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The deconfined quantum critical point, a prototype Landau-forbidden transition, could exist in
principle in the phase transitions involving symmetry protected topological phase, however, examples
of such kinds of transitions in physical systems are rare beyond one-dimensional systems. Here, using
density-matrix renormlization group calculation, we unveil a bosonic integer quantum Hall phase
in two-dimensional correlated honeycomb lattice, by full identification of its internal structure from
topological K matrix. Moreover we demonstrate that imbalanced periodic chemical potentials can
destroy the bosonic integer quantum Hall state and drive it into a featureless trivial (Mott) insulator,
where all physical observables evolve smoothly across the critical point. At the critical point the
entanglement entropy reveals a characteristic scaling behavior, which is consistent with the critical
field theory as an emergent QED3 with two flavors of Dirac fermions.

I. INTRODUCTION

Landau’s spontaneously symmetry breaking mecha-
nism and phase transition theory are cornerstones of
modern condensed matter [1]. Following his steps, a lot
of research studies have focused on characterizing emerg-
ing quantum phases and their transitions. An innova-
tory chapter developed in the past decade is topological
phases of matter beyond the Landau’s paradigm, such as
the symmetry protected topological (SPT) phases [2, 3].
SPT phases are bulk gapped states with either gapless
or degenerate edge excitations protected by specific sym-
metries, and the prototype examples include topological
insulators [4], Haldane spin chain [5, 6], bosonic integer
quantum Hall (BIQH) state [7–14], just to name a few
[15–20]. Despite of the established SPT phases, much less
is understood about the quantum phase transitions be-
tween them. It is speculated that the Landau-forbidden
transitions can occur between distinct SPT phases, or a
SPT phase neighboring with other trivial phases, how-
ever, such exotic proposals are less explored due to lim-
ited examples beyond one-dimensional systems.

Generally, there exist three possible scenarios for phase
transitions separating two distinct SPT phases, or a SPT
phase with another trivial phase as illustrated in Fig. 1:
i) a first-order transition, ii) a direct continuous phase
transition with a quantum critical point (QCP), and
iii) a two-step transition via an intermediate symmetry-
breaking phase. There have been various works to char-
acterize the critical theory between one-dimensional SPT
phases. Compared to first-order transitions identified in
models with discrete symmetries [21–23] (scenario (a)
of Fig. 1), a second-order phase transition between SPT
phases occurs (scenario (b) of Fig. 1), if in the presence
of a continuous symmetry [24] or fractionalized excita-
tions corresponding to delocalized boundary excitations
of the non-trivial SPT phase [25–28]. However the above
knowledge is obtained in one dimension, and much less

is known in higher dimensions than one, which raises a
fundamental question: can a continuous quantum phase
transition between two SPT phases happen in higher di-
mensions?

Indeed, recent two-dimensional QCPs and their related
theories for Landau-forbidden transitions have received
particular interests. A special QCP known as the de-
confined quantum critical point, provides an opportu-
nity to study the properties of deconfined excitations
and emergent gauge fields [29, 30] as such a QCP con-
trols the scaling behavior of physical quantities. Recent
discovery of the connection between symmetry and du-
ality [31–33] has stimulated additional numerical stud-
ies of this exotic scaling behavior at this QCP [34, 35].
Moreover, it has been proposed that a class of Landau-
forbidden transitions with deconfined quantum critical-
ity occurs between bosonic SPT phases in two dimen-
sions [36, 37], such as two-flavor fermionic massless quan-
tum electrodynamics (QED) in (2+1) dimensions. In a
web of duality, this fermionic Nf = 2 QED3 is dual to the
bosonic easy-plane NCCP1 model which describes a pu-
tative continuous phase transition between the Néel and
valence bond solid phases in two-dimensional quantum
magnets [32, 34]. Such a dual description opens up a new
way to understand the phase transition between different
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FIG. 1. Possible phase transitions between a SPT phase and
a trivial insulator: (a) first-order transition with a transition
point (open square); (b) continuous phase transition with a
quantum critical point (red star); (c) an intermediate spon-
taneously symmetry-breaking (SSB) phase sandwiched in be-
tween.
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symmetry-broken phases with distinct Landau order pa-
rameters. However, numerical Monte Carlo simulations
on a designed lattice model with U(1)× U(1) symmetry
gives a weakly first-order transition from BIQH to trivial
insulator [35], at odds with the continuous scenario. For
another two-dimensional model with discrete Z2 symme-
try, only a first-order transition was observed [38]. Taken
as a whole, in space dimension higher than one, it re-
mains unclear whether a microscopic model can exhibit
a continuous phase transition between a SPT phase and
a trivial insulator, which is one of the key focuses in our
work.
This paper is organized as follows. In Sec. II, we in-

troduce the interacting Hamiltonian of hardcore bosons
loaded on a correlated honeycomb lattice at half filling,
and describe the general phase diagram under the in-
terplay of periodic potential and nearest-neighboring in-
teraction. In Sec. III, we numerically demonstrate the
emergence of bosonic integer quantum Hall effect, based
on topological information of the K matrix, including
quantized drag Hall conductance. In Sec. IV, we discuss
the continuous phase transition between BIQH liquid and
a trivial (Mott) insulator induced by periodic potential,
and identify the entanglement signature at this critical
point. Finally, in Sec. V, we summarize our results and
discuss the prospect of investigating the phase transition
between BIQH liquid and a trivial insulator.

II. MODELS AND METHODS

In this work, we consider a topological honeycomb lat-
tice filled with interacting hardcore bosons at half filling,
similar to that in Refs. [12, 39]. The bond hopping be-
tween sublattice A (B) sites is coupled to the particle
number of the nearest-neighbor B (A) site:

H =
∑

〈〈ij〉〉

[
eiφij (2nb

k − 1)a†iaj + h.c.
]
+
∑

j

µj(n
a
j + nb

j)

+
∑

〈〈kl〉〉

[
eiφkl(2na

j − 1)b†kbl + h.c.
]
+ V

∑

〈ik〉

na
i n

b
k, (1)

where a (b) is the particle annihilation operator on sub-
lattice A (B), and na

i (n
b
k) the particle number opera-

tor on sublattice A (B) of the honeycomb lattice (see
Fig. 2(a)). Here the chiral phases φij = α/3 or (α/3−π)
are taken according to the colored arrow links, and the
basic unit cell contains four inequivalent sites A,A′, B,B′

as a result of φij as indicated in Fig. 2(a). µj is the peri-
odic potential with commensurate period two: µj = µ for
A,B sites while µj = 0 for A′, B′ sites within each unit
cell. V denotes the interaction strength on the nearest-
neighbor pair of sites. Below we regard sublattice A (B)
as spin degree of freedom ↑ (↓), and take Eq. 1 as an
effective two-component lattice model.
Our main findings are summarized in the phase dia-

gram in Fig. 2(b). In the parameter region V < Vc and
µ < µc, we find a robust BIQH phase. The BIQH phase
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FIG. 2. (a) The schematic plot of the correlated honeycomb
lattice model with chiral background flux. Sublattice A (B)
is labeled by open (filled) circles. The arrow link shows the
correlated hopping direction carrying chiral flux φ = α/3,
α/3 − π (here we take α = π/2), therefore each triangular
plaquette forms a flux π−α or α and each hexagonal plaque-
tte has a flux 2α. The unite cell contains four inequivalent
sites A,A′, B,B′ in the shaded region. (b) The global quan-
tum phase diagram. The phase transition between BIQH and
trivial insulator (marked by dashed line) is continuous, where
the phase boundary is determined by the singular peak of
the correlation length in DMRG, while the solid line depicts
the first-order transition, where the phase boundary is deter-
mined by the discontinuity of the first-order derivative of the
ground state energy.

is characterized by a single gapped ground state on torus
geometry, and its topological nature will be identified by
the quantized Chern number and the topological K ma-
trix as elaborated later. We also show that the BIQH
liquid phase is neighboring with two types of topologi-
cally trivial insulators. While the interaction V drives a
first-order phase transition, the ground state undergoes
a continuous phase transition from BIQH to a featureless
insulator induced by periodic potential µ. Remarkably,
we find a qualitative evidence for the critical theory as
QED3 with two flavors of Dirac fermions.

In order to study the ground state and related phase
transitions, we implement the density-matrix renormal-
ization group (DMRG) algorithm [40] combined with ex-
act diagonalization (ED) calculations, both of which have
been proven to be powerful tools for lattice models con-
taining arbitrary strong and frustrated interactions. In
the ED study, we explore the many-body ground state
of H in a finite system with the total number of sites
Ns = Lx × Ly. The ED calculations on the periodic
lattice are limited to smaller systems, while we exploit
infinite DMRG [41, 42] for cylinders with infinite length
Lx and finite width Ly (we use even Ly between 6 and
12, and periodic boundary conditions in the y direction).
We keep the number of states up to M = 6500 to obtain
accurate results for different system sizes we studied.
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FIG. 3. (Color online) The charge transfer in the x direction
for hardcore bosons on the correlated honeycomb lattice with
different cylinder widths at half filling under the insertion of
two types of flux quantum along the y direction: θy↑ = θy↓ = θ

and θy↑ = θ, θy↓ = 0. Here the interaction V = 0.

III. BIQH PHASE

Now we begin with discussing the topological nature
of the K matrix of two-component BIQH phase. For
generic two-component systems at a given filling, they
can be classified by a class of the integer-valued symmet-

ric matrixK =

(
m n
n m′

)
. The Kmatrix is related to the

Hall conductance (the Chern number matrix C for a two-

component system), through C = K
−1 =

(
C↑↑ C↑↓

C↓↑ C↓↓

)
.

Here the off-diagonal part C↑↓ is related to the drag Hall
conductance.
The Chern number matrix can be accessed by two in-

dependent and complementary ways. First, by apply-
ing twisted boundary conditions ψ(· · · , riσ + Lα, · · · ) =
ψ(· · · , riσ, · · · ) exp(iθ

α
σ ) where θασ is the twisted angle

for particles of the σ-th component in the α direction.
The many-body Chern number Cσ,σ′ of the ground state
wavefunction ψ(θxσ, θ

y
σ′ ) is obtained by [43, 44]

Cσ,σ′ =

∫
dθxσdθ

y
σ′

2π
Im

(
〈
∂ψ

∂θxσ
|
∂ψ

∂θyσ′

〉 − 〈
∂ψ

∂θyσ′

|
∂ψ

∂θxσ
〉

)
.

For small system sizes Ns = 24, 32, our ED study con-
firms the robustness of single ground state degeneracy.
According to the field theory description of BIQH [7, 16],
this unique ground state is expected to host

C = K
−1 =

(
0 1
1 0

)
. (2)

Alternatively, we can approach the Chern number ma-
trix in DMRG calculation. We calculate the charge
pumping of the ground state under the insertion of flux
quantum on large cylinder systems, in connection to the
quantized Hall conductance [45]. In DMRG we partition
the cylinder along the x direction into two halves. By
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FIG. 4. Numerical DMRG results on the second-order phase
transition induced by periodic potential µ from BIQH phase
to trivial (Mott) insulator at V = 0. Top panels show the
ground state energy per site, the first-order derivative, and
density imbalance as a function of µ. Bottom panels show
the correlation lengths ξ for different bond dimensions as a
function of µ. Left (right) panels are cylinder widths Ly = 8
(Ly = 12). The black dashed line locates the critical point
where the peak position of correlation length is singular.

inserting one flux quantum θy↑ = θ, θy↓ = 0 from θ = 0 to
θ = 2π on the cylinder system, the expectation value of

the total particle number N̂L on the left side equals to

NL(θ) = tr[ρ̂L(θ)N̂L], where ρ̂L is the reduced density
matrix of the corresponding left part. The net charge
transfer from the right side to the left side of the system
during each cycle is encoded by [46, 47]

∆Q = NL(2π)−NL(0) = C↑↑ + C↓↑. (3)

Similarly, by inserting one flux quantum θy↑ = θy↓ = θ
from θ = 0 to θ = 2π, we obtain the charge pumping
∆Q =

∑
σ,σ′ Cσ,σ′ . As shown in Fig. 3, for bosons at

half filling, by threading one flux quantum θ↑ = θ↓ = θ
in both components, the total charge pump is just given
by ∆Q = 2, while a unit charge ∆Q ≃ 1 is pumped
by threading one flux quantum θy↑ = θ, θy↓ = 0 in one
component. In light of these observations, we determine
the Chern number matrix as Eq. 2. Therefore, we es-
tablish that the unique ground state for bosons at half
filling is indeed a BIQH phase on a lattice system. By
contrast, when periodic potential is increased up to large
values µ≫ 1, we find that the expectation value of charge
pumping ∆Q vanishes to a precision of 10−4, signalling a
topologically trivial (Mott) insulator phase with particles
strongly localized at the lattice sites j where µj = 0.
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FIG. 5. Numerical DMRG results near the critical point µc

at V = 0 on the infinite cylinder with width Ly = 8. (a)

The correlation function 〈b†
0
br〉 and related power-law fitting

(red line) with the increasing bond dimension M . Only the
converged data that is independent of bond dimension M is
used for fitting. (b) Finite scaling of entanglement entropy
versus correlation length for different charge sectors. The
fitted dashed lines give the central charge c ≃ 1 for both
∆q = 0 and ∆q = 1.

IV. QUANTUM CRITICALITY

Following the last section, we continue to analyze the
phase transition nature from BIQH phase at weak poten-
tials to trivial (Mott) insulator at strong potentials with
varying µ. The possibility of continuous transitions be-
tween different quantum Hall states induced by periodic
potentials was proposed in Refs. [48–50], and has been
intensively discussed among different Chern insulators in
Ref. [51]. Here, in our ED study, for two different lattice
sizes Ns = 24, 32, by tuning µ from weak to strong, no
level crossing is observed between the ground state and
low energy excited states. In DMRG, we find that, both
the first-order derivative of ground state energy per site
1
Ns

∂E(µ)
∂µ

and density occupation difference ∆n between

the majority and minority sites, evolve smoothly without
any singular behavior as a function of µ, as indicated in
Figs. 4(a) and 4(b).
To investigate the properties of the phase transition,

we calculate the correlation lengths for different poten-
tials µ. The correlation length is calculated using the
transfer matrix defined in the infinite DMRG’s algo-
rithm [41]. In Figs. 4(c) and 4(d), we plot the correlation
length for different system sizes Ly, which evolves contin-
uously between BIQH phase and trivial (Mott) insulator.
When the system is deep in either gapped phase (BIQH
or trivial insulator), the correlation functions of physical
quantities are exponentially converged and the correla-
tion lengths are very small. In contrast, by approaching
the critical point, the correlation length reaches a broad
peak. As we increase the maximal bond dimension (the
kept number of state) in DMRG, the correlation length
tends to diverge at one unique peak signaling a critical
point. For larger system widths such as Ly = 12, more
bond dimensions are demanded in order to ensure the
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FIG. 6. The first-order phase transition between BIQH and
spin-polarized trivial insulator driven by interaction V > 0
at µ = 0 on the infinite cylinder with width Ly = 8: (a) the
ground energy per site and its derivative versus V and (b)
entanglement entropy S. The green dashed line locates the
transition point Vc.

convergence at the gapless critical point which is compu-
tationally difficult, and we focus our following discussions
on relatively small system width Ly = 8 in our quasi-one-
dimensional infinite cylinder. Nevertheless, for different
system sizes, the smooth behavior of correlation length
supports a continuous phase transition.
In infinite DMRG, the correlation length ξ(∆q) in

the charge sector ∆q determines the largest correla-
tion length of the operator-operator correlation function

〈Ô†
i Ôj〉 for the physical operator Ô carrying the charge

∆q. Moreover, we also find that the correlation length ξ
in the charge sector ∆q = ±1 dominates over the other
sectors, indicating that the slowest decaying channel is

given by the correlation function 〈b†ibj〉 with b
†
i carrying

the charge ∆q = 1. The behavior of 〈b†ibj〉 at the criti-
cal point is shown in Fig. 5(a). It demonstrates an alge-
braically decaying behavior of single-particle off-diagonal
long range correlations [36, 37] supporting a continuous
transition.
Under the fermionic parton construction of bosons,

this critical theory can be described by massless QED3

with two flavors of fermions, which is dual to the easy-
plane NCCP1 model with two-component complex bo-
son. In order to pin down the gapless nature of the
critical point, we calculate the finite scaling of entan-
glement entropy S versus the correlation length. We can
learn more about the criticality by measuring the central
charge c, which can be thought of as the number of gap-
less modes. In conformal field theory, the central charge
is extracted using the relation to the entanglement en-
tropy [52]

S =
c

6
log ξ + const. (4)
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For ordinary Nf = 2 flavors of free massless Dirac
fermions ψα, α = 1, 2, the low-energy Lagrangian

Lfree =

Nf=2∑

α=1

ψ̄αγµ(−i∂µ)ψα, (5)

where each fermion contributes a unit central charge, and
the total central charge is simply given by c = Nf . How-
ever, in deconfined criticality, the expected effective field
theory around the critical point is an emergent QED3

with two flavors of fermions ψα, α = 1, 2 coupled to a
gauge field, described by the Lagrangian

Lcritical =

Nf=2∑

α=1

ψ̄α[γµ(−i∂µ − aµ)]ψα + L[a]. (6)

where a is a noncompact gauge field, and L[a] the La-
grangian for this gauge field. Different from Lfree, in
Eq. 6, these two fermions are coupled to a dynamical U(1)
gauge field a. As a consequence, this gauge coupling acts
as a finite mass gap, and would gap out the total charge
mode [53], which predicts an effective reduced central
charge c = Nf − 1 = 1 in Eq. 4. Figure 5(b) shows
the scaling of S near the critical point versus log ξ as
the bond dimension M increases, demonstrating a linear
scaling law as Eq. 4 with a linear slope c ≃ 1. Therefore
our numerical DMRG results rule out an ordinary Fermi
liquid. Instead, they confirm the emergence of a gauge
field in the critical point, which is the hallmark signature
of deconfined phase transition.
At last, we turn to consider the transition driven by

intersublattice repulsive interaction V . For strong inter-
actions V ≫ 1, the system favors another topologically
trivial insulator with suppressed particle entanglement
between sublattice A and sublattice B, namely a spin-
polarized trivial (ferromagnetic) insulator with unequal
particle numbers N↑ =

∑
j〈n

a
j 〉 6= N↓ =

∑
j〈n

b
j〉 for two-

component spin structure. In Figs. 6(a) and 6(b), we
find the interaction V driven transition is of first-order,
as evidenced by discontinuous jump in energy derivative
1
Ns

∂E(V )
∂V

and a suddenly drop in entanglement entropy
at the same transition point.
Physically, repulsive interaction V favors the situa-

tion where particles totally occupy in either sublattice
A or sublattice B, leading to imbalanced particle fillings,
and would break the U(1) × U(1) symmetry down to

global U(1) symmetry, in contrast to continuous transi-
tion driven by µ which preserves all symmetries with bal-
anced particle fillings N↑ = N↓. The change of symmetry
provides a natural understanding of first-order transition
(scenario (a) of Fig. 1), since a SPT phase is believed to
be protected by underlying symmetries. In this context,
the phase transition driven by potential µ falls into sce-
nario (b) of Fig. 1, where the protecting symmetry does
not change across the transition and novel deconfined
QCP can be realized.

V. SUMMARY AND DISCUSSIONS

We have systematically investigated the phase transi-
tions between a symmetry-protected topological (SPT)
phase and trivial insulators on a two-dimensional hon-
eycomb lattice model that hosts a bosonic integer quan-
tum Hall (BIQH) phase. Using DMRG simulations, we
find that the current model can realize both of scenarios
(a) and (b) of Fig. 1 under the interplay between inter-
action and periodic potential. The main findings are:
1) we identify a direct continuous phase transition be-
tween BIQH and a featureless trivial (Mott) insulator; 2)
we find evidences for the critical point as QED3-Chern-
Simons theory with two flavors of Dirac fermion coupled
by a gauge interaction, thus supporting a realization of
deconfined quantum criticality between a SPT phase and
a trivial phase [36, 37]. By comparison, with increasing
nearest-neighbor repulsions, there is a first-order transi-
tion from the BIQH phase to another trivial insulator, by
breaking the protecting U(1) × U(1) symmetry. In the
future it would be interesting to explore the phase transi-
tion realizing scenario (c) of Fig. 1, e.g. the possibility of
superfluid as an intermediate phase sandwiched between
two SPT phases in a softcore bosonic model [36, 37].
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