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We put forth a modular approach for distilling hidden flow physics from discrete and sparse observations. To
address functional expressiblity, a key limitation of the black-box machine learning methods, we have exploited
the use of symbolic regression as a principle for identifying relations and operators that are related to the
underlying processes. This approach combines evolutionary computation with feature engineering to provide
a tool for discovering hidden parameterizations embedded in the trajectory of fluid flows in the Eulerian frame
of reference. Our approach in this study mainly involves gene expression programming (GEP) and sequential
threshold ridge regression (STRidge) algorithms. We demonstrate our results in three different applications:
(i) equation discovery, (ii) truncation error analysis, and (iii) hidden physics discovery, for which we include
both predicting unknown source terms from a set of sparse observations and discovering subgrid scale closure
models. We illustrate that both GEP and STRidge algorithms are able to distill the Smagorinsky model from
an array of tailored features in solving the Kraichnan turbulence problem. Our results demonstrate the huge
potential of these techniques in complex physics problems, and reveal the importance of feature selection and
feature engineering in model discovery approaches.
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I. INTRODUCTION

Since the dawn of mathematical modelling of com-
plex physical processes, scientists have been attempting
to formulate predictive models to infer current and fu-
ture states. These first principle models are generally
conceptualized from conservation laws, sound physical
arguments, and empirical heuristics drawn from either
conducting experiments or hypothesis made by an in-
sightful researcher. However, there are many complex
systems (some being climate science, weather forecast-
ing, and disease control modelling) with their governing
equations known partially and their hidden physics await
to be modelled. In the last decade, there have been rapid
advances in machine learning!”? and easy access to rich
data, thanks to the plummeting costs of sensors and high
performance computers.

This paradigm shift in data driven techniques can
be readily exploited to distill new or improved physi-
cal models for nonlinear dynamical systems. Extract-
ing predictive models based on observing complex pat-
terns from vast multimodal data can be loosely termed
as reverse engineering nature. This approach is not par-
ticularly new, for example, Kepler used planets’ posi-
tional data to approximate their elliptic orbits. The re-
verse engineering approach is most appropriate in the
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modern age as we can leverage computers to directly in-
fer physical laws from data collected from omnipresent
sensors that otherwise might not be comprehensible to
humans. Symbolic regression methods are a class of
data driven algorithms that aim to find a mathemati-
cal model that can describe and predict hidden physics
from observed input-response data. Some of the popu-
lar machine learning techniques that are adapted for the
task of symbolic regression are neural networks®#, com-
pressive sensing/sparse optimization®® and evolutionary
algorithms™®,

Symbolic regression (SR) approaches based on evolu-
tionary computation™ are a class of frameworks that
are capable of finding analytically tractable functions.
Traditional deterministic regression algorithms assume a
mathematical form and only find parameters that best fit
the data. On the other hand, evolutionary SR approaches
aim to simultaneously find parameters and also learn the
best-fit functional form of the model from input-response
data. Evolutionary algorithms search for functional ab-
stractions with a preselected set of mathematical oper-
ators and operands while minimizing the error metrics.
Furthermore, the optimal model is selected from Pareto
front analysis with respect to minimizing accuracy versus
model complexity. Genetic programming (GP)?is a pop-
ular choice leveraged by most of the SR frameworks. GP
is an extended and improved version of a genetic algo-
rithm (GA )% which is inspired by Darwin’s theory of
natural evolution. Seminal work was done in identifying
hidden physical laws™13 from the input-output response


mailto:osan@okstate.edu

using the GP approach. GP has been applied in the con-
text of the SR approach in digital signal processing?,
nonlinear system identi cation> and aerodynamic para-
metric estimation®. Furthermore, GP as an SR tool was
applied to identify complex closed-loop feedback control
laws for turbulent separated ows% Hidden physical
laws of the evolution of a harmonic oscillator based on
sensor measurements and the real world prediction of so-
lar power production at a site were identi ed using GP
as an SR approackt.

Improved versions of GP focus on better representa-
tion of the chromosome, which helps in the free evolution
of the chromosome with constraints on the complexity
of its growth, and faster searches for the best chromo-

some. Some of these improved versions of GP are gene

expression programming (GEP¥, parse matrix evolu-
tion (PME) 22 and linear genetic programming (LGP},
GEP takes advantage of the linear coded chromosome
approach from GA and the parse tree evolution of GP to
alleviate the disadvantages of both GA and GP. GEP was
applied to diverse applications as an SR tool to recover
nonlinear dynamical system3*27, Recently, GEP was
modi ed for tensor regression, termed as multi-GEP, and
has been applied to recover functional models approxi-
mating the nonlinear behavior of the stress tensor in the
Reynolds-averaged Navier-Stokes (RANS) equatiorss.
Furthermore, this novel algorithm was extended to iden-
tify closure models in a combustion setting for large eddy
simulations (LES)<2. Similarly, a new damping function
has been discovered using the GEP algorithm for the hy-
brid RANS/LES methodology®”. Generally, evolution-
ary based SR approaches can identify models with com-
plex nonlinear compositions given enough computational
time.

Compressive sensing (C8¥ is predominately applied
to signal processing in seeking the sparsest solution (i.e.,
a solution with the fewest number of features). Basis pur-
suit algorithms®, also identi ed as sparsity promoting
optimization techniques®?S3, play a fundamental role in
CS. Ordinary least squares (OLS) optimization generally
results in identifying models with large complexity which
are prone to over tting. In sparse optimization, the OLS
objective function is regularized by an additional con-
straint on the coe cient vector. This regularization helps
in taming and shrinking large coe cients and thereby
promoting sparsity in feature selection and avoiding over-
tted solutions. The least absolute shrinkage and se-
lection operator (LASSO)*254 is one of the most pop-

ular regularized least squares (LS) regression methods.

In LASSO, an L; penalty is added to the LS objective
function to recover sparse solution”. In Bayesian terms,
LASSO is a maximum a posteriori estimate (MAP) of LS
with Laplacian priors. LASSO performs feature selection
and simultaneously shrinks large coe cients which may
manifest to over t the training data. Ridge regression=®
is another regularized variant where an L, penalty is
added to the LS objective function. Ridge regression is
also de ned as a MAP estimate of LS with a Gaussian

prior. The L, penalty helps in grouping multiple corre-
lated basis functions and increases robustness and con-
vergence stability for ill-conditioned systems. The elastic
net approact?’S8lis a hybrid of the LASSO and ridge ap-
proaches combining the strengths of both algorithms.

Derived from these advances, a seminal work was done
in employing sparse regression to identify the physical
laws of nonlinear dynamical system%”. This work lever-
ages the structure of sparse physical laws, i.e., only a few
terms represent the dynamics. The authors have con-
structed a large feature library of potential basis func-
tions that has the expressive power to de ne the dy-
namics and then seek to nd a sparse feature set from
this overdetermined system. To achieve this, a sequen-
tial threshold least squares (STLS) algorithn®? has been
introduced in such a way that a hard threshold on OLS
coe cients is performed recursively to obtain sparse so-
lutions. This algorithm was leveraged to form a frame-
work called sparse identi cation of nonlinear dynam-
ics (SINDy)2¥ to extract the physical laws of nonlin-
ear dynamical systems represented by ordinary di eren-
tial equations (ODEs). This work re-envisioned model
discovery from the perspective of sparse optimization
and compressive sensing. The SINDy framework re-
covered various benchmark dynamical systems such as
the chaotic Lorenz system and vortex shedding behind
a cylinder. However, STLS regression nds it challeng-
ing to discover physical laws that are represented by
spatio-temporal data or high-dimensional measurements
and have highly correlated features in the basis library.
This limitation was addressed using a regularized variant
of STLS called the sequential threshold ridge regression
(STRidge) algorithm4%,  This algorithm was intended
to discover unknown governing equations that are rep-
resented by partial di erential equations (PDESs), hence
forming a framework termed as PDE-functional identi-
cation of nonlinear dynamics (PDE-FIND) 4Y, PDE-
FIND was applied to recover canonical PDEs represent-
ing various nonlinear dynamics. This framework also per-
forms reasonably well under the addition of noise to data
and measurements. These sparse optimization frame-
works generally have a free parameter associated with the
regularization term that is tuned by the user to recover
models ranging from highly complex to parsimonious.

In a similar direction of discovering governing equa-
tions using sparse regression technigues,;Lregularized
LS minimization was used to recover various nonlinear
PDEs*#? using both high delity and distorted (noisy)
data. Additionally, limited and distorted data samples
were used to recover chaotic and high-dimensional non-
linear dynamical systemg3*. To automatically Iter
models with respect to model complexity (number of
terms in the model) versus test accuracy, Bayes infor-
mation criteria were used to rank the most informa-
tive models*®. Furthermore, SINDy coupled with model
information criteria is used to infer canonical biologi-
cal model$¢® and introduce a reduced order modelling
(ROM) framework 4”. STRidge*® was applied as a deter-



ministic SR method to derive algebraic Reynolds-stress
models for the RANS equationd®. Recently, various
sparse regression algorithms like LASS&, STRidge®°,
sparse relaxed regularized regressiéh, and the forward-
backward greedy algorithn?® were investigated to recover
truncation error terms of various modied di erential
equations (MDEs) coming from canonical PDES!. The
frameworks discussed above assume that the structure
of the model to be recovered is sparse in nature; that
is, only a small number of terms govern the dynamics
of the system. This assumption holds for many physical
systems in science and engineering.

Fast function extraction (FFX) 52 is another determin-
istic SR approach based on pathwise regularized learning
that is also called the elastic net algorithm?’. The result-
ing models of FFX are selected through non-dominated
Itering concerning accuracy and model complexity, sim-
ilar to evolutionary computations. FFX is in uenced by
both GP and CS to better distill physical models from
data. FFX has been applied to recover hidden physi-
cal laws?t, canonical governing equation®® and Reynolds
stress models for the RANS equation¥. Some other
potential algorithms for deterministic SR are elite bases
regression (EBRY® and prioritized grammar enumera-
tion (PGE) %6. EBR uses only elite features in the search
space selected by measuring correlation coe cients of fea-
tures for the target model. PGE is another determinis-
tic approach that aims for the substantial reduction of
the search space where the genetic operators and random
numbers from GP are replaced with grammar production
rules and systematic choices.

An arti cial neural network (ANN), also referred to as
deep learning if multiple hidden layers are used, is a ma-
chine learning technique that transforms input features
through nonlinear interactions and maps to output target
features’*. ANNSs attracted attention in recent times due
to their exemplary performance in modelling complex
nonlinear interactions across a wide range of applications
including image processing’, video classi cation®® and
autonomous driving®®. ANNs produce black-box models
that are not quite open to physical inference or inter-
pretability. Recently, physics-informed neural networks
(PINNs) 8% were proposed in the avor of SR that is ca-
pable of identifying scalar parameters for known physical
models. PINNs use a loss function in symbolic form to
help ANNs adhere to the physical structure of the sys-
tem. Along similar directions, a Gaussian process re-
gression (GPR) has been also investigated for the dis-
covery of coe cients by recasting unknown coe cients
as GPR kernel hyper-parameters for various time de-
pendent PDES?:62, As a nonlinear system identi cation
tool, the GPR approach provides a powerful framework
to model dynamical system&364. State calibration with
the four dimensional variational data assimilation (4D
VAR) 8 and deep learning techniques such as long short-
term memory (LSTM) ¢ have been used for model identi-
cation in ROM settings. Convolutional neural networks
(CNNSs) are constructed to produce hidden physical laws
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from using the insight of establishing direct connections
between Iters and nite di erence approximations of dif-
ferential operators®”:58. This approach has been demon-
strated to discover underlying PDEs from learning the
lters by minimizing the loss functions 670,

In this paper, we have exploited the use of SR in three
di erent applications, equation discovery, truncation er-
ror analysis, and hidden physics discovery. We demon-
strate the use of the evolutionary computation algorithm,
GEP, and the sparse regression algorithm, STRidge, in
the context of the SR approach to discover various phys-
ical laws represented by linear and nonlinear PDEs from
observing input-response data. We begin by demonstrat-
ing the identi cation of canonical linear and nonlinear
PDEs that are up to fth order in space. For identi-
fying one particular PDE, we demonstrate the natural
feature extraction ability of GEP and the limits in the
expressive and predictive power of using a feature library
when dealing with STRidge in discovering physical laws.
We then demonstrate the discovery of highly nonlinear
truncation error terms of the Burgers MDE using both
GEP and STRidge. We highlight that the analysis of
truncation errors is very important in the implicit large
eddy simulation as a way to determine inherent turbu-
lence models. This analysis is usually very tedious and
elaborate, and our study provides a clear example of how
SR tools are suitable in such research. Following trun-
cation error terms identi cation, we apply GEP using
sparse data to recover hidden source terms represented
by complex function compositions for a one-dimensional
(1D) advection-di usion process and a two-dimensional
(2D) vortex-merger problem. Furthermore, both GEP
and STRidge are used to demonstrate the identi cation
of the eddy viscosity kernel along with its ad-hoc mod-
elling coe cient closing LES equations simulating the
2D decaying turbulence problem. An important result
is the ability of the proposed methodology to distill the
Smagorinsky model from an array of tailored features in
solving the Kraichnan turbulence problem.

The rest of the paper is organized as follows. Section Il
gives a brief description of the GEP and STRidge algo-
rithms. In Section Ill, GEP, and STRidge are tested on
identifying di erent canonical PDEs. Section IV deals
with the identi cation of nonlinear truncation terms of
the Burgers MDE using both STRidge and GEP. In
Section V we exploit GEP for identi cation of hidden
source terms in a 1D advection-di usion process and a
2D vortex-merger problem. We additionally demonstrate
recovery of the eddy viscosity kernel and its modelling co-
e cient by both GEP and STRidge for closing the LES
equations simulating the 2D decaying turbulence prob-
lem in the same section. Finally, Section VI draws our
conclusions and highlights some ideas for future exten-
sions of this work.



Il. METHODOLOGY

We recover various physical models from data using
two symbolic regression tools namely, GEP, an evolu-
tionary computing algorithm, and STRidge, which is a
deterministic algorithm that draws its in uences from
compressive sensing and sparse optimization. We take
the example of the equation discovery problem that is
discussed in Section Ill to elaborate on the methodol-
ogy of applying GEP and STRidge for recovering various
physical models. We restrict the PDEs to be recovered
to quadratic nonlinear and up to the fth order in space.
The general nonlinear PDE to be recovered is in the form
of,

ur = F (Guu 2iuy;u2;uug;uny; i ud));

(1)

where subscripts denote order of partial di erentiation
and is an arbitrary parameter. For example, consider
the problem of identifying the viscous Burgers equation
as shown below,

Ug + UUy = 2

U ox,

where u(x;t) 2 R™ " is the velocity eld and s the
kinematic viscosity. In our study, m is the number of
time snapshots andn is the number of spatial locations.
The solution eld u(x;t) is generally obtained by solv-
ing Eq. 2 analytically or numerically. The solution eld
might also be obtained from sensor measurements that
can be arranged as shown below,
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For recovering PDEs, we need to construct a library
of basis functions called as feature library that con-
tains higher order derivatives of the solution eld u(x;t).
Higher order spatial and temporal partial derivative
terms can be approximated using any numerical scheme
once the recording of the discrete data set given by Eq. 3
is available. In our current setup, we use the leapfrog
scheme for approximating the temporal derivatives and
central di erence schemes for spatial derivatives as fol-

lows,
9
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where temporal and spatial steps are given byt and dx,
respectively. Within the expressions presented in Eq. 4,
the spatial location is denoted using subscript indexj ,
and the temporal instant using superscript index p.

We note that other approaches such as automatic dif-
ferentiation or spectral dierentiation for periodic do-
mains can easily be adopted within our study. Both
GEP and STRidge take the input library consisting of
features (basis functions) that are built using Eqg. 2 and
Eq. 3. This core library, used for the equation discovery
problem in Section Ill, is shown below,

V() = )

e(U):

Uy

(5)
uu X U2x U3x U4x U5x
The solution u(x;t) and its spatial and temporal
derivatives are arranged with sizem n 1 in each column
of Eqg. 5,. For example, the features (basis functions)J
and U o are arranged as follows,

2 u(Xo; to) 3 2 U2x (Xo; to) 3
u(Xo;t1) U2y (Xo; t1)
U © Ugy = : 6
U(Xj ;tp) ' 2 Uox (Xj ;tp) ’ ©6)
u(Xn;tm) Uy (Xn;tm)

where subscriptj denotes the spatial location and sub-
script p denotes the time snapshot. The features (basis
functions) in the core library €(U) is expanded to in-
clude interacting features limited to quadratic nonlinear-
ity and also a constant term. The nal expanded library
is given as,

(U= 1 U U2 U, UUy U2 i UE 5 (D)
where the size of the library is (U) 2 R™" N and
N is number of features (basis functions) i.e.N =28

for our setup. For example, if we have 501 spatial points



and 101 time snapshots with 28 bases, then (U) (Eq. 7)
contains 501 101 rows and 28 columns.

Note that the core feature library €(U) in Eq. 5 is
given as an input to GEP to recover PDEs and the al-
gorithm extracts higher degree nonlinear interactions of
core features in€ (U) automatically. However, for sparse
optimization techniques such as STRidge, explicit input
of all possible combinations of core features in Eq. 5
are required. Therefore, (U) in Eq. 7 forms the in-
put to STRidge algorithm for equation identi cation.
This forms the fundamental di erence in terms of fea-
ture building for both algorithms. The following Sub-
section Il A gives a brief introduction to GEP and its
speci ¢ hyper-parameters that control the e cacy of the
algorithm in identifying physical models from observing
data. Furthermore, the Subsection |IB describes how
to form linear system representations in terms ofV (t)
and (U) and brie y describe STRidge optimization ap-
proach to identifying sparse features and thereby building
parsimonious models using spatio-temporal data.

A. Gene Expression Programming

Gene expression programming (GEP}"* is a
genotype-phenotype evolutionary optimization algo-
rithm which takes advantage of simple chromosome
representation of genetic algorithm (GA)!° and the free
expansion of complex chromosomes of genetic program-
ming (GP)’. As in most evolutionary algorithms, this
technique also starts with generating initial random
populations, iteratively selecting candidate solutions
according to a tness function, and improving candidate
solutions by modifying through genetic variations using
one or more genetic operators. The main dierence
between GP and GEP is how both techniques de ne
the nature of their individuals. In GP, the individuals
are nonlinear entties of dierent sizes and shapes
represented as parse trees and in GEP the individuals
are encoded as linear strings of xed length called
genome and chromosome, similar to GA representation
of individual and later expressed as nonlinear entities of
di erent size and shape called phenotype or expression
trees (ET). GEP is used for a very broad range of
applications, but here it is introduced as a symbolic
regression tool to extract constraint free solutions from
input-response data.

The arrangement of a typical gene/chromosome in
GEP is shown in Fig. 1. The GEP gene is composed of
head and tail regions as illustrated in Fig. 1. The head
of a gene consists of both symbolic terms from functions
(elements from a function setF) and terminals (elements
from a terminal set T) whereas the tail consists of only
terminals. The function set F may contain arithmetic
mathematical operators (e.g., +; ; ;=), nonlinear func-
tions (e.g., sin, cos, tan, arctan, sqrt, exp), or Boolean
operators (e.g., Not, Nor, Or, And) and the terminal set
contains the symbolic variables. The gene always starts

FIG. 1. ET of a gene/chromosome with its structure in GEP.
Q represents the square root operator.

with a randomly generated mathematical operator from
the function set F. The head length is one of the im-
portant hyper-parameters of GEP, and it is determined
using trial and error as there is no de nite method to
assign it. Once the head length is determined, the size of
the tail is computed as a function of the head length and
the maximum arity of a mathematical operator in the
function set F®. It can be calculated by the following
equation,

tail length = head length 1)+1; (8)
whereamax is the maximum argument of a function in F.
The single gene can be extended to multigenic chromo-
somes where individual genes are linked using a linking
function (eg., +; ;=; ). The general rule of thumb is
to have a larger head and higher number of genes when
dealing with complex problems.

The structural organization of the GEP gene is ar-
ranged in terms of open reading frames (ORFs) inspired
from biology where the coding sequence of a gene equiva-
lent to an ORF begins with a start codon, continue with
an amino acid codon and ends with a termination codon.
In contrast to a gene in biology, the start site is always
the rst position of a gene in GEP, but the termination
point does not always coincide with the last position of
a gene. These regions of the gene are termed non coding
regions downstream of the termination point. Only the
ORF region is expressed in the ET and can be clearly
seen in Fig. 1.

Even though the none-coding regions in GEP genes
do not participate in nal solution, the power of GEP
evolvability lies in this region. The syntactically correct
genes in GEP evolve after modi cation through diverse
genetic operators due to this region chromosome. This
is the paramount di erence between GEP and GP im-
plementations where in latter, many syntactically invalid

(amax



individuals are produced and need to be discarded while
evolving the solutions and additional special constraint
are imposed on the depth/complexity of candidate solu-
tion to be evolved to avoid bloating problem®®.

Fig. 2 displays the typical owchart of the GEP algo-
rithm. The process is described brie y below,

1. The optimization procedure starts with a random
generation of chromosomes built upon combina-
tions of functions and terminals. The size of the
random population is a hyper-parameter and the
larger the population size, better the probability of
nding the best candidate solution.

2. After the population is generated, the chromosomes
are expressed as ETs, which is converted to a nu-
merical expression. This expression is then eval-
uated using a tness function. In our setup, we
employ the mean squared error between the best
predicted model f and the true model f as the
tness function given by,

1 X

2
MSE = & fay fay 9)

=1

wheref, is the value predicted by the chromosome
k for the tness casel (out of N samples cases)
and f| is the true or measurement value for thel™
tness case.

FIG. 2. Flowchart of the gene expression programming.

3. The termination criteria is checked after all tness
evaluations, to continue evolving or to save the best
tness chromosome as our nal predicted model.
In our current setup, we terminate after a speci ed
number of generations.

4. The evolvability/reproduction of chromosome
through genetic operators which is the core part of
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the GEP evolutionary algorithm executes if termi-
nation criteria is not met. Before the genetic opera-
tions on chromosome begins, the best chromosome
according to tness function is cloned to the next
generations using a selection method. Popular se-
lection methods include tournament selection with
elitism and roulette-wheel selection with elitism. In
our current setup, we use tournament selection with
elitism.

5. The four genetic operators that introduce variation
in populations are mutation, inversion, transposi-
tion, and recombination. The GEP transposition
operator is applied to the elements of the chromo-
some in three ways: insertion sequence (IS), root in-
sertion sequence (RIS) and gene insertion sequence
and similarly three kinds of recombination are ap-
plied namely one point, two point, and gene recom-
bination.

6. The process is continued up to termination criteria
is met, which is the number of generations in our
current setup.

TABLE |. GEP hyper-parameters for various genetic opera-
tors selected for all the test cases in this study.

Hyper-parameters Value

Selection Tournament selection
Mutation rate 0 :05
Inversion 0:1
IS transposition rate 0:1
RIS transposition rate 0:1
Gene transposition rate 0:1
One point recombination 0:3
Two point recombination 0:2
Gene recombination 0:1
Dc speci ¢ mutation rate 0 :05
Dc speci ¢ inversion rate 0:1
Dc speci ¢ transposition rate 0:1
Random constant mutation rate 0:02

Numerical constants occur in most mathematical mod-
els and, therefore, it is important to any symbolic regres-
sion tools to e ectively integrate oating point constants
in their optimization search. GP’ handles numerical con-
stants by introducing random numerical constants in a
speci ed range to its parse trees. The random constants
are moved around the parse trees using the crossover op-
erator. GEP handles the creation of random numerical
constants (RNCs) by using an extra terminal "?' and
a separate domain Dc composed of symbols chosen to
represent random numerical constant. This Dc speci ¢
domain starts from the end of the tail of the gene.



For each gene, RNCs are generated during the creation
of a random initial population and kept in an array. To
maintain the genetic variations in the pool of RNCs, ad-
ditional genetic operators are introduced to take e ect on
Dc speci c regions. Hence in addition to the usual genetic
operators such as mutation, inversion, transposition and
recombination, the GEP-RNC algorithm has Dc speci c
inversion, transposition, and random constant mutation
operators. Hence, with these modi cations to the algo-
rithm, an appropriate diversity of random constants can
be generated and evolved through operations of genetic
operators. The values for each genetic operator selected
for this study are listed in Table I. These values are se-
lected from various examples given by Ferreir& combined
with the trial and error approach. Additionally, to sim-
plify our study, we use the same parameters for all the
test cases even though they may not be the best values
for the test case under investigation.

Once decent values of genetic operators that can ex-

plore the search space are selected, the size of the head cient vector

length, population, and the number of genes form the
most important hyper-parameters for GEP. Generally,
larger head length and a greater number of genes are se-
lected for identifying complex expressions. Larger pop-
ulation size helps in a diverse set of initial candidates
which may help GEP in nding the best chromosome
in less number of generations. However, computational
overhead increases with an increase in the size of the
population. Furthermore, the best chromosome can be
identi ed in fewer generations with the right selection of
the linking function between genes. GEP algorithm in-
herently performs poor in predicting the numerical con-
stants that are ubiquitous in physical laws. Hence, the
GEP-RNC algorithm is used where a range of random
constants are prede ned to help GEP to nd numer-
ical constants. This also becomes important in GEP
identifying the underlying expression in fewer genera-
tions. Finally, we note that due to the heuristic na-
ture of evolutionary algorithms, any other combinations
of hyper-parameters might work perfectly in identify-
ing the symbolic expressions. In this study, we use
geppy’?, an open source library for symbolic regression
using GEP, which is built as an extension to distributed
evolutionary algorithms in Python (DEAP) package 2.
All codes used in this study are made available on Github
(https://github.com/sayin/SR).

B. Sequential Threshold Ridge Regression

Compressive sensing/sparse optimizatioh’® has been
exploited for sparse feature selection from a large library
of potential candidate features and recovering dynam-
ical systems represented by ODEs and PDE$4045 in
a highly e cient computational manner. In our setup,
we use this STRidgé® algorithm to recover various hid-
den physical models from observed data. In continuation
with the Section Il where we de ne feature library (U)

and target/output data V (t), this subsection brie y ex-
plains the formation of an overdetermined linear sys-
tem for STRidge optimization to identify various physical
models from data.

The Burgers PDE given in Eq. 2 or any other PDE
under consideration can be written in the form of linear
system representation in terms of (U) and V (t),

V(t) =

) (10)

where
RN where N is number of features (basis functions)
in library (U). Note that (U) is an over-complete
library (the number of measurements is greater than
the number of features) and having rich feature (col-
umn) space to represent the dynamics under consider-
ation. Thus, we form an overdetermined linear system in
Eq. 10. The goal of STRidge is to nd a sparse coe -
that only consists of active features, which
best represent the dynamics. The rest of the features are
hard thresholded to zero. For example, in the Burgers
equation given by Eq. 2, STRidge ideally has to nd the
coe cient vector  that corresponds to the featuresuuy
and uyx and simultaneously it should set all other feature
coe cients to zero.

FIG. 3. Structure of compressive matrices with sparse non
zero entries in coe cient vector Red boxes in  vector
correspond to active feature coe cients and all other coe -
cients being set to zero.

The linear system de ned in Eg. 10 can be solved for

using the ordinary least squares (OLS) problem. But
OLS minimization tries to form a functional relationship
with all the featuresin  (U) resulting in all non zero val-
ues in the coe cient vector . Thus solving Eq. 10 using
OLS infers radically complex functional form to repre-
sent the underlying PDE and generally results in over t-
ted models. Regularized least square minimization can
be applied to constraint the coe cients and avoid over-
tting. Hence regularized LS optimization is preferred to
identify the sparse features (basis functions) along with
their coe cient estimation. Typical estimation of sparse
coe cient vector with P non zero entries in  is shown



in Fig. 3. General sparse regression objective function
to approximate the solution of the coe cient vector s
given by,

=argmin jj Vi + i o (11)
where is regularizing weight and jj jjo corresponds to
Lo penalty which makes the problemnp-hard. Hence to
arrive at convex optimization problem of Eq. 12, L, and
L, penalty is generally used to approximate the solution
of the coe cient vector

The addition of L, penalty to LS objective function
which corresponds to maximum a posteriori estimate
(MAP) of Laplacian prior and termed as least absolute
shrinkage and selection operator (LASSO) in compressive
sensing. It is de ned by,

=argmin jj VOIz+ i i (12)
However, the performance of LASSO deteriorates when
the feature space is correlatetf. The sequential thresh-
old least squares (STLS) algorithm was proposed to iden-
tify dynamical systems represented by ODE$®. In STLS,
a hard threshold is performed on least square estimates
of regression coe cients and hard threshold is recursively
performed on remaining non zero coe cients. How-
ever, the e cacy of STLS reduces when dealing with
the identi cation of systems containing multiple corre-
lated columns in . Hence L, regularized least squares
termed as ridge regressiotf, which corresponds to the
maximum a posteriori estimate using a Gaussian prior,
is proposed to handle the identi cation of PDEs. Ridge
regression is de ned by,

VOiz+ i iz
+ T Tv(b):

=zargmin jj
=( 7 (13)

Ridge regression is substituted for ordinary least
squares in STLS and the resulting algorithm as sequential
threshold ridge regression (STRidge)®. The STRidge
framework?® is illustrated in Algorithm 1 for the sake of
completeness. Note that, if = 0, STRidge becomes
STLS procedure. For more elaborate details on updat-
ing tolerance (tol) to perform hard thresholding in Algo-
rithm 1, readers are encouraged to refer supplementary
document of Rudy et al®.

Algorithm 1:  STRidge( , V (t), , tol, iters)*°
Input: yV (1); ;tol |, iters
Output:

=argmin jj V(O)iz+ i iz
large = fp:j ,j tolg

[large] =0

[large] = STRidge( [:;large]; V (t); ;tol; iters 1)
return

8

We use the framework provided by Rudy et al*® in our
current study. The hyper-parameters in STRidge include
the regularization weight and tolerance leveltol which
are to be tuned to identify appropriate physical models.
In the present study, the sensitivity of feature coe cients
for various values of and the nal value of where the
best model is identi ed is showed. The following sections
deal with various numerical experiments to test the GEP
and STRidge frameworks.

I1l.  EQUATION DISCOVERY

Partial di erential equations (PDES) play a prominent
role in all branches of science and engineering. They are
generally derived from conservation laws, sound physi-
cal arguments, and empirical heuristic from an insight-
ful researcher. The recent explosion of machine learning
algorithms provides new ways to identify hidden physi-
cal laws represented by PDEs using only data. In this
section, we demonstrate the identi cation of various lin-
ear and nonlinear canonical PDEs using the GEP and
STRidge algorithms from using data alone. Analytical
solutions of PDEs are used to form the data. Table Il
summarizes various PDEs along with their analytical so-
lutions u(t; x) and domain discretization. Building a fea-
ture library and corresponding response data to identify
PDEs is discussed in detail in Section I1.

We reiterate the methodology for PDE identi cation
in Section Il. The analytical solution u(t;x) is solved
at discrete spatial and temporal locations resulting from
the discretization of space and time domains as given in
Table II. The discrete analytical solution is used as in-
put data for calculating higher order spatial and tempo-
ral data using the nite di erence approximations listed
in Eq. 4. Furthermore, the feature library is built us-
ing discrete solution u(t; x) and higher order derivative
which is discussed in Section Il. As GEP is a natural fea-
ture extractor, core feature library €(U) given in Eg. 5
is enough to form input data, i.e., GEP terminal set.
Table V shows the function set and terminal set used
for equation identi cation and Table | lists the hyper-
parameter values for various genetic operators. How-
ever, extended core feature library (U) which contains
a higher degree interactions of features is used as input for
STRidge as the expressive power of STRidge depends on
exhaustive combinations of features in the input library.
The temporal derivative of u(t;x) is target or response
data V (t) given in Eq. 5 for both GEP and STRidge.

A. Wave Equation

Our rst test case is the wave equation which is a rst
order linear PDE. The PDE and its analytical solution
are listed in Table Il. We choose the constant wave speed
a = 1:0 for propagation of the solution u(t;x). Fig. 4
shows the analytical solution u(t; x) of the wave equa-



TABLE II. Summary of canonical PDEs selected for recovery.

Discretization

PDE Exact solution Constant n (spatial)
parameters
m (temporal)
Wave eq. o .. X 2 [0;1] (n =101);
U= Al u(t;x) =sin(2 (x at)) a=1:0 t2 [0:1] (m = 101)
Heat eq. o . 4. x2[ ; 1(n=201);
U= U 2 u(t;x) = sin(x)exp( t) =1:0 £ 2 [0;1]] (m = 101)
Burgers eq. (i) Lo X AL x 2 [0;1] (n =101);
= u(t;x) = =0:01 ! _
Uf =  UUx + U ox (t+1) 1+(p7t+l)exp(%4xf+l‘ Ly t 2 [0;1] (m =101)
Burgers eq. (ii) u(tx) = 2 exp( 2t)sin(x) =0:01; x 2 [0;1] (n = 101);
Uf = UUx + U oy ! a+exp( 2 t)cos(x ) a=5=4 t 2 [0;100] (m = 101)
Korteweg-de Vries eq. u(tx) = 12 4cosh(  8t) +cosh(4x 64t)+3 =6:0;, x2[ 10;10] (n =501);
U=  uux Usx T (3cosh(x  28t) +cosh(3x  36t))2 =1:0 t 2 [0;1] (m = 201)
Kawahara eq. u(tx) = 1L5sech 1 (x at) ¢ zig X 2 [ 20;20] (n =401);
U = UUx Us3zx  Usy ' 169 2 13 a= 36:.1,69 t 2 [0;1] (m = 101)
=1:0;
Newell-Whitehead-Segel eq. u(tx) = 1 =1:0;, x2][ 40;40] (n =401);
U= U2+ U ud T x Gt =1:0 t 2 [0;2] (m = 201)
1+ exp( 9*6 E) g=2
Sine-Gordon eq. TN 1 =1:0; x2[ 2;2] (n=401);
Uzt = U 2 sin(u) u(t;x) =4tan “(sech(x)t) =1:0 t 2 [0;1] (m = 101)

TABLE Ill. GEP hyper-parameters selected for identi cation of various PDEs.

Hyper-parameters Wave eq. Heat eq. Burgers eq. (i)  Burgers eq. (ii)
Head length 2 4 2
Number of genes 1 2 1 2
Population size 25 25 20 50
Generations 100 100 500 500
Length of RNC array 10 30 5
Random constant minimum 10 1 1 1
Random constant maximum 10 1 1

tion. The GEP hyper-parameters used for identi cation
of the wave equation are listed in Table Ill. We use a

The regularization weight ( ) in STRidge is swept
across various values as shown in Fig. 6. The yellow

smaller head length and a single gene for simple cases line in Fig. 6 represents the value of at which the best

like a linear wave PDE. We note that any other combi-
nations of hyper-parameters may identify the underlying
PDE. Fig. 5 illustrates the identi ed PDE in the ET form.
When the ET form is simpli ed, we can show that the re-
sulting equation is the correct wave PDE, identi ed with
its wave propagation speed parameteg.

identi ed PDE is selected. Note that in this simple case
STRidge was able to nd the wave equation for almost
all the values of 's that are selected. Table VI shows the
wave PDE recovered by both GEP and STRidge.
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TABLE IV. GEP hyper-parameters selected for identi cation of various PDEs.

Hyper-parameters KdV eq. Kawahara eq. NWS eq. Sine-Gordon eq.
Head length 6 2 5 3
Number of genes 5 1 3 2
Population size 20 20 30 100
Generations 500 100 100 500
Length of RNC array 30 5 25 20
Random constant minimum 1 1 10 10
Random constant maximum 10 1 10 10

TABLE V. GEP functional and terminal set used for equation
discovery. *?' is a random constant.

Parameter Value

Function set +; ; ;= sin, cos
Terminal set €(), ?

Linking function +

FIG. 5. Wave equation in terms of ET identi ed by GEP.

FIG. 4. Analytical solution of the wave equation.

TABLE VI. Wave equation identi ed by GEP and STRidge.

Recovered Test error FIG. 6. STRidge coe cients as a function of regularization
True u = 1:00u parameter for the wave equation.
- . X
GEP ug = 100 uy 1:72 10 *®
STRidge ug = 1:00 uy 9:.01 10 *® B. Heat Equation

We use the heat equation which is a second order lin-
ear PDE to test both SR approaches. The PDE and



its analytical solution is listed in Table Il. The physical
parameter = 1:0 may represent thermal conductivity.
Fig. 7 displays the analytical solution u(t; x) of the heat
equation. Table Il lists the GEP hyper-parameters used
for identi cation of the heat equation. Fig. 8 shows the
identi ed PDE in the form of an ET. When the ET form
is simpli ed, we can show that the resulting model is the
heat equation identi ed with its coe cient

FIG. 7. Analytical solution of the heat equation.

The regularization weight ( ) in STRidge is swept
across various values as shown Fig. 9. The yellow line in
Fig. 9 represents the value of selected at which STRidge
nds the heat equation accurately. Note that STRidge
was able to nd the heat equation for low values of the
regularization weight as shown in Fig. 9. Table VIl
shows the heat equation recovered by both GEP and
STRidge. STRidge was able to nd a more accurate co-
e cient () value than GEP. Furthermore, a small con-
stant value is also identi ed along with the heat equation
by GEP.

TABLE VII. Heat equation identi ed by GEP and STRidge.

Recovered Test error
True Ur = 1:00 uzx
GEP U =0:99uy 533 10 *® 555 10 %
STRidge uy = 1:00 Uy 4:09 10 *°

C. Burgers Equation (i)

Burgers equation is a fundamental nonlinear PDE oc-
curring in various areas such as uid mechanics, nonlinear
acoustics, gas dynamics and tra ¢ ow ">6. The interest
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FIG. 8. Heat equation in terms of ET identi ed by GEP.

FIG. 9. STRidge coe cients as a function of regularization
parameter for the heat equation.

in the Burgers equation arises due to the non linear term
uuy and presents a challenge to both GEP and STRidge
in the identi cation of its PDE using data. The form of
the Burgers PDE and its analytical solution’” is listed in
Table II. The physical parameter = 0:01 can be con-
sidered as the kinematic viscosity in uid ows. Fig. 10
shows the analytical solutionu(t; x) of the Burgers equa-
tion. Table Il shows the GEP hyper-parameters used
for identi cation of the Burgers equation. Fig. 11 shows
the identi ed PDE in the form of the ET. When ET form
is simpli ed, we can show that the resulting model is the
Burgers equation identi ed along with the coe cient of
the nonlinear term and the kinematic viscosity. GEP
uses more generations for identifying the Burgers PDE
due to its nonlinear behavior along with the identi ca-
tion of feature interaction term uu.

The regularization weight ( ) in STRidge is swept
across various values as shown in Fig. 12. The yellow
line in Fig. 12 represents the value of at which the



FIG. 10. Analytical solution of the Burgers equation (i).

best identi ed PDE is selected. Note that the STRidge
algorithm was able to nd the Burgers equation at multi-
ple values of regularization weights . Table VIII shows
the Burgers PDE recovered by both GEP and STRidge.
There is an additional constant coe cient term recovered
by GEP. Furthermore, the recovery of the nonlinear term
using a limited set of input features shows the usefulness
of GEP.

TABLE VIII. Burgers equation (i) identied by GEP and
STRidge.

Recovered Test error
True U =  Uuy +0:01 uyy
GEP Ut = Uux +0:0lux 123 10 ° 610 10 ®
STRidge u; = uuy +0:01 ux 519 10 %

D. Burgers Equation (ii)

Burgers PDE with a dierent analytical solution is
used to test the e ectiveness of GEP and STRidge as the
input data is changed but represented by the same phys-
ical law. The analytical solution of the Burgers equation
(ii) is listed in Table II. The physical parameter =0:01
is used to generate the data. Fig. 13 shows the alter-
nate analytical solution u(t;x) of the Burgers equation.
Table Il shows the GEP hyper-parameters used for iden-
ti cation of the Burgers equation (ii). Fig. 14 shows
the identi ed PDE in the form of ET. When ET form
is simpli ed, we can show that the resulting model is the
Burgers equation identi ed along with the coe cient of
nonlinear term and kinematic viscosity. With an alter-
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FIG. 11. Burgers equation (i) in terms of ET identied by
GEP.

FIG. 12. STRidge coe cients as a function of regularization
parameter for the Burgers equation (i).

nate solution, GEP uses a larger head length, more genes,
and a larger population for identifying the same Burgers
PDE.

The regularization weight ( ) in STRidge is swept
across various values as shown Fig. 15. The yellow line in
Fig. 15 represents the value of at which the best identi-
ed PDE is selected. Note that STRidge was able to nd
the Burgers equation at various values of regularization
weight . Table IX shows the Burgers PDE recovered by
both GEP and STRidge.



FIG. 13. Analytical solution of the Burgers equation (ii).

TABLE IX. Burgers equation (ii) identied by GEP and
STRidge.

Recovered Test error
True ur = 1:00 uuyx +0:01 uxx
GEP U= 1:0luuy +0:0lus 333 10 ®1:94 10
STRidge uy = 0:99 uuy +0:01 uxx 1:85 10

FIG. 14. Burgers equation (ii) in terms of ET identi ed by
GEP.

13

FIG. 15. STRidge coe cients as a function of regularization
parameter for the Burgers equation (ii).

E. Korteweg-de Vries (KdV) Equation

Korteweg and de Vries derived the KdV equation
to model Russell's phenomenon of solitorf§7°. The
KdV equation also appears when modelling the behav-
ior of magneto-hydrodynamic waves in warm plasma's,
acoustic waves in an inharmonic crystal and ion-acoustic
waves®. Many di erent forms of the KdV equation avail-
able in the literature but we use the form given in Ta-
ble Il. Fig. 16 shows the analytical solution u(t;x) of
the KdV equation8!. It can be seen that this analytical
solution refers to two solutions colliding together which
forms good test case for SR techniques like GEP and
STRidge. Table IV shows the GEP hyper-parameters
used for identi cation of the KdV equation. Due to the
higher nonlinear dynamics represented by higher order
PDE, GEP requires large head length and genes com-
pared to other test cases in equation discovery. Fig. 17
shows the identi ed PDE in the form of the ET. When
ET form is simpli ed, we can observe that the result-
ing model is the KdV equation identi ed along with its
coe cients.

The regularization weight ( ) in STRidge is swept
across various values as shown Fig. 18. The yellow line in
Fig. 18 represents the value of at which the best identi-
ed PDE is selected. Note that STRidge was able to nd
the KdV equation at various values of the regularization
weights ( ). Table X shows the KdV equation recovered
by both GEP and STRidge. The physical model identi-
ed by STRidge is more accurate to the true PDE than
the model identi ed by GEP.



FIG. 16. Analytical solution of the KdV equation.

TABLE X. KdV equation identi ed by GEP and STRidge.

Recovered Test error
True U = 6:00 uux +1:00 usx
GEP U = 596uux +0:99us 584 10 4 0:29
STRidge uy = 6:04 uuy +1:02 usy 0:02

FIG. 17. KdV equation in terms of ET identi ed by GEP.

F. Kawahara Equation

We consider the Kawahara equation, which is a fth-
order nonlinear PDE®? shown in Table Il. This equation
is sometimes also referred to as a fth-order KdV equa-
tion or singularly perturbed KdV equation. The fth-
order KdV equation is one of the most well known non-
linear evolution equation which is used in the theory of
magneto-acoustic waves in a plasnf&, capillary-gravity
waves$?® and the theory of shallow water wave§*. This
test case is intended to test GEP and STRidge for iden-
tifying higher order derivatives from observing data. We
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FIG. 18. STRidge coe cients as a function of regularization
parameter for the KdV equation.

use an analytical solutiorf® which is a traveling wave so-
lution given in Table Il. This analytical solution also sat-

is es the linear wave equation and hence both GEP and
STRidge may recover a wave PDE (not shown here) as
this is the sparsest model represented by observed data
(Fig. 19). For simplifying the analysis, we remove the
potential basis uy from the feature library*? ( (U)) for
STRidge and additionally include uuy basis in core fea-

ture library ( € (U)) for GEP.

FIG. 19. Analytical solution of the Kawahara equation.

Table IV shows the GEP hyper-parameters used for
the identi cation of the Kawahara equation. Due to sim-
plifying the feature library, GEP requires smaller head
length and single gene. Fig. 20 shows the identi ed PDE
in the form of ET. When ET form is simpli ed, we can



show that the resulting model is the Kawahara equa-
tion identi ed correctly along with its coe cients. For
STRidge, the regularization weight ( ) is swept across
various values as shown in Fig. 21. The yellow line in
Fig. 21 represents the value of at which the best identi-
ed PDE is selected. Note that STRidge was able to nd
the Kawahara equation at various values of regulariza-
tion weights ( ). Table XI shows the Kawahara equation
identi ed by both GEP and STRidge.

FIG. 20. Kawahara equation in terms of ET identi ed by
GEP.

FIG. 21. STRidge coe cients as a function of regularization
parameter for the Kawahara equation.

G. Newell-Whitehead-Segel Equation

Newell-Whitehead-Segel (NWS) equation is a special
case of the Nagumo equatio?f. Nagumo equation is a
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nonlinear reaction-di usion equation that models pulse
transmission line simulating a nerve axof’, population
genetic$®, and circuit theory®. The NWS equation and
its analytical solution are shown in Table Il. We use a
traveling wave solution® that satis es both wave and
NWS equations (Fig. 22). We carry similar changes to
the feature library that was applied to discovering the
Kawahara equation.

FIG. 22. Analytical solution of the NWS equation.

Table IV shows the GEP hyper-parameters used for
identi cation of the NWS equation. However contrast
to identifying the Kawahara equation with smaller head
length and single gene from simplifying the feature li-
brary, for NWS case GEP requires larger head length
and more genes for identifying PDE as shown in Ta-
ble IV. This is due to the identi cation of nonlinear in-
teraction feature u? that appears in the NWS equation.
Fig. 23 shows the identi ed PDE in the form of ET. When
ET form is simplied, we can show that the resulting
model is the NWS equation identi ed along with its co-
e cients. For STRidge, the regularization weight () is
swept across various values as shown Fig. 24. The yellow
line in Fig. 24 represents the value of at which the best
identi ed PDE is selected. Note that STRidge was able
to nd the NWS equation at various values of regular-
ization weights ( ). Table XII shows the NWS equation
identi ed by both GEP and STRidge.

H. Sine-Gordon Equation

Sine-Gordon equation is a nonlinear PDE that appears
in propagating of uxions in Josephson junctions’®, dislo-
cation in crystals®® and nonlinear optics’®. Sine-Gordon
equation has a sine term that needs to be identi ed by
GEP and STRidge by observing data (Fig. 25). This test
case is straight forward for GEP as the function set in-
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TABLE XI. Kawahara equation identi ed by GEP and STRidge.

Recovered Test error
True Ut = 1:0uux 1:00uzx 1:0 usx
GEP U= 1:0uux 1:00usx 1O0usx 827 108 529 10
STRidge U = 10uux 0:99usx 1.0 usy 135 10 *?

TABLE XIl. NWS equation identi ed by GEP and STRidge.

Recovered Test error
True U =1:00uU +1:00u  1:00 u?
GEP U =0:99 Uz +0:99u  0:99u? 827 10 8 302 10 U
STRidge Ur =1:00 Uz +0:99u  0:99 u? 1:36 10 ™

FIG. 23. NWS equation in terms of ET identi ed by GEP.

FIG. 24. STRidge coe cients as a function of regularization
parameter for the NWS equation.

cludes trigonometric operators that help to identify the
equation. However, the application of STRidge is suit-
able if features library is limited to basic interactions and

does not contain a basis with trigpnometric dependen-
cies. STRidge may recover in nite series approximations
if higher degree basic feature interactions are included
in the feature library3°. Note that the output or target
data for the Sine-Gordon equation consists of second or-
der temporal derivative of velocity eld u(t;x). Hence,
V(t) consists ofuy; measurements instead ofy;.

FIG. 25. Analytical solution of the Sine-Gordon equation.

Table IV shows the GEP hyper-parameters used for
identifying the Sine-Gordon equation. For our analysis,
GEP found the best model when the larger population
size used. Fig. 26 shows the identi ed PDE in the form
of ET. When ET form is simpli ed, we can show that
the resulting model is the Sine-Gordon equation iden-
ti ed along with its coe cients. Table Xl shows the
identi ed equation by GEP. This test case demonstrates
the usefulness of GEP in identifying models with complex
function composition and limitation of the expressive and
predictive power of the feature library in STRidge.



TABLE XllIl. Sine-Gordon equation identi ed by GEP.

Recovered Test error
True uz =1:00uyx  1:00 sin(u)
GEP ux =0:99uzx 0:99 sin(u) 1:82 10 ° 1.57 10 4

FIG. 26. Sine-Gordon equation in terms of ET identi ed by
GEP.

IV.  TRUNCATION ERROR ANALYSIS

This section deals with constructing a modi ed di er-
ential equation (MDE) for the Burgers equation. We
aim at demonstrating both GEP and STRidge tech-
nigues as SR tools in the identi cation of truncation
errors resulting from an MDE of the Burgers nonlinear
PDE. MDEs provide valuable insights into discretization
schemes along with their temporal and spatial truncation
errors. Initially, MDE analysis was developed to con-
nect the stability of nonlinear di erence equations with
the form of the truncation errors®. In continuation, the
symbolic form of MDEs were developed and a key insight
was proposed that only the rst few terms of the MDE
dominate the properties of the numerical discretizatior?*.
These developments of MDE analysis lead to increasing
accuracy by eliminating leading order truncation error
terms®, improving stability of schemes by adding arti-
cial viscosity terms %, preserving symmetrie§”:%8, and
ultimately sparse identi cation of truncation errors 51,
Therefore, MDE analysis plays a prominent role in im-
plicit large eddy simulations (ILES)®® as truncation er-
rors are shown to have inherent turbulence modelling
capabilities!®. Discretization schemes are tuned in the
ILES approach as to model the subgrid scale tensor using
truncation errors. As the construction of MDEs becomes
cumbersome and intractable for complex ow con gura-
tions, data driven SR tools such as GEP and STRidge
can be exploited for the identi cation of MDEs by ob-
serving the data.
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For demonstration purposes, we begin by constructing

an MDE of the Burgers equation,
Ut + UUx = U, (14)

and discretizing Eq. (14) using rst order schemes (i.e.,
forward in time and backward in space approximations
for the spatial and temporal derivatives, respectively)
and a second order accurate central di erence approx-
imation for the second order spatial derivatives. The re-
sulting discretized Burgers PDE is shown below,

+1

LAV AU UV S VIR
dt ! dx dx2 '

where temporal and spatial steps are given byt and dx,
respectively. In Eq. 15, the spatial location is denoted
using subscript indexj and the temporal snapshot using
superscript index p.

To derive the modi ed di erential equation (MDE) of
the Burgers PDE, we substitute the Taylor approxima-
tions for each term,

dt? dt®
uP™t = up o+ dtu)f + S (ua)f + e (Ua)f

ot
2

dx?
dx(ux )jp + T(UZX )jp

MO/ ©

dx®
(U2x)jp + ?(ng)jp + o0
dx?® g
T(U3x)jp RIRERE
(16)
When we substitute these approximations into Eq. 15,
we obtain the Burgers MDE as follows,

ey = Ul + dx((u))f +

p p

(U+uux  ux)f= R (17)

where R represents truncation error terms of the Burgers
MDE given as,

dt dx dx ?
R= E(UZt)jp + 7(qu)jp ?(LMX)]P + O(dtz; dX4):

(18)
Furthermore, temporal derivative in Eq. 18 is substituted
with spatial derivatives resulting in,

R = dtuu? dtuyuy dtuu sy
dx dt dx 2
— Ul + Eu2u2X 5 Uax o(dt?; dx*): (19)

The truncation error or residual of discretized equation
consideringu(t; x) as exact solution to the Burgers PDE
is equal to the di erence between the numerical scheme
(Eqg. 15) and di erential equation (Eq. 14) %1, This re-
sults in discretized equation with residual as shown be-
low,

p p
u’ ul
p+1 p p ] j 1
uj uj + uj dtidx
p p p
u: 2u + u;
dt 22 de2 I 1= Rdt: (20)
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TABLE XIV. GEP hyper-parameters selected for identi cation of truncation error terms of MDEs.

Hyper-parameters

Burgere eq. (i)

Burgers eq. (ii)

Head length 8 8
Number of genes 5 4
Population size 70 70
Generations 1000 1000
Length of RNC array 20 20
Random constant minimum 1:0 10 °© 10 10°
Random constant maximum 0:01 001

We follow the same methodology for constructing the
output data and feature library as discussed in Section Il
for the equation discovery. However, the output or target
data V (t) is stored with the left hand side of Eq. 20
denoted from now asU ;. The resulting output and core
feature library are shown below,

)

v =
€()

Uer

(21)
U Ux U2x U3x

U4x

The computation of the output data V (t) in Eqg. 21 can
be obtained using the analytical solution of the Burgers
PDE. Furthermore, the derivatives in core feature library
€(U) are calculated using the nite di erence approxi-
mations given by Eq. 4. We use both analytical solutions
listed in Table Il for the Burgers equation (i) and the
Burgers equation (ii) to test GEP and STRidge for re-
covering truncation error terms.

We use the same extended feature librarye (U) as in-
put to STRidge given in Eq. 7, but without the fth order
derivative. However, we add additional third degree in-
teraction of features to € (U) to recover the truncation
error terms containing third degree nonlinearities. The
extra nonlinear features that are added to € (U ) are given
below,

[UZUX U2U2X U2U3X U2U4X
UU)Z( UUXUZX UUxU3X UUXU4x].

In contrast, GEP uses the core feature € (U) as input
as it identi es the higher order nonlinear feature inter-
actions automatically. This test case shows the natural
feature extraction capability of GEP and need to mod-
ify the feature library to increase the expressive power of
STRidge.

The functional and terminal sets used for truncation
error identi cation are listed in Table XV. First, we test
the recovery of truncation errors using the analytical so-
lution of the Burgers equation (i) with the same spatial
and temporal domain listed in Table Il. However, we set
spatial discretization to be dx = 0:005 and temporal dis-
cretization to dt = 0:005 for storing the analytical solu-
tion u(t;x). This test case needs a large population size,

TABLE XV. GEP functional and terminal sets used for trun-
cation error term recovery. "?' is a random constant.

Parameter Value
Function set +;
Terminal set €(U), ?
Linking function +

bigger head length, more genes and more iterations as
given in Table X1V, as the truncation error terms con-
sist of nonlinear combinations of features and the coe -
cients of error terms that are generally di cult for GEP

to identify. Fig. 27 shows the ET form of the identi ed
truncation error terms. The regularization weight  for
STRidge is swept across a range of values as shown in
Fig. 28. The vertical yellow line in Fig. 28 is the value
of where STRidge identi es the best truncation error
model. Table XVI shows the recovered error terms by
GEP and STRidge along with their coe cients. Both
GEP and STRidge perform well in identifying the non-
linear spatial error terms with STRidge predicting the
error coe cient better than GEP.

In the second case, we test the recovery of truncation
errors using an analytical solution of the Burgers eq. (ii)
with the same spatial and temporal domain listed in Ta-
ble 1l. We select the spatial discretization dx = 0:005
and the temporal discretization dt = 0:1 for propagat-
ing the analytical solution u(t;x). This test case also
follows the previous case where a large population size,
bigger head length, more genes, and more iterations are
needed as shown in Table XIV. Fig. 29 shows the ET form
of identi ed truncation error terms. The regularization
weight for STRidge is swept across a range of values as
shown in Fig. 30. In this test case, the coe cients change
rapidly in respect to , and the best model is recovered
only at the value of shown by the vertical yellow line in
Fig. 30. Table XVII shows the recovered error terms by
GEP and STRidge along with their coe cients. Similar
to the previous test case, STRidge predicts the trunca-
tion error coe cients better than GEP.
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FIG. 27. Truncation error of the Burgers MDE using analytical solution of the Burgers equation (i) in terms of ET identi ed

by GEP.

TABLE XVI. Identi ed truncation error terms along with coe cients for the Burgers MDE (i) by GEP and STRidge.

True GEP Relative error (%) STRidge Relative error (%)
uu 25 10 ° 226 10 ° 9:6 248 10 ° 0:8
Ux Uzx 50 107 509 107 1:8 502 10 7 0:4
UU3x 25 10 ° 342 10 ° 36:8 229 10 7 8:4
u?uzx 125 105 1:13 10 ° 9:6 122 10 ° 2:4
Uax 1:25 10 ° 1:38 10 ° 10:4 116 10 ° 7:2
Ul 2« 125 10 ° 1:33 10 ° 6:4 1:24 10 ° 0:8

TABLE XVII. Identi ed truncation error terms along with coe cients for the Burgers MDE (ii) by GEP and STRidge.

True GEP Relative error (%) STRidge Relative error (%)
uu? 1.0 10 2 819 10 ° 181 992 103 0.8
Ux U2y 20 10 ¢4 264 10 4 320 199 10 ¢4 0.5
Ul 3x 1.0 10 % 155 10 * 55:0 991 10° 0.9
U2 U2y 50 10 ° 421 103 15:8 508 10 3 1.6
Uax 50 10 ° 565 10 ' 13.0 494 107 1.2
Ul 2x 25 104 2:75 10 4 10 2:54 10 4 1.6

V. HIDDEN PHYSICS DISCOVERY

In this section, we demonstrate the identi cation of
hidden physical laws from sparse data mimicking sens

or

measurements using GEP and STRidge. Furthermore,
we demonstrate the usefulness of GEP as a natural fea-
ture extractor that is capable of identifying complex func-

tional compositions. However, STRidge in its curren

t

form is limited by its expressive power which depends
on its input feature library. Many governing equations

of complex systems in the modern world are only pa
tially known or in some cases still awaiting rst principle
equations. For example, atmospheric radiation mode

r_

Is

or chemical reaction models might be not fully known

in governing equations of environmental system¥?2103
These unknown models are generally manifested in the
right hand side of the known governing equations (i.e.,
dynamical core) behaving as a source or forcing term.
The recent explosion of rapid data gathering using smart
sensors® has enabled researchers to collect data that
the true physics of complex systems but their governing
equations are only known partially. To this end, SR ap-
proaches might be able to recover these unknown physical
models when exposed to data representing full physics.

To demonstrate the proof of concept for identi ca-
tion of unknown physics, we formulate a 1D advection-
di usion PDE and a 2D vortex-merger problem. These
problems include a source term that represents the hid-



FIG. 28. STRidge coe cients as a function of regularization
parameter for truncation error of the Burgers MDE (i).

den physical law. We generate synthetic data that con-
tains true physics and substitute this data set in to the
known governing equations. This results in an unknown
physical model left as a residual that must be recovered
by GEP when exposed to a target or output contain-
ing the known part of the underlying processes. Fur-
thermore, both GEP and STRidge are tested to recover
eddy viscosity kernels for the 2D Kraichnan turbulence
problem. These eddy viscosity kernels are manifested
as source terms in the LES equations that model unre-
solved small scales. Additionally, the value of the ad-hoc
free modelling parameter that controls the dissipation in
eddy viscosity models is also recovered using GEP and
STRidge.

A. 1D Advection-Di usion PDE

In the rst test case, we consider a 1D non-
homogeneous advection-di usion PDE which appears in
many areas such as uid dynamic$®, heat transfert®®,
and mass transfet”. The non-homogeneous PDE takes
the form,

Ut + Cly = U 2 + S(t;X); (22)

1

1 .
where ¢ = 3 = I and S(t; x) is the source term.

We use an analytical solutionu(t; x) for solving Eq. 22.
The exact solution for this non-homogeneous PDE is as
follows,

2

u(t;x) =exp —— sin(x); (23)

where the spatial domainx 2 [0; 1] and the temporal do-
maint 2 [0; 1]. We discretize the space and time domains
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with n =501 and m = 1001, respectively. Fig. 31 shows
the corresponding analytical solutionu(t; x).
The source term S(t; x), which satis es Eq. 22 for the
analytical solution provided by Eq. 23, is given as,
2 2t 1 2t
S(t;x) = 7exp e sin( x )+ éexp v cos(x ):

(24)

Our goal is to recover this hidden source term once the
solution u(t; x) is available either by solving the analyti-
cal equation given by Eq. 23 or by sensor measurements
in real world applications. Furthermore, we select 64 ran-
dom sparse spatial locations to mimic experimental data
collection. After the solution u(t; x) is stored at selected
sparse spatial locations, we follow the same procedure
for constructing output data and feature building as dis-
cussed in Section Il. The corresponding output dataV
and feature library for recovering source term using GEP
are given as, )

V: Ut+CUX

€= xt

U 2« (25)

The derivatives in the output data V are calculated us-
ing Eg. 4. Hence, to calculate spatial derivatives, we
also store additional stencil datau(t;x) around the ran-
domly selected sparse locationsu)f i.e, (U)f.; (U)f ;.
Table XIX gives the functional and terminal sets used by
GEP to recover the source termS(t; x) given in Eq. 24.
Table XVIII lists the hyper-parameters used by GEP
for recovering source term of the 1D advection-di usion
equation. As the hidden physical law given in Eq. 24 con-
sists of complex functional compositions, GEP requires a
larger head length, and more generations are required by
GEP for identi cation. The ET form of the source term
S(t;x) found by GEP is shown in Fig. 32. The identi-
ed source term after simplifying the ET form found by
GEP is listed in Table XX. GEP was able to identify the
source term S(t; X) given in Eq. 24 from sparse data.

B. 2D Vortex-Merger Problem

In this section, we demonstrate the recovery of hid-
den physical law from the data generated by solving the
vortex-merger problem with source terms. The initial
two vortices merge to form a single vortex when they
are located within a certain critical distance from each
other. This two-dimensional process is one of the fun-
damental processes of uid motion and it plays a key
role in a variety of simulations, such as decaying two-
dimensional turbulence®®1%° and mixing layers'*®. This
phenomenon also occurs in other elds such as astro-
physics, meteorology, and geophysiés!. The Vortex-
merger problem is simulated by using the 2D incompress-
ible Navier-Stokes equations in the domain with periodic
boundary conditions.

We specically solve the system of PDEs called
vorticity-streamfunction formulation. This system of



FIG. 29. Truncation error term of the Burgers MDE using
identi ed by GEP.
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analytical solution of the Burgers equation (ii) in terms of ET

TABLE XVIIl. GEP hyper-parameters selected for identifying source terms for the 1D advection-di usion and the 2D vortex-

merger problem.

Hyper-parameters 1D advection-di usion eq. 2D vortex-merger problem
Head length 6 5
Number of genes 2 3
Population size 50 50
Generations 1000 500
Length of RNC array 5 8
Random constant minimum 1

Random constant maximum

FIG. 30. STRidge coe cients as a function of regularization
parameter for truncation error of the Burgers MDE (ii).

TABLE XIX. GEP functional and terminal sets used for
source term identi cation. *?' is a random constant.

Parameter Value

Function set +; ; ;= exp, sin, cos
Terminal set e 2

Linking function +

PDEs contains the vorticity transport equation derived
from taking the curl of the 2D incompressible Navier-
Stokes equations and the Poisson equation represent-
ing the kinematic relationship between the streamfunc-
tion ( ) and vorticity (!). The resulting vorticity-
streamfunction formulation with source term is given as,

1 9
Lo+ 305 ) o' 21+ S(txy)”

2

(26)

r ! ’
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TABLE XX. Hidden source term ( S) of the 1D advection-di usion PDE identi ed by GEP.

Recovered Test error
True S =4:93 exp(247t) sin(3:14 x) + 0:33 exp(2:47 t) cos(3:14 x)
GEP S = 4:93 exp(2:46 t) sin(3:14 x) + 0:33 exp(2:46 t) cos(314x) 312 10 ° 334 10 °

FIG. 31. Solution to the 1D advection-di usion PDE with
source term.

FIG. 32. Hidden source term of the 1D advection-di usion
PDE in terms of ET identi ed by GEP.

where the Reynolds number is set to Re = 2000. In
Eq. 26, S(t;x;y) is the source term andJ (!; ) is the Ja-
cobian term given as y! 4 x!'y. We use the Cartesian
domain (x;y) 2 [0;2 ] [0;2 ] with a spatial resolution
of 128 128. The initial vorticity eld consisting of a co-

rotating vortex pair is generated using the superposition
of two Gaussian-distributed vortices given by,

x1)2+(y  y1)?
X2)?+(y  y2)?

L(0;xy) =
+ .exp (x

1exp (x
(27)

where the circulation ; = 5 =1, the interacting con-
stant = and the intial vortex centers are located
near each other with coordinates &1;y1) = ( 3-; ) and

(X2;¥2) = ( 57; ). We choose the source tern5(t; x) as,

2

S(t;x;y) = osin(x)cos(y)exp

t (28)

4
Re
where the magnitude of the source term is set to ¢ =
0:01.

The vorticity eld ! and streamfunction eld are ob-
tained by solving the Eq. 26 numerically. We use a third-
order Runge-Kutta scheme for the time integration, and
a second order Arakawa schenié? for the discretization
of the Jacobian term J(!; ). As we have a periodic do-
main, we use a fast Fourier transform (FFT) for solving
the Poisson equation in Eqg. 26 to obtain the streamfunc-
tion at every time step. Numerical details for solving the
vortex-merger problem can be found in San et dft013,
We integrate the solution from time t =0 to t = 20 with
a temporal stepdt = 0:01.

Fig. 33 shows the merging process of two vortices at
the initial and nal times. The red markers in Fig. 33
are 64 randomly selected sparse locations to collect both
streamfunction and vorticity ! data. Once the stream-
function and vorticity data at sparse locations are avail-
able, we can construct the target dataV and feature
library € as discussed in Section II. The resulting input-
response data is given as,

Rir 2
e _ (@

\Y,

Pe+J(h )

e

= xyt

The derivatives in the output data V(t) are calculated
using nite di erence approximations similar to Eq. 4.
As streamfunction ( )f; and vorticity (! ) data are
selected only at sparse spatial locations, we also store
the surrounding stencil, i.e., ( )iy ( ) 15, () o1
() wand ()P, (P 50 (O ar, ()Y 1 inor-
der to calculate the derivatives. The indexi represents
spatial location in x direction, and j represents spatial
location in y direction.



FIG. 33. The 2D vortex-merger problem with source term at time
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t =0:0 and t = 20:0. The red markers shows 64 random

sensor locations used to collect vorticity (! ) and streamfunction () data for recovering source term S(t; x;y ).

FIG. 34. Hidden source term of the 2D vortex-merger prob-
lem in terms of ET identi ed by GEP.

In this test case, we demonstrate the identi cation of
hidden physics which is the source tern5(t; x;y ) given by
Eq. 28 from the data obtained at sparse spatial locations
using GEP. Table XVIII lists the hyper-parameters used
by GEP to recover the hidden physical law. We use the

same function and terminal sets as shown in Table XIX
but is used as a linking function. Fig. 34 shows the
ET form of hidden physical law (source term) obtained by
GEP. Simpli cation of the ET form shows the identi ed
source term which is close to true source term as shown
in Table XXI.

The 1D advection-diusion and 2D vortex-merger
problem demonstrate the usefulness of GEP in recover-
ing hidden physics, i.e., a source term that composed of
complex functions using randomly selected sparse data.
The expressive power of the feature library limits the
applications of STRidge for identifying complex compo-
sition models. However, STRidge might be able to iden-
tify the in nite series approximations of these nonlinear
functions®®. In the next test case, we use both STRdige
and GEP to identify eddy viscosity kernels along with
their free modelling coe cient that controls the dissipa-
tion of these kernels.

C. 2D Kraichnan Turbulence

The concept of two-dimensional turbulence helps in un-
derstanding many complex physical phenomenon such as
geophysical and astrophysical owé'#115  The equations
of two-dimensional turbulence can model idealized ow
con gurations restricted to two-dimensions such as ows
in rapidly rotating systems and in thin Ims over rigid



24

TABLE XXI. Hidden source term ( S) of the 2D vortex-merger problem identi ed by GEP.

Recovered Test error
True S =0:0100 sin(x) cos(y) exp( 0:078t)
GEP S =0:0099 sinx) cos(y) exp( 0:078t) 147 10 © 1:35 10 8

bodies. The physical mechanism associated with the two-
dimensional turbulence is explained by the Kraichnan-
Batchelor-Leith (KBL) theory 16118  Generally, large
eddy simulation (LES) is performed for both two and
three dimensional ows to avoid the ne resolution and
thereby computational requirements of direct numeri-
cal simulation (DNS)1%120 |n LES, the ow variables
are decomposed into resolved low wavenumber (or large
scale) and unresolved high wavenumber (or small scale).
This is achieved by the application of a low pass spatial
Iter to the ow variables. By arresting high wavenumber
content (small scales), we can reduce the high resolution
requirement of DNS, and hence faster simulations and
reduced storage requirements. However, the procedure
of introducing a low pass ltering results in an unclosed
term for the LES governing equations representing the
ner scale e ects in the form of a source term.

Thus the quality of LES depends on the modeling
approach used to close the spatial Itered governing
equations to capture the e ects of the unresolved ner
scaled?!. This model also called the subgrid scale model
is a critical part of LES computations. A functional or
eddy viscosity approach is one of the popular approaches

to model this closure term. These approaches propose an

arti cial viscosity to mimic the dissipative e ect of the
ne scales. Some of the popular functional models are the
Smagorinsky??, Leith 23, Balwin-Lomax'?* and Cebeci-
smith modelst?>. All these models require the speci ca-
tion of a model constant that controls the quantity of dis-
sipation in the simulation, and its value is often set based
on the nature of the particular ow being simulated. In
this section, we demonstrate the identi cation of an eddy
viscosity kernel (model) along with its ad-hoc model con-
stant from observing the source term of the LES equation
using both GEP and STRidge as robust SR tools. To this
end, we use the vorticity-streamfunction formulation for
two-dimensional uid ows given in Eq. 26. We derive
the LES equations for the two dimensional Kraichnan
turbulence by applying a low pass spatial lter to the
vorticity-streamfunction PDE given in Eq. 26. The re-
sulting Itered equation is given as,

- 1
Fe+J( )= —rlr
e+ J() Re

(30)
where Re is the Reynolds number of the ow andJ(!; )
is the Jacobian term given as y! 4 x!y. Furthermore
the Eq. 30 is rearranged as,

Fo+ 305 D)= —r 2r s

Re (31)

where the LES source term is given as,

= 3G G (32)

The source term in Eq. 32 represents the in uence
of the subgrid scales on larger resolved scales. The term
J( ;! ) is not available, which necessitates the use of a
closure modelling approach. In functional or eddy vis-
cosity models, the source term of LES equations is rep-
resented as,

= orr (33)
where eddy viscosity . is given by, but not limited to, the

Smagorinsky, Leith, Baldwin-Lomax, and Cebeci-Smith
kernels. The choice of these eddy viscosity kernels essen-
tially implies the choice of a certain function of local eld
variables such as the strain rate or gradient of vorticity
as a control parameter for the magnitude of ..

TABLE XXII. GEP functional and terminal sets used for
identifying eddy viscosity kernel. *?' is a random constant.

Parameter Value
Function set +; ;=
Terminal set e 2
Linking function +

In Smagorisnky model, the eddy viscosity kernel is
given by,

e = (s )3Sj; (34)
where ¢s is a free modelling constant that controls the
magnitude of the dissipation and is a characteristic grid
length scale given by the square root of the product of the
cell sizes in each direction. ThgSj is based on the second
invariant of the ltered eld deformation, and given by,

a =
2y)2;

iSj=
The Leith model proposes that eddy viscosity kernel is
a function of vorticity and given as,

47>2<y + ( 72)( (35)

e=(cs )%ir Ij; (36)
wherejr I'j controls the dissipative character of the eddy
viscosity as against the resolved strain rate used in the
Smagorinsky model. The magnitude of the gradient of
vorticity is de ned as,

F2+re

rrj= 37)



TABLE XXIll. GEP hyper-parameters selected for identi ca-
tion of the eddy viscosity kernel for the Kraichnan turbulence.

Hyper-parameters Kraichnan turbulence

Head length 2

Number of genes 2

Population size 20
Generations 500
Length of RNC array 3
Random constant minimum 1
Random constant maximum 1

The Baldwin-Lomax is an alternative approach that
models the eddy viscosity kernel as,
e = (s )3 (38)
wherejl'j is the absolute value of the vorticity considered
as a measure of the local energy content of the ow at a
grid point and also a measure of the dissipation required
at that location.

FIG. 35. Samgorisnsky kernel in terms of ET identi ed for
the two-dimensional Kraichnan turbulence problem by GEP.

The Cebeci-Smith model was devised for the Reynolds

Averaged Navier-Stokes (RANS) applications. The
model is modi ed for LES setting, and is given as,
e=(c )% i (39)
wherej j is given as,
T q - -
= it gy (40)

25

High delity DNS simulations are performed for
Eq. 30. We use a square domain of length 2with peri-
odic boundary conditions in both directions. We simulate
homogeneous isotropic decaying turbulence which may
be specied by an initial energy spectrum that decays
through time. High delity DNS simulations are carried
out for Re = 4000 with 1024 1024 resolution from time
t =0to t =4:0 with time step 0:001. The Itered ow
guantities and LES source term in Eq. 32 are obtained
from coarsening the DNS quantities to obtain quantities
with a 64 64 resolution. The further details of solver
and coarsening can be found in San and Stapl&¥. Once
the LES source term in Eq. 32 and ltered ow quanti-
ties are obtained, we build the feature library and output
data similar to the discussion in Section Il. The resulting
input-response data is given as,

V = )
R —— (41)
€= o Ty JSidr Fiiri i
GEP uses the output and feature library given in

Eq. 41 to automatically extract the best eddy viscosity
kernel for decaying turbulence problems along with the
model's ad-hoc coe cient.

FIG. 36. STRidge coe cients as a function of regularization
parameter  for the two-dimensional Kraichnan turbulence
problem.

The extended feature library is constructed to include
nonlinear interactions up to the quadratic degree to ex-
pand the expressive power for the STRidge algorithm.
The resulting extended feature library is given as,

— 2
= 1 Py g

2
2c T2y Taxlay

cee 32 .
2x: 2y * 2y - .
(42)

The function and terminal sets used for identi cation
of eddy viscosity kernel by GEP are listed in Table XXII.
Furthermore, the hyper-parameters of GEP are listed

in Table XXIIl. Both GEP and STRidge identify the
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