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At density filaments in magnetized plasmas, electromagnetic waves are guided along the filament (“wave-filament

bound states”). Several wave-filament bound states exist beyond those predicted in1. The new bound states occur

under experimentally relevant conditions, and are especially common under typical NSTX conditions, where they are a

plausible mechanism for the experimentally observed power losses in the edge plasma.

In experimental magnetic confinement fusion devices,

density filaments occur1–6, with which electromagnetic

waves intended to heat the plasma interact. Such inter-

actions are usually studied from the point of view of wave

scattering1,7–9: one wishes to ensure that not too much use-

ful power will be scattered in unforeseen directions by the

turbulent edge plasma. The possibility of mode conversion

at density filaments in the edge plasma was briefly raised

in1, and is the central topic of this paper.

We consider waves in the Ion Cyclotron Range of Fre-

quencies (ICRF), where the antenna launches the “Fast

Wave” (FW), which will mode-convert to the much shorter-

wavelength “Slow Wave” (SW). Figure 1 shows typical wave-

lengths for these modes10.

To investigate this mode conversion, we will make use of

exact solutions of Maxwell’s equations for the scattering of

an incident planar Fast Wave at infinitely long cylinders. Such

solutions take the form of infinite series over eigenmodes in

a cylindrical coordinate system, known as a Mie series12, af-

ter Gustav Mie who first derived them in 190813. More re-
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FIG. 1. Perpendicular wavelengths 2π
|k⊥|

of the Fast Wave and the

Slow Wave in a deuterium plasma at various densities, with B0 = 2T,

f = 36.5MHz (ICRF), k‖ =
n‖ω

c = 9m−1 as is typical in AUG11.

Black curves are where the wave is propagating (k⊥ real), red curves

are where it is evanescent (k⊥ imaginary).
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cently, the Mie series was generalized to plane wave scattering

at cylindrical density filaments8 or spherical density blobs7 in

magnetized plasma.

The Mie solution is an exact solution of the wave equation

∇×∇×~E +
ω2

c2
ε~E = 0 (1)

where ε is a tensor which takes one of two values in a cylin-

drical (r,θ ,z) coordinate system centered on a cylindrical fil-

ament of radius rF :

ε =

{

εF r < rF in cylindrical Filament

εB r ≥ rF in Background plasma
(2)

Furthermore, the confining magnetic field is assumed to be

aligned with the filament, in the z direction of the coordinate

system, so the dielectric tensor has the form

ε =





ε⊥ −iε× 0

iε× ε⊥ 0

0 0 ε‖



 (3)

where ε⊥,ε× and ε‖ depend on the plasma composition10.

This approach allows us to exactly decompose the total

electric field as a sum of a contribution due to the Fast Wave

and a contribution due to the Slow Wave. We will quantify the

degree to which an electric field component is due to the Fast

Wave or the Slow Wave as

β =
|SW contribution|

|FW contribution|+ |SW contribution|
(4)

We must impose, on every azimuthal mode m in the cylin-

drical coordinate system, four boundary conditions at r = rF :

the tangential components of both the electric field and the

magnetic field should be continuous8. Correspondingly, there

are four amplitude degrees of freedom: amplitudes for the

Fast and Slow wave in the filament, and for the scattered Fast

and Slow wave in the background plasma, in addition to the

known amplitude of the incident wave. The four continuity

conditions are a 4×4 system of equations

M







Filament FW ampl.

Filament SW ampl.

Scattered FW ampl.

Scattered SW ampl.






=





Incident FW

Ez,Eθ ,Bz,Bθ

on interface



 (5)
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Mode conversion and wave-filament bound states 2

which couples all four degrees of freedom, that is, we should

expect the Fast Wave to couple to the Slow Wave at the fila-

ment interface.

Suppose the boundary condition matrix M in (5) has zero

determinant. Then, there is some nonzero amplitude vec-

tor that is a solution of (5) even in the absence of incident

fields. This represents a wave-filament bound state, a wave

which is localized around the filament and propagates along

the filament, perhaps analogous to a surface wave14,15 on the

filament interface. Near |M| = 0 the mode-converted Slow

Wave can have an arbitrarily large amplitude (“mode conver-

sion resonance”1). In reality, the amplitude is limited by col-

lisionality and by the fast radial movement (102 −103m/s) of

the filaments: the resonance condition only holds at some spe-

cific radial location(s), in which the filament does not spend

much time (filament diameter/radial velocity ≈ 103 RF peri-

ods). Other factors which might limit the amplitude include

the density gradient at the filament interface, which in real-

ity is steep rather than a step function, and the fact that at any

given time only one k‖ mode can be resonant, which limits the

fraction of the wave energy that can seep into the resonance.

Figure 2 shows generic examples of mode conversion from

the Fast Wave to the Slow Wave, in three qualitatively dif-

ferent cases. In case A, all waves are evanescent both in the

background plasma and in the filament. As expected, a ring of

evanescent SW Ez amplitude forms at the filament surface. In

case B, the only propagating wave mode is the Slow Wave in

the filament, which gives rise to a standing wave of SW Ez in

the filament. In case C, the only propagating wave mode is the

Fast Wave in the filament, and again a ring of evanescent SW

Ez amplitude forms at the filament surface. The generic cases

in this figure have a parallel electric field that is dominated

by the contribution of the mode-converted Slow Wave, but the

parallel electric field strength remains only a small fraction of

the unperturbed perpendicular electric field due to the incident

fast wave.

Figure 3 shows parameter scans of the “mode conversion

efficiency”
max SW |Ez| in filament

incident FW |E⊥|
over the filament density, the

background density, and the filament radius. Other parame-

ters are the same as in figure 1. High mode conversion ef-

ficiency, i.e. bright curves in figure 3, indicates a resonance

|M| = 0, or possibly a pseudo-resonance |M| ≈ 0. Naturally,

no mode conversion occurs when nF = nB, which explains the

dark diagonals. The SW-filament bound states in the lower

right blocks1, the new SW-FW-filament bound states in the

upper left blocks, and the evanescent resonances will be dis-

cussed in the next paragraphs. A resonance condition |M|= 0

exists for every azimuthal mode number m, but those at high

m give rise to very ‘thin’ resonances, which are easily missed

by the finite resolution (500× 500) in figure 3. A filament

starts on the diagonal, as it moves outward towards the toka-

mak edge, it moves leftward in figure 3, during which it may

spend some time in a near-resonant state, but this can only

have much effect if the resonance is ‘wide’, so it stands to

reason that only the ‘wide’ resonances which are visible in

figure 3 will have physical relevance.

The SW-filament bound state1 occurs where the density

inside the filament is such that the Slow Wave propagates,
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A: all waves evanescent

nB = 9 ·1017m−3

nF = 1 ·1018m−3
∫

PzdS
∫

Pz,unperturbeddS
= 1.01

B: SW propagating in hole

(nF < nB)

nB = 6 ·1016m−3

nF = 4 ·1016m−3
∫

PzdS
∫

Pz,unperturbeddS
= 1.08

C: FW propagating in

filament

nB = 3 ·1018m−3

nF = 6 ·1018m−3
∫

PzdS
∫

Pz,unperturbeddS
= 1.74

FIG. 2. Mode conversion at a cylindrical density filament. The par-

allel z component of the electric field is plotted in a cylindrical co-

ordinate system centered on the filament. It is normalized to the un-

perturbed |E⊥|. The 2D color scale shows both
ℜ(Ez)

unperturbed |E⊥|
using

the bright-dark axis, and to what extent Ez is due to the Fast Wave or

to the Slow Wave using the blue-orange axis (this is β defined in eq.

(4)). The dashed black circle is the boundary of the density filament

with a radius of rF = 1cm. The filament density nF , background den-

sity nB, and ratio of filament-integrated parallel Poynting fluxes are

also shown. Other parameters are as in figure 1.

while it is evanescent in the background. The Slow Wave re-

mains “trapped” as a standing wave in the filament. Myra and

D’Ippolito1 considered the SW and FW separately, and treated

their coupling perturbatively. This allowed them to predict the

SW-filament bound state, but not the other bound states that

we will descibe later.

As the wavelength of the SW decreases with increasing

density before it becomes evanescent, many (in principle in-

finitely many) resonances exist where the SW-filament bound

state is strongly excited. An approximate resonance condition
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Eq. (8)
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FIG. 3. Mode conversion efficiency vs. filament and background

densities. Other parameters are as in figure 1.

for these states is1

ε⊥,Bk⊥,BLBH ′
B,m + ε×,B

m
rF

LBHB,m

HB,m
=

ε⊥,F k⊥,F LF J′F,m + ε×,F
m
rF

LF JF,m

JF,m
(6)

where the subscripts B and F indicate Background and Fil-

ament quantities. The k⊥ are the radial wavenumbers of the

Slow Wave. H and J are Hankel and Bessel functions, eval-

uated at k⊥rF . L is defined in the Filament and in the Back-

ground as

LF =
−ik‖λ 2

0

ε⊥,F −n2
‖

LB =
−ik‖λ 2

0

ε⊥,B −n2
‖

(7)

λ0 is the vacuum wavelength, k‖ = kz the parallel wavenum-

ber, and m is the azimuthal mode number.

The SW-FW-filament bound state is a new type of bound

state. It occurs when the Fast Wave is evanescent in the back-

ground but propagating in the filament, and the Slow Wave is

evanescent in both. This state is qualitatively distinct from the

SW-filament bound state in that it is now the Fast Wave which

is “trapped inside”, and the resonances of this state involve an

increase in both the Fast Wave and the Slow Wave amplitude

inside the filament.

Recall that the bound states occur where the determinant of

the boundary condition matrix is 0. For large filaments with

rF ≫ 2π
|k⊥,SW | , most determinant terms can be neglected and the

m = 1 resonances are approximately given by

J0(kF rF)

J1(kF rF)
kBrF −

H0(kBrF)

H1(kBrF)
kF rF

=

(

1− i
EF,r

EF,θ

)

kB

kF

−

(

1− i
EB,r

EB,θ

)

kF

kB

(8)

where EF ,EB are the polarisation of the Fast Wave in the Fil-

ament and the Background plasma, and kF ,kB are the radial

wavenumbers of the Fast Wave in the Filament and the Back-

ground plasma. The white dotted curve in figure 3.A is the

solution of (8).

In figure 3, for the smaller filaments (rF = 1cm, rF = 1mm),

we also see bound states in the region where all waves are

evanescent. We call these new bound states “evanescent reso-

nances”. These are most likely to occur experimentally, since

they require the least extreme density ratio nF
nB

, among all res-

onances with nF > nB. In experimental fusion devices, this

ratio follows a gamma distribution16,17 with mean nF
nB

≈ 2 on

ASDEX Upgrade6,18, and slightly more on NSTX19, meaning

that only a thin strip around the diagonals in figure 3 is typical.

Larger values can occur intermittently, but are relatively rare.

The required density ratio is closest to 1 for small filaments

(fig. 3.C), small k‖, or high azimuthal mode numbers.

The evanescent resonance indicated in figure 3 is due to

a zero of the boundary condition matrix determinant at m =
2. For even higher azimuthal mode numbers, the boundary

condition matrix determinant has roots still closer to nF = nB,

but those are not efficiently excited by the incident plane wave.
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FIG. 4. Mode conversion efficiency for parameters typical in

NSTX20,23–25. Edge density 1017 − 1019m−3, B0 = 0.55T, f =
30MHz, k‖ = 3m−1, rF = 1cm. A bound state exists at realis-

tic density ratios. This remains true also for lower magnetic field

(B0 = 0.55
2 T) and larger filaments (rF = 5cm) in the NSTX edge

plasma.

Figure 4 shows the wave-filament bound states under typ-

ical NSTX conditions. They continue to exist in the region

where the background FW is propagating, but there they are

pseudo-resonances: |M| is small but not exactly 0. Under

these conditions, the wave-filament bound states occur at real-

istic density ratios nF
nB

< 2 (contrast with figure 3.B, which rep-

resents typical ASDEX Upgrade conditions, where the bound

states require much higher density ratios). Thus, the wave-

filament bound states are predicted to be common in NSTX,

and to carry RF power in the parallel direction away from the

antenna, which makes them a perfect candidate for the phys-

ical mechanism behind the experimentally observed power

losses in the NSTX edge plasma. In visible light, filaments

in NSTX show up as bright field-aligned spirals. They carry

a large fraction of the antenna power along the parallel di-

rection away from the antenna20, eventually depositing it on

the divertors, where part of it is likely absorbed via sheath

rectification21,22, a process whose efficiency is enhanced by

the increased E‖ in the wave-filament bound state.

In this paper we discussed mode conversion from the Fast

Wave to the Slow Wave at density filaments in magnetized

plasma. We have given a non-exhaustive classification of the

wave-filament bound states and the mode conversion reso-

nances. In addition to the SW-filament bound state predicted

by1, we found two new bound states that may have physical

relevance: the evanescent resonance and the SW-FW-filament

bound state. The evanescent resonance occurs under exper-

imentally relevant circumstances, and is a plausible mecha-

nism for the experimentally observed parallel transport of RF

power on NSTX: bound states could be excited by the ICRF

waves incident upon the filament in front of the antenna, and

then continue propagating along the filament even far away

from the antenna, where there are no incident fields. This

explanation is consistent with the observed occurence of this

parallel transport on NSTX but not on other machines, and

is consistent with experimentally observed greater power loss

for low k‖. It also naturally explains the observed origin of

the parallel RF power flow from the SOL in front of the an-

tenna rather than from the antenna surface itself26. It does not

contradict any of the existing proposed explanations: Wave-

filament bound states could act in synergy with the “opening”

of the boundary plasma to FW propagation27, and with sheath

rectification and the subsequent parallel spread of DC bias via

DC current transport28–30. In future work, we will use Finite

Element calculations to ascertain to what extent the claims

in this paper depend on the unrealistic assumptions made in

the Mie solution, such as non-circular filament cross sections,

steep but continuous density gradients at the filament inter-

face, and nonconstant background density.
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