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ABSTRACT: In a previous work [1], we proposed an integrability setup for computing non-
planar corrections to correlation functions in A = 4 super-Yang-Mills theory at any value
of the coupling constant. The procedure consists of drawing all possible tree-level graphs
on a Riemann surface of given genus, completing each graph to a triangulation, inserting a
hexagon form factor into each face, and summing over a complete set of states on each edge
of the triangulation. The summation over graphs can be interpreted as a quantization of
the string moduli space integration. The quantization requires a careful treatment of the
moduli space boundaries, which is realized by subtracting degenerate Riemann surfaces;
this procedure is called stratification. In this work, we precisely formulate our proposal and
perform several perturbative checks. These checks require hitherto unknown multi-particle
mirror contributions at one loop, which we also compute.
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1 Introduction

Like in any perturbative string theory, closed string amplitudes in AdSs x S° superstring
theory are given by integrations over the moduli space of Riemann surfaces of various
genus. Like in any large- N, gauge theory, correlation functions of local single-trace gauge-
invariant operators in A’ = 4 SYM theory are given by sums over double-line Feynman
(ribbon) graphs of various genus. By virtue of the AdS/CFT duality, these two quantities
ought to be the same. Clearly, to better understand the nature of holography, it is crucial
to understand how the sum over graphs connects to the integration over the string moduli.

Our proposal in [1] provides one realization. It can be motivated as a finite-coupling
extension of a very nice proposal by Razamat [2], built up on the works of Gopakumar
et al. [3-8], which in turn relied on beautiful classical mathematics by Strebel [9, 10], where
an isomorphism between the space of metric ribbon graphs and moduli spaces of Riemann
surfaces was first understood.’

Let us briefly describe some of these ideas. Figure 1 is a very inspiring example, so let
us explain a few of its features. The figure describes four strings interacting at tree level,
i.e. a four-punctured sphere (in the figure, one of the punctures is at infinity). The black
lines are sections of the incoming strings. Close to each puncture, the string world-sheet
behaves as a normal single string, so here the black lines are simple circles. They are the
lines of constant T for each string. These lines of constant 7 need to fit together into a
global picture, as shown in the figure. Note that there are four special points, the red
crosses, which can be connected along critical lines (the colorful lines), across which we
“jump from one string to another”. These critical lines define a graph. There is also a
dual graph, drawn in gray.? This construction creates a map between the moduli space of
a four-punctured Riemann sphere and a class of graphs, as anticipated above.

These cartoons can be made mathematically rigorous. For each punctured Riemann
surface, there is a unique quadratic differential ¢, called the Strebel differential, with fixed
residues at each puncture, which decomposes the surface into disk-like regions — the faces
delimited by the colorful lines [9, 10] (see the appendices in [2] for a beautiful review). The
red crosses are the zeros of the Strebel differential. The line integrals between these critical
points, i.e. the integrals along the colorful lines are real, and thus define a (positive) length
for each line of the graph. In this way the graph becomes a metric graph. (The sum over
the lengths of the critical lines that encircle a puncture equals the residue of the Strebel
differential at that puncture by contour integral arguments.) By construction, the critical
lines emanating from each zero have a definite ordering around that zero. This ordering
can equivalently be achieved by promoting each line to a “ribbon” by giving it a non-zero
width; for this reason the relevant graphs are called metric ribbon graphs. Conversely, fixing

! The present work is a continuation of the hexagonalization proposal for planar correlation functions [11,
12] (see also [13, 14]), which was an extension of the three-point function hexagon construction [15], which
in turn was strongly inspired by numerous weak-coupling [16-21] and strong-coupling [22-24] studies. It
was these weak- and strong-coupling mathematical structures — only available due to integrability — which
were the most important hints in arriving at our proposal [1].

2In this example, both the graph and its dual graph are cubic graphs, but this is not necessarily true in
general.



Figure 1. In the left figure, four strings radiated from four worldsheet punctures interact (blue
dots, with the fourth puncture located at infinity). The punctures are encircled by contour lines
of constant worldsheet time (black). Critical lines (colorful) divide the contour lines encircling
different punctures. The critical lines intersect at the red crosses, and thus define a cubic graph.
The dual graph is shown in gray. On the right, we represent a standard tree-level field-theory
four-point graph with the topology of a sphere (gray), as well as its dual graph (colorful).

a graph topology and assigning a length to each edge uniquely fixes the Strebel differential
and thus a point in the moduli space.

Such metric ribbon graphs, like the one on the right of figure 1, also arise at zero
coupling in the dual gauge theory. There, the number associated to each line is nothing
but the number of propagators connecting two operators along that line. These numbers
are thus integers in this case, as emphasized in [2]. Note that the total number of lines
getting out of a given operator is fixed, which is the gauge-theory counterpart of the above
contour integral argument.

As such, it is very tempting to propose that we fix the residue of the Strebel differential
at each puncture to be equal to the number of fields® inside the trace of the dual operator.*
Then there is a discrete subset of points within the string moduli space where those integer
residues are split into integer subsets, which define a valid gauge-theory ribbon graph. By
our weak-coupling analysis, it seems that the string path integral is localizing at these

3The “number of fields” is inherently a weak-coupling concept, which could be replaced by e.g. the total
R-charge of the operator.

4Note that until now the value of the residue remained arbitrary. Indeed, the map between the space of
metric ribbon graphs I, 4 and the moduli space of Riemann surfaces M,, 4 conveniently contains a factor
of R} as My ¢ x R} =~ I, 4, so we can think of the space of metric ribbon graphs as a fibration over the
Riemann surface moduli space. Fixing the residues of the Strebel differential to the natural gauge-theory
values simply amounts to picking a section of this fibration.



points. Note that the graphs defined by the Strebel differential change as we move in the
string moduli space, and that all free gauge-theory graphs nicely show up when doing so,
such that the map is truly complete. The jump from one graph to another is mathematically
very similar to the wall-crossing phenomenon within the space of 4d N = 2 theories [25, 26].

What about finite coupling? Here it is where the hexagons come in. The gray lines
in figure 1 typically define a triangulation of the Riemann surface (since the colored dual
graph is a cubic graph). The triangular faces become hexagons once we blow up all punc-
tures into small circles, such that small extra segments get inserted into all triangle vertices,
effectively converting all triangles into hexagons. In order to glue together these hexagons,
we insert a complete basis of (open mirror) string states at each of the gray lines. The
sum over these complete bases of states can be thought of as exploring the vicinity of each
discrete point in the moduli space, thus covering the full string path integral.

For correlation functions of more/fewer operators, and/or different worldsheet genus,
the picture is very similar. What changes, of course, is the number of zeros of the Strebel
differential,® that is the number of hexagon operators we should glue together. In the
example above, we had four red crosses, that is four hexagons. This number is very easy to
understand. Topologically, a four-point function can be thought of as gluing together two
pairs of pants, and each pair of pants is the union of two hexagons. To obtain a genus g
correlation function of n closed strings, we would glue together 2n + 4g — 4 hexagons. We
ought to glue all these hexagons together and sum over a complete basis of mirror states
on each gluing line. Each hexagon has three such mirror lines, as illustrated in figure 1,
and each line is shared by two hexagons, so there will be a (3n + 6g — 6)-fold sum over
mirror states.® This is admissibly a hard task, but, until now, there is no alternative for
studying correlation functions at finite coupling and genus in this gauge theory. So this is
the best we have thus far.”

For higher genus — i.e. as we venture into the non-planar regime — there is a final
and very important ingredient called the stratification, which appeared already in the
context of matrix models [29-31], and which gives the name to this paper. It can be
motivated from gauge theory as well as from string theory considerations. From the gauge
theory viewpoint, it is clear that simply drawing all tree-level graphs of a given genus, and
dressing them by hexagons and mirror states cannot be the full story: as we go to higher

5The zeros of the Strebel differential may vary in degree. The number of zeros equals the number of
faces of the (dual) graph, whereas the sum of their degrees equals the number of hexagons.

SNote that we should also sum over the lengths associated to the gluing lines. These lines always
connect two physical operators, with the n constraints that the sum of lengths leaving each puncture equals
the length (charge) of the corresponding physical operator, such that one ends up with a (2n + 69 — 6)-
dimensional sum, which is the appropriate dimension of the string moduli space. For instance, for n = 4
and g = 0 we have a two-fold sum, which matches nicely with the two real parameters of the complex
position of the fourth puncture on the sphere, once the other three positions are fixed.

7Of course, there are simplifying limits. In perturbation theory, most of these sums collapse, since it
is costly to create and annihilate mirror particles. Hence, the hexagonalization procedure often becomes
quite efficient, see e.g. [27]. At strong coupling, the sums sometimes exponentiate and can be resummed,
see e.g. [28]. And for very large operators, the various lengths that have to be traversed by mirror states as
we glue together two hexagons are often very large, projecting the state sum to the lowest-energy states,
thus also simplifying the computations greatly, as in [1].



loops in 't Hooft coupling, there will be handles formed by purely virtual processes, which
are not present at lower orders. So including only genus-g tree-level graphs misses some
contributions. One naive idea would be to include — at a given genus — all graphs which
can be drawn on surfaces of that genus or less. But this would be no good either, as it
would vastly over-count contributions. The stratification procedure explained in this paper
prescribes precisely which contributions have to be added or subtracted, so that — we hope
— everything works out. From a string theory perspective, this stratification originates
in the boundaries of the moduli space. We can have tori, for example, degenerating into
spheres, and to properly avoid missing (or double-counting) such degenerate contributions,
we need to carefully understand what to sum over. In more conventional string perturbation
theory, we are used to continuous integrations over the moduli space, where such degenerate
contributions typically amount to measure-zero sets, which we can ignore. But here — as
emphasized above and already proposed in [2] — the sum is rather a discrete one, hence
missing or adding particular terms matters.

All in all, our final proposal can be summarized in equation (2.2) below, where the
seemingly innocuous S operation is the stratification procedure, which is further motivated
and made precise below, see e.g. (2.17) for a taste of what it ends up looking like.

In the end, all this is a plausible yet conjectural picture. Clearly, many checks are
crucial to validate this proposal, and to iron out its details. A most obvious test is to
carry out the hexagonalization and stratification procedure to study the first non-planar
quantum correction to a gauge-theory four-point correlation function, and to compare the
result with available perturbative data. That is what this paper is about.

2 Developing the proposal

In the following, we introduce our main formula and explain its ingredients in section 2.1.
In the subsequent section 2.2, we explain the summation over graphs at the example of a
four-point function on the torus. Section 2.3 and section 2.4 are devoted to the effects of
stratification.

2.1 The main formula

Recall that in a general large- N, gauge theory with adjoint matter, each Feynman diagram
is assigned a genus by promoting all propagators to double-lines (pairs of fundamental color
lines). At each single-trace operator insertion, the color trace induces a definite ordering
of the attached (double) lines. By this ordering, the color lines of the resulting double-line
graph form well-defined closed loops. Assigning an oriented disk (face) to each of these color
loops, we obtain an oriented compact surface. The genus of the graph (Wick contraction)
is the genus of this surface. Counting powers of N, and g¢2,, for propagators (~g2,,),
vertices (~1/g2,,), and faces (~N,), taking into account that every operator insertion adds
a boundary component to the surface, absorbing one power of IV, into the 't Hooft coupling
A = g2, N, and using the formula for the Euler characteristic, we arrive at the well-known
genus expansion formula [32] for connected correlators of (canonically normalized) single-



trace operators O;:
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Here, g@n(A) is the correlator restricted to genus-g contributions. Via the AdS/CFT
duality, the surface defined by Feynman diagrams at large N. becomes the worldsheet of
the dual string with n vertex operator insertions.

The purpose of this paper is to give a concrete and explicit realization of the general
large- N, genus expansion formula (2.1) for the case of NV = 4 super Yang-Mills theory. The
proposed formula is based on the integrability of the (gauge/worldsheet /string) theory, and
should be valid at any order in the 't Hooft coupling constant A. The general formula reads

H \/» Z H , 2n+ﬁ) 4

(Q1...Q,) = Hi= v @ [ duwiw) H,
N rer N2g N2 beb(In) " Jm,

(2.2)

Let us explain the ingredients: the operators Q; we consider are half-BPS operators, which
are characterized by a position x;, an internal polarization «;, and a weight k;,

Q; = Oa, i, ki) —‘51"(( qﬁ(xz))k) . a?=0. (2.3)

Here, @ = ($1,...,Pg) are the six real scalar fields of NV = 4 super Yang-Mills theory, and
« is a six-dimensional null vector. We start with the set I'" of all Wick contractions of the
n operators in the free theory. Each Wick contraction defines a graph, whose edges are the
propagators. We will use the terms “graph” and “Wick contraction” interchangeably. By
the procedure described above, we can associate a compact oriented surface to each Wick
contraction, and thereby define the genus ¢g(I') of any given graph I'. Importantly, the
edges emanating from each operator have a definite ordering around that operator due to
the color trace in (2.3).8

Next, we promote each graph I to a triangulation I'a in two steps: first, we identify
(“glue together”) all homotopically equivalent (that is, parallel and non-crossing) lines of
the original graph I'. The resulting graph is called a skeleton graph. We can assign a
“width” to each line of the skeleton graph, which equals the number of lines (propagators)
that have been identified. Each line of the skeleton graph is called a bridge b, and the width
of the line is conventionally called the bridge length f,. There is a propagator factor df;b
for each bridge. By definition, each face of a skeleton graph is bounded by three or more
bridges. In a second step, we subdivide faces that are bounded by (m > 3) bridges into
triangles by inserting (m — 3) further zero-length bridges (ZLBs). Using the formula for the
Euler characteristic, one finds that the fully triangulated graph I'a has 2n+4¢(I")—4 faces.

For each bridge b of the triangulated skeleton graph I'a, we integrate over a complete
set of states v, living on that bridge, and we insert a weight factor W(1;). The weight

8Graphs with this ordering property are called ribbon graphs.



factor measures the charges of the state 1, under a superconformal transformation that
relates the two adjacent triangular faces; it thus depends on both the cross ratios of the
four neighboring vertices, and on the labels of the state ;. The worldsheet theory on each
bridge is a “mirror theory” which is obtained from the physical worldsheet theory by an
analytic continuation via a double-Wick rotation. States in this theory are composed of
magnons with definite rapidities u; € R and bound state indices a; € Z>1. A complete set
of states is given by all Bethe states, where each Bethe state is characterized by the number

m of magnons, their rapidities {u1,...,u,}, their bound state indices {ai,...,an}, and
their su(2]2)? flavor labels (A4, A). The integration over the space M, of mirror states hence
expands to
oo m 0o 00 _
/M S IDIDS / du g, (ug) e~ Fes ) o (2.4)
b . U;=—00

m=01i=1a;=1 AL A;

where g, (u;) is a measure factor, E is the mirror energy, ¢ is the length of the bridge b,
and the exponential is a Boltzmann factor for the propagation of the mirror particles across
the bridge.

Finally, each face a of the triangulated skeleton graph I'a carries one hexagon form
factor H,, which accounts for the interactions among the three physical operators Q;, Q;,
Q. as well as the mirror states on the three edges b1, by, b3 adjacent to the face. It is
therefore a function of all this data:

Ha = HalTi, 04, T, @, Ty s Yy, Yy s Yty) - (2.5)

The hexagon form factor is a worldsheet branch-point twist operator that inserts an ex-
cess angle of m on the worldsheet. It has been introduced in [15] for the purpose of
computing planar three-point functions, and has later been applied to compute planar
four-point [11, 12] and five-point functions [14]. Our formula (2.2) is an extension and
generalization of these works to the non-planar regime. Notably, all ingredients of the
formula (2.2) (measures j,(u), mirror energies E,(u), and hexagon form factors #) are
known as exact functions of the coupling A, and hence the formula should be valid at finite
coupling.” The hexagon form factors are given in terms of the Beisert S-matrix [35], the
dressing phase [36], as well as analytic continuations among the three physical and the
three mirror theories on the perimeter of the hexagon [15].

Unlike the general genus expansion (2.1), the formula (2.2) nicely separates the com-
binatorial sum over graphs and topologies from the coupling dependence, since the sum
over graphs only runs over Wick contractions of the free theory. At any fixed genus, the
list of contributing graphs can be constructed once and for all. The dependence on the
coupling A sits purely in the dynamics of the integrable hexagonal patches of worldsheet
‘H and their gluing properties.

Finally, we have the very important stratification operation indicated by the operator &
n (2.2). The basic idea already anticipated in the introduction is that the sum over graphs

90f course it is still a sum over infinitely many mirror states, and as such cannot be evaluated exactly
in general. What one can hope for is that it admits high-loop or even exact expansions in specific limits.
This is the focus of upcoming work [33, 34].



mimics the integration over the string moduli space, which contains boundaries. At those
boundaries, it is crucial to avoid missing or over-counting contributions, specially in a
discrete sum as we have here.!? Despite its innocuous appearance, it is perhaps the most
non-trivial aspect of this paper and is discussed in great detail below; the curious reader
can give a quick peek at (2.17) below.

In the remainder of this paper, we will flesh out the details of the formula (2.2), test
it against known perturbative data at genus one, and use it to make a few higher-loop
predictions.

2.2 Polygonization and hexagonalization

The combinatorial part of the prescription is to sum over planar contractions of n operators
on a surface with given genus. We refer to this step as the polygonization. This task can be
split into three steps: (1) construct all inequivalent skeleton graphs with n vertices on the
given surface (excluding edges that connect a vertex to itself), (2) sum over all inequivalent
labelings of the vertices and identify each labeled vertex with one of the operators, and
(3) for each labeled skeleton graph, sum over all possible distributions of propagators on
the edges (bridges) of the graph that is compatible with the choice of operators, such that
each edge carries at least one propagator.

Maximal graphs on the torus. In the following, we will construct all inequivalent
graphs with four vertices on the torus. To begin, we classify all graphs with a maximal
number of edges. All other graphs (including those with genus zero) will be obtained from
these “maximal” graphs by deleting edges. The maximal number of edges of a graph with
four vertices on the torus is 12. Graphs with 12 edges cut the torus into 8 triangles. For
some maximal graphs, the number of edges drops to 11 or 10, such graphs include squares
involving only two of the four vertices. Once we blow up the operator insertions to finite-
size circles, all triangles will become hexagons, all squares will become octagons, and more
generally all n-gons will become 2n-gons.

We classify all possible maximal graphs by first putting only two operators on the
torus, and by listing all inequivalent ways to contract those two operators. This results
in a torus cut into some faces by the bridges among the two operators. Subsequently, we
insert two more operators in all possible ways, and add as many bridges as possible. We
end up with the 16 inequivalent graphs shown in table 1. Let us explain how we arrive at
this classification: two operators on the torus can be connected by at most four bridges.
It is useful to draw such a configuration as follows:

: (2.6)

where the box represents the torus, with opposing edges identified. The four bridges cut
the torus into two octagons. Placing one further operator into each octagon and adding

10Th moduli space integrations, this issue can sometimes be glossed over, since the boundaries are imma-
terial measure-zero subsets; this is definitely not the case in our sums.
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Table 1. Inequivalent maximal graphs on the torus.

all possible bridges gives case 1.1 in table 1. When both further operators are placed in
the same octagon, there are two inequivalent ways to distribute the bridges, these are the
cases 1.2.1 and 1.2.2 (here, the fundamental domain of the torus has been shifted to put the
initial octagon in the center). Since each edge in general represents multiple propagators, we
also need to consider cases where the two further operators are placed inside the bridges
of (2.6). Placing one operator in one of the bridges and the other operator into one of
the octagons gives case 1.3 in table 1. Placing both operators in separate bridges gives
cases 1.4.1 and 1.4.2. Placing both operators into the same bridge yields cases 1.5.1, 1.5.2,
and 1.5.3. Finally, placing the third operator inside one of the octagons and the fourth
operator into one of the bridges attached to the third operator results in case 1.6.

Next, we need to consider cases where no two operators are connected by more than
three bridges (otherwise we would end up with one of the previous cases). Again we start
by only putting two operators on the torus. Connecting them by three bridges cuts the
torus into one big dodecagon, which we can depict in two useful ways:

Y




In the right figure, opposing bridges are identified, and we have shaded the two operators
to clarify which ones are identical. Placing the two further operators into the dodecagon
results in the three inequivalent bridge configurations 2.1.1, 2.1.2, and 2.1.3 in table 1. Plac-
ing one operator into one of the bridges in (2.7) results in graph 2.2. We do not need to
consider placing both operators into bridges, as the resulting graph would not have a max-
imal number of edges (and thus can be obtained from a maximal graph by deleting edges).

Finally, we have to consider cases where no two operators are connected by more than
two bridges. In this case, it is easy to convince oneself that all pairs of operators must be
connected by exactly two bridges. We can classify the cases by picking one operator (1)
and enumerating the possible orderings of its bridges to the other three operators (2,3,4).
It turns out that there are only two distinguishable orderings (up to permutations of the
operators): (2,3,2,4,3,4) and (2,3,4,2,3,4). In each case, there is only one way to distribute
the remaining bridges (such that no two operators are connected by more than two bridges):

(O—® l 2 1 2 1 2

® O 3 1 3 1 3 )

These are the graphs 3.1 and 3.2 in table 1. This completes the classification of maximal
graphs. In appendix B.1, we discuss an alternative way (an algorithm that can be imple-
mented for example in MATHEMATICA) of obtaining the complete set of maximal graphs
for any genus and any number of operator insertions.

Non-maximal polygonizations. In the above classification of maximal graphs, each
edge stands for one or more parallel propagators. In order to account for all possible
ways of contracting four operators on the torus, we also have to admit cases where some
edges carry zero propagators. We capture those cases by also summing over graphs with
fewer edges. All of these can be obtained from the set of maximal graphs by iteratively
removing edges. When we remove edges from all maximal graphs in all possible ways,
many of the resulting graphs will be identical, so those have to be identified in order to
avoid over-counting.

Hexagonalization. The next step in our prescription is to tile all graphs of the poly-
gonization with hexagon form factors, which we refer to as the hexagonalization of the
correlator. For many of the maximal graphs, the hexagonalization is straightforward, as
every face has three edges connecting three operators, giving room to exactly one hexagon.
But some maximal graphs, and in particular graphs with fewer edges, include higher poly-
gons, which have to be subdivided into several hexagons. A polygon with m edges (and m
cusps) subdivides into m — 2 hexagons, which are separated by m — 3 zero-length bridges
(ZLBs). In this way, the torus with four punctures always gets subdivided into eight
hexagons.!! Later on, each of these hexagons will be dressed with virtual particles placed

LA surface of genus g with n punctures will be subdivided into 2n + 4g — 4 hexagons.
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Figure 2. To estimate at which loop order a given sprinkling pattern will start contributing, we can
focus on each hexagon. We absorb in each hexagon one half (i.e. the square root) of the measures
and mirror particle propagation factors of the three adjacent mirror edges. We can then estimate
the loop order of a given populated hexagon by noting that this object has residues where particles
decouple among themselves. For example, the middle hexagon in the bottom picture must cost no
coupling since it contains residues where all particles annihilate, leaving an empty hexagon whose
expectation value is just 1. In other words, in this example, what costs (a lot!) of loops is to create
the particles in the surrounding hexagons; once they are created, they can freely propagate through
the middle hexagon (e.g. following the interior of the dashed regions) and that costs no coupling
at all. The general loop counting is presented for completeness at the top. It follows by noticing
that after the decoupling, one is left with mirror particles only on one edge. The integrand for this
case has a simplified coupling independent part due to the unitarity of the S matrix, and it is a
product (i < j) of terms h(u;, uj)h(uj,u;) ~ g*, where h is the hexagon dynamical factor. See the
appendices C and D for the two-particle case. See also [37].

on the mirror edges or bridges which will generate the quantum corrections to the corre-
lator under study, and which we refer to as sprinkling. The general counting of loop order
involved in a general sprinkling is illustrated in figure 2.

Let us illustrate the hexagonalization with an example. Take the maximal graph 1.1
of table 1, and remove the horizontal lines in the middle, as well as the diagonal lines
connecting the lower operator with the lower two corners. The resulting graph is depicted
in figure 3. It has eight edges that divide the torus into four octagons. Each octagon
gets subdivided into two hexagons by one zero-length bridge, as shown in figure 4. In this
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Figure 3. Skeleton graph obtained from maximal graph 1.1 by removing all horizontal lines and
some diagonal connections as explained in the main text.

Figure 4. The skeleton graph of figure 3 can be completed to a hexagonalization by inserting
a zero-length bridge (ZLB, dashed lines) into each of the four octagons. This decomposes the
four-punctured torus into eight hexagons.

case, the hexagonalization meant nothing but reinstating the deleted bridges as ZLBs. We
can now draw the hexagon decomposition in a way that makes the hexagonal tiles more
explicit. This results in the hexagon tiling shown in figure 5.

Dressing a skeleton graph such as the one in figure 3 with ZLBs is not unique: each
octagon has two diagonals that we could choose to become ZLBs. The final answer will
be independent of this choice. This property of the hexagonalization is called flip invari-
ance [11]. Hence we can choose any way to cut bigger polygons into hexagons.

Ribbon graph automorphisms and symmetry factors. When we perform the sum
over all graphs and all bridge lengths on the torus (or higher-genus surface), we need
to multiply some graphs by appropriate symmetry factors. The graphs we have been
classifying are ribbon graphs. In order to understand the symmetry factors, we will take a
closer look at the formal definition of these ribbon graphs. A ribbon graph is an ordinary
graph together with a cyclic ordering of the edges at each vertex.'?> More formally, ribbon
graphs are defined through pairing schemes: let V be a collection of non-empty ordered

12Gee [38] for a nice review.
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Figure 5. The hexagon tiling associated to the hexagonalization in figure 4. The solid black lines
attach to the four operators, the solid gray lines carry one or more propagators, and the dashed
lines are zero-length bridges.

sets V},
V:{‘/l,---,%}7 ‘/j:(‘/jlv"wv_}@j)a (28)

and let V = Vit,.. .. Vi, Var, ..., Vg, } be the union of all V;. A pairing scheme
P = (V,p) is defined by a bijective pairing map p : VY — V with p? = 1 and p(V) # V for
all V € V. Each ordered set V; of P is called a vertex of P of degree ¢;. In our context,
each vertex Vj represents one of the operators, and the Vj; label the (half-)bridges attached
to operator j. The degree ¢; is the number of bridges attached to the operator. P defines
a ribbon graph, but also specifies a marked beginning of the ordered sequence of edges
(bridges) attached to each vertex. Pairing schemes are promoted to ribbon graphs by the
natural action of the group of orientation-preserving isomorphisms

G = ﬁ S, ¥ (Z/KZ)™ . (2.9)
k=1

Here, ny is the number of vertices of degree k, m is the maximal degree, S,, permutes
vertices of the same degree, and (Z/kZ)"™ rotates vertices of degree k. Each orbit G.P of
the group action defines a ribbon graph. In other words, a ribbon graph I associated with
a pairing scheme P is the equivalence class of P with respect to the action of G.
Typically an element of the group (2.9) maps a given pairing scheme P to a differ-
ent pairing scheme P’ (by permuting vertices and/or shifting the marked beginnings of
the ordered sequences of edges/bridges at each vertex/operator). However, some group
elements may map a pairing scheme P to itself. If I" is a ribbon graph associated with
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a pairing scheme P, then the subgroup of (2.9) preserving P is called the automorphism
group Aut(I") of I'.13

Assigning a positive real number to each edge of a ribbon graph promotes it to a
metric ribbon graph. The number assigned to a given edge is called the length of that edge.
Therefore, a graph with assigned bridge lengths is a metric ribbon graph (with integer
edge lengths). The notion of automorphism group extends to metric ribbon graphs in an
obvious way.

In the sum over graphs and bridge lengths, we need to divide each graph with as-
signed bridge lengths (metric graph) by the size of its automorphism group. These are the
symmetry factors mentioned at the beginning of this paragraph.

Let us illustrate the idea with an example. Consider the following rather symmetric
ribbon graph with eight edges, with all bridge lengths set to one:

geG shift (210)

In the left picture, the graph is represented by an arbitrarily chosen pairing scheme, where
the beginnings/ends of the edge sequences at each vertex are indicated by the small blue
cuts. The second picture shows the pairing scheme obtained by applying an isomorphism
g € G that cyclically rotates all vertices by two sites. In the second step, we shift the
cycles along which we cut the torus in order to represent it in the plane. As a result, we
see that the pairing scheme after applying g is the same as the original pairing scheme on
the left. Thus this graph has to be counted with a symmetry factor of 1/2 (there is no
other non-trivial combination of rotations that leave the graph invariant, and hence the
automorphism group has size 2). If we increase the bridge length on two of the edges to
two, we find the following:

— (2.11)

As can be seen from the pictures, applying the same group element to the original pairing
scheme results in a different pairing scheme that cannot be brought back to the original by
any trivial operation. In this case, the automorphism group is trivial, and the graph has
to be counted with trivial factor 1.

The symmetry factors can also be understood from the point of view of field contrac-
tions: when writing the sum over contractions as a sum over graphs and bridge lengths, we
pull out an overall factor of k* that accounts for all possible rotations of the four single-
trace operators. For some graphs and choices of bridge lengths, non-trivial rotations of
the four operators can lead to identical contractions, which are thus over-counted by the

13The automorphism group is independent of the choice of pairing scheme P representing I
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overall factor k. This can be seen explicitly in the above example (2.10). Dividing by the
size of the automorphism group exactly cancels this over-counting.

2.3 Stratification

The fact that we are basing the contribution at a given genus g on the sum over graphs of
genus g is of course natural from the point of view of perturbative gauge theory: each graph
with assigned bridge lengths is equivalent to a Feynman graph of the free theory. Summing
over graphs of genus g and over bridge lengths (weighted by automorphism factors) is
therefore equivalent to summing over all free-theory Feynman graphs of genus g. All
perturbative corrections associated to a given graph are captured by the product of hexagon
form factors as well as the sums and integrations over mirror states associated to that graph.
It is clear that this prescription cannot be complete, as it does not include loop corrections
that increase the genus of the underlying free graph. It also omits contributions from
disconnected free graphs that become connected after adding interactions. In other words,
it does not include contributions from handles or connections formed purely by virtual
processes. We can include such contributions by drawing lower-genus and disconnected
graphs on a genus-g surface in all possible ways, and tessellating the genus-g surface into
hexagons including the handles not covered by the lower-genus graph. Weighting such
contributions by the same genus-counting factor N2~297" as the honestly genus-g graphs,
we include all virtual processes that contribute at this genus. In other words, the sum over
graphs in (2.2) has to be replaced as

00 00
S I SRS ) o8 21
rer g=0 graphs I g=01TI¢eX,

of genus g

where Y, is the set of all graphs, connected or disconnected, of genus g or smaller. For
graphs whose genus is smaller than g, the symbol I" € X, has to carry not only the
information of the graph itself, but also of its embedding in the genus-g surface. The
embedding can for example be encoded by marking all pairs of faces of the graph to which
an extra handle is attached.

While this prescription solves the problem of capturing all genus-g contributions, it
also spoils the result by including genuine lower-genus contributions. Namely, the loop
expansion of the hexagon gluing (sum over mirror states) will also include processes where
one or more extra handles (those not covered by the graph) remain completely void. Such
void handles can be pinched. Pinching a handle reduces the genus, hence such contribu-
tions do not belong to the genus-g answer. However, we can get rid of these unwanted
contributions by subtracting the same lower-genus graphs, but now drawn on a surface
where a handle has been pinched. Pinching a handle reduces the genus by one, leaving two
marked points on the reduced surface. For an n-point function, we hence have to subtract
all n-point graphs drawn on a genus (g — 1) surface with 2 marked points. Such contribu-
tions naturally come with the correct genus-counting factor N2-2(9-1D)-(n+2) — N2-2g-n
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Hence we have to refine (2.12) to

rhs. of (212) — =Y |, (2.13)

g=0 \ I'eXy Fexg_l

where 2371 is the set of all graphs of genus (¢ — 1) or smaller embedded in a genus
(g9 — 1) surface, with two marked points inserted into any two faces of the graph (or both
marked points inserted into the same face). This subtraction correctly removes all excess
contributions from the first sum that have exactly one void handle. In contrast, the excess
contributions with two void handles are contained twice in the subtraction sum, once for
each handle that can be pinched. We have to re-add these contributions once by further
refining (2.13) to

rhs. of (2.13) — i =+ > |, (2.14)

9=0 \I'eXy res?  Tresi,

where now 23_2 is the set of all graphs of genus (g — 2) or smaller embedded in a genus
(g9 — 2) surface, with two pairs of marked points inserted into any four (or fewer) faces of
the graph. This procedure iterates, leading to the refinement

rhs. of (2.14) — ii(—l)mz. (2.15)

g=0m=0 e Egrjm

Under the degenerations discussed thus far, the Riemann surface stays connected.
There are also degenerations that split the Riemann surface into two components by pinch-
ing an intermediate cylinder. Also these degenerations have to be subtracted in order to
cancel unwanted contributions (that originate from disconnected propagator graphs, or
from purely virtual “vacuum” loops). Such degenerations split a Riemann surface of genus
g with n punctures into two components with genus g; and g9 that contain nq and ne punc-
tures, such that g1 + g = g and n1 + ny = n. Each component carries one marked point
that remains from pinching. Such contributions also come with the correct genus-counting

factor
N2—291—(n1+1)N2—2g2—(n2+1) — N2—2g—n ) (216)

Again, the pinching process can iterate, splitting the surface into more and more compo-

14

nents.”* We will comment on this type of contributions at the end of section 5 and in

appendix F.

HMStarting with a surface of genus ¢ with n punctures, the maximum number of iterated degenerations
(of both types described above) is 3g + n — 3, resulting in a surface with 2g +n — 2 components, where each
component is a pair of pants (sphere with three punctures and/or marked points). This bound is saturated
when we perform the reduction starting from a maximally disconnected planar graph that is embedded on
the surface in a disk-like region (i.e. without any windings). For even n, a maximally disconnected planar
graph has n/2 components, each consisting of two operators connected by a single bridge. In this case, the
maximal degeneration consists of spheres that contain either one component of the graph and one marked
point, or no part of the graph and three marked points. For odd n, a maximally disconnected planar graph
has (n — 1)/2 components, where one of the components is a triangular three-point graph (because every
operator has at least one bridge attached). In this case, the maximal number of degenerations is 3g+n —4,
resulting in 2g + n — 3 surface components.
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Summing all possible degenerations with their respective signs, we arrive at the fol-
lowing final formula, which is a further refinement of (2.15):

oo 2g+n—2
rhs. of (215) = > Y > (-DZim2 Y =80 ) . (2.17)
g=0 c=1 TE€ETg.cn rex; rer

Here, ¢ counts the number of components of the surface, and the sum over 7 runs over the
set of all genus-g topologies with ¢ components and n punctures:

Tgen = 4 {lgrm,m), s (gene,me)} [ Y mi=n, Y (gi+mif2) —c+1=g7¢
7 7

(2.18)
where (g;,n;, m;) labels the genus, the number of punctures, and the number of marked
points on component i. Finally, we sum over the set X, of all graphs I" (connected and
disconnected) that are compatible with the topology 7 and that are embedded in the surface
defined by 7 in all inequivalent possible ways (I" may cover all or only some components
of the surface).

In the rightmost expression, we have defined the stratification operator S, which im-
plements the refinement of adding and subtracting graphs on surfaces of genus <g with
marked points as just explained. It appears intricate as it stands, but we will see below
that it turns out less complicated than it looks.

We motivated this proposal from gauge theory considerations. We could have ar-
rived at the very same expression by following string moduli space considerations as ex-
plained in the introduction, by carefully subtracting the boundary of the discretized moduli
space [29, 30].1°

Example. Let us illustrate the above construction with an important example. Consider
the correlator for four equal-length single-trace operators Qj, ..., Q4 that are chosen such
that the fields in Q1 cannot contract with the fields in Qg, and the fields in Qs cannot
contract with the fields in Q3. Correlators of this type are studied throughout the rest of
this paper. For such correlators, there is only one planar graph:

0, @
(2.19)
©) O,

5The map between the moduli space and metric ribbon graphs induces a cell decomposition on the
moduli space. The highest-dimensional cells are covered by graphs with a maximal number of edges.
Cell boundaries are reached by sending some bridge length to zero. (The neighboring cell is reached by
flipping the resulting ZLB and making its length positive again.) The moduli space My, itself also has a
boundary, which is reached when a handle (cylinder) becomes infinitely thin. In terms of ribbon graphs,
this boundary is reached when all bridges traversing a cylinder reduce to zero size. The minimal number of
bridges traversing a cylinder is two, hence the moduli space boundaries have complex codimension one. The
highest-dimensional cells (bulk of the space) have complex dimension 3g+n— 3, which explains the maximal
number of iterated degenerations. The alternating sign in (2.17) is also natural from this point of view.
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At genus one, stratification requires that we include contributions from this graph drawn
on a torus in all possible ways. An obvious way of drawing the planar graph on the torus
is (the torus is drawn as a square, opposing sides of the square have to be identified)

O—
B (2.20)
—@

Pinching the handle of the torus leads back to the original graph drawn on the plane, with

two marked points remaining where the handle got pinched:

O—O -
. pinching
—®

According to the stratification prescription, the contribution from (2.20) has to be added,

(2.21)

whereas the contribution from (2.21) (right-hand side) has to be subtracted in the com-
putation of the genus-one correlator. Of course there are many more ways to draw the
planar graph on a torus. Finding all such ways amounts to adding an empty handle to the
planar graph in all possible ways. This in turn is equivalent to inserting two marked points
into the planar graph in all possible ways, which mark the insertion points of the added
handle. In other words, we can find all ways of drawing the planar graph on the torus by
drawing graphs of the type shown on the right-hand side of (2.21). The two marked points
can either be put into faces of the original graph, as in (2.21), but they can also be put
inside bridges — a bridge stands for a collection of parallel propagators, hence it can be
split in two by an extra handle. Going through all possibilities, we find the seven types of
contributions listed in table 2.

In the table, we have listed unlabeled graphs, which have to be summed over inequiv-
alent labelings. One may wonder why we have not included a variant of case (1) where
the two marked points are “inside” the planar graph. In fact, this other case is included
in the sum over labelings of case (1): putting the two marked points “inside” the graph
is equivalent to turning the graph (1) “inside out”, which amounts to reversing the cyclic
labeling of the four operators. Similarly for case (3), the case where the exterior marked
point sits inside the central face is included in the sum over labelings.

We will see below that mirror particle contributions may cancel propagator factors of
the underlying free-theory graph. We therefore have to also sum over graphs containing
propagators that are ultimately not admitted by the external operators. From an opera-
tional point of view, this is equivalent to only restricting the operator polarizations at the
very end of the computation. For operators of equal weight but generic polarizations, the
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2
2
5

(7) (7') (7")

Table 2. List of stratification contributions for a genus-one four-point correlator (O ...0O4) of
equal-weight operators Oy, . .., Oy, where O; cannot contract with O, and Os cannot contract with
Os3. Each case has to be summed over all inequivalent labelings of the four operators. Unprimed
contributions () are planar graphs drawn on a torus and thus have to be counted with a positive
sign. Primed contributions (i’) are obtained from their unprimed counterparts by pinching a handle
and thus have to be counted with a negative sign. Doubly primed contributions (") are obtained
by pinching off the entire torus, they also have to be counted with a negative sign.
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only planar four-point graph besides (2.19) is the “tetragon graph”

@ @)
“ | o)

@ @

Putting this graph on a torus in all possible ways, we find eight inequivalent cases, listed
in table 3 and labeled (8)—(15). For the graph (2.22), all faces are equivalent. Therefore,
it is clear that all ways of placing one or two marked points into the several faces are
equivalent (up to operator relabelings). Therefore, we include only one representative of
all these variants. As for the cases listed in table 2, the stratification prescription requires
that the unprimed contributions should be added, while the primed contributions should
be subtracted.

Thus far, we have accounted for pinchings where the handle of the torus becomes
infinitely thin. However, for cases (1), (7), (8) and (11) there is another way to pinch,
where one separates the whole torus from the graph, leaving an empty torus with one
marked point, and the graph on a sphere with one marked point inside the face that
previously contained the torus. These cases are labeled (1), (7”), (8”) and (11”) in table 2
and table 3, and have to be subtracted as well.

For connected graphs, these two types of degenerations are all that can occur at genus
one, since these are the only types of degenerations a torus admits, as illustrated in figure 6
and figure 7. Disconnected graphs do not contribute to any computation in this paper,
and hence are not considered here.

To summarize, the effect of stratification at genus one, for correlators of the type
considered here, is that the sum over genus-one graphs has to be augmented by a sum over
the unprimed graphs (with positive sign) and a sum over the primed graphs (with negative
sign) of table 2 and table 3:

(g=1) genus-one K k? k2
(@1 Qo= — ( )7 S0 — AT D Sw — g D Sams (228)
¢ =1 ¢ =1

raphs
grap ¢ ie{1,7,8,11}
Vv
= secretly = subtraction
planar

where S(;y, S(in), and Sy stand for the full contributions (sums over bridge lengths and
mirror states) of the respective graphs. Note that, by construction, the genus-one stratifi-
cation formula (2.23) is sufficiently general to hold for half-BPS operators Q; of arbitrary
polarizations «; (but equal weights k;).

2.4 Subtractions

We now explain how to compute the contributions from graphs associated with the degen-
erate Riemann surfaces, namely (i)’s and (¢”)’s in table 2 and table 3.
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(14) (14") (15) (15%)

Table 3. Additional stratification contributions for a genus-one four-point correlator (O ...0Oy)
of equal-weight operators O1,...,O4 of generic polarizations. These have to be included even if
some operators are polarized such that they ultimately cannot contract, because mirror particle
contributions may cancel propagator factors of the underlying free graph.
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Figure 6. Diagrammatic interpretation of marked points. (a) The diagram corresponding to the
degenerate Riemann surface. (b) Pinching procedure. (c¢) The diagram after pinching. The red
regions in (c) correspond to the marked points discussed in the previous subsection.

Marked points as holes in planar diagrams. The first step of the computation is
to better understand what the marked points (®’s in table 2) represent. For this purpose,
it is useful to look at the corresponding Feynman graphs in the double-line notation. An
example Feynman diagram that contributes to a stratification subtraction is depicted in
figure 6. Although drawn on a torus, it is essentially a planar diagram, and therefore
corresponds to a degenerate Riemann surface. After the degeneration of the torus (see
figure 6(b)), the pinched handle becomes two red regions as shown in figure 6(c), which
are the faces of the original planar diagram. We thus conclude that, at the diagrammatic
level, inserting two marked points on the sphere amounts to specifying two holes/faces of
all planar Feynman graphs. For a planar graph G with F faces, there are Binomial(F,2) =
F(F —1)/2 different ways of specifying two holes in two different faces of the graph. Thus
the contribution of a graph with two marked points in different faces (denoted by Gog) is
given in terms of the contribution of the original graph G as

F(F-1)

5 xg, (2.24)

Gog =

where F' is the number of faces in G. This provides a clear diagrammatic interpretation
of the marked points, but it does not immediately tell us how to compute them using
integrability, since one cannot in general isolate the contributions of individual Feynman
diagrams in the integrability computation. To perform the computation, we need to relate
them to yet another object that we discuss below.
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The key observation is that the same factor F(F — 1)/2 appears when we shift the
rank of the gauge group: consider the planar Feynman diagram G in U(N.) N/ =4 SYM,
and change the rank from N, to N, + 1. Since each face of the planar diagram gives a
factor of N¢, the shift of N. produces the following change in the final result

F
G NeoNetl (Nj\rt1> g:(1+i+w+---)g- (2.25)

This offers a reasonably simple way to compute the contribution from the degenerate
Riemann surface: namely we just need to

1. Take the planar result and shift the rank of the gauge group from N, to N. + 1.
2. Expand it at large N. and read off the 1/N2 correction.

With this procedure, one can automatically obtain the correct combinatorial factor without
needing to break up the planar results into individual Feynman diagrams.

Before applying this to our computations, let us add some clarifications: firstly, when
we shift N, to N.+ 1, we keep the Yang-Mills coupling constant gy, fixed, not the 't Hooft
coupling constant A = ¢g2,, N.. Put differently, we must shift the value of A when we perform
the shift of N.. Secondly, the planar correlators to which we perform the shift must be
unnormalized: if we normalize the planar correlators so that the two-point function is
unit-normalized, the shift of N. will no longer produce the correct combinatorial factor
dependent on F'.

It is now straightforward to evaluate the contribution from degenerate Riemann sur-
faces explicitly. The planar connected correlator for BPS operators of weights (lengths) k;
admits the following expansion

o0
Ne _
Gf{kl,)...,kn} = NEPTY e X (2.26)
=0
where ¢y is a coefficient independent of N, and A, and K = ), k;/2. Shifting N, to N, +1,
we obtain

G(NC-H) _ NéC—}—Q—n Z c )\é

{kiynkn} (2.27)
=0

K+2—n+/¢ 1 (K+2—n+4
1+—+ —
+ N +NCQ< ) >+

We thus conclude that the correlator G%%l o} with two extra marked points inserted into
two different faces in all possible ways is given by

_(K+2-—n+{ (Ne)
on) < 2 ) X Gkt )

Once we get this formula, we can then normalize both sides, since the normalization for

2®

G{kl,...,kn} (2.28)

o)

BPS operators does not depend on A.
So far, we have been discussing the degeneration in which a handle degenerates into a
pair of marked points. The other type of degeneration, in which the surface is split in two
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Figure 7. Degeneration to a single marked point. In addition to the degeneration shown in figure 6,
there is a yet another class of degenerations which produces a sphere with a single marked point.
They correspond to the diagrams shown in (a) which degenerates into (c¢) depicted above. The red
region in (¢) corresponds to a marked point.

by pinching an intermediate cylinder, is exemplified in figure 7. As shown in this figure,
this type of degeneration produces a single marked point on the planar surface. Therefore,
the analogue of (2.24) in those cases reads

G =FG, (2.29)

where again F' is the number of faces in the Feynman graph G. The combinatorial factor
F in this case can also be related to the shift of N.; namely it corresponds to the O(1/N)
term in the expansion (2.25). We therefore conclude that the correlator with a single extra
marked point is given by

® _ _ (Ne)
Gt o0 = (K+2-—n+0)x Gy 4 o0t (2.30)
In total, the subtraction for a correlator on the torus at order O(X?) is given by
— 14
(subtraction)|o ) = (’C+32 m > % (planar)|oy, (2.31)

where (subtraction) denotes the subtraction piece while (planar) is a planar correlator.
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Decomposition into polygons at one loop. The formula above computes the full
k-loop subtraction all at once. However, it is practically more useful to decompose the
subtraction into the contributions associated with individual tree-level diagrams, so we
can observe cancellations with other contributions more straightforwardly.

This can be done rather easily by generalizing the argument we just presented: as
shown in table 2, the degeneration of a Riemann surface with a tree-level graph leads to
polygons (i.e. faces) with one or two marked points.'® To evaluate these polygons, we just
need to keep in mind that each polygon admits the expansion

(polygon) = N, Zpg M (2.32)
l

The overall factor N. comes from the fact that the edges of the polygon constitute a closed
index-loop. Although we do not normally associate such a factor with each polygon, here
it is crucial to include that factor'” to count the faces correctly.

The rest of the argument is identical to the one before: shifting N. to N. + 1 and
reading off the 1/N, and 1/N? terms, we get

(Polygon)e| e = (1+£) x (polygon)|y s,

(1+0)¢ (2.33)

(Polygom)as oy = ——5—— X (Polygon)|py

Here (polygon)y and (polygon)ag denote the contributions from a polygon with one or
two marked points respectively. Using the fact that the O(A\?) term for each polygon is
just unity,'® one can also write an explicit weak-coupling expansion as

(polygon)g = 1 + 2(polygon)‘o(/\) +...,
(2.34)

(polygon)ag = 0 + (polygon)‘o(/\) +....
These formulae will be used intensively below.

Worldsheet interpretation. Let us end our discussion on the subtraction by mention-
ing the worldsheet interpretation of the marked points. This is more or less obvious from
the way we performed the computation: shifting the rank of the gauge group from N. to
N+ 1 amounts to adding a probe D3-brane in AdS. It is well-known that the probe brane
sitting at some finite radial position z describes the Coulomb branch of N' = 4 SYM, in
which the gauge group is broken from U(N, + 1) to U(N.) x U(1). In our case, we are not
breaking any conformal symmetry, and therefore the probe brane must sit at the horizon
of AdS (z = oo in Poincaré coordinates).

This suggests that the marked points that we have been discussing correspond to
boundary states describing the probe brane at the horizon. Furthermore, our computa-
tion (2.30) implies that the n-point tree-level string amplitude with an insertion of a hole

16Polygons and their expectation value at one loop are discussed in full detail in the next section.
7This is essentially because we need to consider unnormalized correlators, as explained above.
8Here we are dropping the overall N. factor as in the rest of this paper.
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is related to the same amplitude without insertion as'®

. D kgen
)‘}C > AsphereJrhole = a ()\]C >t Asphere) . (235)

It would be interesting to verify this prediction by a direct worldsheet computation.

Let us finally add that, although the argument above gives a worldsheet interpretation
of the marked points, it does not explain why such boundary states are relevant for the anal-
ysis of the degenerate worldsheet. It would be desirable to find a worldsheet explanation for
this, which does not rely on the Feynman-diagrammatic argument presented in this section.

2.5 Dehn twists and modular group

The backbone of our formula (2.2) is a summation over (skeleton) graphs. When we
construct the complete set of graphs on a surface of given genus, we implicitly identify
graphs that only differ by “twists” of a handle. For example, we treat the genus-one graphs

and (2.36)

as identical. This makes perfect sense from a weak-coupling perturbative point of view:
Wick contractions only carry information about the ordering of bridges around each oper-
ator, not on the particular way in which the graph is embedded in a given surface. Hence
the two graphs (2.36) are identical as Feynman graphs. Modding out by such twists is also
natural from the string-worldsheet perspective. The summation over graphs represents
the integration over the moduli space of complex structures of the string worldsheet. The
“twists” mentioned above are called Dehn twists. More formally, a Dehn twist is defined
as an operation that cuts a cylindrical piece (the neighborhood of a cycle) out of a Rie-
mann surface (the worldsheet), performs a 27 twist on this piece, and glues it back in, see
figure 8. Such Dehn twists leave the complex structure of the Riemann surface invariant,
and hence should be modded out by when integrating over the moduli space. In fact, Dehn
twists are isomorphisms that are not connected to the identity. They form a complete set
of generators for the modular group (mapping class group) for surfaces of any genus and
with any number of operator insertions (boundary components).2’ Since all Dehn twists
act as identities in the moduli space as well as on Feynman diagrams, it is natural to mod
out by Dehn twists in all stages of the computation.

While modding out by Dehn twists is natural and straightforward in the summation
over free-theory graphs (as we have been doing implicitly), it has non-trivial implications
for the summation over mirror states, especially for the stratification contributions. By
their nature, all stratification contributions contain non-trivial cycles that do not intersect
with the graph of propagators: for the terms that get added, non-trivial cycles can wind

19The formula is reminiscent of the famous soft dilaton theorem [39], although it does not seem that there
exists any obvious relation between the two.

20At genus one, the modular group is PSL(2,Z), and it is generated by Dehn twists along the two
independent cycles of the torus.
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Figure 8. Dehn twists: Left: in red, we represent a path along the worldsheet that undergoes
a complete cycle in the cylindrical piece where a Dehn twist was performed. Middle and Right:
stratification contributions that get added (graph on a torus, middle figure) and subtracted (planar
graph with marked points, right figure), with shaded regions that form non-trivial cycles, on which
one can perform Dehn twists that leave the embedding of the graph invariant.

the handles not covered by the graph, and for the terms that get subtracted, non-trivial
cycles can wind around the isolated marked points (see figure 8 for examples). Obviously,
performing a Dehn twist on a neighborhood of such cycles neither alters the graph itself,
nor its embedding in the surface. But once we fully tessellate the surface by a choice
of zero-length bridges (and dress them with mirror magnons), such Dehn twists will alter
(twist) the embedding of those bridges (ZLBs) on the surface. For example, the two graphs

(2.37)

are related by a Dehn twist on a vertical strip in the middle of the picture, which only
acts on the zero-length bridges (dashed lines). Since we anyhow do not sum over different
ZLB-tessellations, but rather just pick one choice of ZLBs for each propagator graph, it
looks like such twists need not concern us. However, notice that one can always transform
a Dehn-twisted configuration of ZLBs back to the untwisted configuration via a sequence
of flip moves on the ZLBs. As long as all participating mirror states are vacuous, these flip
moves are trivial identities. However, as soon as we dress the ZLBs (and other bridges)
with mirror magnons, flip moves will non-trivially map (sets of) excitation patterns, i.e.
distributions of mirror magnons, to each other. Hence we have the situation that a given
distribution of mirror magnons on a fixed choice of ZLB-tessellation might secretly be
related to another distribution (or set of distributions) of magnons on the same, but now
Dehn-twisted ZLB-tessellation. Since part of our interpretation of the sums over mirror
magnons is that they probe the neighborhood of the discrete point in the moduli space
represented by the underlying propagator graph, it seems natural to identify distributions
of mirror magnons that are related in the way just described. We are therefore led to add
the following element to our prescription:

Among all mirror-magnon contributions that are related to each other via

Dehn twists followed by sequences of bridge flips, take only one represen-

tative into account. In other words, all mirror-magnon contributions that (2.38)
are related to each other via Dehn twists and sequences of bridge flips are
identified.
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The one-loop evaluation of all relevant stratification contributions in section 5 will lend
quantitative support to this prescription.

3 Multi-particles and minimal polygons

We think of a polygon as the inside of the face of a larger Feynman diagram, with the
outer edges being propagators in that diagram. Depending on whether we blow up the
physical operators or not, the same polygon can be either thought of as an n-gon (with
n mirror edges), or a 2n-gon (with n mirror edges and n physical edges), as illustrated
in figure 9c. When we do blow up the physical operators we speak of hexagonalizing the
polygon, otherwise we say that we triangulate it. In the hexagonalization picture, every
other edge of each hexagon is formed by a segment (in color space) of a physical operator.
In the triangulation picture, the physical operators sit at the cusps of the triangles. Of
course, both pictures describe the very same thing, as indicated in figure 9c.

There can be non-zero-length bridges in the interior of the polygon, as indicated in
figure 9b. When computing the expectation value of a polygon, we triangulate /hexagona-
lize it and insert mirror particles at all the mirror edges. When these edges are such
non-zero-length bridges, this is more costly at weak coupling, as indicated in figure 9b,
so the expectation value of such polygons breaks down into polygons where all internal
bridges have zero length. We call such polygons minimal polygons. For large bridges, this
decomposition holds up to a large number of loops. In this paper, we focus only on such
minimal polygons, such as the one in figure 9a.

A minimal polygon can be hexagonalized in different ways, as illustrated in figure 9a,
and an important consistency condition is that all these tessellations ought to give the
same result. Three further examples are illustrated in figure 10. The first was considered
n [11], the second in [14], and the third will be discussed later in this paper.

Variables. Minimal polygons are functions of the labels of the physical operators at
their perimeter, namely of the operator positions x; and internal polarizations «; (for
minimal polygons, the operator weights k; are irrelevant). Due to conformal symmetry
and R-symmetry, minimal polygons can only be functions of spacetime cross ratios and
cross ratios formed out of the internal polarizations. In this paper, we focus on four-point
functions, and will use the familiar variables

2 .2 2,2
_ Tio T _ Ti4 X
zE = 52 34 ’ (1-2)(1-2)= 54 33 ) Tij = T — Xj] . (3.1)
L13T24 T13 L4

For cross ratios of the internal polarizations, we similarly choose

(a1 - oq)(og - a3)
(a1-ag)(az-aq)

(01 - a2) (3 - ag)
(a1 - a3)(az - aq)’

1-a)(l—a) = (3.2)

aa =

In the following, we will consider more general minimal polygons that depend on n external
operators. However, we will restrict all operators to lie in the same plane, in spacetime as
well as in the internal polarization space, as this is sufficient for our purposes. For every
choice of four operators, we can form spacetime and polarization cross ratios exactly as
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Figure 9. (a) An example of a minimal polygon. A minimal polygon is by definition a polygon that
when triangulated /hexagonalized only contains zero-length bridges. This means that all internal
mirror edges contribute at one-loop order if one inserts a mirror particle on them. It can be
hexagonalized in several different ways, and all ways of doing so should give the same integrability
result when summing over mirror particles. (b) A general polygon may have zero-length and non-
zero-length bridges, and it can be divided into minimal polygons. Inserting mirror particles in
non-zero-length bridges is more costly at weak coupling. (¢) Two different ways of defining a
polygon with physical operators on its edges. It is possible to shrink the operators to points or to
blow them up to finite size. In the first case the surface is triangulated (only mirror edges), and in
the second case it is hexagonalized (as many physical as mirror edges).

in (3.1) and (3.2), and an n-point polygon in these restricted kinematics depends on (n—3)

sets of such cross ratios.?!

3.1 One-loop polygons and strings from tessellation invariance

To fully compute a 2n-gon vacuum expectation value, we should insert any number of
mirror particles at all hexagon junctions and integrate over their rapidities. At one-loop
order, things simplify: according to the loop-counting shown in figure 2, we only need to

2Tn the plane, distances factorize as z2, = ZTa,bZa,p, and the R-charge inner products do the same,
Ya * Yb = Ya,b¥a,p- As such, when we will deal with functions of cross ratios made out of four physical and
R-charge positions they always come in multiples of four such as z = Z4,4Zc,a/Ta,cTb,d, Z = Ta,pTe,d/Ta,cTo,d,
o= ya,byc,d/ya,cymd and & = ya,byc,d/ya,cgb,d. When dealing with such quantities we often use the obvious
short-hand notation f(z) to indicate f(z, z, a, @), see for example (3.8) below.
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Figure 10. (a) An octagon and its two possible tessellations related by flipping and studied in [11].
(b) A decagon and its various tessellations studied in [14]. (¢) The dodecagon has a few new features
compared to the previous two examples. Here, different tessellations can be computed by very

b)

2

Os

different integrability processes, with different numbers of mirror particles involved, see figure 11.

sum over multi-particle strings which are associated to paths that connect one hexagon to
another, never passing twice through the same hexagon. To construct the corresponding
multi-particle string, we insert exactly one mirror particle whenever the path intersects a
mirror edge. In sum, the one-loop 2n-gon is obtained by picking a tessellation at one’s
choice, and summing over all multi-particle one-loop strings on that tessellation. See
figure 11 for an example.

Each mirror edge joins two hexagons into an octagon involving four operators. Hence
two cross ratios are associated to each mirror edge in a natural way. For a mirror line ¢
connecting operator O, with O,, where the two adjacent hexagons further connect to
operators Oy, and Oy, we define the variable z; parametrizing the associated cross ratios as
(note the dependence on the orientation of the sequence of operators around the perimeter)

a

d 2 .2 2,2
Xy T X,.T
ZiZi = ;b %d s (1 — Zi)(l — Z‘) = gc gd . (33)
b Lad The Lad The

(&
The corresponding polarization cross ratios are defined accordingly. With these definitions,

we denote the contribution of a multi-particle one-loop string traversing n mirror edges as

M (2, 2, (3.4)
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Figure 11. A tessellation of the dodecagon can contain paths where a mirror particle propagates
through four different hexagons, as illustrated in the last graph in the second line. In another tes-
sellation, a particle can propagate for at most three hexagons, as illustrated in the second example.
Equating both, we can read off the larger propagation (three-particle) contribution from the smaller
ones (two-particle and one-particle), as shown in (3.5).

Q4

_|_

where the variables z; parametrize the cross ratios associated to the n mirror edges as
in (3.3), and we are suppressing the obvious dependencies on z; and the polarization
cross ratios.

By exploiting the above-mentioned invariance under tessellation choice, one can deter-
mine the contribution from any multi-particle string M) from the knowledge of the one-
and two-particle contributions alone. As an illustration, consider the dodecagon example
in figure 11. In the second tessellation, only two-particle strings appear, while for the first
tessellation, the sum includes a contribution with three particles. Equating both sums, we
can relate the three-particle contribution to the one- and two-particle strings as

M(3) (217 22 Z3> =
— (MO 1) + MO (z5) + MO (z5) + MO (21, 20) + MP (25, 29))

1 1
+ MWD (2—2) + MO (211 = 2)) + MWD ( 258 > + M3 (—,21(1 - 22))

22—1 z9

M@ (1= ), 22 ) @ (22, 1) (35)

Zg—l 2’2—1’2:2
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Here, the variables z1, z9, and z3 parametrize the cross ratios associated to the three mirror
edges of the first tessellation in figure 11 (from right to left). Hence, M) (21) equals the
first contribution in figure 11, M(1)(z5) equals the second contribution, and so on.?? In
the above expression, it is implicit that the other, suppressed variables undergo the same
substitutions as the z; variables, e.g.

() [ %223 \ _ ) [ %273 2223 Qpa3 Q203 36
M (22—1)_M (22—1’22—1’042—1’5@—1 ’ ()

where we have, by slight abuse of notation, used (o, ®;) to parametrize the polarization

cross ratios. Using the explicit known results for one and two particles [11, 14]

MWD (2) = m(z) + m(z7Y), (3.7)
MO (24, 2) = m (Z;;;) tm (1‘*) Fm(ar(1 - 22)) — mz) — m(z),

we find for the three-particle one-loop string:

1—214 2120

M(g)(21,22,23) —m( ) +m(2'1(1—22+222'3))

Z122%3
1 —29) (=14 21 — 2120 + 21202 29— 1
—|—m<( 2)( ! 172 172 3)> —m(zl(l—zg)) —m< 2 > . (3.8)
2223 2223

The cross ratios appearing in the argument of the three-particle contribution are defined
as in (3.3). Here, the main building block function m(z) is given by

9 (z24+2) — (a+a)

m(z) =g 5 FM(z,2), (3.9)
with the one-loop conformal box integral
1)/, = 1 . . _ 1—2z
FY(z,z)= — | 2Lia(2) — 2 Lia(2) + log(zZ) log ) (3.10)
z—Z —

The building block function m(z) satisfies the following important identities:
m(0) = m(1) = m(c0) =0, m(z)+m(l—2)=0. (3.11)

Note that there is another type of three-particle contribution besides the one discussed
above. It appears in an “alternating” tessellation of the same dodecagon:

B — a3 —
o M - Malternating cusp

MB) = pMmB) _

common cusp ~

(3.12)

22 A convenient choice of operator positions to obtain the arguments of all contributions is
1 1

O :O O: O: O 01 O LT L.
1 ) 2121, 3100, 4 ) 5 1_227 6 1— 23 + 2223
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Figure 12. A 2n-gon decomposes into a sum of gluon exchange-like contributions between all
non-neighboring edges, with each exchange given by a function m(z;;), as shown in (3.13).

The “alternating cusp” three-particle string can be derived in the same way as the “common
cusp” string by equating the alternating tessellation to one of the two tessellations shown
in figure 11.

By playing with tessellations of higher 2n-gons in a similar way, we can derive, in the
fashion described above, all multi-particle one-loop contributions, and therefore also all
higher polygon one-loop expectation values in terms of contributions involving only one-
particle and two-particle strings. Writing the latter in terms of the building block function
m(z) via (3.7), the resulting expression for a general 2n-gon, for instance, is remarkably
simple and reads

polygon(l,...,2n) = Z m (zi,j = M) . (3.13)
fii+11,G.5+1): Pri+1%41
non-consecutive
We illustrate the formula in figure 12 for the example of a decagon. In writing (3.13), we
cyclically identified the operator labels, namely n +1 =1 mod n. The sum runs over all
possible pairs of non-consecutive edges at the perimeter, [i,i + 1] and [j, j + 1].23 Roughly
speaking, the sum in (3.13) corresponds to a summation of all possible gluon-exchange
diagrams that one can draw inside the n-point graph.?* This general result can actually
be proved by induction, as illustrated in figure 13.

ZWritten more explicitly, we perform the sum over a pair of indices (4,7) under the condition i # j,
i+ 1% jand ¢ # j + 1 modulo n.

24This does not mean that each m(z) is given by the corresponding gluon-exchange diagram, since m(z)
should also know about the scalar contact interaction. What is true is that each m(z) contains the corre-
sponding gluon-exchange contribution. The correspondence between the function m(z) and perturbation
theory was made more precise in [13]: m equals a YM-line exchange in an A/ = 2 formulation of N = 4
SYM. We will explore this point further in appendix E.
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more than 2 A

Assuming lower polygons = sum of propagators

are the only propagators
:\/ which will not cancel

i LHS = sum of propagators

Figure 13. Proof of (3.13) by induction for an even number of external edges. For an odd number,
a proof can be found in a similar way. The combination in the first line amounts to the statement
that all strings in such symmetric tessellations can probe zero, one, or two outer triangles. In order
to probe more than two triangles, the string would have to bifurcate. All possible strings are of
course contained in the first sum, but there is an obvious over-counting, which is removed by the
last two terms.

3.2 Tests and comments

We conclude this section with some further checks and comments.

Flip invariance. We have assumed tessellation invariance to derive the 2n-gon for-
mula (3.13). Consistently, the result makes no reference to a particular tessellation, hence
it is manifestly invariant under tessellation choice.

Order invariance. We can think of each multi-particle string contribution as a mirror-
particle propagation. The direction of propagation ought to be irrelevant, provided we
properly read off the cross ratios for the associated process as in (3.3). This translates into

MOz, 20) = MO (7 20, MOz 20,2) = MOt 25t 20, L (3.14)
which we can indeed verify using the explicit formulas.

Reduction to known 2n-gons. For the octagon (n = 4), there are two different pairs of
non-consecutive edges; [1,2], [3,4] and [4,1],[2, 3]. It is easy to see that these two contribu-
tions lead to m(z) and m(z~!) respectively. Therefore, we recover the previous result [11].
Similarly, one can check that our formula reproduces the result for the decagon (n = 5).
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Figure 14. A dodecagon and its cross ratios. Collapsing x;+1 — x; eliminates a slice — a hexagon
— in the figure. The double limit z;y2 — x;+1 — x; reduces a 2n-gon to a 2(n — 2)-gon. Mirror-
state propagations in such polygons are reduced accordingly. From a form factor point of view, the
corresponding sums collapse into the coinciding rapidity region.

In this case, there are five different pairs of non-consecutive edges, and they correspond to
the five terms in the decagon [14] represented in figure 12:

M(l)(zl) +M(1)(ZQ) + M(2)(21,Z2) —

m(zph) + m(z2) +m (z;;;) +m (1_212—;2122) +m(a(l—2)). (3.15)

Ope limit. Starting from the dodecagon, one should be able to recover the result for the
decagon by taking the limit z3 — 0. This can be easily seen by using the properties (3.11).
Since the result is manifestly flip-invariant, any OPE limit is essentially equivalent and has
a good behavior.

Extremal and next-to-extremal correlators. The n-point extremal and next-to-
extremal correlators have non-renormalization properties [40-42]. Using our conjectural
form of the 2n-gon contribution, one can verify that the one-loop corrections are zero for
those kinds of correlators, see appendix E for details of the planar case.

Decoupling limit. We can reduce multi-particle strings to strings involving less steps
by collapsing hexagons in the tessellation. For example, if we take z4 — x3 in figure 14,
we reduce the dodecagon to a decagon, and correspondingly the three-particle contribution
reduces to a two-particle contribution. If we further send z5 — x4 — x3, we reduce it
further to an octagon, and we end up with a single-particle contribution. When taking
these limits, some cross ratios diverge and others vanish. For example, x4 — x3 corresponds
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Ti42—T;

Tit1

Figure 15. Pinching at one loop. As a consequence of both the form of the 2n-gon and the
properties of the function m(z), the limit when the cusps at position 7 and ¢ 4+ 2 have the same
position z; equals a smaller polygon with two fewer cusps. This limiting polygon does not depend
on the position and R-charge of the initial middle cusp 7 + 1.

to z1/z2 — 0 with 2129 = —w; fixed. In this limit, we nicely find indeed
M (21,290, 23) = M@ (wy, 23), as z1/z2 =0 with 2129 = —w; fixed, (3.16)

in perfect agreement with the above expectations. From the integrability /form-factor point
of view, this limit corresponds to the so-called decoupling limit, where consecutive rapidities
are forced to become equal, and the corresponding hexagons collapse into measures and
disappear.?® Similarly, we find

M®B) (21,29,23) — M(Z)(zl,wg), as z9/z3 — 0  with Zo23 = —wo  fixed,

M(Q)(zl,wg) — M(l)(rl), as  z1/wy — 0 with  zjwe = —r; fixed ,
and many other similar relations at higher points.

Pinching at one loop. Another nice limit of any polygon is the one where cusps ¢ and
1+ 2 go to the same position. When doing so, they pinch the edge ending at cusp ¢+ 1 and
basically remove it, as illustrated in figure 15. This limit removes all traces of the operator
which got sandwiched between cusps i and i + 2,

lim polygon(z1,...,T, Titl, Tit2,---,Tn) = polygon(xy,..., T, ..., Tn).  (3.17)
Ti42—T;

This identity is actually quite powerful and very useful for us. For four-point functions, for
instance, all cusps are located at one of the four possible space-time insertions, so there will
naturally be many repetitions of labels, which can be reduced with this rule. For example:

polygon(1,2,3,2,4,3,1,3,2,3) — polygon(1,2,4,3,1,3) — polygon(2,4,3,1). (3.18)

ZFrom this integrability/form-factor point of view, one can expect these decoupling relations to hold to
all loops.
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For four-point functions, we can use the following simple MATHEMATICA code to simplify
arbitrary one-loop polygons:
polygon[L_] := Block[
{n=Length[L], x={-1,1/(22z-1),1,0}[[ L[[ Mod[#,n,1] 11 11&},
Sum [
m{(x[i]-x[j+11) (x[i+1]1-x[51) / ((x[i]-x[i+1]) (x[j+1]1-x[j1)) // Simplify],
{i, 1, n}, {j, i+2, n-Boole[i==1]}
1/7.4
m[1-z] -> -m[z], m[(-1+z)/z] -> -m[1/z],
m[z/(-1+z)] -> -m[1/(1-z)], m[0] -> 0, m[1] —> O
1

It implements (3.13), taking into account the functional identities (3.11) of the m(z)
building block. Running polygon[{1,2,3,2,4,3,1,3,2,3}], for instance, would simply
yield m(z)+m(1/z), which is the very same as polygon[{2,4,3,1}], as expected according
to (3.18).

One-loop octagons. Below, we will need the expressions for one-loop octagons, hence
we will quote them here. The one-loop octagon was computed in [11]. Due to the dihedral
symmetry of the one-loop polygons (3.13), permutations of the four corners generate only
three independent functions, corresponding to the orderings 1-2-4-3, 1-2-3-4, and 1-3—
2—4 of the four operators around the perimeter of the octagon. Permutations of the four
operators are generated by the following variable transformations:
34 Z : , 2<—>_Z , a & a , a a
z—1 z—1 a—1
24: zo(1-2), ze01-2), a+o(l-a), a<(1-a). (3.19)

Using the identities

11
F ( ) =22FW(z,2), FO@A-21-32) =FW(z3) (3.20)
2z Z
for the conformal box integral, as well as the identity (3.11) for the building block function
m(z), we find for the three independent functions:

1
polygon(1,2,4,3) =m(z)+m <>

z
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Figure 16. “Loops” and “spirals” naively start contributing at tree and one-loop order, by the
loop counting of figure 2. They appear very difficult to evaluate from hexagons.

Integrability. At this point, we have derived the multi-particle contributions at one-
loop order, starting from the one- and two-particle contributions using flip invariance. An
obvious follow-up question is whether the result agrees with the integrability computation.
In fact, we compute the three-particle contribution using integrability in appendix D,
using the weak-coupling expansions of appendix C, and it agrees with the result of this
section. This lends additional support for the correctness of the 2n-gon formula (3.13). The
multi-particle integrands are huge and complicated, and we were not able to compute the
multi-particle contributions in general. It would be interesting to study these integrands
systematically.

Beyond polygons. While we can compute any one-loop string that is bounded by a
polygon via the formula (3.13), there are further excitation patterns that, by the loop
counting shown in figure 2, could contribute at one-loop order. Namely, all stratification
graphs (table 2 and table 3) contain non-trivial cycles that do not intersect the graph.
Hexagonalizing the surface with zero-length bridges, strings of excitations can wrap the
cycle to form “loops” or “spirals”, see figure 16. These types of contributions seem very
difficult to compute from hexagons. At the same time, it appears very plausible that they
are related to simpler configurations by Dehn twists. Since we are not able to honestly
evaluate these contributions, we will have to resort to a (well-motivated) prescription to
avoid them. We will come back to this point in section 5.

4 Data

Let us now introduce the data which we will later use to check our proposal. Computing
correlators in perturbation theory is a hard task in the planar limit, and an even harder
task beyond the planar limit, hence there is not that much data available. We will use here
results from the nice works of Arutyunov, Penati, Santambrogio and Sokatchev [43, 44],
who studied an interesting class of four-point correlation functions of single-trace half-BPS
operators (2.3). The authors of [43, 44] studied the case where all operators have equal
weight k. In this case, the contributions to the correlator can be organized by powers of
the propagator structures

1 Q2Q3 -0y

Xza

Q1 -3 Q- g Qa1 -0 Q- Q3

, Y

, and Z= (4.1)

2 .2 2 .2 2 .2
LIoT34 L1394 L4233
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They further specialized to operator polarizations c; with o -ay = ag-ag = 0,2 such that
the loop correlator Gy, = <Q’f Q’g Q]§ Q’Z) — <Q'fQ’2“ Q’gQ’Z)tree takes the form

k
G = Z From xXmyk-m, (4.2)

m=0

The functions Fy, ,, constitute the quantum corrections that multiply the respective prop-
agator structures, and they only depend on the conformally invariant cross ratios (3.1).
Expanding in the coupling,

2 A

= Tor” 43)

oo
4 _
Freom = Z 928]:15,7)71(2’ zZ), g
(=1
we finally isolate the functions F. k(i)n against which we will check our integrability computa-
tions in later sections. The one-loop and two-loop contributions ]-",glr)n(z, Z) and ]-",g)n(z, Z)

have been computed in [43, 44] at the full non-planar level. Two key ingredients appear in
their result. The first one are the conformal box and double-box functions

2 .2 a4
FU(z,2) = x13x24/ ) fb’g 2.~ + B (4.4)
m? L15T25T35L 5

DA\

2.2 .2 4, 34
F@(z,7) = L13T94T14 d"z5 dzg - _| | 2 (4.5)
1<) = 2)2 2 .2 .2 92 2 92 93 3 ’ :
(m2) T15T25T45L56L16L36L46

V4

whose expressions in terms of polylogarithms are quoted in (3.10) and (D.22).
The second main ingredient are the so-called color factors, which consist of color con-
tractions of four symmetrized traces from the four operators, dressed with insertions of

gauge group structure constants fy;°. For instance, we have?”

fabefcdequtfrst
2m!2(k —m — 2)!2
X tr((dy...dg—m—2c1...cmep))tr((c1...cmbi ... bg—m—29s)), (4.6)

Chm = tr((dy ... dg—m—2ai...anbd))tr((ay...amby ... bg_m_oar))

which we can represent pictorially as

Cf o = . (4.7)

At two loops, C°¢ as well as three other color factors C*, CP, and C9 appear. The one-
loop correlator is expressed in terms of a single color factor C'. The various color factors

26 A more invariant statement is that the R-charge cross-ratio (a1 - cu)(az - a3)/(a1 - az) (a2 - aq) = 0.
Here, tr((az ...ax)) = tr(T(@ ...T“’“)) denotes a totally symmetrized trace of adjoint gauge group
generators 1.
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differ from (4.6) only in the distribution of structure constants f,;¢ on the four single-trace

operators. Due to supersymmetry, the loop correction functions can be written as?®
¢ ~=(¢ =(0) =(0)
FO =FO +(t—s-1)FD _ +sFD . (4.8)

In terms of color factors and box integrals, the functions fkm read [43, 44]

~ Cl
Dz k, _
Tin(9)= a2, (4.9)
~ 4 1 ,
Fim(22)= (2CY =€ (2CP =5 +C%) (FU(2,2))”

k2 N02k+2 4

+(CC—Cd)F(2)(z,z)+(Cd—Ca/)F1(2)Z(z,z)+(Cd—C’a)F522_1)(z,z)}, (4.10)

where all color factors C* depend on k and m. We have used the shorthand notation

,L'/

= C,i’k_m_% and

k,m
2 _ _ 2 _ 1 z z
Fl(—)z(zuz)EF(Q) (1—271—2’) ) Fz(/gzil)(z,z)z |1—Z|2F(2) (Z—l’z—l) . (411)

In order to compare with our integrability predictions, we need to explicitly evaluate the
color factors. This turns out to be a fun yet involved calculation, which we did in two steps.
First, we have explicitly performed the contractions with MATHEMATICA for different values
of k and m; for some coefficients up to & = 8, for others up to k£ = 9. Expanding the color
factors to subleading order in 1/N.,

Chm = N (*Chpn + “Cp NG + O(NTY)

C

Ch = N2Fpt (*Chn + Cly N2+ O(NTY) , i€ {ab,c,d}, (4.12)

the results for the subleading color coefficients are displayed in table 4. Depending on the
algorithm, the computation can take very long (up to ~1 day on 16 cores for a single coef-
ficient at fixed k& and m) and becomes memory intensive (up to ~100 GB) at intermediate
stages.?? The leading coefficients

Chm=—2k"  Chos, =13CE,, =k,  2°Cp,, =(1+0n0)k", (4.13)
are straightforwardly computed [43, 44].

Secondly, we used the fact that by their combinatorial nature, it is clear that the
various color factors should be polynomials in k and m (up to boundary cases at extremal
values of k or m). By looking at all ways in which the propagators among the four operators
can be distributed on the torus, one finds that the polynomial can be at most quartic.?’

Any closed formula for these color factors therefore has to be a quartic polynomial in k

28 This structure is due to the fact that G} contains a universal prefactor R, see [45] and appendix A.

29Very likely, the performance can be greatly improved by using more specialized and better-scaling tools
such as FORM.

30This fact is best understood by looking at table 8 and (6.10) below.
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Eom 3°Cm 3°Cim “Cim 2Cm 3°Cim Ciom Cim 2Cim 3Ciom Chom
2 0 1 1 0 -2 -1 -1 0 -2 -1 -1
3 0 1 9 ) -2 -1 -1 -9 —18 -9 -9
3 1 1 9 0 3 -1 -1 0 -5 -9 -9
4 0 -5 13 -7 10 ) 5 —25 —26 -13 13
4 1 —12 24 4 15 13 14 —-23 —21 -23 =22
4 2 -5 13 0 21 5 5 0 3 -13  -13
5 0 —-23 9 -1 46 23 23 -33 -18 -9 -9
5 1 -5l 13 31 47 95 59 -33 —17 -9 -5
5 2 -5l 13 39 76 95 59 -9 12 -9 -5
5 3 —23 9 0 63 23 23 0 31 -9 -9
6 0 —61 —11 20 122 61 61 -30 22 11 11
6 1 —126 —26 92 107 135 144 -8 7 35 44
6 2 —159 —59 139 187 175 191 39 87 75 91
6 3 —126 —26 110 201 135 144 35 101 35 44
6 4 —61 —11 0 139 61 61 0 89 11 11
7 0 —129 —57 65 258 129 129 -7 114 57 57
7T 1 —-249  -105 198 205 265 281 54 61 121 137
7T 2 =343  -199 323 366 379 415 179 222 235 271
7T 3 =343  —199 331 455 379 415 187 311 235 271
7T 4 —-249  —105 229 404 265 281 121 260 121 137
7 5 —129 —57 0 261 129 129 0 189 57 o7
8§ 0 -239 -141 145 478 239 239 47 282 141 141
8§ 1 —434  —238 362 353 459 484 166 157 263 288
8 2 —619  —423 606 627 683 747 410 431 487 551
8 3 —692  —496 710 841 7713 854 514 645 o977 658
8 4 —619  —423 623 869 683 747 427 673 487 951
8 5 —434  —238 410 701 459 484 263 505 263 288
8 6 —-239 -—141 0 443 239 239 0 345 141 141
9 0 —405 =277 273 810 405 405 145 554 277 277
9 1 —697  —441 299 565 733 769 343 309 477 513
9 2 -—-1005 —749 1005 986 1105 1205 749 730 849 949
9 3 1193 =937 1266 1377 1337 1481 1010 1121 1081 1225
9 4 -—-1193 —-937 1273 1554 1337 1481 1017 1298 1081 1225
9 5 —1005 —749 1033 1449 1105 1205 T 1193 849 949
9 6 —697  —441 669 1110 733 769 477 854 477 513
9 7 —405 =277 0 701 405 405 0 573 277 277

Table 4. Subleading coefficients of color factors from explicit (laborious) contractions are
presented in black. By fitting appropriate polynomials in k£ and m, we can obtain the general
expressions for the various color factors, which then allow us to complete the table with the new
values in red. The result depends on the choice of gauge group indicated as a superscript U for

U(N,) and SU for SU(V,).
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and m. A general polynomial of this type has 15 coefficients. Matching those against the
(overcomplete) data points in table 4 yields the desired formulas for the color factors. The
color factor (4.6), for instance, takes the relatively involved form

1
6N2
— 2K(11 + 49m + 99m? + 46m3) + 2(18 + 70m + 127m? + 92m? 4 23m?)

Chom = NI (2k4 + [k“ + 263 (=1 4 2m) + k(=1 + 6m + 42m?)

+4(k —1)*(=2 + 6mo + 5m,k_2)} + O(NC‘4)> , (4.14)

for an SU(N;) gauge group, while the last line would be absent for the U(N.) theory.
Further details and explicit expressions for all relevant color factors are presented in
appendix A. Putting all these ingredients together, we finally obtain the desired one-loop
and two-loop expressions shown in table 5.  We show the result for gauge group U(N,),
since this is what we will compare to with our integrability computation. Corresponding
expressions for gauge group SU(N.) as well as further details are given in appendix A.
The expressions in table 5 are written in terms of the variables z, z, and k, as well as the
combinations

m
o
Besides the box integrals (4.4), (4.5), and (4.11), the following combinations of double-box

integrals occur:

r= 1/2, s=|z*, st=s+1, t=]|1—z> (4.15)

FO =12PES) £, B =[oPF, £ F) FO =11-2P(F) _ +F?,).

)= 221y
(4.16)

We have suppressed the arguments (z, z) of all box functions for brevity.
The formulas are written such that crossing invariance is manifest: the crossing trans-
formation x1 <> x4 implies

XeY, z2—=1/z, z—=1/z, (4.17)
and hence crossing invariance of Gy, (4.2) is equivalent to
4 _ 4 _
Fiom(2:2) = Fi)_(1/2,1/7). (4.18)

Because of the transformations

s—1/s, t—t/s, si—*si/s, r——r, (4.19)
and
FO o sp0 0 pO o sp@ D S sF 0 FD s sFP (4.20)

as well as the fact that all functions (4.16) with +/— subscript are even/odd under crossing
X1 ¢ x4, it is clear that the expressions in table 5 are indeed crossing invariant.
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Table 5. Perturbative one-loop and two-loop data taken from [43, 44], explicitly expanded to
include the first non-planar correction, which can be directly matched against our integrability
computation. Leading terms of order N_ 2 form the planar contribution, whereas terms of order
N % constitute the first non-planar correction. All dependence on k and m is explicitly shown,
via r = m/k — 1/2. The variables s, ¢, and sy, as well as the various combinations of double-box
functions F() are defined in (4.15), (4.11), and (4.16). We show the result for gauge group U(N,),
since this is what we will match with our integrability computation. We have highlighted the box
integrals (red), the planar terms (purple) as well as terms that only contribute at extremal values
of m (blue). The expression for such boundary terms for F(?) is deferred to table 6.
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2 3 _ QL2 —
FOUPdY () 5y A4k [{_ (1 + R(k” — 6k° + 23k 6)> (t_69, + sd,,)

km N2 12N2
2
_ 3 2
{( 1)(k Jrlg’]]iﬂ 46k+36)>((s+t—t2)5 s(s+1)6, + s262)
C
Nz [{(5k2 + 15k — 7) — (5k* + 43k + 21)s + 3 (k + 1) (k* — 40k — 3)t}359n

= é{(k3—9/c2+14k—3) — (kP — 27k — k + 3)s
— (2k® — 24K* + 34k — 15)t}((t — 1)69, + sé}n)} }i(F(l))Q

{0 B2 0+ (- s+ 582)
R

N2[ (K + 3k + 3) 500, + 2k(k + 1) (t_62, + s6.,) + 5 (k — 3)(k + 2)0%,

— +k(k* — 3k +8) (6871 4+ (t — s)oF, )} } 1(2)4 + (crossing)

Table 6. Terms that contribute to F\°) at extremal values of m, see table 5. Here, t_ = (t —1).

k,m
The term “(crossing)” stands for a repetition of the complete preceding expression, with the re-

placements (4.19) and (4.20) as well as m — (k —m). Again, planar terms are marked purple.

Remark. One immediate observation is that (up to an overall numerical prefactor) the

(2)

coefficient of the double-box integral F(2 )(z Z) in the two-loop function .7-" o equals the

coefficient of the single-box integral F(1)(z, Z) in the one-loop function .7-",57 g@ As we shall see
below, this fact has a straightforward explanation from the perspective of the integrability
computation. In short, the one-loop function is a sum of terms where only a single polygon
(surrounded by non-zero-length bridges) is excited. At two loops, the term proportional
to F(Q)(z, Z) stems from the same sum of terms, where now the single polygon is excited
to two loops. This pattern likely extends to higher loops.

5 Contribution from stratification

Here, we want to evaluate the stratification contributions at genus one listed in table 2
and table 3 at one-loop order. That is, we want to evaluate the contributions S, Sy,
and S(;ny in (2.23). As we have seen in section 3.1, the one-loop expression for any hexag-
onalization is given by the sum over all “one-loop strings”, where every one-loop string is
a path that starts inside any hexagon, ends in any other (or possibly the same) hexagon,
and that crosses any number of zero-length bridges, but no non-zero-length bridge. Every
crossing of any bridge by the path creates one excitation on that bridge. For every closed,
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simply connected polygon, the number of such one-loop strings is finite. For the graphs
in table 2, it is clear that a one-loop string can wind a cycle of the torus (or a marked
point) any number of times, and hence there is an infinite number of one-loop strings. For
example, the following magnon-patterns all start contributing at one-loop order (for the
loop-counting, see figure 2):

Here, each of the red dots stands for a mirror magnon, and we have also indicated (in gray)

a path that connects them.

At present, we do not have the technology to compute one-loop strings that form closed
cycles, or that cross any edge more than once (we call such strings “spirals”). However, it is
reasonable to assume that almost all one-loop string contributions will either be projected
out by our Dehn-twist prescription (2.38), or cancel between the torus contributions (%)
and their pinched degenerations (i) and (i) shown in table 2 and table 3. Our working
assumption is that all one-loop strings that either form closed loops, or cross any bridge
more than once, will either be projected out by Dehn twists, or cancel with the stratification
subtractions (or sum to zero). We will therefore not take such contributions into account.

Another limitation that we are facing is the mapping among magnon configurations
under flipping zero-length bridges. Even after dropping one-loop strings that cross bridges
more than once, there remain configurations that look related through Dehn twists and
bridge flips (for example all contributions in (5.1)). Flipping any number of zero-length
bridges should leave the total contribution of the graph invariant, but it will non-trivially
map magnon configurations to each other. This map is technically quite involved, and we
have not evaluated it except in the simplest cases (a single magnon on a single bridge) [11].
What we will assume is the following identification: consider a one-loop string of excitations
traversing an otherwise empty handle across a number of zero-length bridges. Imagining
the string of excitations as a continuous path, performing a Dehn twist on such a handle
adds a cycle to the path (string of excitations), as well as to all zero-length bridges that
also traverse the handle. Subsequently performing flip moves of these zero-length bridges,
we can restore the graph of zero-length bridges to what it was before the Dehn twist. Effec-
tively, this operation adds a cycle to the path (string of excitations), and otherwise leaves
the graph invariant. Among all one-loop excitation strings related by such operations, we
only take one representative into account. For example, all one-loop strings shown in (5.1)
are related by this operation, and hence we would take only one of them into account.
Even though we cannot prove that all one-loop strings related under this operation indeed
map to each other one-to-one under Dehn twists and flip moves, we will see in all examples
below that one-loop strings related in this way indeed contribute identical terms.
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To summarize, we will evaluate the stratification contributions at one loop using the
following prescription:

e Add up all one-loop strings that do not form closed loops and that do not

cross any bridge more than once (in the same direction).3!

¢ Among all remaining excitation patterns, identify those that are related to (5.2)
each other via Dehn twists that act on the path that constitutes the
one-loop string, but leaves the configuration of zero-length bridges
invariant.

We cannot rigorously show that our prescription is correct, but we will see below that it
produces the right answer. Given the limitations in our present computational ability, it
is the best we can do.

In the following, we will consider the unprimed contributions (1)—(14) of table 2 and
table 3. The primed contributions (i) and (:”) that have to be subtracted were evalu-
ated in section 2.4. In order to evaluate the cancellations among primed and unprimed
contributions, we will use the identities given in (2.34) that we reproduce here:

(polygon)s = L+ 2(polygon) |, + - . (5.3)
(polygon)ag = 0+ (POlygon)‘O(/\) T

They immediately imply that at tree level the contributions (i) and (') (and (i) for i =
1,7,8,11) of table 2 and table 3 perfectly cancel each other separately for each i = 1,..., 14.
The first non-trivial effect of stratification therefore occurs at one loop, and we will evaluate
the various contributions in the following, starting with the simplest case.

Contribution (5). For case (5), the only non-vanishing contributions can come from
excitations of the two octagon faces that involve all four operators. But these faces are
exactly replicated in case (5), and hence the contributions S(5) and S(5) perfectly cancel
each other. This cancellation relies on the fact that polygons with one marked point at
tree level equal the same polygons without insertions as shown in (5.3).

Contribution (6). This contribution works the same as contribution (5): the only non-
vanishing one-loop contributions come from excitations in one of the two faces that involve
all four operators, which are exactly replicated in contribution (6), and therefore per-
fectly cancel.

Contribution (7). Due to the identity (5.3) for a polygon with two marked points, and
the fact that a polygon with only two different operators receives no loop corrections, contri-
bution (7') vanishes. By the same arguments as for cases (5) and (6), the contributions S(7)
and S(7n) perfectly cancel each other at one-loop order.

31The restriction “in the same direction” is relevant only for the stratification contribution (1), and will
be explained below.

45 —



Contributions (8)—(12). For the cases (8) to (12), all faces involve at most three out
of four operators. Therefore, we do not expect corrections at one-loop and the result is
simply the tree level one. This in turn will be canceled by the subtractions.

Contribution (4). Next, we will consider case (4) of table 2. Picking an operator
labeling, and shifting the fundamental domain of the torus on which the graph is drawn,
we can depict this contribution as

\\\‘\ / ( 5 . 4)

Here, we have also indicated a choice of zero-length bridges across the handle not covered
by the graph. Similar to case (5), we do not have to consider one-loop excitations of the
other faces, as these are replicated in the pinched graph (4’), and thus manifestly cancel.
Inside the face that wraps the torus, any non-vanishing one-loop excitation string will
have to involve hexagons that touch all four operators. We have picked a tessellation that
isolates operators O3 and Q4 as much as possible, such that any potentially non-zero string
will have to connect the hexagon that involves operator O3 with the hexagon that involves
operator Q4. The only potentially non-zero excitation strings that do not cross any bridge
more than once are exactly the two leftmost contributions of (5.1):

Here, each of the red dots stands for mirror particles, and we have also indicated (in gray)
the path that connects them. The left excitation pattern is equal to the one-loop (clockwise)
polygon(1,2,4,2 1,3), which vanishes by pinching (all other one-loop excitation patterns
in this polygon vanish, since they involve at most three out of the four operators):

4 = [(1loop)| =0. (5.6)

The excitation pattern shown on the right of (5.5) is related to the one on the left by a
Dehn twist according to our working prescription (5.2), hence we should not take it into
account. We can still evaluate this contribution in order to check the consistency of our
prescription. And indeed, the right one-loop string again equals the (Dehn-twisted) one-
loop polygon(1,2,4,2,1,3) and thus vanishes by pinching. Stratification requires that we
subtract the contribution of graph (4’) in table 2, which is obtained from (4) by pinching
the handle not covered by the genus-zero graph. In fact, because two-operator polygons
receive no loop corrections, the two-operator polygons with insertions of a single marked
point also receive no loop corrections, and hence we trivially find that Sy — Sy = 0.
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Contribution (13). The case (13) will produce a vanishing contribution exactly by the
same argument as in the previous case (4).

Contribution (14). Let us consider the case (14) of table 3. We again pick a tessellation
of the empty handle that isolates two operators as much as possible (in this case O3 and O3):

Since a one-loop string can only be non-vanishing when it involves hexagons that together
touch all four operators, the two string configurations above are the only potentially non-
zero contributions. The other faces involve three operators and hence contribute at tree
level only. They in turn will be canceled by the subtraction S(i4. In addition to the
excitation patterns shown above, we could have also considered other string configurations
that could potentially contribute at one loop. But it is easy to see that these would
unavoidably involve placing two excitations in the same bridge, forming a path that crosses
that bridge twice in the same direction. By our prescription, we do not take these cases
into account.

The contributions (a) and (b) above are related by Dehn twists according to our
prescription (5.2). Consistently, it is simple to see that they produce identical results.
Namely, both cases evaluate to

2 1
= |(1 loop)| = polygon(1,2,4,3). (5.8)

4 3

The subtraction S(14/y does not produce any contribution at one-loop, as all of its polygons
involve only three operators. As a final step, we need to perform a sum over all non-
equivalent labels of the vertices. As the graph is drawn on a torus, there are twelve
inequivalent labelings (the same graph on a sphere has only two inequivalent labelings):

Labeling: 1243 2134 1342 2431 1234 2143 1432 2341 1324 3142 1423 3241
Propag.: XPY1z" YPX1z" XPzly" ZPXIy" YPZIX" ZPY1X" | (5.9)
One loop:  polygon(1,2,4,3) polygon(1,2,3,4) polygon(1l,3,2,4)

The first line shows the labelings, reading clockwise starting with the upper left operator
in (5.7). The various labelings come with different propagator structures, shown in the
second line, where p, ¢, and r are the bridge lengths of the graph. The last line shows
the one-loop polygon the respective labeling evaluates to (the polygon function obeys a
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dihedral symmetry). In the sum over bridge lengths p, ¢, and r, all terms cancel due to
the identity (3.11)

polygon(l,2,4,3) + polygon(1,2,3,4) + polygon(l,3,2,4)
oo (2 rm-em (L) em () (5
oo (8)mirn (1) (L) - )

= 0. (5.10)

We therefore find that S(14) = 0, and hence trivially S(4) — S14y = 0 — 0 = 0. This case
is different from all previous (and subsequent) cases in that the cancellation occurs among
graphs with different labelings and bridge lengths.

Contribution (15). Picking a tessellation for graph (15) of table 3, we find, similar to
the previous cases, only two potentially non-zero one-loop contributions compatible with
the first rule of (5.2):

(5.11)

By isolating it in a one-loop polygon, we find that the one-loop string (a) evaluates to

4 3 4 3 4
3 3 3 3 2

Case (b) is related to (a) by a Dehn twist according to the prescription in (5.2), hence for
consistency it should also evaluate to zero. And indeed one finds:

(5.13)

The subtraction (15') trivially evaluates to zero at one loop by (5.3), since the marked
points are inserted into polygons that involve only two and three out of the four operators.
We thus again find S(15) — S5y =0—-0=0.
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Contribution (3). Now consider case (3). Again, we only need to consider excitations
of the face that wraps the torus, as all other excitations manifestly cancel against the
corresponding excitations in the pinched graph (3'). Picking a labeling and a tessellation
that isolates operators 02 and O3 as much as possible, We find the following potentially
non-zero one-loop excitation patterns (we have slightly distorted the graph, and have shifted
the fundamental domain of the torus):

(5.14)

Again we are dropping the string configurations involving two excitations placed on the
same bridge according to our prescription (5.2). For contribution (a) we find:

1 3 1 3 1 3
2 4 =2 4 = |(1 loop)| = polygon(1,3,4,2). (5.15)
N1 N1 2 4

Similarly, contribution (d) gives:

Contributions (b) and (c) are related by a Dehn twist according to our prescription (5.2).
For consistency, both should give identical answers. Indeed we find for contribution (b):

— 49 —



The contributions (5.15) and (5.16) each equal the one-loop octagon polygon(l,3,4,2).
Since the one-loop octagon with one marked point in contribution (3’) (see table 2) equals
twice the same one-loop octagon with no insertion by (5.3), it is clear that (3) and (3')
perfectly cancel each other: S3y — S(z/) = 0.

Contribution (2). Let us now list the possible one-loop excitation patterns for the
stratification graph (2). Picking an operator labeling as well as a tessellation, we find:

(5.19)

These are all potentially non-zero one-loop excitation patterns according to the prescrip-
tion (5.2): we have picked a tessellation that isolates operators O and Oz as much as
possible. Every non-zero excitation pattern has to have an excitation next to operator
2 (two choices), and an excitation next to operator 3 (two choices). Otherwise no cross-
ratio can be formed. The six excitation patterns shown are all possible completions of the
2 x 2 cases that involve at most one particle on any edge, up to Dehn twists. Contribu-
tion (5.19)(a) equals the one-loop polygon

1 1
4 4
(a): 3 )= 2 ) = —polygon(1,2.4,3). (5.20)
4 4
1 1

Here, we have used the code below (3.18) which implements the 2n-gon formula (3.13).
Similarly, for contribution (5.19)(b), we find

4 4
1 1
2 2
(b) : L = Y= —polygon(1,2,4,3). (5.21)
1 1
4 4
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Also the contributions (5.19)(c)—(f) can be isolated as individual one-loop polygons, which
in turn can be evaluated using pinching and decoupling identities. Explicitly, the result is:

4 2
4
1
7 3
9 4
1
(d): 1 =1 = polygon(1,2,4,3), (5.23)
4
3 4
1 3
1
4
T 2
3 1
4
(f): 4 = polygon(1,2,4,3). (5.25)
1
2 1

Each of the contributions ( ) gives the same answer polygon(1,2,4,3). Since each of

1 = polygon(1,3,4,2) = polygon(1,2,4,3), (5.22)

4 = polygon(l,3,4,2) = polygon(1,2,4,3). (5.24)

the two octagons with one marked point in contribution (2’) of table 2 at one loop evaluates
to two times the same octagon without insertions, they cancel the terms (c)—(f), leaving
only the sum of contributions (5.19)(a)—(b).

In order to further test the consistency of our prescription (5.2), we can compute
Dehn-twisted versions of the one-loop strings (a) and (b):

: (5.26)

(b*)
and check that their contributions equal those of their untwisted counterparts. Again,

both one-loop strings can be isolated as individual one-loop polygons. For contribution
(at), we find

1 = —polygon(1,2,4,3), (5.27)
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where, in the last equation, we have again used the general one-loop polygon formula (3.13).
Similarly, we find for contribution (b®):

4 = —polygon(1,2,4,3). (5.28)

Indeed, these Dehn-twisted contributions equal their untwisted versions (5.20) and (5.21).

Contribution (1). Let us finally turn to case (1). Picking a particular tessellation, we
find the following potentially non-zero excitation patterns:

(5.29)

Pattern (a) readily evaluates to polygon(1,1,3,4,4,2), which equals the one-loop octagon
polygon(1,3,4,2), which in turn equals half the contribution of the planar graph (2.19).
The contributions (b) and (c) require some comments: these contributions include two
excitations on a single zero-length bridge. Even though we have thus far discarded exci-
tation patterns with more than one excitation on any bridge, we want to argue that we
should still include these contributions. All patterns with multiple excitations on a single
bridge that we have excluded thus far had the form of a string of excitations that crossed a
single bridge twice in the same direction. For the cases (b) and (c) in (5.29), the string of
excitations crosses a bridge twice, but in opposite directions. As indicated at the beginning
of this section, we postulate that such excitation patterns should be included. Next comes
the question of computing these contributions. Because the excitation pattern spans such
a large part of the graph, it cannot be localized inside a compact polygon. For case (b),
the best we can do is to cut out the inside of the square formed by the propagator bridges,
and to cut along the horizontal zero-length bridge that connects Oy to itself:

(5.30)

We have no rigorous way of computing this contribution. It would be easily computable
if the horizontal, doubly excited zero-length bridge that connects O to itself was flipped:
the flipped bridge would connect O4 with itself, and would no longer be crossed by the
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string of excitations. After flipping, the three strings of excitations become:

(5.31)

The full one-loop answer for contribution (1) should be invariant under flipping any bridge.
But a priori, it is not clear that the individual excitation patterns map to each other one-to-
one. However, one immediately finds that the pattern (af) equals polygon(1,3,4,4,2,1,4),
which after pinching equals polygon(1, 3,4, 2), and thus indeed equals the pattern (a) one-
to-one. Since flipping the bridge does not alter the string of excitations (a), we will assume
that (b) and (c) are also individually invariant under this flip. The contribution (b) then
becomes polygon(1,3,4,4,4,4,4,2), which equals polygon(1,3,4,2), which equals half the
contribution of the planar graph, just as (a)=(a!) did. Applying the same analysis to
excitation pattern (c), but now flipping the horizontal bridge that connects Oy to itself, we
find that also the contribution (c¢) equals half the contribution of the planar graph. In total,
under the above flip-invariance assumption, we thus find that the non-trivial part (without
considering the internal polygon) of the stratification contribution (1) equals 3/2 times
the contribution of the planar graph, or, equivalently, 3 times the contribution of the one-
loop octagon. By the identities (5.3), we find that the non-trivial part of contribution (1’)
evaluates to the one-loop octagon, and the non-trivial part of contribution (1”) gives two
times the planar octagon. Hence in the sum, we find that S(;y — Sy — Sy = 0.

Summary and result. We have demonstrated in the preceding paragraphs that almost
all stratification contributions S;), Sy, and Sy are either zero, or directly cancel each
other. We should stress that all cancellations among primed and unprimed contributions
hold at the level of individual graphs with assigned bridge lengths and operator labelings:
there is a one-to-one map between the bridges of graphs S, Sy, and Sy for fixed i.
Therefore, for all graphs (7) and for any labeling of its operators as well as any distribution
of propagators on the bridges of that graph (i.e. any choice of bridge lengths), there is
a corresponding operator labeling and distribution of propagators on the bridges of the
associated pinched graph (i) (and (i”)). Hence the cancellations trivially extend to the
full sum over all operator labelings and bridge lengths, for any value of the weight k.

The only remaining non-zero contributions from stratification at one-loop order are the
terms (5.20) and (5.21), which both evaluate to (—polygon(1,2,4,3)). We immediately
note that their sum equals minus the one-loop contribution of the simple planar graph (2.19)

(5.32)
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on the sphere, which evaluates to 2 x polygon(1,2,4,3). Also, because the stratification
contribution stems from graph (2) in table 2, it is clear that the sum over operator labelings
and bridge lengths produces the same answer for the stratification as for the planar graph.
We therefore conclude that the genus-one stratification contribution (2.23) at one-loop
order equals minus the planar correlator,

14 14
Gi‘ﬁatiﬁcation _ Z S(z) _ Z S(z’) _ Z S(i”) = _GO,l (5.33)
i—1 i=1 i€{1,7,8,11}

where we have decomposed the correlator as
k2 X
Q1...Q4) =5 ) —5 Gy, 5.34
< 1 4> NC2 % chg g, ( )

and the prefactor k2 comes from the overall normalization of (2.2). We note that the
result (5.33) even holds for generic internal polarizations «; (but equal weights k;), since the
graph (2.19) is the only graph contributing to the general-polarization one-loop correlator
at genus zero: the only other planar equal-weight graph (2.22)

gives no contribution at one loop, because all of its faces are hexagons framed by non-zero-
length bridges.

In order to evaluate the stratification result or, equivalently, the planar one-loop cor-
relator (5.33), we have to sum over inequivalent operator labelings and bridge lengths. In
this case, there are only three distinct labelings. Using the operator lineup in (5.32) and
going clockwise (or equivalently going upwards in (5.19)), we have the possible orderings
1-2-4-3 (used above in the derivation of (5.20) and (5.21)), 1-4-2-3, and 1-2-3-4. Making
use of the dihedral symmetry of the polygon function (3.13), summing over bridge lengths,
and inserting the respective propagator factors, we thus find

k—1 k—1
Gypfication — _9 | N " XPY* P polygon(1,2,4,3) + Y ZPY* Ppolygon(l,3,2,4)
p=1 p=1
k—1
+ Z XPZ* P polygon(1,2,3,4) | , (5.35)
p=1
where the sums run over p =1, ..., k—1, because all bridges in the graph must be occupied

by at least one propagator. Writing the internal polarization cross ratios a, & (3.2) in terms
of the propagator structures X, Y, and Z (4.1) via

a@zﬁzf, l1-a)(l—a)=

= (1-2)(1- %), (5.36)

<IN
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the octagon functions (3.21) become

(3
21 Y X z Z
polygon(1,2,4,3) = % _1 - x t#2 (1 — Y) +(1—-2)(1-2) (X +3 - 2>]F(1)(z),
2y v X 7
polygon(1,2,3,4) = % X + 7 2+ 2z (1 - Z) +(1-2)(1-2) (1 _ X>]F(1)(z)’
9T
g Y (X X ~ VA )
1 1,3,2,4)==—1|1—— —4+—=-2 1—2)(1-— 1—=—||F .
polygon(1,3,2,4) 7| Z—i—zz(Y—l—Z >+( 2)( z)( v (2)
(5.37)
Plugging these expressions into (5.35), we recover the result for the planar one-loop
correlator
Gitptifieation — _ Gy =2R " XPY 12" F1(z) (5.38)
P,q,720
p+q+r=k—2

with the universal polynomial factor R due to supersymmetry [45]
R=(Y-2+422-X))(Y-2+2Z-X)). (5.39)

We have computed the stratification contribution for arbitrary polarizations «;. In order
to compare to the data presented in section 4, we might take the Z = 0 limit of the result.

This computation shows the importance of summing over all tree level graphs, even
those containing Z propagator structures, and only at the end take the particular limit
Z — 0 for comparison with the available data. The reason is that, as we dress such
graphs with mirror particles, the overall dependence on the propagator structures can be
different from what it was at tree level. This comes about due to the fact that the one-
loop correction to the polygon carries itself a dependence on the R-charge cross ratios, see
the expression (3.9) of the building block for the one-loop polygons. As a consequence,
the dependence on Z of the tree-level configurations might get canceled at one-loop order,
resulting in a contribution which is relevant to match the Z = 0 data. Let us consider one
further example for illustration. Take the following graph:

O==0

(B2

(5.40)

where we have explicitly drawn the propagators, assigned labels to the vertices, and indi-
cated the two faces in two different shades of gray. This graph amounts to the following
one-loop contribution

Y37
NG

After replacing the explicit expression for the corresponding polygon (3.13), we arrive at

g = (polygon(4,1,3,2) + polygon(4,2,3,1,3,1,3,1)). (5.41)

the result
¢ = _ 9 _y2 (V(Z(22+2+2-2) - X22) + Z((z - 1)Z(z - 1) — X22) + Y| FO,
(5.42)

which, after setting Z = 0, results in a non-zero contribution.
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Comparison with perturbation theory. We have seen above that the only non-trivial
stratification contribution to the correlator stems from graph (2). More specifically, its ori-
gin are the contributions (a) and (b) in (5.19).32 We will see that this matches beautifully
with the expectation from gauge theory. Stratification is supposed to reproduce pertur-
bative contributions to the genus-one correlator that stem from planar graphs in the free
theory. At fixed k and m, that is at fixed propagator structure X™Y* =" there is only one
planar graph:

(5.43)

We are looking for one-loop decorations of this graph that contribute to subleading order

in 1/N2 (i.e. at genus one). All one-loop processes are N' = 2 YM (super-gluon) lines®?

between either two vertical or two horizontal propagators:

+ (vertical) .

(5.44)
Here, (vertical) stands for similar contributions of a vertical YM line connecting two hor-
izontal propagators. Kinematically, all ways of attaching the horizontal YM line to two
vertical propagators are identical. The only differences are powers of 1/N2 (depending on
the genus of the one-loop graph) as well as relative signs: each end of the YM line can
attach to a given propagator from either side, at the cost of a relative sign, due to the
antisymmetry of the gauge structure constants fqpe:

3 2 3 1
hrnn] = —fnr] (5.45)
4 1 4 2

Of course there are many more ways to connect the YM lines to two vertical propagators,
but one can easily see that all contributions except the ones shown cancel each other, due
to these relative signs. The third and fourth figure in (5.44) have genus one, hence they
are suppressed by one factor of 1/N2 compared to the first two figures (which are planar).
Also, the third and fourth figure carry a relative sign, since one structure constant is flipped

32Even though we have no precise way of telling which of the contributions in (5.19) are canceled by the
pinched graph (2'), it is reasonable to assume that the pinched graph cancels the contributions (c)—(f).

33We are considering the ' = 2 description of N' = 4 SYM with only external hypermultiplet fields,
see [13] and appendix E.
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compared to the first two figures. Hence we find

+ (vertical)

( )
(planar) (5.46)

which exactly matches the result (5.33). Moreover, the non-planar (third and fourth) terms
in (5.44) can be drawn on the torus as

o
|

(3)

(4)

(2)

, (5.47)

and hence can be associated to graphs of the type (2) in table 2.

Disconnected graphs. Before ending this section, let us finally comment on a small
subtlety: in addition to the graphs considered so far, one can in principle consider discon-
nected graphs drawn on a torus. Here, either both components can be planar, or one of
them may have genus one. Clearly, by 1/N. power counting, without interactions, neither
case contributes to the same order as non-planar connected four-point graphs. However,
much like the secretly planar graphs, we cannot simply discard them, since they can become
of the same order in 1/N, at high enough loop order, once they are dressed by a sufficient
number of gluon propagators. Therefore, when performing the stratification procedure, we
do need to include them in principle.

Unfortunately, at the time of writing this article, we have not succeeded in evaluating

3 owing to the exis-

the contributions from these graphs if both components are planar,
tence of so many zero-length bridges. We thus assumed that their contributions at one
loop vanish, once the subtraction and the Dehn twist are taken into account. We should
nevertheless stress that this is a reasonable assumption: firstly, in perturbation theory, it
is clear that such graphs cannot give rise to non-planar contributions at one loop. This
implies that the contribution from such disconnected graphs will be canceled by the sub-
tractions, as was the case for (some of) the secretly planar graphs that we discussed in this
section. (From a perturbation-theory point of view, one can actually argue that even the

planar contribution from such graphs is zero. See the discussion in figure 17.) Secondly,

34The contribution of graphs where one (two-point) component is non-planar can be shown to vanish by
similar arguments as for the stratification contributions computed above.
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(a) (b) () ()

Figure 17. One-loop contributions from a generic disconnected graph at the planar level. A gluon
line may connect to any bridge on either side, hence it can connect to two bridges in four different
ways. Kinematically, all four cases are equivalent, the only difference lies in the color structure. The
figures show that all four cases contribute to the same order in 1/N,. Since the four different cases
come with different signs ((b) and (c) come with a relative minus sign compared to (a) and (d)),
they cancel each other. We have highlighted the double-line structure of the propagators involved
in the exchange interaction.

although we could not compute the contribution from disconnected graphs on a torus, we
could show, using the stratification and the Dehn twist, that the contributions from discon-
nected graphs on a sphere vanish at one loop. This will be demonstrated in appendix F.
Let us also emphasize that, although the computation is sometimes hard, the proposal
we made is quite concrete and can be tested if one has infinite computational ability. It
would be an important future task to complete the computation and prove or disprove the
cancellation that we assumed.

Stratification summary and discussion. We carefully analyzed fourteen contribu-
tions listed in table 2 and table 3, adding all the secretly planar graphs and subtracting all
pinched surfaces. At the end of a laborious analysis, the punch line is amazingly simple:
these terms almost cancel each other completely. (Only contribution (2) in table 2 ends up
not canceling!) In the end, the result is simply minus one times the planar result.

In the light of such a simple result, one might wonder if all this stratification business,
with all these involved considerations on boundaries of moduli space subtleties are a huge
overkill. Could it be that, even at higher loops, the stratification ends up boiling down to
some simple terms proportional to lower-genus contributions?

Definitely not!

On the contrary, at sufficiently high loops, the stratification is in fact the most impor-
tant contribution, since, for any given size of the external operators, the tree-level skeleton
graphs only exist up to some fixed genus order. So higher-genus contributions are actually
given uniquely by the stratification procedure. Therefore, if we consider the full 1/N, ex-
pansion, the stratification contributes to all corrections and is the sole contributor starting
at some genus order. As an example, for k = 2, we can only draw planar skeleton graphs,
hence all higher-genus corrections to this correlator — starting already with the torus —
will come uniquely from the stratification procedure!
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k: 2 3 4 5
g=0: 3 8 15 24
g=1: 0 32 441 2760

Table 7. Number of connected labeled graphs with specified bridge lengths at genus ¢ = 0 and
g = 1 for various values of k.

Given the simplicity of the final one-loop result (5.38), and the importance of the
stratification at higher loops and higher genus, it is absolutely critical to streamline its
analysis. For that, we will likely need to better understand the nature of the various exotic
contributions, such as the spirals and loops discussed above.

6 Checks and predictions

6.1 Finite k checks

We now proceed to test the integrability predictions against the data described in section 4,
starting with a few examples for finite k. At finite k, the relevant graphs are typically
far from the maximal ones. As described earlier, they can be obtained by successively
removing edges from the maximal graphs until each operator is connected by at most &
bridges, discarding the duplicate ones on the way. On top of this, we should sum over all
inequivalent labelings of the vertices and sum over all bridge length assignments such that
each operator is connected by exactly k propagators. The statistics of the polygonization
procedure for the five lowest k cases is summarized in table 7. It is apparent that the
number of graphs grows very quickly both with k and with the genus, and therefore we
have resorted to a MATHEMATICA code to generate them.

6.1.1 k=2,3

In the simplest £ = 2 example, it turns out that one cannot draw any graph with the
topology of a torus, since each operator will be connected by at most two bridges. The
single connected graph with this constraint is depicted in (2.19). Therefore, the whole con-
tribution should come from the stratification result (5.38), which in this case simply reads

Joop _ 89°

For the case of k = 3, we already encounter non-planar graphs, as depicted in figure 18. Af-
ter assigning labels to the vertices and lengths to the bridges compatible with the operators’
R-charges, one generates 32 distinct configurations as indicated in the corresponding entry
of table 7. Regardless of the assignments, the graphs (a), (b) and (d) of figure 18 produce
a vanishing contribution. The vanishing of the cases (a) and (b) can be anticipated only by
successive use of the pinching limit of the polygon as illustrated in the expression (3.17).
For example, consider the case (a) and label the vertices from 1 to 4 in a clockwise order
starting from the top left operator. There is a single face corresponding to an icosagon
(20-gon) bounded by the bridges. Taking into account the order of the vertices along this
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(a) (b) (¢) (d)

Figure 18. Non-planar graphs for k£ = 3.

boundary, we have the one-loop contribution given by polygon(1,2,1,3,4,2,1,2,4,3). We
now apply several pinching limits to reduce that sequence down to polygon(1,3) which
would correspond to a two-point function, and that is zero by supersymmetry.

The graph (d) is decomposed into a hexagon and an octadecagon, and both vanish
once we use the corresponding one-loop expression as given in (3.13).

The only non-trivial graph is (¢), which produces a non-zero result. However, after
summing over all labelings, those contributions simply cancel out. Therefore, the non-
planar graphs do not contribute, and once again we expect to obtain the final result simply
from the stratification contribution (5.38), which reads in this case

- 18¢°
(13RI (1 = - (X +Y + 2) RFU(2). (6.2)

For comparison with perturbative data, we now consider the case Z = 0. We find that for
the two cases considered here:

-loop Z=0 1 -loo
(QFQSQEQ) (o == — 3Gy for k=2.3. (6.3)

and this perfectly matches with the data shown in table 5.

6.1.2 k=4

The case k = 4 is significantly more involved than the previous ones. The number of
non-planar graphs is 57, and they give 441 distinct physical configurations when operator
labelings and bridge lengths are chosen.

Let us consider one example in detail. Among the 441 graphs with assigned labels and
bridge lengths, we have the following example

0—0
(6.4)

D

where each solid line now corresponds to a propagator. This graph is decomposed into
two polygons: an octagon (dark gray) and a hexadecagon (light gray). Accounting for the
corresponding propagators, we have that this contribution is given by

X2y?

W(polygon(l, 2,4,3) + polygon(1,2,4,3,1,3,4,3)) . (6.5)
C
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We can now simply use the expression for the corresponding polygon using (3.13) to get
the final result. Alternatively, we observe that using the pinching limit, the hexadecagon
degenerates into an octagon as follows,

polygon(1,2,4,3,1,3,4,3) — polygon(1,2,4,3,4,3) — polygon(1,2,4,3). (6.6)

Now plugging in the corresponding expression for the one-loop octagon from (5.37), we get
that this graph produces

2
~ T XY (X222 + V24 XY (22— 22— 22+ 1) + Z(X + V)(z+ 2 — 22— 1)) FD(2).

N¢

(6.7)
All other graphs are equally straightforward to compute as this example. Upon summing
over the 441 graphs and adding the stratification contribution (5.38), we recover the pref-
actor R and the final result is given by

; 32¢°

(QiQioiah) (o = —= I (5 (X2 +Y?+ 2% + 12(XY + XZ+YZ)) RFV.  (68)
C

After setting Z = 0 and comparing with the data of table 5 for kK = 4, we find again a

perfect agreement.

6.1.3 k=5

We have extended our analysis to the case k = 5, which involves 2760 distinct graphs.
The procedure is no different from the previous cases, and we simply display here the
result from the summation over all those genus-one graphs, together with the stratification
contribution. Once again, we recover the universal prefactor R (5.39) and the outcome reads

Joop __ 50g
<Q?QSQ§QZ>%;:1§) = —~T (108 XYZ+23(X3+V3+ 2% o)

+51 (X2 + X2Z+ XY? 4 X224+ Y22 +YZ%) ) RFO).

When Z = 0 we again recover the perturbative result of table 5.

To summarize the findings of this section: by summing over genus-one graphs and
adding the stratification contribution determined in section 5, we computed the four-point
correlator for a generic polarization of the external BPS operators. We compared these
results with data for the particular polarization studied in literature, namely when Z = 0,
and found a perfect match in all cases, which strongly corroborates our proposal. The
Z # 0 results are simple predictions of the hexagonalization procedure, which would be
nice to check against a direct perturbative computation.

6.2 Checks at large k
6.2.1 k > 1: leading order

Another interesting case that we will focus on in the following are contributions F}, ,,, where
both m and (k —m) are large, that is we look at the limit £ > 1 with 0 < m/k < 1. In
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this regime, the four operators are connected by a parametrically large number O(k) of
propagators. This implies that graphs where the propagators connecting any two operators
are distributed on as many bridges as possible outweigh all other graphs by combinatorial
factors. In other words, graphs where any bridge is only filled with a few (or zero) propaga-
tors are suppressed by powers of 1/k. Namely, the sum over distributions of n propagators
on j bridges at large n expands to

j—1

ot G(1 —2ng)n’ 2 i3 )
> 1_(j_1)!+ 2 2) + 073, jELsg. (6.10)

no<ni,...,n; <n
i =N
This combinatorial dominance greatly reduces the number of contributing graphs: for a
correlator with generic polarizations «;, only the maximal graphs 1.1, 2.1.1-2.1.3, 3.1, and
3.2 of table 1 contribute to the leading order in 1/k, since all other graphs have fewer
bridges. For these graphs, every face has room for exactly one hexagon, and thus all
mirror magnons live on bridges with a large number O(k) of propagators, which means
that all quantum corrections are delayed. However, in this work, we consider operator
polarizations with (a; - ay) = (a2 - a3) = 0, which do not admit propagator structures of
the type Z = (a1 - au) (a2 - a3) /23,235, see (4.2). In other words, there are no contractions
between operators 1 and 4, and no contractions between operators 2 and 3. Hence, even
at large k, the dominant graphs will leave room for zero-length bridges and thus admit
quantum corrections already at one-loop order.
Before diving into the computation, let us quote the leading and first subleading terms

in 1/k of our data from table 5 for reference (subleading terms are shown in gray):

]:]‘gle)r;U(Z’ z)horus =
2 o - ‘,)
_ 3\[]14{ ([1767’4 _ % + %]k4 + [95’ - %W‘))t — ,{H{" - é}l‘iﬂf + C/)“_)}F(l) ’
(6.11)
(2),U B
Fk’vm (Z’ )|t0rus -

z
—4k2 1t 72 7pd (9t 137,38y 3 T80 L p(2)
4 [6 4+32] +[2 8} 1[:; 2} S_
C

(- I 5 )R s Py

)

- [ - RIFFE,

+ O(k?)

(6.12)

Polygonization: maximal cyclic graphs. Since there are no contractions between
operators 1 and 4 and between operators 2 and 3, we need to consider graphs where the
four operators are cyclically connected, as in 1—2—4—3—1 (later we will see that non-
cyclic graphs are also important). We can obtain all possible graphs of this type by deleting
bridges from the maximal graphs listed in table 1. Among all cyclically connected graphs,
we only consider graphs where as many bridges as possible are filled. We will call those
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?

@

N P Q

Table 8. Inequivalent maximal cyclic graphs on the torus.

“maximal cyclic graphs”. These will be the only graphs that contribute at leading order in
1/Ek. All further graphs only contribute to subleading orders in 1/k, and can be obtained
by setting further bridge lengths to zero.

Starting from any of the 16 cases listed in table 1, we can obtain cyclic graphs by
grouping the four operators into two pairs and deleting all bridges that connect the members
of either pair. Doing this in all possible ways for all the 16 graphs, and discarding non-

135 as well as duplicate graphs, we end up with the complete set of maximal cyclic

maxima
graphs A through Q displayed in table 8. For example, consider the maximal graph 1.1. We

can delete either all vertical or all horizontal lines; these two cases are equivalent and give

— , (6.13)

which is easily recognized as case A. Alternatively, we could delete all diagonal lines, which
gives case P. In fact, for all cases 1.1-1.5.3 we do not need to consider deleting the diag-

35Here, by non-maximal graphs we mean graphs with fewer than 8 bridges. All such graphs can be
obtained from the maximal cyclic graphs listed in table 8 by deleting further edges.
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onal lines, as the resulting configurations will (by construction) always be covered by the
cases 2.1.1-3.2. Moving on to cases 1.2.1 and 1.2.2, up to operator relabelings, all ways of
deleting bridges (keeping the diagonal ones) lead to equivalent configurations:

, — , (6.14)

which we recognize as case B. The derivation of the further cases C through Q from the
maximal graphs in table 1 is listed in appendix B.2.

The large-weight limit brings about another simplification: in section 6.1 above, we
saw that magnons carrying non-trivial R-charges may cancel Z propagator structures (4.1)
such that the final result is free of Z’s. Such cancellations cannot occur here, since all
graphs of table 8 dissect the torus into four octagons separated by large bridges. Such
octagons do not leave enough room for Z propagator cancellations.?® Hence we do not
have to include graphs containing Z propagators.

Looking at the cases A through Q, we find that the bridge configurations of the cases A,
C,D,E,F, H I J,N, and K imply a constraint on m: either m = 0, or m = k. Hence, even
though no further bridges can be added to these graphs (under the cyclicity constraint),
these cases are suppressed at large m and (k — m), and only the cases B, G, L, M, P,
and Q remain (these were called B, A, C, D, E, and F in our previous publication [1]). For
these graphs, we now have to consider all possible operator labelings, taking care that some
seemingly different labelings in fact produce identical bridge configurations. In addition,
each labeled graph comes with a combinatorial factor from the distribution of propagators
on the various bridges according to (6.10). We list all inequivalent labelings for the relevant
graphs as well as their combinatorial factors in table 9. For case P, all operator labelings are
equivalent. Beyond that, it has an extra symmetry: every pair of operators is connected by
a pair of bridges. Exchanging the members of all pairs simultaneously amounts to a cyclic
rotation of the four operators and thus leaves the configuration invariant. This operation is
an example of a graph automorphism, see the last part of section 2.2, in particular (2.10).
The naive sum over bridge lengths gives a combinatorial factor m?(k — m)?, which thus
has to be corrected by a factor of 1/2.

Sprinkling: one and two loop check. The previous maximal cyclic graphs polygonal-
ize the torus into four octagons each, generating some toroidal polyhedra. We represent
their corresponding nets in table 10 for easier visualization. The one-loop and two-loop
computations can then be performed straightforwardly from a single particle sitting in the
single ZLB of each octagon. Such contributions can be easily computed to any desired
loop order using the ingredients of appendix D (at one loop we can simply use the polygon
function of section 3.1). At one loop this is the only particle configuration contributing.
At two loops, we have to consider in addition two virtual particles in different octagons,

36Such cancellations would require a 1 /Z type excitation on a non-zero-length bridge of type Z, but
excitations on non-zero-length bridges are delayed.
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Case Inequivalent Labelings Combinatorial Factor
B (1,2,4,3),(2,1,3,4),(3,4,2,1),(4,3,1,2) m3(k —m)/6
B (1,3,4,2),(3,1,2,4),(2,4,3,1),(4,2,1,3) m(k —m)3/6
G (1,2,4,3),(3,4,2,1) m*/24
G (1,3,4,2),(2,4,3,1) (k —m)*/24
L (1,2,4,3),(3,4,2,1),(2,1,3,4),(4,3,1,2)  m?/2-(k—m)?/2
M (1,2,4,3),(2,1,3,4),(1,3,4,2),(3,1,2,4) m2(k —m)?/2
P (1,2,4,3) m?(k —m)?/2
Q (1,2,4,3) m?(k —m)?

Table 9. All inequivalent operator labelings for the graphs that contribute to leading order in
1/k, together with their combinatorial factors according to (6.10). The order of the labels runs
clockwise, starting at the top left operator in the graphs of table 8.

which essentially amounts to the one-loop octagon squared. The contribution of two virtual
particles inserted in the same octagon turns out to be delayed to four loops as shown in
appendix D. The final step is then to sum over the labelings of the vertices, weighted by the
combinatorial factors arising from the different ways of distributing the propagators among
the bridges. Table 9 contains the details of these combinatorics. We have performed this
calculation in [1] and found a perfect agreement with the large k data (6.11) and (6.12).

Sprinkling: three loop prediction. As far as we know, there is no available non-planar
perturbative data at three loops. The planar case, however, was computed in [46]. Here,
we are going to make a prediction for the three-loop result at leading order in large k using
integrability. In principle, one can keep going and make predictions for arbitrary order
in ¢2, and it would be very interesting to try to re-sum the series. At three loops, one has
the following possible contributions:

1. Three-loop correction of the one-particle octagon.
2. Two mirror particles inserted at different octagons.
3. Three mirror particles inserted at three different octagons.

4. Multiple mirror particles inserted in the same octagon.

One can show that contribution 3 is only present for case P, because all other cases only
have two octagons involving four operators, and an octagon involving only three (or two)
operators vanishes as the relevant cross-ratio for gluing is either 0, 1, or oco. The contri-
bution 4 kicks in only at four loops — the case of two mirror particle in the same edge is
computed in the appendix D — and thus is not relevant here.

The new ingredient for the three-loop computation, when compared to the two-loop
calculation performed in [1], is the one-particle mirror contribution in a ZLB expanded to
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three loops, given by (see appendix D for details):

W) (z) = SR
MY (2) <z+z 5 (1+a@>> X
x (P FW(2,2) — 20" F P (2,2) + 665 FP(2,2) + O(¢%)) (6.15)

where F'®) is the three-loop ladder integral defined as

J2N

2 9 4 4. g4 34
T 76 w2exlenor? ottt ord a2, 3 ' '
15P45735T56016L46L67L 17T 47207 N
4

The one-loop and two-loop ladder integrals F(1) and F(3) are defined in (4.4) and (4.5)
(see also the expression (D.22) in terms of polylogarithms), and the cross ratios z, z are
defined in (3.3).

Using the hexagonalized graphs of table 10, the combinatorial factors of table 9, and
adding all mirror particle corrections, one arrives at the three-loop prediction

12k2
flgi)YzU(Z72)‘torus = N4 [{ ([1767"4 -

(1 - 45+ )2 4 00 prep

+ {([(15152)2}]{4)153 n O(’A*‘)}(F(l))i‘
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+§ﬂkﬂt+cka}F@

. (6.17)

6.2.2 k > 1: subleading order

Next, we are going to compute the subleading contribution in the large-k expansion, i.e.
the terms of order O(k?), at one-loop order using integrability. We find an agreement with
the perturbative data (gray) given in (6.11). As described in detail below, the subleading
computation receives contributions from three different sources: the graphs used in the
leading-order computation, the graphs obtained from the leading-order graphs by deleting
one bridge, and the “deformed” graphs which are graphs having one pair of propagators
of type Z.

Leading cyclic graphs. The graphs B, G, L, M, P, and Q used in the leading-order
computation also contribute at subleading order in large k. The integrability contribution
is computed exactly as in the leading-order case, in particular one uses the same set of
hexagons of table 10, however one considers the subleading contribution to the combi-
natorial factors given in (6.10), with np = 1. Recall that to obtain a final term with the
propagator structure X™Y* =™ at one-loop order, it is necessary to consider also the neigh-
boring tree-level graphs with propagators X~ 1Yk=m+l and Xm+lyk—m=1 This follows
because the mirror particles carry R-charge and they can change the propagator structure
of a tree-level graph [1], which is seen explicitly by the ratios of X, Y, and Z propagator

— 66 —



Case Hexagonalization Case Hexagonalization
Dy C
.
< < « 5 ¥ >
A B, B, D, ,
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B
L
P
B J , ) > k \ 5 \b\
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> » »> »

Table 10. After completing the relevant skeleton graphs B, G, L, M, P, and Q with the missing
ZLBs, we obtain complete hexagonalizations of the four-punctured torus. The outcome is that each
configuration is decomposable into 8 hexagons, or 4 minimal octagons, using the terminology of
section 3.1. The distinct octagons are colored in white and gray. The colored edges correspond to
the physical ones, with the operators being labeled as A, B, C, and D. The subscript in each edge
label indicates to which of the eight hexagons the respective edge belongs. Later on, we will specify
the labels A, B, C, and D of the operators. For each hexagonalization, the dashed lines correspond
to the ZLBs, while the solid gray bridges have non-zero lengths.
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TreeLevel |1 (1,2,4,3), (2,1,3,4), Labelings: (1,3,4,2), (3,1,2,4),
Propagators (3,4,2,1),(4,3,1,2). (2,4,3,1), (4,2,1,3).
—m ’m3
xXmy*k —(k —m)m? — "= —g(k=m)3 — (k—m)*m
ym—lyk—m+1 —3(k — m)m? —2(k —m)*m
XLy k-m=1 — Lk —m)ym? - ™ Lk —m)® — L(k —m)®m

Table 11. The combinatorial factors used for the subleading computation of the graph B. The
case B has eight inequivalent labelings, see table 9.

factors in the prefactor of (6.15) rewritten via (5.36):
<z—|—z— ara (1+Z'i)>
2 fa%a}

At B rena(Eef )

One important remark is that, differently from the leading case, where the combinatorial

factor of each graph is universal, in the subleading case the combinatorial factor changes
when considering the neighboring graphs. As an example, table 11 shows the combinatorial
factors relevant for case B.

Subleading cyclic graphs. In addition to the leading-order graphs, there will be con-
tributions from cyclic graphs that are obtained from the cases B, G, L, M, P, and Q
by removing one of their bridges. Deleting a bridge in all possible ways, and identifying
identical graphs, we find seven inequivalent subleading cyclic graphs, see table 12. The
number of inequivalent labelings is indicated in the parentheses below each graph. The
hexagonalization of the subleading cyclic graphs can be obtained from the hexagonaliza-
tion of the leading cyclic graphs given previously by replacing the corresponding line that
was deleted in the process by a zero-length bridge. The final step is to add the mirror
particles. In this case, we have one-, two- and three-particle contributions, because there
are four hexagons sharing bridges of zero length in a sequence. Thus at one-loop order
for the integrability computation, one uses the expressions for both the octagon and the
dodecagon of (3.13). In addition, the relevant combinatorial factors can be read from the
leading term of formula (6.10).

Deformed graphs. At subleading order in large k, there is room for so-called deformed
graphs. The mirror particles carry R-charge, in other words they depend on the R-charge
cross ratios a and @, as seen for example in (6.18). Hence the final R-charge structure of a
graph depends not only on the tree-level propagators, but also on the mirror particles. For
example, graphs that include a propagator of the type Z = (a1 -a4)(ag-as)/z3,234 can give
a final term free of Z’s after the inclusion of the mirror corrections, which is thus compatible
with our chosen polarizations (4.2), and gives a non-zero contribution in the limit Z — 0.
We have already encountered the same phenomenon when we performed checks for finite
k. In the sum over graphs, we hence must include graphs with Z propagators.

— 68 —



Y

B.1 (8) G.1 (4) L.1 (8) L.2 (8)

L.3 (8) P.1 (4) Q.1 (4)

Table 12. The seven inequivalent graphs that are obtained by deleting one bridge from graphs B,
G, L, M, P, or Q of table 8. These graphs contribute at subleading order in k. The parentheses
show the number of inequivalent labelings that each graph has.

Graphs containing one or more propagators of type Z (and otherwise only large bridges
filled with many propagators) will be called deformed graphs. At one loop, the relevant
deformed graphs include only one pair of Z propagators connecting two disjoint pairs of
operators. We can classify all such graphs by starting with the set of maximal graphs
listed in table 1, declaring two of the bridges to become Z propagators, and deleting other
bridges such that the graph becomes subleading in k. In the limit of large k that we
consider, extremal graphs with m = 0 or (k —m) = 0 will not contribute. Taking into
account that one of the bridges attaching to each operator in table 1 will become a Z
propagator, this means that we only need to consider the graphs 1.2.1, 1.2.2, 1.5.3, 2.1.1,
2.1.2, 2.1.3, 3.1, and 3.2. Starting with these, and deleting bridges / replacing bridges by
Z propagators, we arrive at the set of inequivalent deformed graphs shown in table 13.
Alternatively, the graphs in table 13 can be obtained by starting with the graphs B, G, L,
M, P, and Q of table 8, and inserting Z propagators as well as deleting one bridge in all
possible ways.

After having determined all deformed graphs, the next step is the hexagonalization.
This is done by adding bridges of zero length to the graphs, and dividing them into eight
hexagons. Due to the flip invariance of the mirror particle corrections, any different set
of zero-length bridges will give the same final result. In the case of the deformed graphs,
the multi-particle contribution will show up, and we use the expression for the octagon,
decagon, and dodecagon of (3.13). In order to perform the integrability computation for the
deformed graphs, one uses that « and & are determined by the equations (5.36). The limit
Z — 0 is only taken after adding the mirror-particle corrections to a graph. Similar to the
case of the leading cyclic graphs, to get a final term proportional to X™Y*~™ at one-loop,
one has to consider the set of graphs corresponding to the tree-level terms X™ 1Yk—m7
and X™Y*k~m=17  Most of the graphs of table 13 give a vanishing contribution. One
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1.2.1A (8) 1.2.1B (8) 1.2.1C (8) 1.2.2A (8) 1.2.2B (8)

\1.5.3A (4) \1.5.313 (4) 21.1A (6-8)  2.1.1B(6-8)  2.1.1C (6-8)
2.1.2A (8) 2.1.2C (8) 2.1.3A (8) 2.1.3B (8)
3.1A (2:4,8) 3.1B (2-8) 3.1C (24,8)  3.1D (3-4,2-8)

Table 13. All inequivalent deformed graphs that contribute to the first subleading order in 1/k.
Wiggly lines stand for Z propagators. Graphs with crossed bridges stand for classes of graphs
where any one of the crossed bridges is deleted. The parentheses show the number of inequivalent
labelings. Recall that for the hexagonal graphs, opposite edges of the outer hexagon are identified.

example of a non-vanishing graph is

1
Case 1.2.1C = Z% <m3M(1)(1 _ z) + (k‘ _ m)3M(1) < z >> xm—s yk-m—1+s 7

— z—1
1
220, 3 (k® = 3k*m + 3km? — 2m?) (22 — DFW(z,2) XmyEm o (6.19)

Summary. The subleading integrability result is obtained by summing three different
kinds of contributions which were described above. The final result agrees with the per-
turbative data. It is possible to use the same steps to compute the predictions for the
remaining orders in k.

7 Conclusions

We performed detailed tests of our proposal on the application of the hexagon formalism
to non-planar correlators at weak coupling. The basic strategy is the same as in the planar
case; we first draw all possible tree-level diagrams on a given Riemann surface, dissect them
into hexagonal patches, and glue those patches back together by summing over complete
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sets of intermediate (mirror) states. The key new idea that is essential in the non-planar
case is the procedure called stratification: we first computed all contributions coming from
tree-level graphs drawn on a torus, including the graphs that are actually planar. After
doing so, we subtracted the contributions from degenerate Riemann surfaces, which in turn
can be computed by taking the planar results and shifting the rank of the gauge group. The
procedure was tested against available perturbative data, and the results agree perfectly.

What we developed in this paper may be viewed as a bottom-up approach to construct
a new way of performing string perturbation theory, based on the triangulation of the
worldsheet. The central object in our formalism is the hexagon, which is a branch-point
twist operator on the worldsheet. The idea of using the twist operator for constructing
higher-genus surfaces is not new; it was one of the motivations for Knizhnik to conduct
detailed studies of twist operators [47]. It also showed up in other important contexts
such as the low-energy description of matrix string theory [48, 49]. In this sense, the
hexagon formalism is yet another instance of “old wine in new bottles”, which we have
been encountering multiple times in recent years.?7

There are several obvious next steps. It would be important to extend the computation
to higher loops, both in A and in 1/N.. Also desirable would be to tie up several loose
ends in our arguments: for instance, in the discussion in section 5, we estimated the
contribution from certain magnon configurations (5.30) by claiming that they are related
to simpler configurations via Dehn twists and flip transformations. It would be nice to
perform a direct computation of such configurations and show the flip invariance explicitly.

One practical obstacle for doing such computations is the complexity of the multi-
particle integrands. Even for the two- and three-magnon contributions at one loop which
were studied in this paper, the integrands are horrendously complicated. Given the sim-
plicity of the final answer, it would be worth trying to find a better way to organize the
integrand. This will eventually be crucial if we were to perform more complicated and phys-
ically interesting computations, such as taking the strong-coupling limit and reproducing
the supergravity answers. Another strategy is to avoid dealing with the complicated in-
tegrand for now, and look for simplifying limits. In flat space, it was shown by Gross
and Mende that the high-energy string scattering takes a remarkably simple and univer-
sal form [50, 51]. The results were later used by Mende and Ooguri, who succeeded in
Borel-resumming the higher-genus contributions in the same limit [52]. In our context, the
analogue of the high-energy limit would be played by large operator lengths (charges). As
already observed in this paper, taking the large-charge limit simplifies the computation
drastically. It is therefore interesting to analyze the limit in more detail, and possibly try
to re-sum the 1/N, corrections [33, 34]. It would be even more exciting if we could make
a quantitative prediction for the non-perturbative corrections by analyzing the large-order
behavior of the 1/N, expansion [53]|, which one could test against the direct instanton
computation [54-57].%%

37Other instances are the conformal bootstrap and the S-matrix bootstrap.

38The conclusion of the large- N, results to appear in [33] is bitter-sweet in this respect: while one does
observe the famous g!? behavior typical for instanton-like large-genus behavior, this is further multiplied
by 1/g!* arising from the kinematics of large operators, hence this effect is not yet seen as sharply as one
would like.
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The relation between the summation over graphs and the integration over the moduli
space of Riemann surfaces deserves further study. As mentioned in the introduction, one
big puzzle in this regard is the fact that the summation over graphs is discrete, while the
moduli space is continuous. In the study of simple matrix models, such a discretization of
the moduli space was attributed to the topological nature of the dual worldsheet theory.
We should however note that the discretization could take place even in non-topological
worldsheet theories, namely in the light-cone quantization of the DLCQ background [48,
49, 58]. This is in fact closer to our context since, in the generalized light-cone gauge, the
lengths of the string becomes proportional to the angular momentum in S®, which takes
discrete values. To make more progress on these points, it would perhaps be helpful to study
the recently proposed worldsheet action for the DLCQ background [59], which is suited for
quantization in the conformal gauge, and clarify how the conformal-gauge computation
reproduces the light-cone gauge expectation that the moduli space gets discretized.

As a final remark, let us emphasize that the results in this paper are just the first
steps in the application of integrability to non-planar observables: firstly, it would also
be interesting to understand other non-planar quantities, such as non-planar anomalous
dimensions of single-trace operators, and anomalous dimensions of double-trace operators.
See [13] for an important initial attempt.?” Secondly, although it is remarkable that inte-
grability can reproduce non-planar quantities, the computation performed in this paper is
almost as complicated as the direct perturbative computation, and as we include more and
more mirror particles, we face the integrand challenges alluded to above. Is there something
better we can do? Can we reformulate this formalism, for instance, by combining it with
the quantum spectral curve [61]7 In fact, there are already two data points which indicate
that the quantum spectral curve could be useful for analyzing correlation functions [62, 63].
Whatever the upgraded formalism will be, we expect that the results in this paper will be
useful in finding it.
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A Details on non-planar data

In (4.8)—(4.10), we represented the quantum corrections Fy, ,,, (4.3) to the four-point corre-
lator G, (4.2) in terms of the conformal box (4.4) and double-box functions (4.5), as well
as color factors C,;m and C’,i’m, i € {a,b,c,d}. In the following, we will explain the color
factors and their evaluation in more detail. We will also give further expressions for Fy, ,,
as well as ﬁk,m. The expressions depend on the choice of gauge group, and we will present
results for both U(N,) and SU(N.).

Color factors. The color factors C’,?m consist of color contractions of four symmetrized
traces from the four operators, dressed with insertions of gauge group structure constants
fap®. The one-loop color factor reads [43]:

1 JpgeSrs©
Ck,m = (m =+ 1)'5‘&: - tr((ay ...ag—1p)) tr((a1...ams16m42 - .. Ck—15))

X tr((am42 ... ag—1¢1...cms19)) tr((c1...cx—17)), (A.1)

and the two-loop color factors are [44]:

o = fabefcdequtfrst
Fm = om12(k —m — 1)!(k —m — 3)!

X tr((dy...dg—m—101...ama))tr((aj...amby ...bg_m_3bdp))
X tr((dy...dg—m—1c1...cmr))tr((c1...embi ... bg—m—3cqs)),

fabefcdequtfrst
Am?(k —m — 2)1?

X tr((dy...dg—m—20a1...ambp))tr((ai...ambs ... bg_m—2cs))

b _
Ck,m -

X tr((dy...dg—m—oc1...cmaq))tr((c1...cmbr ... .bg_m—_odr)),
C o fabefcdequtfrst

B = om)2(k —m — 2)12

X tr((dy...dg—m—2a1...anbd))tr((ay...amb:...b0g_m—oar))

X tr((dy...dg_m—oc1...cmep))tr((cr...cmbr .. . bg—m—2qs)),

fabefcdequtfrst
2m!2(k —m — 2)!2

X tr((dy ...dg—m—20a1...anbp))tr((aj...amb1...bg_m_2as))
X tr((dy...dg—m—2¢1...cmcq))tr((c1...cmbi ... bg_m—2odr)). (A.2)

d _
Ck,m -
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Here, tr((ay ... ax)) = tr(T@ ... T9%)) denotes a totally symmetrized trace of adjoint gauge
group generators 7%, without 1/n! prefactor. In the above formulas, 0 < m < k — 2 for
C’;:B;C’d, and 0 < m < k — 3 for C’,?,m, whereas C}}_, = 0. Pictorially, we can represent the
color factors as

Cli,m: ’ Cg,m&v Clg,m@a

where the big circles are the operator traces, the dots are structure constants, the thin

c
Ck,m

lines are single color contractions, and the thick lines are multiple color contractions. For
C1, the horizontal thick lines stand for (m -+ 1) propagators, while the vertical thick lines
stand for (k —m — 1) propagators. For the two-loop color factors C?, CP, C°¢, and C9,
the horizontal lines stand for m propagators and the vertical lines stand for (kK —m — 2)
propagators.

Expanding the color factors to subleading order in 1/N. (4.12), the leading coeffi-
cients (4.13) are straightforwardly computed [43, 44]. The subleading coefficients °C' are
much harder to obtain. Their computation is outlined in the following.

Color algebra. We will evaluate the color contractions using the fission and fusion rules

tr(T*BT*C) = ~ <tr(B) tr(C) — % tr(BC)) : (A.4)

C

tr(T9B) tr(T°C) = ~ (tr(BC) - Nﬁ tr(B)tr(C)> , (A.5)

with n = 0 for gauge group U(N.), and n = 1 for gauge group SU(N,). The gauge group
generators T'* are normalized via

tr(T9T°) = ~ 6. (A.6)
The fusion and fission rules follow from the completeness relation
ayi (ma i o
(T2)5 (), = (@6? - Ncajél’“) . (A7)

We set v = 1 to match the normalization of [43, 44]. The structure constants are normal-

ized to
[T, T = if*.T°, (A.8)
such that
fave = —itr([To, T Te) = —itr(TaTyTe) + itr(TeTTa) , (A.9)
fave fea® = — tx([Ta, To][T, Ta))
= (T T TyT) + te(Tu Ty T Ty) + te(TaTyTuTy) — tr(TaTuTyTy) . (A.10)
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Results of contractions. We have explicitly performed the contractions in (A.1)
and (A.2) with MATHEMATICA for various different values of k and m, for some coeffi-
cients up to k = 8, for others up to £ = 9. The results for the subleading color coefficients
are displayed in table 4 (page 40). Depending on the algorithm, the computation can take
very long (up to ~1 day on 16 cores for a single coefficient at fixed k and m) and becomes
memory intensive (up to ~100 GB) at intermediate stages.

As indicated in the main text, the subleading color coefficients °C}

o OC}; ., have to be

polynomials in k£ and m (up to boundary cases at extremal values of k or m). This is best
understood by noting that collecting all contractions contributing to the first subleading
order in 1/N2 amounts to summing over all ways in which the propagators in (A.3) can
be distributed on the torus. This in turn is equivalent to summing over all “cyclic” graphs
on the torus (graphs with no edge (bridge) connecting diagonally opposite operators), as
well as over all ways in which the fat propagators in (A.3) can be distributed on the edges
of the graphs, and over all ways in which the structure constants f,;¢f.qe can be inserted.
At large values of k (with finite and fixed m/k), graphs with a maximal number of edges
(bridges) will be combinatorially dominating. At leading order in 1/k, these are exactly the
graphs shown in table 8 (page 63). Due to (6.10), two operators connected by n propagators
distributed on j bridges will contribute a factor n?~!. Looking at the graphs in table 8,
one finds that the maximal power of k£ is four. Hence the polynomials representing the
color factors will be quartic. Any closed formula for OC,i’m therefore has to be a quartic
polynomial in £ and m. A general polynomial of this type has 15 coefficients. Matching
those against the U(N,) data points in table 4 yields the following solutions:

1
°cpY = _6<k4 +2k3 (=1 + 2m) + k2(—1 + 6m + 30m?)

— 2k(11 + 49m + 75m? + 34m3) + 2(1 + m)?(18 + 34m + 17m2)) , (A.11)

1
Cpm =15 (k4 F2k3(=2 4 2m) + k2(—1 + 54m?) (A.12)

— 2K(22 + 55m + 126m? + 58m>) + 2(54 4 129m + 181m? + 123m3 + 29m4)) ,

obU 1
Com =51 (k4 + 2k3(—3 + 2m) + k2(47 — 54m + 54m?) (A.13)
— 2K(63 + m + 21m? + 58m3) + 2(54 + 60m + 31m? 4 48m3> + 29m4)) (1 + o)
+1/3(—18 + 26k — 12k* + k*)d,0,
1
Com =% (;& +2K3 (=1 + 2m) + k2(—1 + 6m + 42m?) (A.14)
— 2k(11 + 49m + 99m? + 46m>) + 2(18 + 70m + 127m? + 92m> + 23m4)> ,
1
Cpom = 75 (K + 267 (=1 + 2m) + k(=1 + 6m + 54m?) (A-15)

— 2k(11 + 49m + 123m? + 58m?) + 2(18 + 70m + 151m? + 116m> + 29m4)) .
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For gauge group SU(N,), we find

Chm = Chipy =4k = 1)*(=2+ 80 + O k2) (A.16)
O = Cy + (k= 1) (=4 + 20,00+ 6 —3) (A.17)
Crom = Ciom+ (k= 1)*(=2+ S k—2) + k2, (A.18)
O = Croy 44k = 1)* (=24 6.0 + Smp—2) (A.19)
Chm = Chom +2(k = 1> (=2 + S0+ O 2) (A.20)

In all cases, there are more data points than degrees of freedom in the quartic polynomial.
Moreover, one can convince oneself that the difference between U(N;) and SU(N.) gauge
groups should not depend on m, and should be at most quadratic in k. We can thus be
fairly confident that the results are correct for general & and m.

Analytic check. We can perform an analytic check of the expressions (A.11)—(A.15) by
studying the limit of large k£ with 0 < m/k < 1 fixed and finite. As outlined in the previous
paragraph, we can organize the contractions in the color factors (A.1) and (A.2) at the
first subleading order in 1/N2 as a sum over graphs on the torus. At leading order in large
k, only graphs with a maximal number of bridges will contribute, all other graphs will be
combinatorially suppressed due to (6.10). The contributing graphs are exactly the ones
listed in table 8. For each of those graphs, we have to sum over all inequivalent labelings of
the four operators, over all possible combinations of non-zero bridge lengths on the edges
of the graph, and over all possible insertions of fu,€ f.qe terms (expanded as in (A.10)). For
each fixed configuration of bridge lengths, the sum over all planar contractions compatible
with those bridge lengths (from the total trace symmetrizations) gives a factor k* from
cyclic rotations of the four operators, times a factor (m+1)1?(k—m—2)!2 (for C},), m!?(k—
m—1)!(k—m—3)! (for C2), or m!?(k—m—2)!? (for %) which cancel the combinatorial
denominators in (A.1) and (A.2). We will now go through the graphs of table 8 and find the
number of inequivalent labelings as well as the combinatorial factors from the summation
over bridge lengths. The insertions of f,3€ feqe terms will be considered below.

Cases A, C, D, E, F, H, J, N, K: The bridge configurations of these cases imply
a constraint on m: either m =0, orm =k —2 (m =k —3 for C%, m =k — 1 for
C1), which would set the lengths of either the vertical or the horizontal bridges
in (A.3) to zero. Hence, these cases are suppressed at large m and k.

Case B: This case has 4 - 2 = 8 inequivalent operator labelings. Depending on the
labeling, the sum over bridge lengths (6.10) for large m and k gives a factor of
either m?(k—m)/6 (call this Case B.1), or m(k—m)3/6 (call this Case B.2). Each
subcase has 4 inequivalent operator labelings.

Case G: This bridge configuration is symmetric under a horizontal flip of the graph
in table 8. Hence there are four inequivalent operator labelings. For one half of
the operator labelings, the sum over bridge lengths for large m and k gives m*/24,
for the other half it gives (k — m)*/24.

— 76 —



Case L: This bridge configuration is symmetric under exchange of the top right and
the bottom left operators. Hence there are four inequivalent operator labelings for
this case. For all operator labelings, the sum over bridge lengths for large m and
k gives m?/2 - (k —m)?/2.

Case M: This bridge configuration is symmetric under simultaneous exchange of the
top left with the bottom left operator and the top right with the bottom right
operator. Hence there are four inequivalent operator labelings. For large m and
k, the sum over bridge lengths gives m?(k —m)?/2.

Case P: For this bridge configuration, all operator labelings are equivalent. There
is one more symmetry: every pair of operators is connected by two bridges. Ex-
changing all such bridge pairs simultaneously leaves the configuration invariant
(the operation is equivalent to a specific rotation of each operator, see also (2.10)).
The resulting over-counting in the naive sum over bridge lengths needs to be com-
pensated by a factor of 1/2. For large m and k, the (naive) sum over bridge lengths
gives m?(k —m)2.

Case Q. As for Case P, all operator labelings are equivalent. This graph has no addi-
tional symmetry though. The sum over bridge lengths gives a factor m?(k —m)>2.

Now we come to the insertion of fu3°feqe factors (called “f2” in the following). The f2
factors either attach to three of the four operators (for C* and C°), or to all four operators
(for C*, CP and CY). The bridge configurations A through Q all decompose the torus into
four octagons. One octagon of case B and two octagons of case G involve only two of the
four operators, hence they cannot accommodate an f2 factor. All other octagons involve
either three or all four operators. For all cases and all operator labelings, inserting an
f? term into an octagon that involves only three operators produces a zero, since either
none of the four trace terms in (A.10) contributes, or all of them contribute and sum to
zero. Thus all non-trivial contributions have both f2? factors inserted into octagons that
involve all four operators. In all such insertions, only one of the four trace terms of (A.10)
contributes, and the signs of those terms of the two f? factors always multiply to 4+1. The
combinatorial factors from inequivalent f? insertions for the relevant cases are:

Cases B, G, L, M: In these three cases, there are two four-operator octagons. For
C?P4 the two f2 cannot be inserted into the same octagon, hence there are only
two inequivalent ways to distribute the f? factors. For C¢, the two f? factors can
also be inserted into the same octagon, hence there are four ways to distribute the
f? terms.

Case P: In this case, each of the four octagons involves all four operators. Again, the
two f2 can be inserted into the same octagon for C°, but not for C*P4. Hence,

there are 16 ways to distribute the f? terms for C, but only 12 ways to do so for
Ca,b,d'

Case Q: In this case, each of the four octagons involves only three of the four opera-
tors, and hence there are no non-trivial f2 insertions.
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Case 2 bridges Labelings f2:Ct ¢ ¢cb ¢¢ ¢4
B.1 k*m3(1 —m)/6 4 -2 2 2 4 2
B.2 k*m(1 —m)3/6 4 -2 2 2 4 2
G.1 ktm?* /24 2 -2 2 2 4 2
G.2 k(1 —m)t/24 2 -2 2 2 4 2
L k*m?/2 - (1 —m)?/2 4 -2 2 2 4 2
M E*m2(1 —m)?/2 4 -2 2 2 4 2
p k*m?(1 — m)? 1/2 -4 12 12 16 12
Q k*m?(1 — m)? 1 0O 0 0 0 o0
all others  O(k3)

Table 14. List of graphs that contribute to the color factors at large k with m = m/k fixed and
0 < m < 1. Listed are the combinatorial factors from summing over bridge lengths, the numbers of
inequivalent labelings, and the combinatorial factors from inserting the (pairs of)) structure constants
fap€ into the various polygons.

Summarizing the above, at large k with m = m/k fixed and 0 < m < 1, we find the com-
binatorial structure displayed in table 14. Multiplying all factors and summing all cases,
we find:

4
Cl = —NZ-1pd (2 + 5 [1 + 41 + 30m* — 68m> + 34m4] + O(k3)> , (A.21)
C
C2 =200 =Cd =
4
= N2kp <1 + Nz [1 + 4m + 541m* — 116m° + 587714] + (’)(k3)> , (A.22)
4
CC, = N2kt (2 + N2 [1 + din + 42m% — 92> + 467714} + O(k3)> : (A.23)

One can indeed see that the above formulas reproduce the leading terms of (A.11)—(A.15).
This match is an important cross-check both of the results (A.11)-(A.15), and of the clas-
sification of torus contractions in table 8.

The quantum corrections. Inserting the above expressions (A.11)—(A.15) for the color
factors into the formulas (4.8)—(4.10) yields the one-loop and two-loop U(N.) data shown
in table 5 (page 42, with the definitions (4.15) and (4.16)). For gauge group SU(V.), we find

4k*(k —1)*
S T
+ 6L ((t+5—1) = 86m2) + 80m2 + (s — 1)d0,0871 — L (s +1)80 6%,

FSY(z,2) = FOV(2,2) [—t + 60 ((2t = 1)+ (145 — )5}, — 562,)

+ (Crossing)] FO (A.24)
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4k%(k —1)?
N¢

2

For(z,2) = RO (2, 2) + —4tF® —2(F)

+ ;{(% —1)0mo + (t+5—1)0m1 + 85m,2} <4F(2) +(t— S)(F(1)>2>
+ 5 L {5mk 2+ (t +s— 1)5m,k71 + (2t — 3)5m,k} (4F(2) + (t — 1)(F(1)>2)

s(t—1)0mo+s 5m1+5mk 1+ (t—8)0p, k}(F(l))2

{ mo+ (2t —25 — 1)1+ (t+5— 1)dpmo + s5m,3}F1(2)z
{ mk—3 T t - s+ 1)5m,k72 + (2t — S8 2)5m,k71 + 235m,k}Fz(?221)
+ 0.

<s+1{ (t_l)é%_(‘9+1)5rln_(t—s)dfn}(F(l))z

+ {215 —2(t—1)8° — (25 +1)8 — (t — s+ 1)5%, } P2

+{2t—(t—s 1)69, — (s +2)d,, — (t—s)é?n}FSL 1)> , (A.25)

where we have suppressed the arguments (z, z) of all box and double-box functions, and
where (crossing) stands for s times the whole preceding expression with the replacements

t—t/s, s—=1/s, m—k—m. (A.26)

Using the transformations (4.19) and (4.20), it is easy to verify that the expressions above
are invariant under crossing 1 <> 4.

Due to supersymmetry, the quantum corrections to the correlator (Q; ... Q) contain
a universal prefactor R (5.39) that is usually pulled out,

k—2 oo
(Qy ... Qy)dmantum _ Rzzg%f Xmyk-m=2 R = 2zX? - (24 2)XY + Y2,
m=0 {=1
(A.27)

In the bulk of this work, we have rather used the expansion (4.2) without R factored out,
because it is better suited for comparison with our integrability-based computation. The
relation between the different expansion coefficients Fy m and fk .m is shown in (4.8). For
completeness, we also state the perturbative results for .Fk m- For gauge group U(N,), the
expressions are:

Fanl(z,2) = (A.28)
_2 L1 [t — T52 4 Wgt 4 (952 — 18743 4 [L52 + B]k2 — 1| p POV
NCQ N<:2 6 4 32 2 8 6 8 )
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o ([~ B+ I+ 192 - B8 — (B0 - 08 - e )] r)?
1. -
- e {0 - e g )
+ {37 - IR+ [37 4 R+

L, N (k —1)(k® + 3k? — 46k + 36)
12N2

}(sam,o ) (FD)?

(k= 2)4 (2) (2)
* {1 MDY (Om0F1 = + Omp—2 L)) | (A.29)

whereas for gauge group SU(N,.):

~ ~ 2k%(k —1)?
f,g};ﬁ%, zZ) = ;c,g}g;%, z) — (N4) (=4 + 26,0 + 20, —2) (A.30)
~ - 2 _1)2
B (e,2) = B a9y + BT g )
C
1
+ 2{0m0 + g2} I + S {(t = 5)mo + (t = 1o s} (F1)?
2) 2)
- {25m,0 + 5m,1}F1_Z - {5m,k73 + 26m,k72}Fz/(271)
1 ;
+ 502 ((s (W) 4@ 4F§gz_l))] . (A.31)
Here,
- mT“ - % , (A.32)

and note the definitions (4.15) and (4.16). It is easy to see that the above formulas obey
crossing symmetry: under the crossing transformation x; <+ x4,

XY, z—-1/z, z—1/2, R— R/s, (A.33)
and hence crossing invariance of (A.27) is equivalent to
Fion(:2) = sF)_o_n(1/2,1/2), (A.34)
which is easily verified using (4.19) and (4.20) as well as 7 — —7 under m — k — 2 — m.

Remark. From the above expressions, we note that

o o 10
Cl(;,m - Cg,m = _5 C%,mu (A35)
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which is equivalent to the equality of coefficients in front of (1) and F? in table 5 as well
as in (A.28) and (A.29). In fact, we have computed the full N, dependence of the color
factors C1P:ed for all values 0 < m < (k —2) <5, and the statement

N
Chm = Chm = = Chm (A.36)

remains true for any N..

This equality of the coefficients (up to overall numerical factors) of the ladder integrals
F® at any ¢-loop order can be understood from integrability: this term stems from the
one-particle contribution which at ¢ loops is proportional to F). The prefactor of the
single-particle excitation is given purely by graph combinatorics, which is independent of
the loop order.

B Graph constructions

B.1 Bottom-up construction of all graphs

In section 2.2, we have manually classified all maximal graphs on the torus (displayed in ta-
ble 1 on page 8). All other graphs can be obtained by deleting bridges from these maximal
graphs. Here we want to outline an algorithm that produces all graphs, maximal and non-
maximal. The algorithm can be used for any genus and for any number of operators, but
it can become very time consuming.

The main step of the algorithm takes a list of graphs, and adds to it all graphs obtained
by inserting another bridge (that is homotopically inequivalent to all previous bridges) into
any of the graphs already in the list. The new bridge may attach to an operator in between
two existing bridges, or it may split an existing bridge in two. Graphs related by rotations
or relabelings of the operators or bridges are identified. Duplicate graphs as well as graphs
exceeding the wanted genus are discarded. This step is iterated, starting with the “empty”
graph with n vertices (operators) and no bridges. The algorithm stops once the iteration
step generates no new graphs, and will produce all inequivalent graphs with n vertices
whose genus is equal or lower than the wanted genus. The maximal graphs are the ones
that exceed the wanted genus when any possible bridge is added.

B.2 Cyclic graphs from maximal graphs

As explained in section 2.2, all cyclic graphs are obtained from the set of maximal graphs
in table 1 by grouping the four operators into pairs and deleting edges that connect the
members of each pair. In the following, we list the descendance of the cases C through Q
from the maximal graphs 1.3 through 3.1. We have only kept inequivalent cyclic graphs,
and have discarded cases that have a non-maximal number of bridges (the latter can all be
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obtained by deleting further bridges from the following maximal graphs):

Case 1.3:

Case 1.4.1:

Case 1.4.2:

Case 1.5.1:

Case 1.5.2:

Case 1.6:

O R R XA
O MR R R ) g el

5500

SHEL A
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(case C).

(case D).

(case E).

(case F).

(case G).

(case H).

(case I).

(case J).

(case K) .

(B.1)

(B.2)

(B.4)



Case 2.1.1: — @ = @ (case L).  (B.7)
Case 2.1.2: — @ = ﬁ (case M). (B.8)
% S
Case 2.2: — = gg ; (case N). (B.9)
j:i = j:i (case P).
Case 3.1: — (B.10)
= 2 (case Q).

C Weak coupling expansions

We give here the weak-coupling expansion and the definition of useful quantities for the
integrability computation of the mirror particle corrections. Since we give a three-loop
prediction in this work, we have to evaluate some expansions up to order g%. We have for
the measure and momenta of the mirror particles

ot = g2 a g a(a® — 8u?) 4 a(a* — 24a*u® + 48u*) + O(6) 1)
W+ 7 () (u? + 48 ’ '
and 42
. 2u 2u (2% — u?)
Palw?) =u—g* g a1 0 (C2)
(u? + %) (u? + %)
In addition, the fused dynamical factor is defined as
a—1 b—1
2 2
hap(u,v) = Z h(u?¥ y2) (C.3)
A — a—1 l:— 1

where we use the usual notation v = u + in/2 for imaginary shifts. In what follows, we
will need the mirror rotated fused dynamical factor hg,(u”,v7) and products of it. It was
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computed in [14], and we reproduce it here for completeness:

hap(u”,07) = g’ [(a+b - )}
a(u’,v
) () ()
[[—4 —iu]I'[® ‘2*' —i(u— )] T[4 +i(u — v)] F[% — v (C.4)
I[% —iu] D[22 —i(u — v)] F[bT +i(u—v)]D[-5 —dv] '
with ) )
oap(u’,07) = Hi-s+ Z.U} L+ 2 Z.(u oIt + 2 Z,v] . (C.5)
Pl +§ —iuT[1+ 5% +i(u — )] T[1 = 5 + iv]
Using the expressions above, one can easily deduce that
[0 = 0)? + 8] [ — 0)? 4 23]
hab(uﬁfa Uﬁ/) hba(vﬁya u'y) = 94 (06)

2 2
(u2 + %) (112 + %)

D Mirror particle contributions: integrability calculation

In this appendix, we provide details of the integrability calculation of the mirror particle
contributions used in the main text. We start considering the one-particle contribution in
a zero-length edge, then we consider the case of two particles in the same edge, and finally
the three-particle contribution involving three hexagons at one-loop is considered.

D.1 One-particle contribution with I = 0

Consider the hexagons H; formed by the operators O; 43 and Hy formed by the operators
O124, as on the left in figure 19. The integrand for the one-particle mirror contribution
for gluing the edge 1-4 with /34 = 0 was given in [11]. It reads

2(cos¢ — cosh(ip) cosh) sin ag

intf(v) = pa(u)e 2l (D.1)

sing

where (the cross-ratio z and the R-charge cross-ratio « are defined in (3.1) and (3.2))
? z { o fa%a
-4 <7) -4 (7) 1 ( ) D.2
¢o=—3log(Z), #=—glog(=), ip= 2og po (D.2)

Using the weak coupling expansions given in (C.1) and (C.2), one can find the integrand
up to order ¢%. The integral is done by residues and one gets the one- and two-loop results
used in our first paper [1] and the three-loop result given in (6.15).

D.2 Two particles in the same | = 0 mirror edge

This subsection is devoted to the computation of the two-particle contribution in the same
mirror edge shown in figure 19. It will be shown in particular that it contributes only at
four loops. Recall that the a-th mirror bound state &, is composed from the tensor product
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Figure 19. The contribution of two particles in the same [ = 0 mirror edge. There are two
hexagons involved, and we call them left and right hexagons. By an explicit calculation, one verifies
that it only contributes at four loops and beyond.

of two factors belonging to the a-th antisymmetric representation of su(2|2). A basis for
this representation is (a; = 3,4)

[Yay - Vag) + -, |01y -« - Vay_ 1) F ooy

(D.3)
L B N S L N B S

where (¢1, ¢2,13,14) form an su(2]2) fundamental multiplet, a is called the bound state
index, and the dots stand for permutations. As discussed in [11, 14], the basis above has
to be modified for the hexagonalization procedure to reproduce the perturbative data. It
is necessary to add so-called Z-markers to some of the basis states, and the prescription
used here follows from the one given in the appendix A of [14]. The addition of Z-markers
has two consequences: they give a contribution to the weight factors, and when one moves
and removes them using the rules given in [15], one can get factors of momenta. Note that
a rigorous explanation for the Z-marker prescription is still lacking. The dressing of the
basis states is as follows (the bar denotes antiparticles)

Z7 X (™) 270X (07 @ | & (07) 28 X (u) 2t (D.4)

left hexagon right hexagon

where X! (u) is a mirror magnon with bound state index a and rapidity u, with I being a
(flavor) index for the a-th bound state representation, and - denotes the mirror transform
that transports excitations from one edge of the hexagon to the next. The values of ¢}
and ¢/ depend on the field content of the bound-state basis elements, and whether one is

113

considering the “4” or “—” dressing. The rules to find the values of the ¢; are:

“4+” dressing : Vo — Vo, ¢1 — Z%gzﬁl ) o — Z*%@,
Vo= Ya, b 27305, Gy 226y,
“—7 dressing : Vo = Vo, 01— Z_%qﬁl, o — Z%@’
Yo = v, 6 2305, by 27205,  (D.5)

where undotted/dotted labels are left /right su(2|2) fundamental indices, and the prescrip-
tion is to average over the two different dressings at the end of the calculation. Within a
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hexagon form factor b, one can move all Z-markers to the left, and then remove them via
the rules (see appendices C and F in [15])

XZ=ePZx,  (B|ZM0) =), P =e, (D.6)

where y is a fundamental magnon, and ¥ is a generic spin-chain state. When removing all
Z-markers in this way, it is possible to show that for any value of ¢! and ¢/, all momentum
factors e cancel each other.

The hexagon form factors are matrices in flavor space. In what follows, we are going to
work in the string frame, where the non-vanishing components of the one-particle hexagon
form factors are

[]12 _ _[]21 -1, hszl _ —[343 . (D.7)

The contribution from two particles in the same zero-length bridge is the result of the
following integral

o0

M aiez10) = [ 5255575 ) 67 (D8)

a=1b=1 1,J
x b [X (w )& (™) W [ (@)W [ ()] b [ (07) X ()]

where the p’s are the measure factors, and the W’s are weight factors associated to the
particles whose origin is a PSU(2,2/4) transformation that aligns the frames of the two
hexagons [11]. In order to simplify the calculation of the matrix part (flavor sums), it is
convenient to use the following identity to have both hexagon form factors with the same
crossed arguments:

b [X ()& (0] = (1) (=1)7p [X ()G (0] | (D.9)

where the superscript ¢ indicates that the indices A and A of the excitations are swapped.
The precise values for the signs can be deduced from the crossing rules [15, 64]

h 2y ; 3 2y ; 0 2 ; v 2y ;
Xab Xba ’ Xoaﬁ _XBoc , Xaa Xaa , Xaa _Xaa (DlO)
for fundamental magnons x. In particular, one has
(—1)] = (—ypsentamsr 1, (D.11)

with f 7 the number of fermionic dotted indices. The weight factor W was computed in [11],

and it was rewritten in [14] taking both the Z-markers prescription and the “4” and “—”

dressings into account as
Wi [Xal(u'y)] — ef2iﬁa(u"/)log\z| 62'LI¢> eiRI(Hicp) 7 (D12)

where the angles were defined in (D.2), and the eigenvalues L’ and R’ of the generators L
and R can be deduced from the action of these generators on the fundamental excitations
given by (the dotted indices have opposite eigenvalues)

eilapl = e%¢17 eilop? = 6751/}2’ iRl = eéqbl’ eiRp? = e*%¢2. (D.13)
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As a consequence of the formulas above, one has

du dv
M celz:0) = [ 525" zzua (") (07 hap (0, 07) (0707 x
=1b=1

« e—Qiﬁa(u'Y)log|z| 6—2iﬁb(v7)log|z\ ]:ab ) (D14)

Here, F,; contains the matrix part and the flavor-dependent part of the weight factor. It

is given by
Far = 3 (1) (1) Wi [ (07)] Wi [Xd ()]
I,J

X O (07 )k ()| I (W)X (7)) (e ()X (07)|S = (0 )xe (u)) - (D.15)

with S being the mirror bound state S-matrix [14]. In principle, one can use the unitar-
ity of the S-matrix to simplify the expression above, however one has to check that the
weight factors do not spoil this simplification. Indeed, the S-matrix has a block-diagonal
decomposition [14, 65, 66], and fixing the indices J, and I,, one can show that the result-
ing states, after the action of the S-matrix, have a non-vanishing inner product only with
definite weight-factor eigenstates, so indeed unitarity can be used. As an example, let us
select a particular value of J, and I, to have the case Ia of [14], i.e. we have for some k
and [ that

e ()Xl (W))? = |k, 0", with [k, = [p1yd F 8 @ |grf ). (D.16)

The S-matrix, when acting on a state of type la, produces a linear combination of states
of type la of the form (N =k +1)

S|k, 1) ZHWN—n nyte . (D.17)
n=0
As a consequence of the equation above, all final states have precisely two ¢1’s and the same
total number of ¥1’s and 19’s. Thus they have non-zero inner products only with definitive
weight-factor eigenstates, and this selects only a particular non-trivial set of values for J,
and Ip. Using the unitarity of the S-matrix, we have

1
]:ab = 5 (_l)a(_l)b (T;_le_ + Ta_Tb_)v (D18)

2

where the factor of 1/2 is present because we are averaging between the “+” and “—
dressings, and the TF are twisted transfer matrices given by

sin a¢

T+ = 2(—=1)%(cos ¢ — cos(6 = ¢)) Sng (D.19)
Notice that the twisted transfer matrices are defined by
T* = Ty, [(—1)FeiL¢eiR<9iw>] (D.20)
_ (_1)(1 ( iagp Ze—anqﬁ 2008(9 4 (P 7, a— 1)(7526—2171(]5 + ez(a 2) ¢Ze—21n¢>
n=0
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Substituting the expression for F; in (D.14), it only remains to evaluate the integral. Using
the weak-coupling expansions given in appendix C, it is easy to see that this contribution
contributes only at four loops. The integral is easily evaluated by residues and at order ¢®
it gives

same edge

M@ (2704)‘ =2 [(z—a)2(z—a)2 (z—a)2(z—a)2:| )
X <é (F<2>(z,z))2 - %F(l)(z, 2) F(3)(z,2)> : (D.21)

where M| F®) and F®) were given in (4.4), (4.5), and (6.16). Another representation
for F(L) is

L
F(z,2) = — [Z "L = m)t logm(zz)(LigL_m(z)—LiQL_m(z))] . (D.22)

(L —m)!m!

D.3 The three-particle contribution

Next, we compute the three-particle contribution, shown in both figure 14 and figure 20,
using integrability. Note that this is a particular kind of three-particle contribution, as one
can flip the line connecting the operators at positions x7 and x5, such that it connects the
operators at position zg and z4 instead. These two kinds of three-particle contributions
are related by flipping invariance, and it is possible to deduce one from the other.

To compute the three-particle contribution, it is necessary to evaluate four hexagon
form factors b, to use three weight factors W for gluing the hexagons together, and to sum
over three mirror bound-state basis elements X', whose bound state indices are going to
be denoted by a, b, and c. The three-particle contribution is given by the integral

<

3
(21,22,23,041,042,043) =

2225%%%MWM@W@ZW%WMWWX
a=1b=1 LK

X B (ug) A (uy WIS (u3)] DA (1) Xy (uy ] WIS (u])] BT (u])] . (D.23)

A naive basis, i.e. without the Z-markers, for the a-th mirror bound state X is given
n (D.3). The dressing of the states by Z-markers with exponents ¢; appearing below are
found using the rules of (D.5). Notice the values of #{, t§ and t£ depend on the field
content of the bound state basis elements, and on whether one is considering the “+” or
the “—” dressing. We have

5 — I, 4] = _ J
275X (ug ")) @ | X (u3) 2527 X (uy ")) @] (u3) 2% 27 X (up ) @ | XK (u]) 215 ) -

left hexagon second hexagon third hexagon right hexagon

(D.24)

— 88 —



oo oe oo oo mO R ~
%, R —, &

AVA\VAV/RY

Figure 20. The figure at the top represents the four hexagons involved in the three-particle com-
putation. The circles and the corresponding squares represent complementary sets of fundamental
indices, i.e. if one of them equals 1, then the other equals 2, if one equals 3, the other equals 4, and
vice versa, see [15]. The hexagons are glued together using three weight factors W (not shown in
the figure). We have chosen to rotate some of the particles of the second and third hexagons by
sequences of mirror transformations. The figure in the middle represents the contractions of the
flavor indices, and the white circle with four lines denotes a mirror bound state S-matrix. The last
figure schematically shows the sum over the indices denoted by circles and squares. The sum is
not a straight trace, but rather is weighted by the three weight factors WW. We restrict ourselves
to operators that lie in a common plane; in this case the weight factors are diagonal in the mirror
state space. The result of the last figure is proportional to the three-particle matrix part. Note
that it involves two mirror bound state S-matrices, and, unlike in the two-particle contribution, the
sum represented by the red lines includes elements that are non-diagonal in the su(2|2) preserved
by the hexagon.

Moving all Z-markers to the left and removing them, one gets some non-trivial factors of
momenta that will contribute to the integrand. The expression above is equal to

i) 2 =it p(u3) /2 itd p(u]) /2 =it p(u) /2

X & (ug 7)) ® X () X (uy 7)) ® | (ug) X, (uy 7)) @ | X, (u])) . (D.25)
———

left hexagon second hexagon third hexagon right hexagon

A mirror particle-antiparticle pair is always created on a mirror edge shared by two
hexagons. The particle is absorbed by one of the hexagons, the antiparticle is absorbed by
the other hexagon. The weight factor originates in the symmetry transformation needed
to bring both hexagons to the same frame — this transformation acts non-trivially on the
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mirror particles as one moves them from one hexagon to the other. The expression for
the weight factor was given in (D.12), here we give its expression for the case with more
cross ratios

W:I: [‘Xall (U;Y)] _ 6—21’]7%(ui)log|zi\ez‘Lf@eiRI(Oi:I:cpi) , (D.26)

b Z; s o; . (a7 1o %
el‘f% — =, 6161 = —, i = —_ (D27)
Zi (&%) Zi%Zi

and the charges of the fundamental excitations under the generators L and R are given
in (D.13).
In the expression (D.23), the hexagon form factors corresponding to the left and right

with

hexagons only have one excitation. These hexagons have a trivial dynamical part and they
contribute only with a possible sign that can be computed using a combination of the one-
particle hexagon form factors given in (D.7). In addition, they imply that the excitations
with rapidities u; and us are both composed of transverse excitations only, and that their
states are not changed by the scattering with the particles with rapidity us. As a matter of
choice, we are going to mirror-rotate the two middle hexagon form factors before evaluating
them. One has for the non-zero cases

b (u) X (ug )] = (—1)Feerss + 07 g (us™) X (ud)] (D.28)
with f; the number of undotted fermionic indices in the set J, and
b (u3) XS (u )] = (= 1) B () (ud)]. (D.29)

Notice that an important property of the dynamical factor of the hexagons that will be

used below is 1
h 57, MN= . D.30
b(u v ) hba(v’Y,uV) ( )

Collecting the expressions above, we have

d d d a Y v c v
M®) (21, 29, z3, a1, oz, 3) :ZZZ/UIWU’?’ Ha (1) Ho(uz) pe(ts) X

21 21 27 hep(ud, ug) hpa(ug, ul)

o 2iPa(u])log |z1| o~ 2y (u3)log 22| ,—2ipe(ulog|zs| 1 1

9 abc s

(D.31)
with?®?
Fube = Z (_1)ﬁscalarsj+fj (—1)® cithp(u3)/2 —ityp(u3)/2 Litsp(ul)/2 =it p(u3)/2 o
I, K
x B[ (ug ) WELX] (u)] WEL (ud)] WERS (u])] B[ (u])] (D.32)
x (ol ()i (IS g (ud) k= (ud)) O (ud) e (]IS (u) ) xi (u)

40We have changed all the matrix part arguments: 5y — 7. It seems at least at one-loop that possible

additional signs from a nontrivial monodromy of the S-matrix are not important. Notice that every index
breaks in two, for example I — {I,, I}, however these two indices are related for the first and the last
hexagons to give a nonzero result, as they are fused one-particle hexagon form factors.
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The mirror bound-state S-matrix using the “hybrid” convention! was derived in [14] by
adapting the derivation of the physical bound-state S-matrix of [66]. The S-matrix has
a block-diagonal form, and it can be organized into three cases, depending on the values
(2,1,0,—1,—2) of the following charge (the superscripts 1 and 2 denotes the first and the
second bound state being scattered)

C1 = o] + T — s — i3 - (D.33)

A basis for each case can be found in [14], and they are functions of two parameters k and
[ that are related with the number of fields 1o within the bound states. The S-matrices
are denoted by H, Y, and Z for the cases I, II, and III respectively. Notice that the sum
in Fupe has many terms, and each term involves a product of two S-matrix elements that,
because of the sum in J corresponding to the ug rapidity, can be diagonal or non-diagonal,
see figure 20. Some of the terms do not contribute at one-loop order, and to select the
ones that do contribute, one has to analyze the dependence of the S-matrix elements on
g*. Using the results of [14], we have in a particular basis

O(1) O(g) O(g) 0
O(g) O(1) 0 O(g)
HM (W, 0) ~ O(1), YR (@, 00) ~ o) 0 o) ol | (D.34)
0 o) 0fg) O(1)
and
O(1) O(g) O(9) O(g*) O(g*) O(g?)
O(3) O(1) O(1) O(g) Og) O(g)
100 oy O(%) 0(1) 0(1) O(9) O(g) Oly)
Ze )~ | o) o) o) o) oq) o (B-35)
O(1) O(g) O(9) O(g*) O1) O(g?)
O(1) O(g) O(g9) O(g*) O(g*) O()

As an example, let us evaluate one of the contributing terms of Fup., namely the term
proportional to ajasas (where «; are the internal cross ratios, defined as in (3.3)). One
can show that this term is obtained using the + dressing and it only involves diagonal
S-matrices elements. We have at one-loop order

) a—1 b—1c—1 u2 + 2
g _ __1\a+c/__1\b(atc) 3 "4
]:abc ajasas ( 1) ( 1) u2 + a2 X
m=0 [=0 k=0 1 4
a b c
2 2—l S—k
1 z1\ 2 m 29\ 2 23\ 2
X - — — Hﬁ’l(ulu;) Hll’k(ug,ug) . (D.36)
Z122%23 Z1 Z9 z3

After computing F,p. at one loop, one has to perform the triple integration in (D.31).
The integrand is singular for @ = b and/or b = ¢, because it has a pole lying on the

“'Tn the hybrid convention, the supercharges schematically act on the fundamental particles as Q|x) =
1 1
|Z2x) and S|x) = |Z~2x). Notice that the powers of the Z-markers differ from both the spin frame and
string frame.
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integration line. We regularize the integral using the same ie prescription used for the two-
particle calculation of [14], described there in appendix E. Basically, we close the contours
of integration of ug and us from below, and the contour of u; from above. With this choice
of contours, we do not get the contributions from the poles u; = us and ue = ug, due to
the ie prescription. The integration can be done for chosen values of a, b, and ¢, and this
generates a power series in z1, 29, and z3. Taylor-expanding the result for the three-particle
contribution given in (3.8), one can show that both series agree.

This concludes the integrability derivation of the three-particle result. As mentioned
in the main text, the same result can be derived assuming that flip invariance holds. It
would be very interesting to integrate (D.31) directly and get the full three-particle result
instead of its Taylor expansion. We leave this for future work.

E The planar n-point functions of BPS operators and non-1EI graphs

In this appendix, we further test the integrability formula for the 2n-gon given in (3.13).
We start by comparing the integrability result for the planar n-point functions of length-two
BPS operators in a plane derived using this formula with the perturbative data at one loop
computed in [67]. It will be shown that both results agree. In principle, one can compare
the results for BPS operators of any length, however the combinatorics for the general case
are complicated due to non-trivial cancellations among the different contributions. The
argument for the general case will be based on the relation between the integrability results
and the N = 2 formulation of N’ =4 SYM that was also used in [13]. We end the appendix
with a discussion about non-one-edge-irreducible graphs at one loop. These graphs were
expected to cancel among themselves for some cases, and they were excluded from the
calculations of four- and five-point functions in [11, 14]. In this paper, the multi-particle
mirror contributions were determined, and it is now possible to compute the contributions
from all graphs without making any assumption. It will be shown that this will imply a
refinement of the prescription of the sum over graphs of [11].

E.1 The correlation functions of n BPS operators

E.1.1 The case of n 20’ operators

The connected planar one-loop correlation function of n BPS operators of lengths k; was
computed perturbatively in [67]. The result is

2

g
(Ok, (1) Ok, (22) - . . O, (z1)) =
connected
Z kik‘jk‘lk‘p DijlpDiSk Oki_lij_l(Dkl_l(ka_l; H(Okm , (El)
i7j7l7p m#{i7j7l7p}

where the summation over i, 7,l,p is to be understood as follows. For every set of four
different indices {1, j,l,p}, one has only three different terms in the sum, precisely ijlp,
tljp and ¢jpl. In addition, Disk means the tree-level correlation function with all the Wick
contraction lines contained inside a disk, and with the operators listed in the first argument
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being inserted in the boundary of the disk, respecting their cyclic order, and the operators
in the second argument inserted inside the disk. In evaluating the function Disk, one also
does not consider disconnected graphs. Notice that the four operators at the boundary of
the disk are already connected to each other by interaction lines lying outside of the disk,
and this has to be taken into account when classifying the disconnected graphs. As an
example, the graph where all the operators at the boundary of the disk are not contracted
with the ones inside the disk is disconnected. Finally, using the definition of m given
in (3.9),

Dijip = 2m(zijp1)dipdji + 2m(zipji)dijdyp (E.2)

with the cross ratios z;;; being defined as

2 2 .2

2
_ i7"kl _ il ik

ZijklZijkl = 5 5 > (1 = zijr) (1 = Zijm) = —5—5 - (E.3)
LikTj1 TikTj1

Notice that the function D is invariant under both a reflection and a cyclic rotation of its
indices due to the properties of the function m given in (3.11). This is consistent with the
fact that there are only three terms in the summation (E.1) for every set of four indices.

Here, we are going to consider the restriction of the general formula (E.1) to k; = 2 for
allt =1,...,n. Moreover, in order to compare the perturbative result with the integrability
result, it is enough to consider the contribution to the sum in (E.1) coming from a definite
set of four indices, say {1,2, 3,4} for definiteness. For this set of indices, we have that the
sum on the right-hand side gives

n
= 2* Dyy34 Disk |O1OFOF0OY; [T 05" | +
m#{1,2,3,4}

r.h.s. of (E~1)‘{1,2,3,4}

n n
+ 2" Digp4 Disk | O10070%; [] 05| + 2" Diaas Disk |0107010%; [[ 05| - (E4)
m;é{]_727374} m#{1727374}

The Disk correlation functions appearing above can be computed in a closed form. By the
definition of the Disk function, one has to consider only connected planar correlators, and
there are two distinct cases that have to be considered. Firstly, two neighboring boundary
operators can contract, and the remaining operators form a string starting and ending on
the remaining boundary operators. Secondly, it is possible to have two separate strings
starting and ending on two neighboring boundary operators. We have, for example

Disk |0} 0?0301 Hoﬂ = 204 M > [dijdm@da@a(@...dg(n),
m#{1,2,3,4} i,j,k,0 €{1,2,3,4} permutations
(i,5) and (k,l) neighbors o of {5,....,n}

(E.5)

n—1
+ Y dio(5)do(3)(6) - - - do() ko (p1) Do (ot Do (p42) - - - do(my
p=>5
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As an example application of the formula above, let us consider the following five-operator
case

Disk [0] 010 01; O3] = 2 (d12dssds4 + dsadisdss + diadasdss + dosdisdsa) - (E.6)

Using the formula (E.5), one can compute (E.4). Recall that the D function given in (E.2)
is a sum of two terms and each of them contains a function m with some argument. In order
to compare with the integrability computation, we can focus on the terms with m(z1423)
and m(z1324), as the argument for the remaining terms is similar. Firstly, notice that

m(z1423) + m(z1324) = 0, (E.7)

and that both of these functions appear multiplied by djodss in D934 and Di943 respec-
tively. This implies that the contributions to (E.5) proportional to m(z1423) and m(z1324),
consisting of strings of operators starting at the operators O; and O3 and ending at the
operators Oy and Oy respectively, cancel among themselves. For m(z1423), one has the
final result

(E.4) \m( = 2" m(21423) d12d34 X

21423)

X Z d14d2o(5)d0(5)0(6) s da(n)3 + d23d10(5)d0(5)0(6) s da(n)4
permutations
o of {5,...;n}

+ ) dio(5)do(3)0(6) - - - dop)a@20(ps1) o 1)omr2) - - Aoz | - (E-8)
p=>5

The next step is to compare the above result with the integrability calculation. The
integrability result can be obtained by using the formula for the 2n-gon given in (3.13).
The argument of the function m appearing in that formula is given by the cross ratios

2 2 2 .2
_ . 2,j+1%i+1,5 _ i gvitl, 541
ZijZijg = 5 (1=z2ij)1-z;)=—F—3. (E.9)
2 72 T 72
i1 g 5+1 t,i+177,j+1

where i and j labels the operators in the polygon with i # j, i+1 # j and i # j+ 1 modulo
n. The cross ratios z;;i; were defined in (E.3) and they are related with z; ; by

Zij = Zij+litlj - (E.10)

The connected tree-level graphs of n length-two BPS operators consist of polygons with n
vertices. The integrability computation, assuming that disconnected tree-level graphs give
zero contribution, consist in using the 2n-gon formula of (3.13) for the tree-level connected
polygons. Note that the internal and the external polygons give the same result, hence
one gets a factor of two. The terms proportional to m(z1423) are generated by polygons
where (7,7 +1) = (1,2) and (4,7 + 1) = (3,4) for some i and j, as consequence of the
relation (E.10). Summing over all possible polygons, it is not difficult to see that the
integrability result agrees with the perturbative result of (E.8). The argument is similar
for the other terms m(z;jx), and this proves the equality of both computation methods.
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E.1.2 The case of n arbitrary BPS operators

We have shown above that the integrability result for the n-point function of length-two
BPS operators agrees with the perturbative answer. The perturbative result was computed
using the general result for correlation function of BPS operators described by Drukker
and Plefka [67]. In principle, one can use a similar procedure as above for proving the
equality for general BPS operators. However, the combinatorics for the general case are
more complicated, and one has to take into account nontrivial cancellations between terms
with different D(z;j1;). We are going to argue that the integrability result agrees with the
perturbative result by using the AV = 2 off-shell superfield formulation of N' =4 SYM as
discussed in [13, 68].

The N = 4 supermultiplet decomposes into a N' = 2 supermultiplet and a hypermulti-
plet. When computing a correlation function of BPS operators, it is possible to restrict the
polarization vectors to a certain subspace, and treat the external operators as containing
only hypermultiplets. The polarization vectors Y (we called these a; for most of this work)
were parametrized as a function of a complex parameter £3; in [13] as follows

1+ BiBi 1-BiB;i
Yﬁi:< Zﬁﬁ,z 255

,iImBi,iReﬁi,0,0> . (E.11)

Notice that the polarizations above give, for a generic value of the parameters 3;, a non-zero
inner product between two arbitrary polarizations vectors. This property of the polariza-
tions is important for the integrability computation, since when some of the inner products
are zero, it is necessary to consider deformed graphs, as for example in the subleading
computation of section 6.2.2. By a direct computation one has

Yo, - Y, = yi; = (Bi — B)(Bi — Bj) - (E.12)

The one-loop correlation functions in the AN/ = 2 superfield formalism are computed by
inserting ' = 2 YM lines in all possible ways in all tree-level graphs, see [13] for details.
Take two edges of a tree-level graph, one connecting the operators O; and O; and the other
connecting the operators O and O;. Deleting two propagators and respecting the cyclic
order, one inserts the following function for computing the one-loop correction:

2

Fijiu = %Tij;kl dijdii gijret Fijont » (E.13)

2

. _ .2
where Tj;.;; is a color factor, d;; = yij/a:ij, and

2,2 22 4

- _ 2.2 2 2 9 o [ YaYjr  YirYj 1 d*zg

Fija = 25, — 232 — 252 | 55 — 5.2 | » 9ik=— | 372 2 = (El4)
YijYu  YijY% T T TakTal

Defining the following cross ratios (similar definitions apply to the R-charge cross ratios

aijkl)
2.2 2.2
~ = ik 5l ~ = il jk
ZigZign = —5—5 > (1= Zije)(1 = Zju) = —5—5-, (E.15)
Li5Tk Li5%k
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Figure 21. The two kinds of non-1EI graphs that appear in the computation of a five-point
function of three length-two and two length-three BPS operators. The perturbative result was
reproduced by an integrability calculation in [14] without considering these graphs, in other words
their contributions must vanish. In this paper we have computed the n-particle contribution, and
show that they indeed give a zero contribution.

it is possible to rewrite (E.13) as
Fijit = —Tijip dijdig m(2ijui) » (E.16)

where the function m(z) is defined in (3.9), and it is the same function appearing in the
formula of the 2n-gon. It is possible to get rid of the minus sign above by using the last of
the m function identities given in (3.11), and by changing variables z;j1; = (1 — 2z ).

In the integrability calculation, one hexagonalizes the tree-level graphs and corrects the
tree-level result by adding the mirror-particle contributions. It follows from using (E.16)
that disconnected tree-level graphs give perturbatively zero contribution at one-loop order,
and the only tree-level graphs that one has to consider are connected graphs that decom-
pose the sphere into a set of polygonal faces. It is hard to prove using integrability that
disconnected graphs give a zero contribution at one loop, as the calculation involves loops
and spirals. See appendix F for details. However, using our prescription, it is possible to
argue that they vanish, and all the integrability contributions from any planar graph can be
calculated using the 2n-gon formula. Due to the fact that the same function m appears in
the 2n-gon integrability formula and in the perturbative building block Fjj,;; defined above,
it is easy to see that the integrability result agrees with the perturbative result for general
n-point functions of BPS operators. In particular, this implies the non-renormalization of
the extremal and next-to-extremal correlation functions by integrability, as mentioned in
section 3.2.

E.2 On non-1EI graphs

The connected graphs were classified into two types in [11]: the one-edge irreducible (1EI)
graphs and the non-1EI graphs. By definition, 1EI graphs are graphs that do not become
disconnected when a set of lines connecting any two operators are cut. Typically, non-1EI
graphs have more zero-length bridges, hence their calculations using integrability are harder
because they involve more multi-particle contributions. In this work, we have computed
these integrability contributions, and we are in a position to evaluate all non-1EI planar
graphs without making any assumption about them.
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Figure 22. One non-1EI graph contributing to the five-point function of four length-two and
one length-four BPS operators. Contrary to the original expectation, this graph gives a non-zero
contribution from the integrability calculation. This requires a refinement of the prescription for
summing over graphs of [11].

We start by showing that the non-1EI graphs not considered in the analysis of the
five-point function of three length-two and two length-three BPS operators done in [14] do
indeed vanish. The graphs are shown in figure 21. Considering that the five-point function
lies in a plane, there are four spacetime cross ratios characterizing it (similarly for the
R-charge cross ratios). They are given by

2 .2 2 .2 2 .2 2 .2
o5 — F12734 L (1—2)(1-2) = L14%23 . ww = L15%34 . (1—w)(1—w) = T1aT35
2 .2 2 .2 2 .2 2 2
T13T24 L13T24 L13T54 3313?5}%517)

One can use the 2n-gon formula of (3.13) to compute the integrability result for these
graphs. The relevant polygons have the edges

Diagram a) = {1,5,3,4,2,4,3,5}, Diagram b) = {1,2,5,4,3,4,5}. (E.18)

Using the properties of the functions m given in (3.11), it is possible to show that indeed
the graphs of figure 21 give a zero one-loop contribution, and the comparison between
integrability and the perturbative data of [14] is correct.

In [11], the prescription for summing over graphs was to not include non-1EI graphs
in the summation, because they were expected to vanish. Using this prescription, the four-
point functions of arbitrary BPS operators and some five-point functions were computed
using integrability, and the result agreed with perturbation theory. Nevertheless, the gen-
eral case for n-point functions is more complicated even at one loop. In figure 22, we show
an example of a non-vanishing one-loop non-1EI graph for the case of four length-two and
one length-four BPS operator, as one can see by computing the graph using the 2n-gon
expression of (3.13) (it gives two times the one-particle contribution of the square). This
result contradicts the assumptions of the prescription that has to the refined. The correct
prescription is to sum over all graphs including both 1EI and non-1EI graphs. This gives
the correct result for arbitrary one-loop planar correlation functions of BPS operators, as
argued in the previous subsection using YM insertion lines.
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Figure 23. In the left figure, we depict a disconnected graph drawn on a sphere, including its
hexagonalization. The solid lines are non-zero-length bridges, while the dashed lines denote zero-
length bridges. The red dots are a combination of magnons that can potentially contribute at one
loop. On the right, we drew a corresponding subtraction graph which is given by two disconnected
spheres, each with one marked point.

F Contributions from disconnected graphs

In this appendix, we discuss disconnected planar graphs on the sphere, and argue that
their contribution to the planar four-point function vanishes at one loop (in agreement with
perturbation theory). In fact, there is only one disconnected planar four-point graph; it is
depicted in figure 23, including its hexagonalization. Much like the secretly planar graphs
discussed in the main text, this graph corresponds to a degenerate Riemann surface, namely
a sphere which splits into two connected components. We therefore need to consider Dehn-
twist identifications as well as the subtraction of the degenerate case in order to correctly
evaluate its contribution.

As shown in the figure, the graph has a cycle formed by the zero-length bridges, and
one has to identify magnon configurations that are related by Dehn twists performed on
this cycle. Asin the case of secretly planar graphs discussed in the main text, we conjecture
that the net effect of the Dehn twist is to identify configurations that include closed loops of
magnon with the analogous configurations without any loops. For the tessellation we chose,
the only configuration that does not contain a loop (and that “feels” all the four-operators)
is the one depicted in figure 23 (on the left). The contribution from this configuration is
given by polygon(1,3,1,2,4,2), which evaluates to zero owing to the pinching rule.

Having evaluated the contribution from the disconnected graph on the sphere, the next
task is to evaluate the subtraction, which comes from two spheres, each with two operator
insertions and a single marked point (on the right in figure 23). As discussed in section 2.4,
their contributions are related to the one without marked points by a shift of the gauge
group rank. Since the (planar) two-point functions do not receive loop corrections, this
immediately shows that the contribution from the subtraction is zero for our case.

Therefore, in summary, we have (0 —0) = 0, which shows that the disconnected graphs
do not contribute at one loop, as claimed in the beginning of this section.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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