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Abstract

The selection and weighting of experimental and simulated datasets is a necessary step in the
development of thermodynamic property models in the calculation of phase diagrams
(CALPHAD) approach. Currently, this requires painstaking and complicated evaluation of the
reliability of datasets and consistency between them. In this work, we present two novel and
independently developed statistical approaches to aid in this process by addressing outliers and
performing automated dataset weighting. The first method, presented here for the first time, applies
classical statistical techniques and commonly available optimization algorithms. The second
method employs Bayesian statistics via numerical sampling techniques. In this work, we present
both approaches and compare their strengths and weaknesses through an assessment of the specific
heat of aluminum and hafnium metal versus temperature for several experimental datasets. We
finally compare the weightings of each dataset versus a number of metrics employed by experts to
evaluate the reliability of datasets.
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1. Introduction

The fidelity with which CALPHAD models represent the stability and thermodynamic
properties of real materials is linked to the quality and range of the data used to calibrate them [1].
Frequently, two or more experimental or simulated datasets might conflict with each other for a
property or phenomenon of interest [2]. Using the average trend between contradictory datasets is
rarely acceptable, as it does not lie close to any measured or simulated material behavior. It is
therefore critical to evaluate the physical reasonableness of all available datasets and somehow
balance their influence on the final thermodynamic models [3].

In the traditional CALPHAD approach, practitioners assess datasets based on a variety of
criteria including, but not limited to, thermodynamic consistency between related properties,
agreement with other datasets, measurement methodology, sample quality, and research group
reputation, with the final goal of assigning a weight to each set [3], [4]. Practitioners may even
decide to remove entirely datasets from consideration, effectively identifying them as outliers and
assigning them zero weight in the analysis. Furthermore, this is an iterative process, as each time
the researcher performs the thermodynamic optimization they observe the quality of fit of the
thermodynamic property models and phase stability to all available data and have the opportunity
to modify the models and assign new weights to the datasets [1].

The current state of the art in the assessment and weighting of datasets in the development of
CALPHAD models is complex and relies on the expert understanding the subtleties of the
available datasets, the interactions between them, and their alignment to the calculated phase
diagram [3], [4]. This is a significant barrier to entry for new CALPHAD users and requires
formidable time investment on the part of the practitioner. These difficulties increase in multi-
component systems where the number of datasets rises and it becomes more challenging to find
thermodynamic consistency (though this difficulty tends not to increase beyond three component
systems as quaternary compounds are rare). Although physics-based arguments that incorporate a
deep understanding of each measurement or simulation result are indispensable, statistically-based
automation techniques have the potential to aid CALPHAD practitioners in assessing data and
assigning weighting factors. Specifically, these approaches assign weighting factors based on the
consistency (or inconsistency) between datasets, integrating well into the CALPHAD approach.

In the past year alone, at least two research groups have independently developed statistical
methods to automatically weight datasets in the assessment of thermodynamic property models —
the first couched in classical regression techniques, and the second in fully Bayesian inference [5].
The classical approach, presented for the first time in this work, employs a k-fold cross-validation
(KFCV) method [6], modified under the condition that each dataset contains unequal number of
observations — which is a typical situation during CALPHAD assessments — to estimate the
weights for each dataset. In contrast, the Bayesian methodology leverages a simple modification
to the likelihood function definition in Bayes’ Theorem [7], [8] to estimate the distribution of
weights for each dataset.

In this work, we briefly introduce both the classical regression-based and Bayesian automated
weighting methodologies and compare them from the perspective of theory and implementation.
We then present the development of thermodynamic property models for two study cases: the low
temperature phases of pure hafnium (Hf) and aluminum (Al), using both approaches to
automatically weight measurements from a substantial collection of experimental results. These
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examples demonstrate the efficiency of automated weighting and the similarity of the results
produced by the two methods. Furthermore, we highlight trends in the automatically obtained
weights versus experimental details that are of significant importance to experts in the weighting
of datasets in the traditional CALPHAD approach.

2. Methodology

In general, a typical CALPHAD-type assessment consists of a nonlinear regression problem
where unknown parameters of a selected model are estimated based on available data. The
nonlinear regression problem is solved using a numerical estimation method. The most common
techniques to determine the unknown model parameters are nonlinear least-squares and Bayesian
estimation methods [9].

2.1 Nonlinear regression model of thermodynamic properties
Consider a nonlinear regression model in the general form as

Vi = f(xl-, 5) + Gi,i =1,..,n (1)

where n is the total number of observations on independent x;,i = 1, ..., nand dependent y;,i =

1, ..., n variables correspondingly, f is a some nonlinear in parameter regression function, and =
(61,65, ...,0y) is the vector of p unknown model parameters to be estimated from the available
experimental or simulation data. We assume that ¢;,i = 1, ..., n are independent normal distributed
random variables with mean 0 and variance .

Usually in a thermodynamic assessment, data is collected from several literature sources, such
that the total sample size n can be presented as a sum over a number of observations from k distinct
references

n=y%,n, (2)

where n; is the number of observations for reference j. Then, following a classical CALPHAD
approach, each dataset will be assigned a weight based on the knowledge and intuition of the
expert. Afterwards, using the weights for each dataset, the unknown parameters models are
estimated using either classical (also called frequentist) or Bayesian regression methods.

In this work, two alternative methods to determine the weights automatically for datasets
involved with thermodynamic assessment are presented and compared below.

2.2 The classical regression-based technique
Following a classical approach, we estimate unknown model parameters from the experimental
data using a weighted nonlinear least squares method as

k
ébf = mﬁinz z w; (y]‘ - f(x}, 5))2 3)



where we aim to find the best fit parameter vector §bf that minimizes the weighted sum of the
squared errors. Each dataset indexed by j has an associated weight w;, and pairs of experimental
inputs and outputs (x}',y}'). Assume that we have no prior knowledge about w; values and thus
set-up wj0 =1,j=1,..k. Our goal is to find values of weights such that the unknown model
parameters will be statistically estimated more precisely than with unweighted nonlinear
regression (1).

The classical method to solve this problem is based on the k-fold cross-validation (KFCV)
method [6]. In general, cross-validation (CV) is a statistical technique of evaluating and comparing
the predictive models by partitioning the original data into a training set and a test set to train and
validate the model, respectively. In a special case, namely KFCV, the original data points are
randomly split into k equal (or nearly equal) subsets. Then, the model is built k times, each time
leaving out one of the subsets (test data) and fitting the model with the remaining data (training
data). Then, the error of the model is estimated by some goodness-of-fit statistic such as mean
squared error (MSE) using the test data. Finally, the average of all of the MSE — known as the CV-
score — gives the performance of the model. This algorithm is applied to all candidate models and
at the end, the one with the lowest CV-score is regarded as the most accurate and robust model.
We propose to assign weights to each dataset by employing the KFCV technique. As far as we
know, this work contains the first application of KFCV for the weighting of thermodynamic
datasets. Note that in regular KFCV, folds are randomly chosen and have equal sizes. In our case,
we specify each fold deliberately to contain the number of observations in each reference dataset.
In fact, each dataset is considered as one fold, and the number of points in each dataset are not
necessarily equal. First, one fold is selected and the data from that fold are considered as test data.
After fitting the model on a set of training data, the residual standard error (RSE) is calculated on
the test fold. To include the consideration of the number of estimated parameters, the RSE is
chosen as a goodness-of-fit estimator and is defined as follows

nj k ._ . —). 2
RSE, = 2isa Zjny) ~f(5,6) U=1,..k (4)
nj—p—1

where 67] is the best fit parameter vector when dataset j is excluded from the training data, p is the

number of parameters in 67] and all other notation is the same as in the preceding equations.

If the number of observations is insufficient, that isn-k — p — 1 < 0, then it can be
inferred that specific test data is not reliable enough. In this case, the maximum RSE among the
others will be assigned to this set. The goal is to investigate such weights that will increase the
accuracy of the applied model by minimization of its RSE. The following formula can be used to
calculate the weight for each fold, in which the dataset with the lowest RSE is deemed to be most
accurate and have the greatest weight:



_ RSEj=RSEmin
RSEmax

where Kk is the number of folds, and RSE,,;,, and RSE,,,, are the minimum and maximum RSEs
seen among all k datasets, respectively.

2.3 The Bayesian-type approach

In the Bayesian approach, the parameters of the thermodynamic property model are calibrated
using Bayes’ Theorem, which is also employed to weight each dataset optimally. Bayes’ Theorem
describes the update of a pre-existing understanding of the distribution of a model’s parameters
(the prior distribution) through the observation of data to obtain an updated parameter distribution
(the posterior distribution). This update is performed through the computation of the conditional
probability of the observed data given the model and a specific set of model parameters (the
likelihood). For a model M parameterized by a parameter vector 6 and for the observation of data

D Bayes’ Theorem is given by,

Pr(D|6,M)Pr(6|M)
pPr(D|M)

Pr(6|D, M) = (6)

where Pr(6|M) is the prior, Pr(D|6, M) is the likelihood, Pr(6|D, M) is the posterior, and
Pr(D|M) is the marginal likelihood, or the conditional probability of the data given a model
(marginalized over the entire parameter space).

It is through careful selection of the forms of the prior and likelihood distribution that we can

achieve a variety of aims, including automatic dataset weighting. Specifically, we employ the
following Gaussian likelihood definition,

nj i
Pr(D|®, a, M) = ﬂnN(yﬂM(x}, 0),&l/al) (7)
i

where V' (x|u, o) is the probability density of point x under a Gaussian distribution with mean u
and standard deviation o, s} is the reported standard error of data point (xji, yji) of dataset D;, and

a' is a hyperparameter employed to reweight the reported errors. The hyperparameter vector a is
included in the Bayesian inference and therefore its posterior distribution is obtained alongside the
model parameters. A small value of ! reduces the weight of dataset D; while a large value has the
opposite effect. The Exponential distribution is typically employed as a prior for the
hyperparameters as its expectation is one (corresponding to no change in the weight of a dataset).
Further details are provided in the preceding work [5].



2.4 Comparison of the automated weighting methods

While the two automated weighting schemes have similar goals, they each have different
strengths and weaknesses and may be more or less appropriate depending on the problem at hand.
The characteristics of these methods derive from the statistical approaches employed and their
specific formulations. Many of these differences are due to the characteristics of frequentist and
Bayesian statistical assumptions and techniques. These differences are described in the remainder
of this section and are summarized in Table 1 below.

Table 1: A comparison of the frequentist and Bayesian approaches described in this work

Frequentist Method Bayesian Method
range of weights | [0, 1] [0, o)
. . on squared errors in cost rescaling standard errors in
method of action of weights . -
function likelihood
computational expense | low high
computational robustness | low high
infinitely repeated . .
major assumption cly rep prior parameter distributions
experiment
parameters are | fixed random variables
data are | random variables fixed or random variables

The major difference between the frequentist and Bayesian algorithms presented are the ranges
of weights and the ways that they affect inference for the model parameters. In the frequentist
approach, the weights range between 0 and 1 and directly determine the strength of influence of
each observed data point on the cost function through the squared error. This cost function is
minimized to obtain the best-fit model parameters, so data points with weights of 0 have no
influence, while data points with weights of 1 have standard influence. In contrast, the Bayesian
weights range from 0 to infinity, and for each data point rescale the standard error, which is used
to describe the expected spread of the observed data around the model prediction in the likelihood
function. Practically speaking, a weight of zero means that the model prediction is not constrained
by the observed data point, while a weight of infinity means that the model prediction must exactly
go through the observed data point. Due to these fundamental differences, we only compare the
frequentist and Bayesian weights qualitatively and do not guarantee their interchangeability.

Another significant difference between the methods are their ease of application. The
frequentist approach does not require the user to make any decisions beyond the selection of the
model form and data. In contrast, in the Bayesian approach the user must pick appropriate prior
distributions for the model parameters and weighting factors (as these are included in the set of
model parameters). While prior selection can be performed in a traceable and repeatable manner,
there is some degree of expertise required to select informative priors. Furthermore, in the
Bayesian scheme we require the standard error to rescale in the likelihood definition whereas the
frequentist approach does not utilize reported errors. Utilizing the reported errors requires more
effort, but may provide better weights in the case when the number of data points per set is small.
In this work, we assume £5% reported standard errors in the Bayesian scheme to compare better
with the frequentist weighting scheme. The frequentist approach is not computationally expensive;
however, there is a risk of the calculation being trapped in local minima during the minimization
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of the cost function. This minimization must be repeated with different starting points to ensure
that the global minima in parameter space is found. The Bayesian approach is guaranteed to find
the proper distribution of the model parameters given sufficient sampling time (assuming the use
of a Monte Carlo sampling approach). However, it requires many more function evaluations than
the frequentist algorithm and therefore is more computationally expensive.

One consideration that is not a major focus of this work is the simultaneous fitting of different
quantities of interest (e.g. activity, specific heat, and enthalpy). This is a challenging situation in
part due to the different magnitudes of measurement scales across properties. In the Bayesian
approach, the reported and re-scaled error serves as the standard deviation parameter in the
likelihood definition, automatically accounting for different measurement scales [10]. In the
Frequentist approach, different data quantities would be rescaled to the range of [0, 1] prior to
fitting.

3. Results and Discussion
The application of both automated weighing methods to the heat capacity data of pure Al and
Hf described by the segmented regression model [11] is demonstrated and discussed below.

3.1 Heat capacity model

The classical regression-based and Bayesian automated weighting methodologies have been
applied here to estimate the unknown model parameters and automatically define values of weights
for each reference dataset involved in the assessment of the heat capacity data from OK for pure
Hf and Al. The authors have decided to test the developed methodologies on the segmented
regression (SR) model [11]. This model is intended to provide an accurate description of heat
capacity data from zero Kelvin up to the melting point by a decomposition of contributed physical
effects into low and high temperatures. The model was successfully applied to thermodynamic
properties of pure elements [11], [12], a calcium nitrate compound [13], Cr-Nb [14], Cr-Ta [15]
and Cu-Mg [16] binary systems. The novel automated weighting methods described here can be
applied to any alternate thermodynamic property model, for example, the model proposed by Chen
and Sundman in 2001 for the description of thermodynamic properties of pure Fe [17].

According the SR model, a temperature dependency in the heat capacity of solid stable phases
is described as

CgR( T) = CV(Tl QD) + Cllgcm(Ti :811 IBZJ Q, T) + C;nag (T), (8)

where T is the temperature in Kelvin and 6y, B,, 82, a, T are unknown model parameters to be
estimated from available experimental and simulation data.

The first term in equation (6) is introduced to take into account phonon vibrations using the
well-known Debye model [18],

xte*

T\3 2
Co(T,00) = 9R (5-) Jy7 ooz . 9)




where 6, is the Debye temperature in Kelvin and R = 8.3144598(48) J/mol~*K~1 is the gas
constant. The Bayesian approach used Simpson’s rule with 100 samples to evaluate the Debye
model, while the Frequentist approach used Gauss-Kronrod quadrature for the integration [11],
[19].

The second term is used to decompose linearly dependent physical effects, which can appear
in low and high temperatures,

ﬁlT' T<CZ—T
_ 2
BT, o P, = BT + B e, a—T<T<a+w (10)
BiT + B,(T — 1), T>a+rt

Here, the upper index ‘becm’ stands for the bent-cable model [20], which is a continuous segmented
model with four parameters S, B,, a, T going through three segments (intervals). The first linear
interval (‘incoming”) has a slope of 5, and an intercept equal to 0 and it is valid for all temperatures
satisfying T < a — 7. The second linear segment (‘outgoing’) has a slope of §; + 5, and an
intercept of B,t and is valid for temperatures T > a + 7. Both of these segments are smoothly
joined at the points @ — t and a + 7 by a quadratic bend with half-weight y > 0.

The last term in equation (6) is used to consider magnetic contributions if necessary and it is
currently described by the Inden—Hillert—Jarl model [21], [22]. Since there is no magnetic effect
for heat capacity for pure Al and Hf, we set C, 9 (T) to zero in this work.

3.2 Comparison of model predictions for SR model using frequentist and Bayesian

approaches

In this section, we compare the results of the frequentist and Bayesian approaches in the
development of models for the low temperature specific heat of hafnium and aluminum metal.
Experimental and simulated data for both elements was collected from the literature. In the case
of hafnium metal, the specific heat and enthalpy measurements were corrected for Zirconium
impurity, as this element is difficult to separate from hafnium. When possible, reported errors,
measurement methods, and impurity levels were collected for the purposes of comparing these
metrics against the automatically computed weights.

The collected data for the specific heat of the low temperature phase is used to calibrate the
model parameters of the SR model (Eq. 6) via the frequentist and Bayesian methodologies. For
both approaches, the parameters are calibrated with and without use of the automated dataset
weighting schemes. This enables us to evaluate the effect of both weighting schemes versus the
differences between frequentist and Bayesian schemes in calibrating the parameters of the SR
model. We plot the predictions of the frequentist and Bayesian schemes both with and without
weights for the specific heat and enthalpy for Al (Fig. 1) and Hf (Fig. 2). Experimental and
simulated datasets are identified via markers, predictions without weights are plotted as dotted
black lines, and predictions with weights are represented by solid black lines. In all cases, the
model predictions align well with the trends of the available data, and differences between the
predictions are minor. Furthermore, the differences between the predictions with and without
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weights are smaller than the differences due to using a frequentist or Bayesian inference
methodology. The differences with and without weights would certainly be larger if there were
larger discrepancies between the datasets considered [5].

For the specific heat of hafnium, the frequentist method results in predictions that have higher
values at low temperatures and lower values at high temperatures compared with the Bayesian
method. The enthalpy predictions are nearly indistinguishable. In all cases, predictions with and
without weights are coincident. The frequentist predictions for aluminum trend lower than the
Bayesian predictions at high temperatures for both specific heat and enthalpy properties. The
predictions with and without weights are coincident except for the frequentist specific heat models,
in which case the prediction with weights trends slightly higher than the prediction without.
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Fig. 1 The calculated (a) specific heat using Bayesian estimated, (b) enthalpy using Bayesian
estimated, (c) specific heat using nonlinear regression and (d) enthalpy using nonlinear regression
estimated SR parameters are compared with experiments for pure Al
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Fig. 2 The calculated (a) specific heat using Bayesian estimated, (b) enthalpy using Bayesian
estimated, (c) specific heat using nonlinear regression and (d) enthalpy using nonlinear regression
estimated SR parameters are compared with experiments for pure Hf.

The differences between the approaches with and without weighting is mirrored in the
parameters themselves. Table 2 and Table 3 show the parameter values for both methods with and
without weights for aluminum and hafnium, respectively. Out of all of the parameters, the trends
in the Debye temperature parameter, 8,, are the most consistent. For Al, 6, is nearly identical
between the frequentist and Bayesian methods without weights, and slightly increases when
weights are used. For Hf, 8,, is nearly identical for the methods, with and without weights. The
remaining parameters show greater discrepancies. For example, the a parameter for Hf is
systematically larger for the Bayesian model than for the frequentist model without weights;
however, these values converge when weights are employed.
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Table 2. Comparison of model parameters (pure Al)

Parameter Nonlinear regression analysis Bayesian analysis
Without weights | With weights | Without weights | With weights
6p 3.882e+02 3.923e+02 3.884e+02 3.906e+02
B 1.898e-03 1.819e-03 2.741e-04 1.528e-03
B 7.170e-03 6.917e-03 9.688e-03 8.457e-03
o 2.147e+02 1.582e+02 1.630e+02 1.880e+02
T 1.186e+02 5.663e+01 1.020e+02 1.065e+02
Table 3. Comparison of model parameters (pure Hf)
Parameter Nonlinear regression analysis Bayesian analysis
Without weights | With weights Without weights | With weights
Op 2.012e+02 2.007e+02 2.045e+02 2.065e+02
By 2.000e-03 2.000e-03 3.589e-03 1.441e-03
B, 5.189e-03 5.162e-03 4.216e-03 6.326e-03
a 7.880e+01 1.007e+02 2.850e+02 1.766e+02
T 7.000e+01 7.000e+01 2.218e+02 1.683e+02

3.3 Comparison of calculated weights

In this section, we compare the frequentist calculated weights to the weights calculated using
the Bayesian method. As previously discussed, the frequentist weights range between zero to one,
while the Bayesian ones range between zero and infinity. To compare the weights on an equal
basis, we rescale the Bayesian weights to range between zero and one. To perform this reweighting,
the 50™ percentile Bayesian weight parameter for each dataset is first multiplied by the 50%
percentile of the reported error. This results in a single rescaled error value for each dataset.
Finally, we scale these error values between 0 and 1 based on the minimum and maximum values
in the set. This re-scaling approach was not applied in the previous study and is novel to this work.

Tables 4 and 5 show the comparison of the frequentist and Bayesian weights for Al and Hf,
respectively. In both tables, the weights are sorted from smallest to largest, and are color-coded
according to the frequentist weight rankings (e.g. for Al, the 80DOW dataset is colored dark blue
for both frequentist and Bayesian approaches). In this representation, it is clear that the weighting
schemes prioritize the same datasets. For Al, the three lowest and highest weighted datasets are
the same, and for Hf, the 5 lowest and 3 highest are the same. In other words, there is strong
agreement about the lowest and highest weighted datasets, with moderate agreement for
intermediately weighted datasets.
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Table 4. Comparison of dataset weight rankings (pure Al)

Cross-validation (low to high) Bayesian Statistics (low to high)
51MAE [23] 0.000246 | 51MAE [23] 0
34AVR [24] 0.000246 | 34AVR [24] 0.039386
62YUR [25] 0.000246 | 62YUR [25] 0.226163
37QUI [26] 0.000246 | 90ZOL [27] 0.415104
53POC [28] 0.000246 | 37QUI [26] 0.438183
61JEN [29] 0.000246 | 53POC [28] 0.611341
24EAS [30] 0.000246 | 61JEN [29] 0.816454
90ZOL [27] 0.635229 | 24EAS [30] 0.817753
55KE1 [31] 0.799624 | 55KE1 [31] 0.926775
55KE2 [31] 0.844494 | 41GIA [32] 0.935426
41GIA [32] 0.936435 | 80DOW [33] 0.937149
34MAI [34] 0.946655 | 34MAI [34] 0.957469
80DOW [33] 0.963959 | 55KE2 [31] 0.962355
68BER [35] 0.997032 | 68BER [35] 0.998937
37KOK [36] 0.999105 | 62ROR [37] 0.999659
62HOP [38] 0.999859 | 37KOK [36] 0.999837
62ROR [37] 1 | 62HOP [38] 0.999997

Table 5. Comparison of dataset weight rankings (pure Hf)

Cross-validation (low to high) Bayesian Statistics (low to high)
T1FIL [39] 0.004783507 | 71FIL [39] 0
52ADE [40] 0.004783507 | 71PEL [41] 0.247404
72ARU [42] 0.057835811 | 72ARU [42] 0.34173
T1PEL [41] 0.248235519 | 58BUR [43] 0.638464
58BUR [43] 0.811417897 | 52ADE [40] 0.724224
TACEZ [44] 0.847799897 | 06MI1 [45] 0.904238
06MI1 [45] 0.855777484 | 64MCC [46] 0.915183
64MCC [46] 0.865621441 | 74CEZ [44] 0.924214
06MI2 [45] 0.894204799 | 06MI2 [45] 0.946867
57WOL [47] 0.978538078 | 57WOL [47] 0.992915
71COL [48] 0.999056293 | 63KNE [49] 0.999246
63KNE [49] 1| 71COL [48] 0.999303

Figure 3 displays the frequentist and Bayesian weights of each dataset for Al and Hf, ordered
by the frequentist weights. For Al, the lowest and highest weights are very close, and the largest
discrepancies are in the middle. This can be expected, as the frequentist weights are generally close
to 0 or 1, while the rescaled Bayesian weights span the range. In contrast, the weights for Hf are
remarkably close throughout the range, with the largest discrepancy for the 52ADE dataset. This
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discrepancy is not surprising as the 52ADE dataset contains only three data points, meaning its
associated weight has little impact on the overall prediction. For both elements, the agreement
between the weights of the frequentist and Bayesian methods is good. This indicates that the
weighting schemes, even though they are algorithmically quite different, prioritize the same
datasets.
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Figure 3: Frequentist and Bayesian weights are plotted for each data source for (a) Al, and (b) Hf.

Finally, we attempt to evaluate the degree of correlation between the weights for Al and Hf
versus common metrics that might be considered in the manual weighting of datasets. For this
investigation, we consider the dataset publication year, the reported percent error and the total
impurity level. For the first three metrics, we simply evaluate the Pearson correlation and p-value
versus the calculated weights from the frequentist or Bayesian method. We further hypothesize
that higher correlations might be observed after separating the data by the methods used to obtain
the data, out of which only calorimetry and pulse heating have sufficient examples. The conclusion
of this analysis is that the p-values for the Pearson correlations are all greater than the standard
0.05 cutoff. In other words, there is a greater than 5% chance that an uncorrelated system could
result in a greater or equal Pearson correlation. Consequently, one cannot satisfactorily evaluate
the correlation of the weights to common metrics of data reliability. This is an interesting result
because it reinforces an understanding of the assessment of thermodynamic datasets as an
extremely complex and difficult process. It is not sufficient to use simple metrics of data reliability
for the manual assessment of thermodynamic data — it may require a combination of these
alongside a deeper understanding of the method used to obtain the data, the consistency with
trusted datasets, and expert intuition. This result also strengthens the argument for the use of
automated weighting schemes, as they are able to find consistency between datasets without
human intervention. Such methods have the potential to reduce the effort required to weight
datasets in thermodynamic analysis.
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4. Conclusions

In this study, we compare two automated statistical approaches to weight datasets for the
construction of models for the thermodynamic properties of materials. The two approaches, the
first based in frequentist statistics (and presented for the first time in this work) and the second in
Bayesian statistics, are employed to construct models for the specific heat and enthalpy of
elemental aluminum and hafnium metals. Both methods are successful in fitting the segmented
regression models to the data, and result in weights that indicate a similar prioritization of the
available datasets. Consequently, the choice to use one method over another comes down to the
needs of the researcher. The Bayesian approach requires more initial setup and incurs greater
computational cost as compared to the classical method; however, it is more robust in inference
whereas the classical approach require multiple initializations to avoid local minima in the cost
function.

While these methods have different statistical foundations, they are both adept at finding
consistency between the available datasets and lessening the effect of outliers. Such automated
statistical approaches have the opportunity to reduce the burden of constructing thermodynamic
models. Firstly, these schemes automatically judge the consistency between datasets. This is a
significant advantage when attempting to ensure the consistency between datasets of different, but
related properties, such as specific heat and enthalpy [5], or when the data are high dimensional
and difficult to visualize. Additionally, a low weight might serve as a flag that indicates that a
specific dataset might require additional scrutiny. Challenges remain in the automated weighting
of datasets. Most notably, the weighting schemes prioritize datasets with many points as well as
groups of datasets that show mutual consistency whether or not this is due to some systematic error
(e.g. improper device calibration or poor sample purity). Future improvements should target these
issues, but there will still always be a need to use physics-informed judgements to resolve
ambiguity. These tools cannot replace the expert in the assessment of thermodynamic data, but
should be viewed powerful allies in enhancing the quality and efficiency of the assessment process.

Acknowledgements

N.H.P and M.S acknowledge financial support from awards 70NANB14H012 and
7ONANB19H005 from U.S. Department of Commerce, National Institute of Standards and
Technology as part of the Center for Hierarchical Materials Design (CHiMaD), and Laboratory
Directed Research and Development (LDRD) funding from Argonne National Laboratory,
provided by the Director, Office of Science, of the U.S. Department of Energy under Contract No.
DE-AC02-06CH11357. IR and SZ acknowledge financial support from the Collaborative
Research Center “Superalloys Single Crystal” (TR-103 project C6) of the German Research
Foundation (DFG) (Grant No. DFG TRR103).

14



Appendix

Table 6. Calculated weights using CV method (pure Al)

Reference No. of RSE (Eq. 2) Weight (Eq. 3)
Obs.

24EAS [30]1 |6 4.222533 0.000246
34AVR [24] |6 4.222533 0.000246
34MAI [34] 37 0.226294 0.946655
37KOK [36] |45 0.004818 0.999105
37QUI [26] |4 4.222533 0.000246
41GIA[32] |66 0.269446 0.936435
51MAE [23] 4.222533 0.000246
53POC 28] |7 4.222533 0.000246
55KE1 [31] |23 0. 657672 0.844494
55KE2 [31] |46 0.847137 0.799624
61JEN [29] 1 4.222533 0.000246
62HOP [38] |20 0.001636 0.999859
62ROR [37] 121 0.001041 1

62YUR [25] |6 4.222533 0.000246
68BER [35] |22 0.013573 0.997032
80DOW [33] |68 0.153227 0.963956
90zOoL 271 |17 1.541300 0.635229

Table 7. Calculated weights using CV method (pure Hf)

Reference No. of| RSE (Eq. 2) Weight (Eg. 3)
Obs.

52ADE [40] |3 3.657471 0.004783
57WOL [47] |56 0.095992 0.978538
58BUR [43] |74 0.707229 0.811418
63KNE [49] |43 0.017496 1
64MCC [46] |82 0.508981 0.865621
71COL [481 27 0.020947 0.999056
71FIL [39] 11 3.657471 0.004783
71PEL [41] 37 2.767053 0.248236
72ARU [42] |13 3.463434 0.057836
T4CEZ [44] 24 0.574163 0.847800
06MI1 [45] 35 0.544985 0.855777
06MI2 [45] 34 0.404438 0.894205
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Table 8: Calculated weights using Bayesian method (pure Al)

dataset 50%ile 50%ile rescaled | normalized
hyperparameter | error error weights
24EAS [30] | 0.67048 0.285352 | 0.425593 | 0.817753
34AVR [24] | 0.117587 0.26378 | 2.243276 | 0.039386
34MAI [34] | 1.637876 0.162674 | 0.09932 | 0.957469
34QUI [26] | 0.202992 0.266322 | 1.311985 | 0.438183
37KOK [36] | 0.111336 4.25E-05 | 0.000382 | 0.999837
41GIA [32] 1.207238 0.182048 | 0.150797 | 0.935426
51MAE [23] | 0.097476 0.227631 | 2.335253 | 0
53POC [28] | 0.312349 0.283493 | 0.907617 | 0.611341
55KE1 [31] | 1.637447 0.280003 | 0.170999 | 0.926775
55KE2 [31] | 3.22483 0.283493 | 0.08791 | 0.962355
61JEN [29] | 0.553472 0.237233 | 0.428627 | 0.816454
62HOP [38] | 3.016577 1.83E-05 | 6.05E-06 | 0.999997
62ROR [37] | 0.033703 2.68E-05 | 0.000795 | 0.999659
62YUR [25] | 0.138467 0.250224 | 1.807105 | 0.226163
68BER [35] | 0.048155 0.00012 | 0.002482 | 0.998937
80DOW [33] | 1.103579 0.161975 | 0.146772 | 0.937149
90ZOL [27] | 0.192469 0.26289 | 1.36588 | 0.415104
Table 9. Calculated weights using Bayesian method (pure Hf)
dataset 50%ile 50%sile rescaled | normalized
hyperparameter | error error weights
52ADE [40] | 0.466994 0.262141 | 0.561337 | 0.724224
57WOL [47] | 0.048744 0.000703 | 0.014421 | 0.992915
58BUR [43] | 0.235161 0.173055 | 0.735899 | 0.638464
63KNE [49] | 0.066493 0.000102 | 0.001536 | 0.999246
64MCC [46] | 0.861516 0.148735 | 0.172643 | 0.915183
71COL [48] | 0.073487 0.000104 | 0.001419 | 0.999303
71FIL [39] 0.184614 0.375779 | 2.035479 | 0
71PEL [41] | 0.230607 0.353266 | 1.531894 | 0.247404
72ARU [42] | 0.195356 0.384055 | 1.965921 | 0.034173
7ACEZ [44] | 2.393903 0.369286 | 0.154261 | 0.924214
06MI1 [45] 1.664750 0.324495 | 0.194921 | 0.904238
06MI2 [45] 2.986378 0.322978 | 0.10815 | 0.946867
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Data Availability Statement
The raw and processed data required to reproduce these findings are available to download from
github.com/npaulson/UnaryBayes [50].
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