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Abstract

Accurate spectral densities are necessary for computing realistic exciton dynamics

and nonlinear optical spectra of chromophores in condensed phase environments, in-

cluding multi-chromophore pigment-protein systems. However, due to the significant

computational cost of computing spectral densities from first principles, requiring many

thousands of excited state calculations, most simulations of realistic systems rely on

treating the environment as fixed point charges. Here, using a number of represen-

tative systems ranging from solvated chromophores to the photoactive yellow protein

(PYP), we demonstrate that the quantum mechanical (QM) electronic polarization of

the environment is key to obtaining accurate spectral densities and lineshapes within

the cumulant framework. We show that the QM environment can enhance or depress

the coupling of fast chromophore degrees of freedom to the energy gap, altering the

electronic-vibrational coupling and the resulting vibronic progressions in the absorption

spectrum. In analyzing the physical origin of peaks in the spectral density, we identify

vibrational modes that couple the electron and the hole as being particularly sensitive

to the QM screening of the environment. For PYP, we reveal the need for a careful

determination of the appropriate QM region to obtain reliable spectral densities. Our
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results indicate that the QM polarization of the environment can be crucial not just

for excitation energies, but also for electronic-vibrational coupling in complex systems,

with implications for the correct modeling of linear and nonlinear optical spectroscopy

in the condensed phase, as well as energy transfer in pigment-protein complexes.

Introduction

The spectral densities that define the system-bath coupling are the foundation of simu-

lations of exciton dynamics of multi-chromophore systems and simulations of nonlinear,

ultrafast spectroscopy.1{14 Computed spectral densities of complex systems, such as light-

harvesting pigment-protein complexes, require many thousands of excited state calculations

but reveal fascinating exciton dynamics with the mechanism controlling energy transfer in

multi-chromophore systems remaining controversial.15,16 The environment surrounding such

systems tunes the energy transport;17,18 for example, a recent study suggests that the local

protein environment plays an essential role in driving incoherent vibronic transport between

pigments in a phycobiliprotein complex.12

Accurate spectral densities also open the door to improved computation of condensed

phase linear absorption spectra through the cumulant framework, which offers multiple ad-

vantages over more common techniques. The ensemble approach for computing absorption

spectra19{24 accounts for specific chromophore-environment interactions, but neglects the

dynamic coupling that gives rise to vibronic transitions, leading to poor spectral lineshapes.

The popular Franck-Condon method25{32 expresses the absorption lineshape in terms of

nuclear wave function overlaps, often computed by approximating the ground- and excited-

state potential energy surfaces as harmonic around their respective minima. This formalism

does not allow for a straightforward inclusion of environmental degrees of freedom in the

calculation and the condensed phase environment is often represented in terms of a classical

polarizable continuum model33{35 that neglects specific chromophore-environment interac-

tions. Although recent progress has been made in combining advantages of the ensemble
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and Franck-Condon approaches,36{38 a cumulant expansion of electronic energy gap fluctu-

ations provides an alternative way to express the linear response function.39 This cumulant

formalism has the advantage that all motion in the complex system can couple to the elec-

tronic energy gap and both the environment and the chromophore can be treated on equal

footing. This method naturally captures both specific chromophore-environment interac-

tions as well as the dynamic coupling that leads to vibronic fine structure. The cumulant

approach has been successfully applied in recent years to study electron-transfer processes, as

well as linear spectra of complex systems, with examples including the absorption lineshapes

of solvated dyes40 and the linear spectrum of a chromophore embedded in the intercalation

pocket of DNA.41 However, compared to other approaches to computing optical properties

of complex systems, such as the classical ensemble and the Franck-Condon approach, the

cumulant method is computationally expensive, requiring the calculations of thousands of

vertical excitation energies along a sufficiently long molecular dynamics trajectory to con-

verge classical correlation functions of energy gap fluctuations.40,42

Given the importance of accurate spectral densities for simulations of linear and nonlin-

ear spectroscopy, as well as exciton dynamics, and the strong dependencies on the solvent

environment for specific vibrational modes that have been observed experimentally in res-

onance Raman spectra of push-pull chromophores,43{45 there is a clear need to investigate

how the treatment of the environment affects the spectral densities. Previous spectral den-

sity calculations have predominantly relied on computational savings through modeling the

environment as fixed point molecular mechanical (MM) charges.41 This MM charge model

has proven successful for vibrational spectroscopy and therefore may prove adequate for

the electronic-vibrational coupling required for spectral densities. This classical condensed

phase environment significantly reduces the computational cost of calculations, but may do

so at the expense of accurate coupling of the excited state of the chromophore to electronic

degrees of freedom of the environment. With the advent of large-scale excited state elec-

tronic structure calculations,46{48 it has been shown that large portions of the environment
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should be included in the QM region of the excited state calculation to compute converged

excitation energies and ensemble absorption spectra in complex systems.6,19,21,23,24,49{52 This

spectral shift represents a shift in the average excitation energy, whereas the spectral density

measures the fluctuations of the energy gap about this average. It is therefore unclear if the

QM electronic polarization of the environment is necessary for simulating accurate spectral

densities and the resulting spectral lineshapes.

In the present work, we go beyond the standard model of an MM environment for the

computation of spectral densities by using large QM regions for the environment in our

excited state calculations. We study systems with varying chromophore-environment in-

teraction strength, including Nile red in different solvents, two anionic chromophores in

water, and the photoactive yellow protein. We compute spectral densities of chromophore-

environment coupling and linear absorption spectra using a range of different QM region

sizes when calculating vertical excitation energies. We suggest guidelines to help identify

the types of complex systems for which QM polarization of the environment is essential,

which we expect to be widely applicable to improved first-principles modeling of linear and

nonlinear spectroscopy, as well as exciton dynamics, in complex systems.

Theory and Computational Methods

Theory

In the linear-response regime, the absorption spectrum of a system, �(!), can be written in

terms of the linear-response function �(t) such that39 (atomic units used throughout)

�(!) =
4�!

3

Z 1
�1

dt �(t)ei!t: (1)

If the optical response of the system is dominated by a single bright transition, with no

contributions from other excited states, the linear-response function can be modeled in terms
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of an effective two-level electronic system coupled to a bath of nuclear degrees of freedom.

Under the Condon approximation,53,54 stating that the transition dipole moment �eg from

the electronic ground- to the excited state is independent of the nuclear degrees of freedom,

the linear response function can be written in terms of a cumulant expansion of fluctuations

of the energy gap operator U(q̂):39

�(t) = |�eg|2 Tr

"
�ge
�i
R t

0
U(q̂;�)d�

+

#

= |�eg|2 e�i!av
eg t exp

"
−
1X
n=2

gn(t)

#
; (2)

where U(q̂) = He(q̂) − Hg(q̂) is given by the difference between the Hamiltionians for the

electronic ground and excited state, q̂ is the position operator of nuclear degrees of freedom,

!av
eg = Tr [�gU(q̂)] is the ground state thermal average of the electronic energy gap operator,

�g is the equilibrium density operator and gn(t) is the nth order cumulant.

If the fluctuations of the energy operator follow Gaussian statistics, the above expres-

sion is exact at second order. Real systems do not generally follow Gaussian statistics, and

truncation at second order yields the second-order cumulant approximation.39,55 Even with

truncation at second order, some of the authors have recently shown that the cumulant

method is able to approximately capture effects due to anharmonic degrees of freedom by

mapping the energy gap fluctuations to a fictitious harmonic bath.38 Further studies are nec-

essary to determine the validity of the second-order cumulant approximation for simulating

the spectral density and linear absorption spectrum of realistic condensed phase systems.

The linear response function is then determined by the second-order cumulant g2(t),

which can be evaluated as39

g2(t) =
Z t

0
d�2

Z �2

0
d�1C�U(�2 − �1)

=
1

�

Z 1
0

d!
J (!)

!2

�
coth

 
�!

2

!
[1− cos(!t)

−i[sin(!t)− !t]
�
; (3)
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where C�U(t) = Tr [�g�U(q̂; t)�U(q̂; 0)] is the quantum autocorrelation function of energy

gap fluctuations �U(q̂) = U(q̂)− !av
eg and J (!) is the spectral density. The spectral density

J (!) can be obtained directly from the quantum autocorrelation function C�U(t) via

J (!) = i�(!)
Z 1
�1

dt ei!tIm {C�U(t)} ; (4)

where �(!) is the heaviside step function. However, C�U(t) is generally inaccessible for any

realistic system and therefore a range of schemes have been developed to approximately

construct C�U(t) from its purely classical counterpart Ccl
�U(t) using quantum correction fac-

tors.56{58 A standard choice for a quantum correction factor is the harmonic approximation,

which can be derived by relating the quantum correlation function to its Kubo-transformed

analogue that has the same symmetries as the classical correlation function.59,60 The har-

monic quantum correction factor also guarantees that for a system with nuclear degrees of

freedom described by a set of linearly coupled harmonic oscillators, the exact quantum cor-

relation function can be reconstructed from its classical counterpart.38,61 Under this choice

of quantum correction factor, the spectral density J (!) can be expressed as

J (!) = �(!)
�!

2

Z 1
�1

dt ei!tCcl
�U(t): (5)

In practice, the classical autocorrelation function of the energy gap fluctuations can be

obtained from computing vertical excitation energies along a molecular dynamics trajectory

of the system propagated on the ground state potential energy surface (PES).41,42 In realistic

systems, the second-order cumulant approach generally suffers from two sources of error: The

truncation of the cumulant expansion at second order and the approximate reconstruction of

a quantum correlation function from its purely classical counterpart. These different sources

of error have been analyzed in detail for simple model systems.38

The cumulant method is particularly powerful in complex, condensed-phase systems with

a large number of environmental degrees of freedom coupling to the optical excitations. The
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high frequency region of the spectral density showcases the couplings of high frequency vi-

brational modes of the chromophore to the energy gap and is responsible for the vibronic

fine structure of the linear spectrum, whereas the low frequency region describes collective

chromophore-environment modes that lead to spectral broadening. Other approaches to

modeling linear optical spectroscopy37 do not describe both spectral contributions on the

same footing. The ensemble approach19{24 samples uncorrelated chromophore-environment

configurations and thus treats low frequency spectral broadening in a purely static way, ig-

noring any dynamic contributions from high frequency modes. The scheme does however

allow for a fully atomistic representation of the environment, and previous studies have shown

the need for large QM regions to fully describe the polarization between the chromophore

and the electronic degrees of freedom of the environment that lead to spectral shifts. The

Franck-Condon scheme25{32 allows for a dynamic, but usually harmonic, treatment of chro-

mophore degrees of freedom described by the high-frequency region of the spectral density,

but the approach does not generally incorporate an atomistic environment. Thus the Franck-

Condon scheme does not account for any specific chromophore-environment polarization. In

this work we assess how quantum mechanical polarization affects the spectral densities and

linear spectra computed within the cumulant approach. We explicitly differentiate between

the effect of the QM environment on low frequency contributions to the spectral density that

are mainly due to collective environmental degrees of freedom responsible for spectral broad-

ening, and high frequency contributions due to chromophore vibrations that are responsible

for the vibronic fine-structure.

Condensed phase systems

To demonstrate the influence of the complex environment on computed spectral densities in

realistic systems, we focus on three chromophores in different atomistic environments (See

Fig. 1). We are interested in analyzing the coupling between the chromophore and its en-

vironment for a range of different solute-solvent interaction strengths and types, including

7



C1

C2

Nile Red pCT� PYPHBDI�

Figure 1: The four systems considered in this work: The Nile red chromophore in different
solvent environments; the deprotonated p-hydroxybenzylidene-2,3-dimethylimidazolinone
(HBDI�),62,63 a GFP model chromophore, in water; the deprotonated trans-thiophenyl-p-
coumarate (pCT�),64 a PYP model chromophore, in water; and the full photoactive yellow
protein (PYP).

both protic and aprotic, as well as polar and non-polar solvents. We first examine Nile

red, a common solvatochromic dye, in cyclohexane, benzene, acetone, methanol, and wa-

ter. Next, we focus on the deprotonated p-hydroxybenzylidene-2,3-dimethylimidazolinone

(HBDI�)62,63 and trans-thiophenyl-p-coumarate (pCT�)64 chromophores in water, which

are model chromophores for green fluorescent protein (GFP) and photoactive yellow protein

(PYP), respectively, and have been the focus of a series of experimental and theoretical stud-

ies in recent years.63{68 Finally, we study the behavior of photoactive yellow protein (PYP),

a small pigment-protein complex that has been the focus of a detailed study on the influence

of the QM treatment of the protein environment,19 where it was found that large QM regions

of the protein environment are necessary in order to obtain converged excitation energies. Its

relatively small size (1929 atoms) makes PYP an ideal model system to study how complex

condensed phase environments couple to the energy gap fluctuations, which is of particular

relevance for the study of energy transfer dynamics in pigment-protein complexes that rely

on the computation of spectral densities to describe the system-bath coupling. Each of these

systems has a single bright state of interest in the low energy region of the linear absorption

spectrum.
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Computational details

To generate trajectories from which to calculate classical correlation functions of energy gap

fluctuations, we perform force field based classical MD simulations using the AMBER MD

software package.69 For the Nile red chromophore we use the same force field as was used in

our previous studies,23 which is based on the generalized AMBER force field (GAFF),70 but

with the dihedral angle controlling rotations of the dimethylamino group around the C-N

bond reparameterized to match density-functional theory (DFT) calculations. The TIP3P

model71 is used for water and for all other solvents we use unmodified GAFF parameters.

For HBDI� in water, we use the same force field as in Ref. 36, which was again generated

using GAFF parameters, but where the two dihedral angles controlling twists around the

conjugated backbone were reparameterized using DFT calculations. For pCT� and PYP, we

used the same force fields as described in Ref. 19.

Table 1: Number of atoms in the MM simulation cell.

System Number of MM atoms
Nile red in cyclohexane 17736

Nile red in benzene 9762
Nile red in acetone 13332

Nile red in methanol 10428
Nile red in water 10608
HBDI� in water 5340
pCT� in water 5765
PYP in water 34209

Nile red, pCT�, and HBDI� were placed in large solvent boxes, with the total number

of atoms in the MM simulation cells shown in Table 1. A 20 ps temperature equilibration to

300 K, followed by 400 ps of pressure equilibration in the the NPT ensemble was performed.

This was followed by a 2 ns production calculation in the NVT ensemble of which the last

6 ps were extracted for computing the correlation function. The simulation time step was 2 fs

and a Langevin thermostat with a collision frequency of 1 ps�1 was used to keep the systems

at a constant temperature. For PYP (PDB file: 1NWZ72), we took the equilibrated box of
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the protein solvated in TIP3P water from Ref. 19 and ran a 20 ps production calculation in

the NVT ensemble at 300 K. The same Langevin thermostat as for the other systems was

used, but the MD time step was chosen to be 0.5 fs to match the parameters used in Ref.

19 for the equilibration. The last 6 ps of the production trajectory were extracted for the

calculation of the classical autocorrelation functions.

From the 6 ps trajectories, snapshots were extracted every 2 fs, yielding a total of 3000

snapshots per system. For each of those snapshots, vertical excitation energies were com-

puted for varying QM region sizes. For the chromophores in different solvents, QM regions

were defined by placing spheres with a radius of Rcut on each atom of the chromophore

and including all solvent molecules with a center of mass within the volume defined by the

overlapping spheres in the QM region. All solvent molecules in the MM box not within the

QM region defined by a given choice of cutoff radius were included in the excitation energy

calculation as fixed classical point charges, where the point charges were taken from the MM

force field defining the solvent molecule. For Nile red, four different choices of cutoff radius,

Rcut = 0 Å (corresponding to a QM region only containing the chromophore), Rcut = 4 Å,

Rcut = 6 Å and Rcut = 8 Å were used. For HBDI� and pCT� in water, QM region sizes

were defined in the same way, but with Rcut = 0 Å, Rcut = 3 Å, Rcut = 6 Å and Rcut = 8 Å

as the cutoff radius.

Region 1 Region 2 Region 3 Region 4

Figure 2: The four different QM regions used for calculating vertical excitation energies for
photoactive yellow protein

For PYP, the QM region in the calculation of vertical excitation energies can no longer

be defined by a simple cutoff radius around the chromophore, as this would result in cutting

through arbitrary covalent bonds of the protein environment. Instead, we consider the
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