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Abstract
A homogenized framework for ductile damage accounting for the effect of void growth on the thermomechanical
response of single crystals under dynamic loading (CPD-FE) is developed. The current framework extends our prior
work (Nguyen et al., 2017) by incorporating the yield function of Han et al. (2013) for porous single crystals to govern
the degradation of the macroscopic critical resolved shear stress. Validation of the model against direct numerical
simulations shows a significant improvement in accuracy under conditions of macroscopic shear loading. The model
parameters are calibrated to Kolsky bar (split-Hopkinson pressure bar) and plate impact experiments, and utilized
to predict spall strength of single crystal copper in (100) orientation. Simulation results exhibit favorable agreement
with single crystal plate impact tests over a range of strain rates and shock compression pressures. These simulation
results are used to further interpret previous experimental observations on the rate and pressure sensitivity of spallation.
Lastly, a simple analytical model for spall strength depending on the temperature, strain rate and pressure is proposed,
which shows agreement with molecular dynamics (MD) simulations and experimental results. This analytical model of
spall strength concisely captures the physical mechanisms governing the effects of pressure, strain rate, and temperature
on spall strength.

Keywords: Crystal plasticity, Damage, Failure, Fracture, Strain rate, Spall, Shock, Void

Dated: January 16, 2020

1. Introduction and background

Under impact loading conditions in ductile metals, the interaction of rarefaction waves often leads to the nucleation
and subsequent growth of voids in a dynamiic process referred to as spallation. The apparent spall strength of a
material, often characterized by features of the velocity time history measured in plate impact experiments (Meyers,
1994; Antoun, 2003; Mallick, 2019), is actually a complex interaction of several competing mechanisms. Optimizing
the spall strength of metals is important to their utility within the aerospace, automotive, and defense industries,
and can be achieved using advanced manufacturing strategies, if we can better understand and model the microscale
mechanisms associated with void growth under dynamic conditions. The spall strength of metals has historically been
studied at a macroscopic scale using plate impact experiments (e.g. Meyers, 1994; Escobedo et al., 2011; Bronkhorst
et al., 2016; Jones et al., 2018), and at a microstructural scale by molecular dynamics (MD) simulations (e.g. Luo
et al., 2009a,b; Dongare et al., 2010; Fensin et al., 2012; Hahn et al., 2018) and as well as isotropic (e.g. Molinari and
Mercier, 2001; Czarnota et al., 2008; Jacques et al., 2010) and anisotropic continuum modeling (e.g. Lieberman et al.,
2016; Moore et al., 2018; Nguyen et al., 2019). The spall strength can be estimated using acoustic approximations
based on the pullback velocity of the free surface measured during plate impact tests, (Meyers, 1994; Kanel et al.,
2001; Kanel, 2010; Turley et al., 2018; Mallick et al., 2019). From MD simulations, the actual values of spall strength
(or peak longitudinal stress) associated with the dynamics of a nucleating and growing void can be directly quantified
at high strain rates (e.g. 103-10!! s71). Using these methods, several researchers have contributed to the fundamental
understanding of microstructure characteristics that influence polycrystalline metal spall strength, which includes
the amount of impurities (Chen et al., 2006; Mallick et al., 2020), grain size (Buchar et al., 1991; Minich et al.,
2004; Escobedo et al., 2011; Wilkerson and Ramesh, 2016b), and grain boundary misorientation (Brown et al., 2015;
Lieberman et al., 2016; Nguyen et al., 2019), to name a few.

Within high purity metal single crystals, the key factors reported to affect spall strength are the crystal orientation
(Minich et al., 2004; Turley et al., 2018), and the loading conditions including the shock pressure (Minich et al.,
2004; Turley et al., 2018), tensile strain rate (Srinivasan et al., 2007; Turley et al., 2018), and the pulse shape of the
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incident shock wave (Gray III et al., 2007; Luo et al., 2009b). However, the reported trends relating the apparent spall
strength in single crystals and these key factors seem to contradict each other in some cases. For example, orientation
dependence was observed in the experiments of Minich et al. (2004); Perez-Bergquist et al. (2011); Turley et al. (2018),
but not in MD simulations of Luo et al. (2009a) at a very high shock pressure. Also, some of the observations of
orientation dependence made solely from experiments are inconsistent with each other, for example in single crystal
copper the (100) orientation was observed to be stronger than the (110) orientation by Minich et al. (2004) and Turley
et al. (2018), but weaker than the (110) orientation by (Perez-Bergquist et al., 2011), at similar magnitudes of peak
shock pressure. Similarly, the spall strength was reported to increase with shock pressure in Minich et al. (2004) and
Turley et al. (2018), but is observed to decrease with shock pressure, presumably because of the increase in shock
temperature, in the MD simulations of Luo et al. (2009a).

While MD simulations provide more detailed insights to the processes occurring within the crystal lattice during
the spallation process, they are presently restricted to strain rates that are much higher than those typically associated
with experiments. Continuum models offer the opportunity to bridge across the disparate time scales, but require
that the appropriate mechanisms are incorporated into the constitutive theory for single crystal behavior. We have
previously developed a dislocation-based continuum theory for the evolution of voids within single crystals applicable
to impact and shock loading, which accounts for anisotropic elastoplasticity and competing mechanisms of void growth
(Nguyen et al., 2017). However, this theory diminished the coupling between far-field shear stresses and pressure on
the local void growth behavior. In the present paper, we extend our previous theory to better account for this coupling
in order to develop a continuum framework that can effectively isolate the role of orientation, strain rate and shock
pressure on the apparent spall strength of single crystals.

The paper is organized as follows. The original theory developed in Nguyen et al. (2017) is briefly presented in
section 2 and followed by details of the new extensions to the theory, including heterogeneous nucleation of dislocations
and the inclusion of a nonlinear thermoelastic equation of state in in subsection 2.1, the incorporation of the effects
of porosity on the macroscopic shear stress threshold in subsection 2.3. Numerical simulations of spallation under
plate impact loading are presented in section 3, which is divided into separate subsections on the calibration of the
plasticity parameters in subsection 3.1, and damage distribution parameters in subsection 3.2. Section 4 provides an
interpretation of simulation results that explains the pressure dependence of spall strength in single crystal copper.
Finally, a brief summary of the theory and results closes the paper in section 5.

2. Theoretical framework

The present model is an extension of our previous model (Nguyen et al., 2017), which comprised porous anisotropic
elasticity, rate-dependent dislocation-based crystal plasticity suitable for large deformation rates, physics-based evolu-
tion of the dislocation substructure, and void growth governed by micro-inertia and dislocation kinetics. Within that
model, the rate of crystallographic slip was determined through Orowan’s expression in terms of an evolving dislocation
density field and the effective mean velocity for the mobile population of dislocations. An averaging scheme relates
the evolution of the macroscale (i.e. far-field) dislocation density to its spatial distribution in the vicinity of voids in
the material. The kinetics of void growth are described by closed-form approximations derived from a representative
spherical shell of solid matrix material surrounding the void, which account for the micro-inertia, high-rate dislocation
dynamics, and dislocation forest interactions. To improve the model’s ability to represent spallation over a large range
of shock pressures, strain rates, and crystal orientations, the previous model is extended here to include heterogeneous
nucleation of dislocations that can occur under even weak shocks, a nonlinear thermoelastic equation-of-state to extend
the pressure-volume relationships as required for modeling shock waves, and enhanced approximations of the local shear
stresses near the void surface. Each of these extensions are described below using a notation consistent with that in
Nguyen et al. (2017). The complete set of constitutive equations have been implemented into a user-defined subroutine
using the VUMAT interface within the commercially-available finite element analysis software Abaqus/explicit (Hibbit
et al., 2012). Detailed descriptions of the direct numerical simulations (DNS) and boundary value problems (BVPs)
used below to demonstrate the improved performance of the model under simple shear and uniaxial strain loading are
provided in Nguyen et al. (2017). All of the numerical simulations were conducted using Abaqus/explicit.

2.1. Review of the dislocation-based viscoplasticity model

In this work, the dislocation kinetics for each slip system («) is modeled to capture the stress (7) versus dislocation
velocitity (v, ) relationship in the drag-dominated regime, as described (Lloyd et al., 2014),

()
{’T(O‘)’ - Tc(g)} sgn (7—(0‘)) = B;iol_(;(j;)/cga))z , (21)
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Parameters Value Unit Comments

Initial material state

0mo 1073 um~2  fixed, simulation results insensitive to value
0imo 102 pum~2  fixed, simulation results insensitive to value
Strength parameters

b 2.56 A

T0 10 MPa

Cl 0.5 —

1 41 GPa

Dislocation density evolution parameters

Crnult 7.68-107° — calibrated in this work

Ctrap 5.1073 — calibrated in this work

Conn 1 — calibrated in this work

cim 1 - calibrated in this work

Qhet 1.4-10° pum~2  (Austin and McDowell, 2012)

Tonin To - Adjusted from (Austin and McDowell, 2012)
Tmaz 1= — (Austin and McDowell, 2012)

Mhet 0.7 — (Austin and McDowell, 2012)

Damage distribution parameter

Ly 10 pm calibrated in this work

Yo 5-1073 — calibrated in this work

Equation of state

Po 8940 kg/m?  (Meyers, 1994)

Co 3930 my/s (Meyers, 1994)

s 1.49 — (Meyers, 1994)

r 2.0 4 (Meyers, 1994)

Elastic modulus

Ciy 169 GPa (Every and McCurdy, 1992)

Ci2 122 GPa (Every and McCurdy, 1992)

Claa 75:3 GPa (Every and McCurdy, 1992)

Table 1: Material model parameters for single crystal copper used for simulations in this work. All other model parameter values not listed
here are identical to those listed in Nguyen et al. (2017).

with {-} £ %() + %| - | denoting the Macaulay brackets. By, b, and ¢, denote the dislocation phonon drag viscosity,

Burgers’ vector, and shear wave speed, respectively. The critical resolved shear stress in each slip system, T(S,? ), is
modeled by the nonlocal hardening law (Nguyen et al., 2017) as below,

Ly
1 o
TC(,‘?‘) =17+ "% W /CLH(a)b ggf} dr. (2.2)
a

In the above equation, 9, p, 1, and Qi‘jﬁ} denote the Peierls stress, the shear modulus, Taylor interaction constant,
and effective dislocation density, respectively.

The current model includes a description of dislocation-dislocation interactions through dislocation density evolution
models (Austin and McDowell, 2011; Lloyd et al., 2014; Luscher et al., 2017), which includes terms representing
dislocation multiplication e.g. from Frank-Read sources, the annihilation of and immobilization of glissile dislocations,
and nucleation of fresh new segments of dislocations. These mechanisms are described by the following evolution
equations for each slip system:

640 = 08+ BNy — 047y — G — ol (2.3)

o = o450y — ot (2.4)

where subscripts nuc, mult, trap, and ann denote nucleation, multiplication, trapping and annihilation, respectively;

m and im denote mobile and immobile dislocation fractions, respectively. The detailed constitutive models for g‘fjjfdt,
g'gf‘gp, om@) 58 and 6im(®) used here are the same as those defined by Lloyd et al. (2014).

Homogeneous dislocation nucleation is omitted from calculations discussed in this paper, because the present scope
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is restricted to shock pressures less than 15 GPa; however, the framework and numerical implementation readily
admit a source term for homogeneous nucleation. The nucleation parameters used here are those from Austin and
McDowell (2012) with some adjustments denoted in Table 1 for the present application to single crystals rather than
polycrystalline copper. In particular, apetr, Mper and Tya, were taken from Austin and McDowell (2012) without
modification.

Austin and McDowell (2012) used the shear stress corresponding to the Hugoniot elastic limit for the lower bound
for the heterogeneous dislocation nucleation stress, i.e. T, because heterogeneous dislocation emission can occur
immediately upon initial yielding. Similarly, in this work, 7,,;, is assumed to be equal to the Peierls stress, i.e.
Tmin = T0, because the initial dislocation density is small.

We further restrict that heterogeneous dislocation nucleation is only activated under compression. The hetero-
geneities in the form of inclusions that act as either void or dislocation nucleation sites cannot serve as dislocation
nucleation sites after a void has nucleated at said site. In general, the voids themselves may serve as dislocation
nucleation sites during the tensile phase of loading; however, this requires extremely high tensile stresses, e.g. = 6 GPa
in copper, (see Lubarda et al., 2004; Wilkerson and Ramesh, 2016a), which is beyond the scope of the current work.

2.2. Equation of state

Under increasingly larger shock pressures, the extension of linear thermoelasticy to include pressure- and temperature-
dependent second-order elastic moduli becomes insufficient to describe the pressure, p, specific volume (per mass), v,
and temperature, T, relationship necessary for adequately representing a shock wave (Luscher et al., 2013). For these
larger amounts of compression, an equation of state (EOS) is more appropriate to describe this nonlinear thermoelastic
behavior. However, for the range of the shock compression considered in the simulations presented in this paper (i.e.
less than 15 GPa), the effect of temperature evolution on pressure is negligible (cf. Luscher et al., 2013). Future
improvements of this model to include the temperature evolution as in Luscher et al. (2018) will enable consideration of
an extended range of loading conditions; here we ignore the effect of temperature evolution on pressure recognizing the
restriction to present magnitudes of shock compression, such that the Mie-Griineisen EOS for solid matrix simplifies
to

eos KOXS(l - 05F0X5)

ps = (1 — SXS)2 + POFOE (25)

In this equation, py is the initial solid matriz mass density, Ko is the ambient bulk modulus (K = pyC? with Cy being
the bulk wave speed at rest), ys =1 — %, ps 1s the current solid matriz mass density, I'g is the Griineisen parameter
at initial state, s is the slope correlating shock velocity and particle velocity, F is the internal energy per unit mass
(podE = ¥ : Ddt, where X is the Cauchy stress, D is the rate of deformation, and dt is the time increment). A
simplification of pI' = poI'y was used in Eq. (2.5).

There are two regimes of material response that we consider here, namely shock compression of an initially solid
(i.e. negligible porosity) crystal and subsequent tensile loading during which the porosity grows up to and including
final failure of the material. As a result of porosity growth, tensile hydrostatic stresses are relaxed to much smaller
magnitudes than the initial shock pressure (see estimated spall strength versus compression pressure reported by Turley
et al. (2018) as an example). Therefore, we use the porosity-degraded linear crystal elasticity developed
in (Nguyen et al., 2017) during the subsequent tensile loading for simplicity.

2.3. Degradation of the macroscopic CRSS using a porosity dependent single crystal yield function

Our previous model exhibited strong agreement with DNS calculations of the relationship between hydrostatic
tensile stress and pore growth under conditions of pure volumetric expansion, but could not accurately reproduce the
observed crystallographic orientation dependence of the far-field deviatoric stresses under simple-shear deformation
modes (Nguyen et al., 2017). This is because of the approximation made in the former model that the equivalent
shear stress driving crystallographic slip throughout the crystal are unaffected by the presence of the void. In reality,
the void does affect the distribution of shear stresses throughout the crystal. Alternately, this can be viewed as a
degradation to the effective macroscale slip resistance, or critical resolved shear stress (CRSS), in terms of the far-field
stresses. For example, for an isotropic perfectly-plastic material, Gurson (1977) developed a well-known analytical
expression for an approximate upper bound of the macroscopic threshold stress state for plastic deformation in the
vicinity of a growing void. The Gurson yield surface and flow potential have been modified and used extensively to
model void growth in isotropic ductile metals including dynamic spallation (Tvergaard and Needleman, 1984; Johnson
and Addessio, 1988; Wang and Jiang, 1997). The Gurson surface has also been extended for modeling pore growth in
anisotropic single crystals by Han et al. (2013), Ling et al. (2016), and Paux et al. (2015, 2018), who have demonstrated
the applicability of the yield function in this context by comparison with DNS of a unit cell containing a single void
embedded within single crystal matrix. In order to account for this coupling omitted from our previous model, we
extend the theory by using a modified Gurson surface to define a degraded macroscopic CRSS for each slip system
according to
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——Nguyen et al. (201
= Current model
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——Nguyen et al. (2017)
= Current model
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b2 o2

Fig. 1: Results of an analysis comparing equivalent macroscopic stress at a simple shear deformation F12 = 0.03 (i.e. ¥eq|F;5=0.03) as
a function of various crystallographic orientations as predicted by DNS (markers), Nguyen et al. (2017) model (solid green lines) and the

current CPD model (solid red lines) with Téra) # 0. Macroscopic simple shear deformation, i.e. F = Floter Qs+ I, is applied at a constant
engineering strain rate of Fio = 106 s—1. For each choice of ¢1 and @, ¢ € [0°,90°] with 1° intervals. A constant uniform dislocation

density g£,?> = @Efr? =10'* m~2 and an initial porosity ¢o = 11.31% were used.

2
T 2 S\’ 3%, .[%
—er il © 2 Tm sl e | 422 =
<Ts(a)> + EXe (Ts(a)) + 2q1p cosh | g2 20 71 \| 7 1—qip® =0. (2.6)
Noting the traditional decomposition of the macroscale Cauchy stress into mean and deviatoric components, X =
Y, I+ X where X, = tr(X)/3 is the mean stress, X., = 1/3/2X" : 3 is the equivalent shear stress, the void volume
fraction is denoted by ¢, and ¢; and g2 are the GTN (Tvergaard and Needleman, 1984) model parameters. The term

including the parameter x was added by Han et al. (2013) to extend the applicability of the GTN (Tvergaard and
Needleman, 1984) surface to crystal plasticity (i.e. anisotropic plasticity). We have further empirically modified

the argument of the cosh function to include a scaling by §/ f{;j) in order to reduce the effect of mean

stress ¥,, when the ratio of hydrostatic stress and equivalent stress (stress triaxiality) is large, such

as encountered under uniaxial strain loading associated with spallation. The single fifth root on TE(ej)
was chosen to improve the agreement between equivalent macroscopic responses from DNS and the
current model, particularly under uniaxial strain loading, which is discussed in more detail in the end

of this subsection . Han et al. (2013) use this expression to solve for the effective macroscopic resolved shear stress
(Ts(a)). Here, we are instead using the expression to identify an effective degraded macroscopic CRSS in terms of the

macrosopic resolved shear stress Ts(o‘>7 mean stress ¥,,, equivalent stress X., and porosity ¢. The phenomenological
relationship implied by Eq. (2.6) is consistent between our approach and that of Han et al. (2013), but the connection
with the remainder of the void growth and crystal plasticity behavior remains quite different. Our approach of
accounting for the effect of hydrostatic stress, porosity and triaxiality on shear strength shares some
similarities with (Krishnan et al., 2015). In their work, the residue of GTN (Tvergaard and Needleman,
1984) yield function was used to modify the crystal plasticity yield potential via a continuum damage
mechanics approach (Lemaitre and Desmorat, 2005). In our work, an effective degraded macroscopic
CRSS, which decides the quasistatic shear strength of crystal plasticity model, is derived from the
GTN-like function.

Upon implementing this extension into our previous model we repeated the crystal plasticity-damage finite element
(CPD-FE) and DNS calculations of simple shear deformation presented in (Nguyen et al., 2017) and adjusted the new
parameters to optimize the agreement between CPD-FE and the DNS, identifying ¢; = 1.20,¢2 = 1.25 and y = 3. We
briefly describe the DNS calculations here, for more detail see Nguyen et al. (2017). A cubic unit cell with length 10
um containing a void of initial diameter ag = 3 pm is discretized into 12248 linear hexahedral finite elements (C3D8R
type in Abaqus). Each finite element of the solid material uses the crystal plasticity model without damage. The
orientation of the crystal with respect to the loading axes is defined by Bunge-Euler angles, ¢1, ®, ¢5. Displacement
boundary conditions are defined consistent with a macroscopic deformation of F = tF12e1 ® ey + I and the effective
deviatoric stress .4 at a final state of Fio = 0.03 is recorded for each of several crystallographic orientations (I is the
identity tensor and ¢ denotes current loading time).

The results of CPD-FE using the new extended theory (red curve) are compared with that using our previous
theory (green curve) and the DNS results (blue markers) in Fig. 1 across a range of crystal orientations. As can be
seen in Fig. 1, the extension based on Eq. (2.6) substantially improves the agreement between the homogenized crystal
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Fig. 2: Contour plots of axial logarithmic strain (a), accumulated slip in an activated slip system, equivalent stress (b), and pressure (c)
from DNS. Macroscopic uniaxial deformation in (100) orientation, i.e. F = éte; ® e + 1, is applied at a constant engineering strain rate of

(@)

¢ =108 s~ with a constant uniform dislocation density of oy’ = QEZ? = 10'* m~? and an initial porosity of @g = 0.42%. The contour
plots were taken at 6% of macroscopic axial engineering strain.

plasticity damage theory with the DNS results.

DNS of cases of simple shear deformation were used to calibrate Eq. (2.6) within the extended CPD-FE approach;
CPD-FE simulations of uniaxial strain loading conditions were conducted and compared with DNS to build further
confidence of the extended model in cases where the shear and hydrostatic stresses are of the same order of magnitude.
In the DNS, a cubic unit cell with length 10 pm containing a void of initial diameter ap = 1 pm is discretized into
43740 linear hexahedral finite elements (C3D8R type in Abaqus). Displacement boundary conditions are defined
consistent with a macroscopic deformation of F = tFie; @ e; + 1. In both the DNS and the CPD-FE calculations,
the dislocation density was held constant. Three crystallographic loading directions, i.e. (100), (110), (111) were
included in these calculations. Fig. 2 shows representative contours of the deformation and stress field at
the microscale level. The detailed deformed configurations during void growth in porous face-centered
cubic materials can also be found in the work of Han et al. (2013); Ling et al. (2016); Paux et al. (2018).
In here, we focus on exacting the macroscopic stresses (2., and ;) from the DNSs rather than the
microscopic deformation and stress fields.

The computed evolution of macroscopic equivalent stress with respect to axial engineering strain is compared
with the DNS results in Fig. 3(a) and Fig. 3(b) for the prior model (Nguyen et al., 2017) and the current model,
respectively. The improved agreement between CPD-FE and DNS in both the peak effective deviatoric stress and
the subsequent softening using the present extension to our previous model is apparent from these figures. In the
results obtained from the prior model, i.e. Fig. 3(a), the effective deviatoric stress after yielding gradually softens as
a result of increasing porosity, with the degradation equal to ratio of (1 — ¢). In the results from the current model,
i.e. Fig. 3(b), the effective deviatoric stress softens more rapidly upon yielding because of the contribution of the
hydrostatic stress, ¥,,, significantly increasing the cosh term in Eq. (2.6) leading to a pronounced reduction in the
effective shear resistance. While the new model exhibits a more rapid degradation in effective deviatoric stress than
the DNS, the value approaches that of the DNS as the strain is further increased (i.e. to 6%) leading to generally
better agreement than the previous model. It is noted here that without the modification of scaling factor

,5/%, the solution of Ts(a) is quickly reduced zero when the mean stress does not relax fast enough,

leading to a complete loss of shear strength in the this case of high triaxiality (c.f. Fig. 3(c)). Such a
complete loss of shear strength was not observed in uniaxial strain DNS simulations. On the other hand,
these extensions have not reduced the accuracy of the computed evolution of the mean stress under these conditions
of uniaxial strain. We note that the evolution of mean stress for the three crystallographic loading directions are
strongly similar for DNS results and identical for the CPD-FE results under these cases where hardening was excluded
by holding dislocation density constant. The computed evolution of macroscopic axial stress with respect to axial
engineering strain is compared with the DNS results in Fig. 3(d). There is apparent improved agreement between
CPD-FE and DNS, especially the peak axial stress value which is related to the quality of spall prediction.
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Fig. 3: Comparisons of direct numerical simulations (DNS) of macroscopic stress X4 versus applied axial strain as predicted by (a) our
earlier CPD model reported in (Nguyen et al., 2017) and (b) our improved yield function proposed here with (c) comparisons to the original
Han et al. (2013) yield function. Additionally, (d) comparisons of the axial stress versus axial strain as predicted by DNS, our (Nguyen
et al., 2017) CPD model, and are current CPD model. Macroscopic uniaxial deformation, i.e. F = éte; ® e; + I, is applied at a constant

engineering strain rate of ¢ = 10% s~! with a constant uniform dislocation density of gﬁg) = ng:g = 10'* m~2 and an initial porosity of
w0 = 0.42%. The axial macroscopic stress 311 is taken from (100) loading orientation.

The improvement of macroscopic CRSS modeling paves the way for a more accurate prediction of substructure
(dislocation density on microscale and macroscale) evolution in general loading scenarios. Therefore, an indirect result
of this model extension is improving the spall strength prediction using our dislocation-based damage model.

3. A straightforward procedure for model calibration

In this section, we present a simple procedure to identify the appropriate values for the model parameters by direct
comparison with published experimental data. A typical calibration procedure for dynamic ductile failure models is to
adjust parameter values until the free surface velocity from simulation of a plate impact test is brought into agreement
with the corresponding measurements from the experiment. Using this approach, the crystal plasticity parameters
can be calibrated to match the initial shock front wave profile (i.e. the region of the velocity history immediately
after the time of arrival of the wave at the free surface) (e.g. Austin and McDowell, 2011, 2012; Lloyd et al., 2014).
The damage model parameters could then be calibrated using a similar procedure focused on the period of the time
history containing the pullback signal, i.e. when the release waves from the flyer arrive at the free surface, and the
subsequent ringing. The dominant feature is the pullback velocity magnitude, which is the difference between the
maximum velocity and the minimum velocity within the pullback signal. This magnitude is approximately related to
the apparent spall “strength” of the specimen and provides a simple quantitative metric for calibration. In addition to
plate impact tests, crystal plasticity parameters can also be calibrated by bringing the stress-strain responses measured
from split Hopkinson pressure bar (SHPB, — also known as Kolsky bar) experiments into alignment with those obtained
from simulations of uniaxial stress conditions at the same initial temperature and strain rate.

There are trade-offs associated with which type of experiment (and measurement) is used to calibrate the model.
On one hand, using velocimetry from plate impact experiments accesses a highly relevant range of strain rates (i.e.
> 10* s71) and a similar stress state, but it involves relatively small plastic strains (< 10%) in comparison to SHPB
experiments. The relatively small plastic strain and thus dislocation density in the elastic precursor
make the velocimetry not necessarily the ideal way to calibrate the total dislocation density evolution.
In addition, a full simulation of the free surface velocity time history is computationally slow in comparison to the
generation of stress strain curves under uniaxial stress conditions. In contrast, the calibration procedure using SHPB
experiments can access larger strains (from 10% to 50%), but only at lower strain rates (~ 10% s~!) and stresses.
On that range of strain rates, the phonon drag regime may not dominate yet (Follansbee and Kocks,
1988), but the stress-strain responses and the stress saturation values heavily depend on the dislocation
density or the dislocation evolution parameters (i.e. cpuit, Ctrap, ¢y, and ¢ ). In short, we recommend
calibrating total dislocation density to SHPB (which we calibrate here), but recommend calibrating drag
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Fig. 4: Comparison of true stress - true strain behavior from Split Hopkinson pressure bar experiments (dashed line) and simulations
(black solid lines) for loading orientation (123) (Rittel et al., 2012) and different loading rates.

coefficient and mobile dislocation to elastic-precursor decay. In this work, the phonon drag coefficient
By is taken as By = 3 x 107° MPa— us, a value between its experimental reported range (Vreeland Jr and
Jassby, 1971). In addition, the SHPB data is not useful for calibration of some plasticity parameters such as those
pertaining to heterogenous dislocation nucleation (due to the low stress rates) or homogeneous dislocation nucleation
(due to the low stress values), and does not probe the ductile damage evolution behavior.

Several of the model parameters are either physical and directly measurecable quantities, e.g. b, the Burgers vector
magnitude, or have been previously identified in other related work and thus are fixed at these known values. As
discussed in more detail in the subsequent subsections, our calibration comprises adjustment of plasticity parameters,
Crmult, Ceraps Copy and cé',’fn, to match stress-strain curves from SHPB, and damage parameters, g and ¢,, to match the
apparent spall strength associated with the pullback signal from plate impact velocimetry.

3.1. Viscoplasticity calibration

The dislocation evolution parameters cp,uit, Cirap; Cayy and ¢m were calibrated by matching simulated stress-strain
curves with the measurements from SHPB experiments on solid (i.e. ¢ = 0) single crystal copper performed by Rittel
et al. (2012). Due to the strain rates and stress values encountered in these experiments, which are relatively low with
respect to the activation of dislocation nucleation mechanisms, the nucleation parameters were not included in this
calibration and are instead taken or adjusted from (Austin and McDowell, 2012).

SHPB experiments are approximately consistent with a uniaxial- compressive-stress state. This condition can be
reasonably well approximated within explicit dynamic finite-element simulations by subjecting a single three dimen-
sional element of size AX; = AXy; = AX3 = 2h to the appropriate mixed boundary conditions. In order to simulate
compression under uniaxial stress conditions in a single three-dimensional element of Abaqus C3D8R type, velocities
in the loading direction, i.e. vy face on the left (i.e. X7 = —h) were held fixed, i.e. v; (X3 = —h, X2, X3) = 0 and the
loading direction face on the right (i.e. X7 = h) was given a prescribed velocity, i.e. vy (X1 = h, X2, X3) = vo(¢t). The
remaining velocity components and the remaining faces (i.e. Y = 4+, Z = £) are unconstrained. Using this approach,
it is important to select a sufficiently small element size to minimize artificial inertial effects contributing to the stress
state and to ensure nearly uniaxial stress conditions. For single crystal copper an element size of h = 0.5um was de-
termined to be sufficiently small. A prescribed velocity history vg(t) was precomputed in order to subject the element
to the fixed true strain rates from 3000 s~! to 5800 s~! specified by Rittel et al. (2012). The (123) crystal orientation
was aligned with the loading direction (X), consistent with the experiments.

The dislocation evolution parameters Cpuit; Crap, Copy and cim  were manually tuned until the simulated true
stress versus true strain curves visually matched reasonably well with the corresponding measurements from Rittel
et al. (2012) (cf. Fig. 4). The calibrated model matches the experiment well at the higher strain rates of 4150 s~* and
over the strain range up to 0.3, which is the maximum value of strain to which the calibration was performed. Beyond
the strain value of 0.4 , the model deviates from the experiment measurements, which implies that dislocation density
is not approaching the correct saturation dislocation density at an appropriate rate. However, the agreement between
our simulation results and the experimental data up to strains of 0.3-0.4 is sufficient for the simulation cases that we
consider in modeling spallation.

3.2. Damage distribution calibration

The damage parameters, g and £,,, were calibrated to match the apparent (acoustic limit) spall strength associated
with the pull-back in the free surface velocity history measured in the plate impact experiments of Turley et al. (2018)
as follows.
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Fig. 5: From left to right: schematic of a plate impact test; typical time versus stress wave front position diagram for plate impact tests;
idealized deformation description on the spall plane.

Fig. 5 illustrates a typical flyer plate impact experiment. The impact of the flyer plate on the target plate generates
two shock waves from the contact surface. These two shock waves travel from the contact surface towards the respective
free surfaces within each of the plates. Upon interaction with a traction-free surface, the compression waves are reflected
off of the free surfaces as a distribution of rarefaction, or release, waves which unload the material from the shocked
state back to nearly zero stress. These two rarefaction waves travel towards each other within the target specimen
and, as they encounter each other, their respective contributions to the unloading of the specimen superpose resulting
in a net tensile state of deformation centered on the spall plane. This tension drives the evolution of voids in order to
relieve large tensile stresses within the lattice. The release waves are modified by interactions with newly forming free
surfaces of voids at the spall plane and continue to travel to the free surface of the target plate where they manifest
as the pull-back in the measured free surface velocity.

The acoustic approximation linearly correlates the specimen material spall strength with the pullback velocity and
bulk wave speed, without accounting for longitudinal wave speed (Romanchenko and Stepanov, 1980) or accelera-
tion/deacceleration slightly before the spall signal (Kanel, 2010), i.e.

1
Dspatt = 5 poColupp. (3.1)

where Auyy, is the free surface pullback velocity, i.e. the difference between the maximum and minimum velocity prior
to and after the pullback associated with arrival of rarefaction waves from the spall plane.

As can be inferred from Fig. 5, a material volume element located at the spall plane is subjected to compression
(due to the initial shock wave propagated from the contact surface) and tension (due to the interaction of release waves
from both the target and flyer free surfaces).

During both the compression and the tension loading phases, the deformation is typically idealized to be consistent
with uniaxial strain for isotropic materials due to the high aspect ratio between the radius and thickness of the
plates(e.g. Grady, 1988).. Anisotropy can complicate this behavior somewhat, because the polarization vector of the
wave (i.e. vector direction of the particle velocity) is not generally aligned with the wave direction. However, in the
cases considered here for impacts on < 100 >, < 110 >, and < 111 > planes within cubic crystals, the waves are
pure longitudinal waves whose particle velocity is aligned with the direction of wave propagation. While the total
deformation is uniaxial, the elastic and inelastic contributions to the deformation gradient need not separately satisfy
this condition, thus general three-dimensional crystallographic slip is a viable mechanism to relieve deviatoric stresses.

The uniaxial state of deformation on the spall plane can be described with the deformation gradient F = (Fy(¢) —
1)e; ® e1 + I, from which it is clear that the relative volume is equal to the axial stretch, i.e. J = detF = Fy1(t). By
controlling the rate of change of Fy1(¢), a compression/tension cycle analogous to that shown in Fig. 5 can be expressed
as

[ 1-—et for t < tcomp
Fu(t) = { 1 — Eteomp + E(t — teomp) fOr t > teomp (3.2)

where tcomp denotes compression loading time and ¢ denotes the magnitude of the engineering strain rate (i.e. € > 0).
By changing the value of the compression time duration, i.e. tcomyp, different relative volume ratios, J, or compressive
pressures can be obtained from the simulations. The value of t.,,, Was selected so that the copper would reach approx-
imately the same magnitude of peak pressure during compression as reported by Turley et al. (2018) for comparison
purposes. Here, the strain rates during compression and tension are taken to be the same value. In reality, the
compression rate is typically higher than the tension rate, as the tension is the result of the interaction
of the release waves which are more diffuse in their kinematic rate of unloading than the compressive
shockwave.
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Shot ID  Crystal Impact vel. ©fgmaz Presssure Strain rate®  Auwyy, Ysp (Exp.) X, (Sim.) AX,,

Orient. (ms™!) (ms™!)  (GPa) (us™1h) (ms™1) (GPa) (GPa) %
8 (100) 280 279 5.19 0.7 96 1.69 1.68 0.6
11 (100) 284 286 5.26 2.2 157 2.76 2.67 3.3

Table 2: Comparison of the spall strength measured from experiments (Turley et al., 2018) and calibrated spall strength from the model.

Three crystallographic orientations (100), (110) and (111) are used as loading directions in these simulations, for a
direct comparison with experiment data in Turley et al. (2018). Turley et al. (2018) calibrated hydrodynamic computer
simulations employing an isotropic material model to match their measured velocimetry for impact on the (100) plane.
They report values of stress and strain rates inferred through their simulations. Turley et al. (2018) also report an
apparent linear relationship (with coefficient of approximately 6) between the strain rate in tension at the spall plane
and the strain rate inferred by deceleration of the velocity associated with the pullback signal. We use the reported
strain rate for loading on (100) from Turley et al. (2018) directly for that orientation. For the other orientations,
we estimate the strain rate during unloading as six times the corresponding rate associated with the pullback in the
velocity curve.

The peak hydrostatic stress resulting from a one element simulation subjected to displacement boundary conditions
consistent with Eq. (3.2) is compared to the acoustic spall strength from the experiment (Turley et al., 2018). In
particular, the damage model parameters, ¢ and ¢,, were calibrated to optimize the match between the inferred
acoustic spall strength from experiment and the peak tensile stress from the one-element simulations for shots 8 and
11. These two shots were selected for calibration because they resulted in similar loading pressures (5.225 + 0.035
GPa), but with two different strain rates (0.7 and 2.2 us™1).

Physically, void growth can occur at pre-existing pores or follow nucleation via decohesion from
second-phase particles. Here, we omit a model for particle decohesion, as we assume particle decohesion
is easier than subsequent void growth by plastic deformation. Thus, our initial porosity term should
be interpreted as including both the pre-existing porosity and the volume fraction of second phase
particles with relatively weak interfaces. The quasistatic part of the peak hydrostatic stress has a
nonlinear inverse correlation with initial porosity po. In the current model, the stress is proportional
to In(1/pg) when material strengthening does not take place (Nguyen et al., 2017). That is to say, the
stress is more sensitive to smaller values of initial porosity ¢(, regardless of the material strengthening
scenario. The inertia part of the peak hydrostatic stress has a nonlinear positive correlation with /,
(Wilkerson and Ramesh, 2016b). Therefore, ¢, has a positive correlation with the difference between
spall strengths in shots 8 and 11. The calibrated values of ¢y and /¢, are given in Table 1 and the
corresponding simulation results are compared to the experiment in Table 2, which shows reasonably
good agreement in the spall strength. The calibrated value of ¢y = 0.005 is in the small range of ¢,
where the peak hydrostatic stresses in shots 8 and 11 are both very sensitive to a small perturbation
of o value.

In addition, a one-dimensional (1D) simulation of plate impact test shot 8 was performed with the
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Fig. 6: a) Pressure and b) void volume fraction profiles through the normalized target thickness as predicted by our 1D plate impact CPD
simulation of (Turley et al., 2018, shot 8). The blue arrows show the spatial propagating directions of the stress wave, the solid and dashed
lines represent the compressive shockwaves and release waves, respectively.
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Shot ID  Crystal Impact vel. ©fgmaz Presssure Strain rate®  Auwyy, Ysp (Exp.) X, (Sim.) AX,,

Orient. (ms™!) (ms™!)  (GPa) (us™1h) (ms™1) (GPa) (GPa) %
3 (100) 297 297 5.52 1.3 121 2.13 2.09 1.9
4 (100) 460 456 8.8 0.95 110 1.94 1.95 0.5
5 (100) 598 598 11.7 0.75 120 2.11 1.88 12.3
6 (100) 705 701 14.1 0.62 118 2.08 1.84 13.0
7 (100) 296 294 5.5 0.65 95 1.67 1.66 0.6
9 (100) 600 595 11.8 1.5 147 2.59 2.34 10.7
10 (100) 500 498 9.63 1.4 124 2.18 2.25 3.1
1 (110) 500 496 9.63 1.19 108 1.9 2.25 15.6
2 (111) 502 494 9.67 0.8 85 1.5 1.86 19.4

Table 3: Comparison of the spall strength measured from experiments (Turley et al., 2018) and predicted spall strength from the model.

same parameter set provided in Table 1. The flyer and target plates were modeled with arrays of
200 and 400 C3D8R elements, respectively, in impact direction. All nodes in the mesh are allowed to
move only in the impact direction (uniaxial strain). The stress wave propagation through the target
plate is illustrated in Fig. 6(a). The blue arrows present the propagation direction. The compressive
stress wave (solid lines) propagates from the contact surface to the free surface (of unity normalized
distance) before the time frame t = 1 us. The release waves (dashed lines) propagate from the target
and flyer free surfaces, and interact with each other at approximately t = 1.4 us. The interaction of
the two release waves creates a tension stress pulse that eventually spreads through the target plate.
The evolution of void volume fraction due to the tensile stress pulse is illustrated in Fig. 6(b). The
axial true strain and pressure history of the volume element on the spall plane (in the middle of the
target plate) and the idealized single element simulation are plotted in Fig. 7. A time gap between
compression and unloading phase of single element simulation was inserted in Fig. 7 to enable direct
comparison of the loading rate with the one dimensional simulation of plate impact test. Fig. 7 shows
that the idealized single element simulation result is remarkably similar to the material response in the
spall plane predicted from the full 1D simulation. As such, the single element simulation approach is
an effective, computationally-efficient way to calibrate a spall model.

The parameters calibrated to spall strengths for shots 8 and 11 were subsequently used in simulations of all other
plate impact experiments reported by Turley et al. (2018) and the results are compared with the experiments in
Table 3. The last column in Table 3 shows the relative errors between the simulated spall strength and the measured
(acoustic) spall strength, i.e. AXy, = \ng,’;”””‘) - Eg‘;jm') |/ Zg‘;ﬂ”” ). The agreement between simulation and experiment for
(100) orientations is generally good at lower shock pressures (near those for the calibration shots) with larger error for
the larger shock pressures. Additionally, the error is generally larger for the non-(100) orientations than for the (100)
which is not surprising because that orientation was used for the calibration. The differences in the relative errors
between these three loading orientations for cases of similar shock pressure (i.e. shots 10, 1, 2) further highlights this
observation. There are certainly more complex calibration schemes that could be pursued to balance accuracy across a
broader range of crystal orientations and shock pressures, however, given the nature of our approximate interpretations
of experimental measurements, the observed errors on the order of 20% or less across all loading conditions is deemed
sufficient for our present purposes.

0.08
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Axial true strain
Pressure [GPa]
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Time [ps]
Fig. 7: Strain (left) and stress (right) histories of a volume element on the spall plane as predicted by our idealized, i.e. Eq. (3.2), single

element simulation (solid lines) and our full one-dimensional plate impact CPD simulation (dashed lines). The impact conditions correspond
to (Turley et al., 2018, shot 8).
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4. Prediction of the pressure dependence of single crystal spall strength

4.1. Interpretation of empirical observations

Our new model, along with the parameters identified in the previous section, was used to explore and improve our
understanding of the pressure and strain rate dependence of spall strength observed in previous experiments. Based
on the results from their plate impact experiments for (100) orientation, Turley et al. (2018) proposed an empirical
model of spall strength, which includes a bi-linear dependence on the shock pressure (P) and the strain rate (¢), i.e.,

Sap = S0 + k1 P+ kot (4.1)

where k; and ko are the linear correlation coefficients for spall strength as a function of pressure and strain rate,
respectively. Based on spall strength of (100) orientation in shots 3 to 11, Turley et al. (2018) reported the coefficient
values to be k1 = 0.05 and ky = 0.66 GPa—ps. While this bi-linear empirical form is simple and convenient, it does
not elucidate the mechanisms (e.g. hardening, viscosity) governing the apparent linear relationship.

Here, we use our calibrated model to explore and interpret the pressure dependence of the spall strength for single
crystal copper over a range of strain rates. In particular, we use the single-element problem with specified uniaxial
deformation conditions as in Subsection 3.2 for a suite of calculations. All of these calculations are performed for
the case of (100) orientation, since that is the orientation for which we can directly compare with the measurements
of Turley et al. (2018). The suite of simulations comprised compression pressures on the range of 4 — 15 GPa and
strain rate values on the range of 0.05 — 3.5 us~!. The resulting computed spall strengths are presented in Fig. 8 as a
contour plot with superposed square markers whose color indicates the value from the acoustic approximation applied
to measurements from Turley et al. (2018).

As evidenced by the qualitative agreement between the contour fields and the color values at the discrete markers
in Fig. 8, our model reasonably captures the reported pressure and rate dependence of spall strength observed in
(Turley et al., 2018). At approximately similar compression pressures of ~ 5.5 GPa, increasing the loading rate leads
to an increase in the simulated spall strength (shots 7, 8 and 3); given approximately similar strain rates ~ 1.4 pus™1,
increasing the compression pressure leads to an increase in the simulated spall strength (shots 3, 10, 9).

At relatively lower strain rates (within the considered range) the spall strength is dominated by the quasi-static
resistance which is a function of the total dislocation density accumulated with increasing total applied strain or
increasing applied pressure. The total applied strain is nonlinearly related to the shock pressure (mostly
through the EOS). Therefore, the relationship between quasi-static resistance and shock pressure is an
indirect manifestation of the present dislocation-based plasticity framework. As a result, the spall strength
monotonically increase with increasing compression pressure at the lower strain rates and is generally consistent with
the bi-linear relationship reported by Turley et al. (2018). On the other hand, as the strain rate is increased, the effect
of rate-dependence becomes more dominant and the sensitivity of spall strength to pressure is reduced; at a strain rate
of ~ 2 ps™!, rate effects dominate the spall strength and there is no apparent bi-linear relationship in this region.

The variation of our simulated spall strength with respect to pressure at three different values of strain rate is
presented in Fig. 9(a). It is evident in this plot that the slope of a linear regression between spall strength and
pressure decreases for increasing strain rate, implying that the shock hardening is more pronounced at lower strain
rates. A linear regression of spall strength versus compression pressure was performed separately for results at each
(fixed) strain rate from the entire suite of calculations (e.g. represented by Fig. 8). The linear correlation coefficient
approximated from our simulation results, denoted as 0¥;,/0P, is presented in Fig. 9(b). The error bars show the
95% confidence interval for the correlation coefficient over the set of calculation results used in the regression at that
particular strain rate. The empirical model value, k1, of Turley et al. (2018) and the linear correlation coefficient from
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Fig. 8: Spall strength of (100) crystal loading orientation for a range of compression pressure and strain rate. Spall strength from one
element calculation using CPD theory (contour) and acoustic limits from experiments of Turley et al. (2018) (markers).
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Fig. 9: a) Variation of spall strength with pressure for strain rates 0.05, 1, 3.5 us~! (extracted from Fig. 8). b) Linear correlation coefficient
(i.e. slope) between spall strength and pressure. Simulation results are presented as error bars, which correspond to 95% confidence interval
in obtaining the correlation coefficients. The square markers are the correlation coefficients estimated from pairs of plate impact tests of
Turley et al. (2018).

MD data of Luo et al. (2009a) are also shown in Fig. 9(b) as blue and red lines, respectively, to enable comparison. In
addition, three pairs of Turley et al. (2018) experimental data were selected such that the data points within each pair
had similar strain rates (less than 0.1 us~! difference, but a large variation in pressure (more than 4 GPa difference),
in order to estimate the corresponding sensitivities, i.e. 0¥;,/JP, analogous to those extracted from our calculations.
The associated sensitivity values are denoted as square markers in Fig. 9(b) and the pairs of shots are (from the left)
shots (6, 7), shots (8, 5), and shots (3, 10). The sensitivities from these three pairs of data points show the same trend
of decreasing 0%,,/0P with increasing strain rate as observed from our simulation results. The comparison implies
that the empirical modelof Eq. (4.1) with constant k; breaks down at higher strain rates where the coupling between
the effects of pressure and strain rate are not negligible.

4.2. A new scaling relationship to explain the pressure and rate dependence of spall strength

In the following, we aim to derive a more fundamental scaling relationship of spall strength with respect to plasticity
and damage parameters that elucidates the physical coupling of pressure and strain rate on spall strength. Recall the
decomposition of spall strength into the quasi-static (R.,), viscous (Rg4q), and micro-inertia resistances (Rinertia), i-€-

zsp - Rinertia + Rcr + 7?'dd- (42)

which forms the basis of the theoretical framework used here (cf. Wilkerson and Ramesh, 2014; Nguyen et al., 2017).
Each of the above contributions to the resistance of the material to undergo dynamic void growth can be approximated
analytically, as discussed below, in the context of isotropic elasticity and plasticity.

The quasi-static spall strength, R.., can be formulated as a linear function of pressure, using a simple rate-
independent linear hardening and linear elasticity model. The volume element on spall plane, which is subjected to
uniaxial compression and then unloading, has an accumulated equivalent strain of e., &~ 4|e,|/3 (see Meyers, 1994,
equation 14.1), with £, denoting the volumetric strain at peak compression pressure P. If a linear relationship between
pressure P and volumetric strain ¢, is assumed, i.e. P = —Kj&,, then the shock hardened yield strength of the material
after compression and unloading is

oy =00+ Hel, ~ 09+ %P, (4.3)
with o9, H, and €f, denoting initial yield strength, the hardening modulus, and the equivalent plastic strain, re-
spectively. The quasi-static spall strength is scaled with the yield strength of the material as R, = %Uy ln(ﬁ) (see
Carroll and Holt, 1972). Therefore the quasi-static spall strength linearly depends on pressure for a linearly hardening
material. The temperature effect on quasi-static resistance can be added following the phenomenological approach
of Johnson and Cook (1985). That is, the homologous temperature, i.e. ¥* = 119;5,,:193’ can be utilized to account for
the effect of temperature () on the quasi-static strength. Here, subscripts sp,mm and ¢ denote spall, melting, and
initial temperatures, respectively. In addition, the homologous temperature softens quasi-static strength in a nearly
linear fashion, particularly for copper, (cf. Johnson and Cook, 1985). As such, the quasi-static spall strength may be
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expressed as,

2 1 4P H Isp — Yo
er = —0oIn [ — 14 -—— 1—-2 ). 4.4
R 300 n(ﬁpo) X( +3K00’0) X( ﬂm*ﬁo) ( )

Incipient spall Shock hardening Thermal Shock softening

As can be seen in Eq. (4.4), the quasi-static spall strength can be decomposed into the incipient spall strength
(which is a function of initial yield strength and porosity), the shock hardening part (which is a function of pressure)
and shock softening (which is a function of spall temperature). The quasi-static spall strength monotonically decreases
with increasing initial porosity, Rer o< In(pq 1) in particular. Note that the spall temperature is a function of shock
pressure through the EOS and plastic work. The combination of the incipient spall and shock hardening is limited by

the quasi-static spall strength of the material after exhausting all strain-hardening ability, i.e. 205 In (i) with o4

3 Yo
denoting the quasi-static strength of the fully exhausted material (Wilkerson, 2017). If we approximate the copper
hardening modulus H from (Johnson and Cook, 1985), then H ~ 1.35 GPa for £, < 10%. By substituting the bulk

eq ~
modulus at rest, Ky, and our calibrated initial void volume fraction, ¢y = 0.005, then we get B;Qﬁr = 0.046. This value
of 6§I§T is close to the value k; = 0.05 of the emprical model from Turley et al. (2018) (the upper horizontal line in
Fig. 9(b)), and also to our computational predictions of 862 + at sufficiently low strain rates.

The spall temperature (J,,) is a function of initial temperature, shock pressure, and plastic dissipation in the spall
plane (Luscher et al., 2013). In MD calculations such as those of Luo et al. (2009a), an initially defect-free
crystal subjected to high pressure shock loading prior to spallation will have its dislocation density
quickly driven to its saturated state. Therefore it is reasonable to assume the strain hardening is
exhausted (H ~ 0), while the initial isotropic yield strength oy is approximately oy ~ 2.3 GPa (Schigtz
and Jacobsen, 2003). According to the published data (Luo ¢t al., 2009a) for (100) orientation, the dependence of
homologous temperature on pressure can be approximated as %133* =0.0051 GPa~'. By substituting oy = 2.3 GPa and
%—13: =0.0051 GPa~! into Eq. (4.4), the value of 382;," becomes -0.0414, which is fairly close to the linear correlation
coefficient determined from MD calculations of Luo et al: (2009a) (the lower horizontal line in Fig. 9(b)). It is noted,
however, that the analytical formulation in Eq. (4.4) is only appropriate after the material is shocked
into is saturated dislocation density state. Furthermore, the veracity of results from MD simulations
depends upon the accuracy of the potential and is likely biased by the dislocation free, initially perfect
crystal. For an initially dislocation-free crystal, analytic models have been derived for spall strength
of dislocation-free and dislocation-starved crystals, e.g. Lubarda et al. (2004); Wilkerson and Ramesh
(2016a); Wilkerson (2019). Therefore Eq. (4.4) provides a simple scaling law for quasi-static spall strength as
a function of initial porosity, pressure; and temperature, which is in agreement with both experimental data (Turley
et al., 2018) and MD calculations (Luo et al., 2009a).

At higher strain rates, i.e. > 10 s7!, the viscous and micro-inertial contributions to spall strength become more
significant. The viscosity effect on dynamic void growth was derived by Cortés (1992) for isotropic materials. If we
consider shock pressure and temnsile strain rate as independent variables, then the inertial resistance, i.e. Rinertia (€€
Nguyen et al., 2017, the left side of equation 3.24), is a direct function of strain rate (¢) and insensitive to shock
pressure and temperature (Wilkerson, 2014). By substituting the quasi-static spall resistance (Eq. (4.4)), the analytic
solution for viscous contributions (Cortés, 1992) and the analytic solution for inertial resistance (Czarnota et al., 2008;
Wilkerson and Ramesh, 2016b) into Eq. (4.2), we have a simplified scaling law for spall strength that depends on
pressure, strain rate, and temperature in the below manner

2 1 4P H Do — o\ 4 1—¢o,. 7,/1331 0,6\ %7
Sep=cooln [ — ) (14— ) (1- 22770 L 2Py L2 ko (22) . 45
g 3"0“<¢0>< +3K000>< ﬁm—ﬁ0>+3n( ) oV s Kol g (45)
Rer(P,9) Raa(P,9,€) Rinertia(€)

The inertial resistance, i.e. Ripertia, monotonically increases with increasing mean void spacing ¢,. Therefore, the
mean void spacing /¢, is one of the primary calibration parameters that governs the rate dependence of spall strength. In
the above equation, 7 is the viscosity of the material, which is an indirect function of shock pressure and temperature.
In general, the viscosity of a metal can be determined from 0., — o, = 3né,, where the left hand side is the over-stress
and the right hand side is the product of the viscosity and equivalent plastic strain rate. Using the Orowan’s relation
and approximation of the over-stress within the phonon drag dominated regime for dislocation velocity, the viscosity
is inversely proportional to the mobile dislocation density, i.e. £ Bg/b%g,,. Here, By is the phonon drag viscosity
and is generally a function of temperature. However, for the range of the shock pressures considered here (i.e. [4-15]
GPa), the temperature increase is less than 100 K from 300 K according to Luscher et al. (2013). In that range of
temperature, the variation of dislocation drag coefficient By of copper is negligible (see Vreeland Jr and Jassby, 1971).

If we estimate that the mobile dislocation density is ~ 160 ym~2 for polycrystalline copper after ~10-15 GPa
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Fig. 10: Illustration of the dependence of spall strength on shock pressure and strain rate computed via Eq. (4.5) with Eq. (4.8) for (a)
the case when viscous effects are ignored and (b) the case where inertial effects are ignored.

shock (Murr, 1978) and neglect the temperature dependence of By (i.e. By = 30 pPa—s), then the resulting viscosity
is n = By/(b%py) = 0.0029 GPa—pus. The viscosity effect on spall strength gives ky = 8?;” ~ %nl;fo = 0.76 GPa—us,
which is indeed close to the value reported by Turley et al. (2018) (ke = 0.66 GPa—pus); the similarity between these
coefficients identified separately by empirical and physical arguments lends further credibility to our analysis.

While the mobile dislocation density is generally an increasing function of the shock pressure (Austin and McDowell,

2012), it is evident from our analysis presented here that the viscosity is the dominant factor that reduces 682 5> with

increasing strain rate. Furthermore, ‘95% can be negative if the viscous effects are dominant at high strain rates due
to the general trend that 389—}’;‘ > 0, and hence g—g < 0. Eq. (4.5) is illustrated in Fig. 10 by including or omitting
(alternately) the dynamic and inertial resistance, while retaining the quasi-static resistance for both cases. Eq. (4.5)

S 0%y . . . . . . . . . . . .
implies that =75* will be independent of strain rate if quasi-static or micro-inertia resistance is dominant, as shown in

Fig. 10(a). However, BBE 2 depends on the strain rate if viscous effects are non-negligible, as shown in Fig. 10(b). In

summary, the rate-independent component of spall strength can either shock harden (due to strain hardening) or shock
soften (due to thermal softening). The rate-dependent component is independent of pressure (at a constant strain rate)
if micro-inertia dominates and tends to exhibit a shock softening behavior when the viscous effects are dominant. The
observations of increasing spall strength with increasing strain rate are qualitatively consistent with
previous experimental assessments, e.g. Brown et al. (2017). However, additional experiments that
systematically vary shock pressure and strain rate may help further decouple these effects on spall
strength. It should be noted that the pressure dependence studied here is for shock pressures of less than ~15 GPa,
i.e. before homogeneous dislocation nucleation is activated. The homogeneous dislocation nucleation process would
lead to a dramatic change in dislocation density (Austin and McDowell, 2012, figure 9b), and, consequently, could
increase or decrease the pressure dependence of the spall strength significantly.

In order to obtain an estimate of the viscosity as a function pressure, i.e. n(P), as utilized in Eq. (4.5),
it is necessary to obtain an approximation of the dislocation density following the passage of the shock
compression wave. For this estimate, we consider the special case of shock loading along the (100)
direction. In this special case, 8 of the 12 slip systems are activated during compression. All 8 slip
systems have the samme Schmidt factor of m o0y = 0.408, and therefore will all have the same dislocation
density after shock loading. For the calibrated parameter set obtained in Table 1, it so happens that
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Fig. 11: Spall strength of (100) crystal loading orientation for a range of compression pressure and strain rate. Spall strength from one
element calculation using CPD theory (solid contour lines) and Eq. (4.5).
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trapping and annihilation rates are much slower than nucleation and multiplication rates, as such
the slower kinetics are ignored for a rough approximation of the mobile dislocation density on the 8
activated slip systems obtained via integration of Egs. (2.3)-(2.4), i.e.

(@act) et
T — Tmi
(ctaet) — +a peak min + Cmult (ager) 4.6
O, (100) Omo het < Toas — Trin b2 Y ) ( )
where fy("‘m) = %W is the accumulated slip on the activated slip systems and T;j;]:t) is the peak

resolved shear stress obtained in the shock front. A more general form accounting for trapping is
provided in (Wilkerson and Ramesh, 2014) and accounting for annihilation in (Wilkerson, 2017). For
simplicity, we approximate the peak shear stress as a power-law function of the shock pressure, i.e.
ZEZ;,:*‘) = 11.3 MPa xP'%3, where P is the shock pressure in units of GPa. The power-law exponent
and pre-factor are fit to dislocation-based viscoplasticity predictions reported in Austin and McDowell
(2012). Nguyen et al. (2017) derived an expression to convert dislocation densities on discrete slip

systems into an equivalent scalar measure, i.e.

2

8
1
eq A rrand il (act)
Gi(P) £ e\ Do 15 om 00 (4.7)
Qget=1
where Zﬁ’fcs = 2.83 is a constant. This conversion can be utilized to compute the effective viscosity
just prior to the tensile phase loading, i.e.
-1
5 14+mpet
By(1) d 8 11.3MPa x P33 — 1. 4 crult P
P9) = A — +a + = —_— , (4.8
77( ) b2 vLes {12 £mo het Tmax — Tmin 3 b2 m(lOO)KO ( )

o (P)

where we have assumed that the mobile dislocation densities on the 4 slip systems not activated
during shock compression are negligible in comparison to the 8 activated ones. This viscosity is then
substituted into Eq. (4.5) for spall strength estimations shown in Fig. 10 and Fig. 11. Considering
the numerous idealizations, Fig. 11 shows a reasonably good agreement between the simulated spall
strength and the simple analytical formulation given in Eq. (4.5).

5. Summary

We present an extension of our previously proposed framework to model the high rate ductile damage of single
crystals. The development includes incorporation of a nonlinear equation of state, heterogeneous nucleation of disloca-
tions, as well as a modified version of the extended-Gurson yield function of Han et al. (2013) for porous single crystals
in order to introduce the degradation of the macroscopic critical resolved shear stress attributed to the macroscopic
pressure in the vicinity of voids. The phenomenological relationship implied by this extension is mostly consistent
between our approach and that of Han et al. (2013), but the connection with the remainder of the void growth and
crystal plasticity behavior remains quite different. By adding this extension, we demonstrate that the macroscopic
shear stress response is improved for loading scenarios where macroscopic shear deformation is non-negligible.

A method for calibration of the plasticity and damage parameters that makes use of both SHPB and plate impact
experiments is presented and the resulting parameters for single crystal copper calibrated to stress-strain measurements
from Rittel et al. (2012) and the apparent acoustic spall strength from plate impact tests of Turley et al. (2018) are
presented. The calibrated model was used to study the pressure dependence of spall strength for shock pressures below
15 GPa. Our results indicate agreement with both MD calculations and experimental results, in which the observed
pressure dependence of spall strength decreases with increasing strain rate over this pressure range.

A simplified analytical model of spall strength is proposed to concisely capture the physical mechanisms governing
the effects of pressure, strain rate, and temperature on spall strength.The simplified analytical model shows good
agreement with the pressure dependence of spall strength observed in both experiments and MD simulations. We
demonstrate that the reduction in the pressure dependence of spall strength with increasing strain rate is a signature
of the importance of viscous effects on spall strength. That is, the viscosity reduces with increasing shock pressure, due
to an increase in the available mobile dislocations at increasing shock pressures. Lastly, a simple bi-linear dependence
of spall strength on pressure and temperature is insufficient to capture this coupling of pressure and rate effects, but
is well captured by our proposed analytical model.
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