. We opt to track a single mixed half-width with
turbulent Schmidt number gy = 1,

d Nmix C’I
— =C,S:VK . 2
dt < Cn # T\/_ Nmix ( 8)
The density gradient at the centerline of the mixing layer is then approximated by an average across the layer, which
is assumed to have a width of 21),,,;,.. Integrating the density gradient divided by the density across the domain of the
mixing layer, 0, = {x : p, < p(x) < pg}, yields an approximation for the centerline value,

<1dp> 1 f 1dp 1 <1+At) »
= =——ax = n .
pdx) _o 2MmixJg, P dx 2Mmie \ — 4, 29)

The turbulent statistics tracked by BHR do not follow Gaussian profiles in practice, particularly at large A, where
there is greater asymmetry in the mixing layer, but this approach allows some progress to be made in understanding
the basic behavior of the equations.

4.3. The effect of mixing layer growth on centerline turbulent statistics

The turbulent diffusion terms, Dy, in (20) - (24) are modeled from the growth of the mixing layer. Turbulent transport
redistributes turbulent variables and so, neglecting production terms, the value at the center of the mixing layer will
decrease as turbulent energy is transported towards the edge of the layer. The assumption of Gaussian profiles is
relaxed to a more general assumption that the shape of the distribution of some turbulent variable f(x,t) across the
extent of the mixing layer does not vary in time and so can be written,

f,t) = fo(Dg ( (30)

mlx(t))

This amounts to an assumption of self-similarity in the mixing layer, which is expected for late time, high Reynolds
number instabilities. The distribution of f is given by g, and it is assumed that g is a smooth, positive function with
compact support and the normalization g(0) = 1. The turbulent variables in BHR act as conserved quantities and so,
neglecting source terms acting on f,

%f::fo(t)g (m)dx=0. 31)

Expanding the derivative and integrating by parts yields
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—0o0

The integral of g must be non-zero, and so the effect of diffusion on the turbulent statistics at the center of the mixing
layer may be approximated by a source term of the form

%=_ fO dnmix
dt Nmix  dt

D, = (33)

In the case of f representing the turbulent dissipation lengthscale, Sp,, the assumption that g has compact support is
violated by the fact that the turbulent lengthscales are non-zero outside of the mixing layer. This would introduce
boundary terms into (32), but these are neglected on the assumption that the turbulent lengthscales in laminar regions
of the flow are small relative to those in the mixing layer.

4.4. Compression of the mixing layer

The mean compression associated with a shock will initially reduce the size of the mixing layer, before RM instabilities
have a chance to grow. To capture this effect, the mixed width is written as

1
Nmix(t) = 3 f dx, (34)
Q(t)

Where Q,,(t) is again some domain that includes only the mixing layer. Using Reynolds transport theorem and the
divergence theorem, the time rate of change in the mixed width due to compression is approximated by

dnmix _ 1[ aal a‘al
a2,

n(t)g dx % Nz 5 (35)

This assumes that the sampled value of the velocity divergence, which is calculated numerically at the tracer particle
position, is the average value of that quantity across the mixing layer. The effect of compression on the mixing layer
(35) is linearly added to the transport driven growth of the layer (28).

4.5. Tracer-BHR Model Summary

The tracer-BHR model is summarized as

3
dR 4 \a,dp VK . 2 2Kz Cp\* (4 . om
11=(2——CT1)—1 P_¢ <R11—§K)—§——R11CuST\/E< ”) +(—CT2—2>R116—1 (36)

dt 3 pdx TS, Sp ix 3 x
3
dR,, 2 a,dp VK (. 2 2Kz C,\' 2. . om 37)
i 3T dx Cr3§ (Rzz 3 ) 35S, RZZCHST\/E( mix) 3 2R3~
da, bdp Ry, dp VK 0\ 01,
- = — - = _ - — — — 38
2 = (1 Cap pdx  p dx o, M alC“ST‘/E( mix) (A = Cawdas 5 %)

dp VK Cy \?
Do o+ B, Yy bCMST\/E( n ) (39)
p ax Sp
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ds, Sp /3 dp <3 ) ( c, )2 Sy (3 ) _on
b _ 2 (2 2 (2= - (2 e 40
dt oK <2 C‘“’) gy =\ G ) VK = oGV ) T x\z T Gw)Rugy (40)
St = Nix 41)
d Nmix Cn aﬁl Nmix
_ — K __-
dt( ., C,StVK nmix+ o C, (42)
1dp 1 Ry, dp CoaVK ( Cy )2
= s A < \=7 — C K 43
7 dx 1+b(1—Cap)<p Tt tabSK (- (43)
1dp 1 1+4
i A S ( ) (44)
pax  2Nmix 1-4,

The constant C;, = 1.75 is used in this report, corresponding to measuring the edge of the mixed width at a distance
of 1.75 times the standard deviation of turbulent statistics with a Gaussian distribution. This value is selected based
on empirical comparisons to full BHR RANS simulations, but it is a reasonable value for measuring the edge of a
Gaussian profile. All other constants use the same definitions and values as in Schwarzkopf et al. (2016) [1].

All quantities, including the spatial gradient terms, are approximations to the values at the centerline of the mixing
layer. Provided initial conditions on 9y, Ry1, Rz, aq, b, and Sp, along with A4,, g, and 91, /0x sampled from the
xRAGE hydrodynamics, (36) - (44) is a closed system that may be evolved in time alongside the xRAGE
hydrodynamics. The cost of evolving (36) - (44) at each tracer is negligible in the typical case where the number of
tracer particles is small relative to the number of grid cells in the simulation.

4.6. Tracer-BHR model evaluation
4.6.1. Plot Legend Nomenclature

The simulations discussed in this section transition between one or more different models — Goncharov’s modal model,
the BHR3.1 RANS model, and the proposed tracer-BHR model — and transitions between models can become
confusing. To simplify notation, legends in figures use superscripts to denote the model that provided initial conditions
to that method, formatted as ‘(model being run)'C:®reviousmodels)> For example, ‘tracer-BHR'C %"’ refers to a simulation
that initially ran Goncharov’s model but has since transitioned to the tracer-BHR model. ‘BHR3. ]/C/BR*Gonch” peferg
to a simulation that has transitioned from Goncharov’s model to tracer-BHR, and then transitioned again to BHR3.1.

4.6.2. Rayleigh-Taylor Instability

A simple test of the tracer-BHR model is to evaluate how well it is able to reproduce the results of full BHR3.1 RANS
simulations of RT instabilities. Two simulations are run, the first of which is a normal BHR3.1 RANS simulation of
an A; = 0.5 RT instability, initialized with values from early time DNS of Livescu et al. [27] of S, = Sp, = .128L,,
and K, = 5.5 X 10™* A,gL,, where L, is the reference lengthscale and the grid spacing, Ax = .08 L, is fine enough
to coarsely reproduce the desired initial mixed width, which is equal to twice Sy. Here, Ly =.196cm and g =

1000 ¢cm/s?. At non-dimensional time T = t /A,g/L, = 5, after the BHR3.1 RANS simulation has relaxed from its
initial conditions, the turbulent statistics from that simulation are used to initialize a separate simulation using the
tracer-BHR model. The tracer-BHR and BHR3.1 RANS simulations should then subsequently evolve in a similar
manner. Several turbulent statistics of interest are shown in Figure 3 for the simulations, and the tracer-BHR model
can been seen to reproduce the state of the full BHR3.1 simulation at T = 50 to within 11% for each quantity. There
is some initial transient behavior in a and b after the tracer-BHR model is initialized, and this is attributed to minor
differences in the behavior of the two models as they approach the self-similar growth regime of the RT instability.
There is likewise a transient shortly after BHR3.1 is initialized at T = 0, due to a combination of initially poor mixing
layer resolution and the artificial nature of the K, and S initialization. This comparison is done to show that tracer-
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BHR can capture the growth of the mixing layer and associated turbulent statistics approximately as well as the full
BHR3.1 RANS simulation, but it is noted that a realistic application of the tracer-BHR model would run the models
in reverse order, with tracer-BHR used to produce initial conditions for the full RANS simulation. That reversed order
case will be subsequently considered. The mixed half-width in the RANS in Figure 3 is defined, with § = 3.3 for this
Atwood number, as [27]

(ps —p)(p — pa)
=P f TG te? “

) 6
PR Tracer-BHRIC:BHm'] ,
--—-BHR3.1

~

gmgw

2=

(b)

0.075-

~©0.050-

0.025-

0.000-
0 10 20 30 40 50

T (d)

Figure 3 - Mixed half-width (a), maximum turbulent kinetic energy (b), turbulent mass flux (c), and density-specific volume
correlation (d) in a Ay = 0.5 Rayleigh-Taylor instability simulation. The dashed black line is a full BHR3.1 RANS simulation of
the RT instability. The red solid line is a tracer-BHR simulation, which is begun at T = 5 and is initialized with turbulent statistics
from the BHR3.1 simulation.

We focus on comparison between BHR3.1 and tracer-BHR, because the goal of the tracer model is to approximate
solutions to the same underlying turbulence model as BHR3.1, and that model has previously been compared to
numerous experiments and simulations [1]. Regardless, mixed half-widths from RT instability simulations using the
tracer-BHR and Goncharov models are shown in Figure 4, and compared to DNS results [27]. The Goncharov
model is run until the Re;, > 300 condition, and then initializes the tracer-BHR model. The flow conditions are the
same as the simulations shown in Figure 3, except the Goncharov model is initialized from the baseline initial
condition case of the DNS [27], which is a top hat perturbation spectrum between wavenumbers 30 cm™?! and

34 ¢m™1. The mixed half-width in the DNS is measured by (45), with § = 3.7 and 3.3 for the 4, = 0.04 and 0.5
cases, respectively [27]. The mixed half-width from the Goncharov solution is measured as the largest amplitude
mode, as is done in Rollin & Andrews [14]. The transition from Goncharov to tracer-BHR is smooth, and shows
acceptable agreement with the DNS results.
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Figure 4 -  Mixed half-width from simulations of an A; = 0.04 (a) and A; = 0.5 (b) Rayleigh-Taylor instability. The
Goncharov model (dashed) is run until Re,) > 300, and then initializes the tracer-BHR model (dotted). The DNS results of
Livescu et al. [27] are shown by the solid line.

(b)

A series of A; = 0.5 RT instability simulations that use the tracer-BHR model to initialize BHR3.1 RANS with
different grid resolutions are shown in Figure 5, and are conducted to show the behavior of the simulations as they
transition between models. The simulations are initialized with the Goncharov modal model but switch to the tracer-
BHR model once the Re; > 300 criterion for turbulence transition is met. The tracer-BHR model is then used until
mixed width reaches one and a half times the mesh size, at which point the full BHR3.1 RANS is activated on the
mesh from the final state of the tracer-BHR model. Different meshes are used in the RANS simulations to illustrate
the effect of running the tracer-BHR model for different durations, with the mixed widths in Figure 5 normalized by
the mesh spacing of the finest mesh resolution case, Ax,. An additional simulation with Ax = 4Ax,, and which does
not use tracer-BHR as an intermediate step, is included to illustrate the behavior of initializing BHR3.1 directly from
the Goncharov model when the grid cannot resolve the mixing layer.

In the fine resolution Ax = Ax, simulation the Re;,, > 300 criterion occurs at approximately the same time as when
the mixed width reaches one and half times the mesh spacing, and so the Goncharov model transitions directly to the
BHR3.1 RANS in that simulation. The coarser mesh simulations with Ax = 2Ax, and Ax = 4Ax, use the tracer-BHR
model from the end of the Goncharov model, at T = 6.9, until the mixed width is resolvable at T = 16.1 and T = 25.4,
respectively. A separate tracer-BHR solution is tracked in each simulation but, because the tracer-BHR model solution
for RT instabilities does not depend on mesh resolution, only a single tracer-BHR solution is plotted that is tracked
for the entire length of the simulations.

There is significant transience in the turbulent statistics shortly after the full BHR RANS is activated as a result of the
narrow initial numerical mixed width, which is on the order of a single grid cell, and this is seen both when BHR3.1
is initialized from the Goncharov model and when it is initialized from the tracer-BHR model. The good agreement
between tracer-BHR and BHR3.1 observed previously in Figure 3, where the BHR3.1 solution is well resolved,
suggests that the differences between those two models observed here is driven predominantly by the transience
resulting from the initially coarse resolution of the BHR3.1 solution. This initial transience appears to be consistent
between the tested cases regardless of the mesh resolution, and once the mixing layer is large relative to the mesh
resolution, around 7, /Ax > 10, the BHR3.1 RANS simulations using tracer-BHR approximately agree with each
other. This means that if, for instance, one is primarily interested in the behavior of the mixing layer at times when
np > 40Ax,, then the use of the tracer-BHR model would allow RANS simulations with a factor of four coarser mesh
to produce similar behavior within that regime as simulations that directly resolve the mixed width as soon as it
becomes turbulent. This is the primary purpose of the tracer-BHR model, because if the tracer-BHR model allows for
that simulation to be run with a factor of four coarser mesh it will reduce the time to run the simulation by as much as
a factor of 256, in the case of a 3D simulation. Finally, comparison of the two coarse grid Ax = 4Ax, cases illustrates
that use of the tracer-BHR as an intermediate solution between Goncharov’s model and BHR3.1 provides better
agreement with the fine grid Ax = Ax, case. The coarse mesh case that does not use tracer-BHR initializes BHR3.1
before the mixing layer is resolvable on the grid and consequently predicts mixing layers that are persistently wider
than those predicted by the fine grid case.
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Figure 5 - Mixed half-width (a), maximum turbulent kinetic energy (b), turbulent mass flux (c) and density-specific volume

correlation (d) in Ay = 0.5 RT instability simulations. The simulation is run with the Goncharov model until the Re, > 300
criterion is reached. The tracer-BHR model is then run until the mixed width is equal one and a half times the mesh size, at which
point the simulation transitions to solving the full BHR3.1 RANS equations on the xRAGE mesh. Separate simulations on grid sizes
of Ax = Ax, (dashed line), Ax = 24x (dash-dot line), and Ax = 4Ax, (dash-dot-dot line) are included to illustrate the effect of
running the tracer-BHR model for different durations, where Ax, is the mesh resolution at which the Goncharov model transitions
directly to full BHR3.1 RANS. . The dotted line shows the mixed width from the Goncharov model [7, 19] solution, which does not
explicitly include values for the other variables. The symbols show a coarse grid Ax = 44x, BHR3. 1 simulation initialized directly
from the Goncharov model, without running tracer-BHR.

4.6.3. Richtmyer-Meshkov Instability

The tracer-BHR model is tested in a compressible flow by considering the Air-SF¢ Richtmyer-Meshkov instability
problem shown in Figure 6. A M; = 1.45 right-moving shock impacts an Air-SF interface that is perturbed with a
single mode perturbation of wavelength 1, = 0.12 mm and amplitude o = 0.014 mm. The Atwood number of the
initial RM instability is A; = 0.68, with an initially uniform temperature of T, = 298K and the material properties
listed in Table 1. The shock impacts the interface at t = 0, and subsequently reflects off an endwall 80mm downstream
of the initial interface position, shocking the interface a second time in the opposite direction. Each re-shock is in the
light-to-heavy direction and produces a reflected shock that travels back towards the endwall, resulting a series of re-
shocks of the interface.

Separate simulations of the problem are performed using either the tracer-BHR model or BHR3.1 RANS to evaluate
the ability of the tracer-BHR model to replicate the full RANS simulation. Here, the tracer-BHR simulations do not
transition to full BHR3.1 because the intent of these simulations is to evaluate the consistency of the tracer-BHR
model with the full RANS model in the presence of shocks. Additionally, each model is run in simulations using grid
spacings of Ax = Ax, or Ax = 8Ax,, where Ax, = 0.04mm, to evaluate sensitivity to mesh resolution. In all cases
the initial growth of the interface after the first shock is modeled by the Goncharov modal model. The interface would
likely not develop to turbulence after the first shock because the initial interface perturbation is a single small
amplitude mode, but the tracer-BHR model or BHR3.1 RANS is still activated shortly after the first shock once the
interface reaches /A, = .28 to ensure that the turbulence models are active before re-shock.
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shock—> SFg Air

80 mm

Figure 6 - Domain of the Richtmyer-Meshkov instability simulation. A Mg = 1.45 shock impacts a perturbed Air-SF6 material
interface in the heavy-to-light direction and then reflects off of an endwall on the right side of the domain. Subsequent reshocks of
the interface in the light-to-heavy direction produce a reflected shock back into the air, producing a series of reshocks on the
interface.

Table 1 - Material properties

2
Material | Initial Density (miﬁ) Specific heat at constant volume, c,, (%) Ratio of specific heats, y
Air 1.15 x 107 743.7 1.4
SFs 5.97 X 107 611.4 1.09

Figure 7 shows the mixed half-width and several centerline turbulent statistics from these simulations. The tracer-
BHR model appears to capture the qualitative behavior of the full BHR3.1 RANS simulations, even after multiple
successive re-shocks of the interface. Certain statistics, such as the turbulent kinetic energy, exhibit significant
quantitative differences between the tracer-BHR model and full BHR3.1, but these are comparable to the differences
between the Ax = Ax, and Ax = 8Ax, BHR3.1 simulation cases, suggesting that tracer-BHR is a viable alternative
to under-resolved RANS for approximating the fine grid RANS solution. The tracer-BHR model shows far less
sensitivity to mesh resolution, particularly regarding the mixed width which it captures reasonably well, relative to
the fine grid BHR3.1 RANS, at both tested resolutions. The small amount of mesh resolution sensitivity that does
occur in the tracer-BHR model is a result of the change in velocity divergence terms and acceleration terms, which
are sampled from the xRAGE simulation and are thus a function of the numerical shock thickness. The Goncharov
model is also affected by mesh resolution, but only the Ax = Ax, Goncharov solutions are plotted in Figure 7 because
the difference in the behavior of the model between the two grid resolutions is quite small. The mixed half-width in
the BHR3.1 RANS simulations in Figure 7, 199y, is measured by half the width of the region where the largest mass
fraction in the cell is less than 0.99.
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Figure 7 - Tracer-BHR and BHR3.1 simulations of a Richtmyer-Meshkov instability. The figures show mixed half-width (a),
maximum turbulent kinetic energy (b), turbulent mass flux (¢), and dissipation lengthscale (d). The effect of the initial shock on the
interface is modeled by the Goncharov model, and the simulations then switch to either the tracer-BHR model (dashed lines and
circles) or a full BHR3.1 simulation (dot-dashed lines and triangles). The lines are fine grid simulations where the initial mixed
width is resolved at the time the Goncharov model turns off, while the symbols show coarse grid simulations with 8 times the mesh
spacing size of the fine grid cases. The solid black line shows the Goncharov modal model solution in the Ax = Ax simulations.

5. Summary

A tracer-BHR model is introduced that models the growth of a Rayleigh-Taylor (RT) or Richtmyer-Meshkov (RM)
driven mixing layer using a zero-dimensional approximation to the BHR3.1 [1] Reynolds-Averaged Navier Stokes
(RANS) model. The model would be evolved at the position of a passively advected tracer particle inside a
hydrodynamics simulation, and used to initialize the full BHR3.1 RANS simulation once the mixing layer is large
enough to resolve on the computational mesh. The model is intended to extend existing methods for modeling the
early time laminar states of RT and RM instabilities [14] to address conditions when the mixing layer becomes
turbulent while its width is too small to be resolved in a conventional RANS simulation. Possible conditions for
flagging a transition from these laminar models to turbulence modeling are also considered.

Comparisons in RT and RM instability simulations show acceptable agreement between the tracer-BHR model and
full BHR3.1 RANS simulations, illustrating that the tracer-BHR model can reproduce the turbulent evolution of the
mixing layer about as well as the full RANS simulations in these simple flow geometries. Some early time transience
is observed immediately after initializing the full BHR3.1 RANS from the tracer models, but simulations that use the
tracer-BHR model for initial conditions are found to still produce similar late-time behavior as simulations that use a
finer mesh to resolve the initial width of the turbulent mixing layer. The tracer-BHR model can thus be used to relax
the need to resolve the mixed width as soon as a RT or RM unstable interface becomes turbulent. Instead, the mixing
layer width would only need to be resolved on the grid of the RANS simulation once the ability of such a simulation
to handle more complex geometries becomes important.
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Rayleigh-Taylor and Richtmyer-Meshkov instabilities grow through a range of scales
Integral scales of the resulting mixing layers may not be resolvable at early times

A model is introduced for the evolution of mixing layers with subgrid-scale widths
The model generates initial conditions for simulations using turbulence models
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