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Abstract

In this paper we explore the use of a finite scale model of fluid dynamics to
predict the finite structure of a shock wave in a perfect gas. We begin by
documenting the history and issues that have arisen when Navier—Stokes the-
ory is applied to the shock structure problem, and continue by motivating the
improvement that finite scale theory might provide from its representation of
inviscid (anomalous) dissipation. Our primary results include the formulation
of a traveling wave equation from finite scale theory, an analysis of the solutions
of that equation as regards shock width and monotonicity properties, and an
estimation of the critical parameter of the theory from experimental data.

Keywords:

Preamble

There is a close connection between turbulence and shock waves, both in the
sense of physics and in the sense of numerical simulation. Physically, both are
examples of high Reynolds number flows, meaning that the length scales of
advection are much larger than the length scales of dissipation. Numerically,
both are modeled by the Euler equations regularized by dissipation depending on
the square of the computational cell size — i.e., subgrid scale models in turbulent
flows [38] and artificial viscosity in shocks [46].

The simultaneous presence of turbulence and shocks in Richtmyer—-Meshkov
instability introduces both complexity and opportunity [53, 54]. David Youngs
was the first to recognize and seize that opportunity. In a remarkable series
of papers [48, 49, 50, 19, 51, 43, 52, 16] spanning more than 35 years, David
exploited the ideas of implicit turbulence modeling and became one of the pio-
neers of the technique now termed implicit large eddy simulation or ILES [11].
David employed the nonoscillatory advection schemes of van Leer, which were
first developed to enforce monotonicity and eliminate unphysical oscillations in
numerical simulations of shock propagation [45]. He recognized that the dissi-
pative properties of the van Leer scheme would selectively damp the shortest
wavelength motions of a turbulent flow and so provide an effective implicit tur-
bulence model.
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A more rigorous rationale for ILES was offered in 2002 by Margolin & Rider
[26]. That justification lay in deriving the equations that finite volumes of
fluid obey and showing that those equations, termed the finite scale Navier—
Stokes or FS (equations written out in section 3), are in fact the regularized
Euler equations that are the basis of the numerical simulation of high Reynolds
number flows as described above. However, the derivation makes no specific
reference to simulation, to turbulence or shocks. That generality has led the
authors here to speculate that F'S might provide a theoretical model for shocks,
which investigation is the subject of the present paper.

1. Introduction

“There is no cure for curiosity.” (Dorothy Parker)

In this paper, we will explore the plausibility of using finite scale theory to
describe the continuum shock structure of a perfect gas. It is well known that
the compressible Navier—Stokes equations predict spatial shock profiles, e.g., of
density and velocity, that are too narrow and too asymmetric when compared
to experiment [1, 37]. In our main result, we will develop analytic solutions
based on the finite scale equations applied to shock waves. We will show that
in comparison to the Navier—Stokes solutions, the finite—scale solutions exhibit
the experimentally observed trends to wider shock profiles.

Finite scale theory was first developed as a model for turbulent flow, which
is a high Reynolds number phenomenon. In particular, the finite scale equations
contain inviscid dissipation, sometimes referred to as anomalous dissipation [7,
8]. Similarly, the interior of a shock is a region of high Reynolds number where
the effects of anomalous dissipation can be expected to widen the predicted
shock profile. Preliminary attempts to apply the finite scale theory to study
shock structure [28, 15] have used truncated forms of the finite scale equations,
neglecting the effects of heat conduction. In this paper we will consider the
full finite scale equations, which include physical viscosity and heat conduction
plus additional the finite—scale fluxes of momentum and energy. We will derive
analytic solutions for shock structure and use those results to estimate the shock
width and symmetry of the profile.

We remark that this paper does not constitute a complete theory; the finite
scale equations, as the name implies, contain a length scale which in the case
of shocks represents the point at which continuum theory fails. A theoretical
estimate of that length scale needs to come from kinetic theory. Here, we will
use experimental data to estimate that length scale.

The outline of this paper is as follows. In section 2 we discuss the history
of shock structure theory and the discrepancies that exist between predictions
based on Navier—Stokes theory and experimental measurement. In section 3,
we introduce the finite scale equations for perfect gases and provide some moti-
vation why they might provide a more accurate description of shock structure.
In section 4, we formulate the traveling wave equations for shock waves and
manipulate them into an ODE for the velocity. We discuss the role of the finite
scale parameter (B) and its relation to the microscale parameter of mean free
path. In section 5, we show how to estimate this parameter from published



experimental data and then demonstrate the universality of the parameter for
shocks of varying strengths (Mach numbers).

In section 6, we explore some properties of the finite scale profiles, using both
theory and numerical solution to discuss solution properties such as monotonic-
ity and lack of compactness, and to compare the profiles with those computed
from Navier—Stokes theory. We conclude in section 7 with a summary of results
and strategies for continuing our study of finite scale shock structure.

2. Shocks in Theory and in Nature

A shock is a wave that moves faster than the local speed of sound in a
fluid. Although shocks are often idealized mathematically as being discontin-
uous, physical shocks measured in the laboratory have a finite width and per-
manent shape. The earliest attempts to build a theory of shock waves were
hampered by the lack of recognition of the principle of conservation of energy.
A history of those attempts in the 19th century can be found in the informative
review by Salas [36]. Below we will review the more recent efforts to analytically
model the shock profile and then summarize the experimental results of Schmidt
[37] and of Alsmeyer [1].

2.1. Shocks in theory

The shock profile, i.e., the spatial dependence of density, velocity and internal
energy and its characterization by the metric of the shock width, is a well-studied
problem with an extensive literature; a recent survey can be found in [44].
What might be termed the Navier—Stokes phase of that literature began with
the articles of Rayleigh [33] and Taylor [40], both in 1910, in which the general
one—dimensional (1D) equation of motion for the Navier—Stokes shock profile
was first derived; those authors, however, were only able to obtain solutions
for either the special case of constant viscosity with no heat conduction or the
other special case of constant heat conductivity with no viscosity. Becker’s
1922 publication [2] is usually cited for deriving a steady shock solution of
the compressible Navier—Stokes equations containing both viscosity and heat
conduction. However, Becker’s main purpose was to question the validity of
Navier—Stokes for describing shocks. To understand the connection, we need to
provide some additional context.

The Chapman-Enskog approximation, first published by Chapman (1916)
and Enskog (1917) [6] derives the Navier—Stokes equations by perturbation ex-
pansion of the more fundamental Boltzmann equation. The expansion parame-
ter is the Knudsen number, the dimensionless ratio of the molecular mean free
path to a macroscopic length scale. At zeroth order that expansion leads to the
Euler equations and at first order to Navier—-Stokes. An important consequence
of this derivation is the explicit dependence of the macroscopic transport pa-
rameters of viscosity and thermal conductivity on the microscopic mean free
path. In the shock problem, the macroscopic length scale is the shock width.
Thus, by virtue of his steady shock solution, Becker was able to estimate that



a shock was only about one or two mean free paths wide; this implies that
the Knudsen number is not small and leads to Becker’s main point, namely
that Navier—Stokes theory should not be applicable within the shock profile. A
succinct discussion of the Chapman—Enskog procedure can be found in [17].

Becker’s paper received little attention for many years. In 1944, Thomas
[42] pointed out that the Becker analysis had neglected the dependence of the
viscosity and thermal conductivity on temperature, which qualitatively would
be expected to widen the theoretical prediction of the shock width. That was
followed in 1949 by the important paper of Morduchow & Libby [29] in which the
effects of temperature dependence were quantitatively assessed (by quadrature);
temperature dependence was shown to have some quantitative effect, but did
not qualitatively negate Becker’s criticism. We note that [29] is perhaps best
known today for a peripheral result in which Morduchow & Libby evaluated
the thermodynamic entropy and showed that it had a maximum within the
shock profile. This surprising result, however, has been shown not to violate the
second law of thermodynamics; see [25] for a discussion.

It would take more than thirty years after Becker for the experimental cor-
roboration, but indeed detailed measurements show that the density profiles of
physical shocks are typically twice as wide as Navier—Stokes theory predicts,
and are more symmetric in shape [1, 37]. The results are nicely summarized in
Fig. 10 of Schmidt’s paper [37] which compares the inverse of the (normalized)
shock width plotted against Mach number as predicted by Navier—Stokes theory
(curve 1) and as measured experimentally (curve 3). Those results will play a
primary role in our paper. Note that the experimental results show as clus-
ters of points, indicating both the uncertainty of measurement and the natural
stochasticity of the shock.

In 1968, Bird published calculations of shock structure based on direct sim-
ulation Monte Carlo (DSMC) solutions of the Boltzmann equation [4]. Those
solutions are in excellent agreement with the data, both in terms of shock width
and shape. Since the Navier—Stokes equations can be derived as an approxima-
tion of the Boltzmann equation, one might conclude that agreement with the
experimental profiles might be improved by keeping higher—order terms in the
Chapman—Enskog expansion. However, the next order of the expansion, i.e., the
Burnett equations, does not provide any significant improvement in reproducing
the measured data [10]. In section 3 of [17], Kremer writes

“The Knudsen number is related to the degree of rarefaction of a gas.
When Kn <« 1 the molecular collisions are very important, the distri-
bution function is determined by the collision term of the Boltzmann
equation and the gas is described by a continuum regime. Otherwise,
when Kn > 1 molecular collisions become negligible, the distribution is
determined via a collisionless Boltzmann equation.”

Kremer'’s quote would seem to imply that a continuum description is only pos-
sible when one is in a collision—dominated regime. However, another possibility
exists in which anomalous dissipation is present in addition to the viscous dis-
sipation due to collisions; see e.g., chapter 5 of [8]. In finite scale theory, this



additional dissipation results from spatial averaging of the (nonlinear) advective
terms. We will expand on this in section 3.

Analytic approaches to modeling fluid shock structure as described above
have been restricted to perfect gases', i.e., gases for which the thermodynamic
pressure p is simply related to the density p and internal energy £ by the ideal
gas law

p=(y—1)pE.

Here v = ¢,/c, is the ratio of specific heats at constant pressure ¢, and at
constant volume c¢,, both of which are assumed to be independent of tem-
perature. However, computational studies are not so limited and have been
applied to more general equations of state for gases and liquids. Detailed simu-
lations of the Boltzmann equation allow one to isolate and evaluate the effects of
nonequilibrium processes and stochasticity. Beyond the DSMC results described
above, detailed studies of shock structure have been published using nonequilib-
rium molecular dynamics (NEMD) [13, 14], gas kinetic Bhanagar-Gross-Krook
(BGK) approximation [5], and lattice Boltzmann (LB) techniques [39, 35]. Each
of those computational techniques, NEMD, DSMC, BKG and LB, is particle—
based and so preserves the stochasticity of solutions of the Boltzmann equation.
Further, all of the studies referenced above support the basic conclusion that
the Boltzmann equation contains sufficient physics to accurately describe the
shock structure of a perfect gas.

2.2. Shocks in the laboratory

There are many papers that report the spatial dependence of the shock
profile in gases; see e.g., [37] and [1] and the many references within. Among
those papers that compare the laboratory measurements with theory, there is
consensus that the Navier-Stokes equations do not accurately predict the width
nor the shape of the measured profiles. Here, we summarize some relevant
results of Schmidt [37] and Alsmeyer [1].

Both Schmidt and Alsmeyer provide detailed descriptions of the experimen-
tal procedure, identifying sources and estimating experimental error which in
toto is asserted to be less than 5%. A larger source of uncertainty results from
the stochastic nature of the flow. The clusters of ’'in principle’ identical mea-
surements in Fig. 10 of Schmidt suggest an uncertainty of perhaps 10% due to
stochasticity. Also, the faired curve in that figure based on the Mott—Smith
theory [30] appears to lie slightly above most of the actual data points.

Despite those uncertainties, some main trends of the data seem clear.

e Figure 10 of Schmidt shows that Navier—Stokes estimates of the shock
width are only about half the measured widths.

e Figure 5 of Schmidt shows that the ”normalized profiles of density” are in-
dependent of shock strength (Mach number), except for a small departures
near the foot of the shock.

LAlso sometimes termed polytropic or gamma-law gases.



e Figure 8 of Alsmeyer shows that the shock shape predicted by Navier—
Stokes theory is more asymmetric than are the measurements. Both the
normalized profiles and the measure of asymmetry are defined on page 369

of [37].

There is an important issue that precludes us from making direct comparison of
finite scale predictions with the experimental data. The transport coefficients,
e.g., the viscosity, u, and the thermal conductivity with respect to the gradient of
the internal energy, k, depend on the temperature. The measured shock profiles,
of course, reflect the effects of that temperature dependence. Although it is not
stated explicitly, the theoretical Navier—Stokes calculations reported in both
Schmidt and Alsmeyer also incorporate temperature dependence; cf. the caption
of Figure 8 in Schmidt and the first sentence of page 502 in Alsmeyer. Our
derivation and hence the solution found in section 4 do not take the temperature
dependence into account.

For the Navier—Stokes equations, the effects of temperature dependence on
the transport coefficients has been briefly investigated numerically; see e.g.,
figures 3 and 4 in [25] where it is shown that the temperature dependence
broadens the foot of the shock and so increases the asymmetry of the shock
profile.

3. Finite Scale Equations

We present a short history of finite scale theory, and then exhibit the finite
scale equations (FS). The FS resemble Navier-Stokes equations but contain
additional fluxes of momentum and energy that arise from the nonlinearity of
advection. We will discuss the salient features that distinguish F'S from the
compressible Navier—Stokes equations below.

The story of finite scale Navier—Stokes (F'S) begins with a numerical tech-
nique termed implicit large eddy simulation (ILES) employed for simulating
turbulent flows. In essence, the technique consists of employing one of many
nonoscillatory finite volume (NFV) algorithms and allowing the numerical dis-
sipation to replace the physical dissipation that is unresolved in the simulation.
The concept was first proposed by Jay Boris [31] to simulate problems in plasma
turbulence. Subsequently and independently, ILES was used in [19] to model
the growth of fluid instabilities, in [32] to model astrophysical turbulence and
in [27] to model atmospheric boundary layers. Each of these applications used
a different NE'V algorithm while achieving physically relevant results.

In the period before the year 2000, the use of ILES was controversial, some-
times disparagingly termed no model LES. Despite the quality of the aforemen-
tioned results, the lack of a physical justification impeded its general acceptance.
In 2002, Margolin & Rider [26] provided a rationale for ILES. The main result
of that paper answered the following question:

“If the field variables, e.g., density, velocity, energy, of every point of a
fluid in a finite volume is governed by the Navier—Stokes equations, what
equations govern the volume averages of those field variables?”



The pertinent equations derived in [26] are in fact the FS and are exhibited
below. Further, it was demonstrated that computer programs formulated to
solve high Reynolds number flows (in both the Eulerian and the Lagrangian
frameworks) solve a form of the F'S in the sense of the modified equation [12].
Thus, the rationale for ILES is that discretized equations of the computer codes
are actually solving the equations that govern the evolution of the volume—
averaged field variables in the computational cells. That justification was shortly
followed by a book [11] in which many of the pioneers contributed a variety
of examples demonstrating the accuracy and generality of ILES. Now ILES
is widely accepted and used by the turbulence modeling community. A more
complete description of the inception of ILES by Jay Boris can be found in
chapter 1 in [11], and of the subsequent early history of ILES can be found in
section 4 of [21].

Although the FS were first derived as a PDE model for turbulent simula-
tions, that derivation makes no reference either to turbulence or to simulation.
The derivation in [26] combines a renormalization of the Navier-Stokes equa-
tions with induction. Expanded discussions of the derivations can be found in
[20, 21, 24, 23]. In [20], it was suggested that the F'S might provide the appro-
priate theoretical basis for more general descriptions of high Reynolds number
flows, in particular for flows with shocks. First explorations of that idea appear
in [28] and in [15] where traveling wave solutions of two forms of the adiabatic FS
equation are presented. Here, adiabatic implies that the fluxes of heat conduc-
tion, both Fourier and finite scale, are ignored. In our main results of section 4
we will show traveling wave solutions for the full FS.

Below, we write the finite scale Navier—Stokes equations for a compressible
perfect gas in one spatial dimension [20] . We use internal energy rather than
temperature, but note that for a perfect gas the former is proportional to the
latter with the constant of proportionally being ¢, which is assumed to be
constant.

o o _, o

%«u % (pu® + P) (2)
;<5+;pu2> +88$<Su+;pu3+Pu+Q> =0 (3)
P—(v—l)pg—u$+AP<?;>2 (4)

Q= —&gé +7Ap (gg) (gi) (5)

Here, p,u, and &€ have their usual meanings of density, material velocity and
internal energy. The total pressure P in eq. (4) contains three contributions.
The first term is the ideal gas law, which is a good approximation to the behavior
of many gases. The second term is Newton’s law of viscosity and the third term



represent the finite scale contribution. The heat flux @ in eq. (5) consists of
Fourier’s law plus a finite scale contribution.

The transport coefficient, u, is the longitudinal coefficient of viscosity and x
is the thermal conductivity with respect to the gradient of the internal energy.
Note that both p and s are dynamic (or absolute) coefficients, i.e., both have
the units of (M/L3)(L?/T) = M/(LT). The final terms of egs. (4) and (5) are
proportional to the density. The constant parameter A has the dimension of
length squared — in the case of numerical simulation

1 /Az\°

A=l ( : ) (6)
where Az is the computational cell size. More generally, Az is to be interpreted
as a length scale representing an observer; see [21]. Terms proportional to A
in egs. (4) and (5) are the finite scale fluxes of momentum and energy. Those
fluxes, representing the anomalous dissipation, arise from lack of commutativity
of the averaging process with multiplication; i.e., the average of the product is
not the product of the averages. We mention for completeness that the velocity
u that appears is the Favre—averaged velocity and similarly the internal energy
£ is the Favre—averaged internal energy, although those distinctions play no role
in this paper.

We note two aspects of the equations that do play a surprisingly important
role in this paper. First, the finite scale fluxes are proportional to physical
density whereas the physical fluxes of momentum and energy are not. Second,
there is an “extra” factor of « that arises in the finite scale flux of energy. The
origin of that factor is discussed in section 4 of [20].

We draw attention to the similarity between the finite scale flux of momen-
tum and the Reynolds stress terms introduced to represent the effects of velocity
fluctuations in turbulent flow [41]; that analogy becomes evident when the asso-
ciation is made between the velocity fluctuations v’ and %Am. The connection
between the finite scale fluxes and subgrid scale models of turbulence is ex-
plored in more detail in [24]. The finite scale fluxes are the spatially averaged
correlation of fluctuations and so introduce the long range effects of stochas-
ticity into the equations. This is practically demonstrated in Fig. 4 where the
velocity profile of the F'S shock is shown to be significantly wider than that of
the Navier—Stokes shock.

4. Traveling Wave Solutions

We will look for traveling wave solutions of the finite scale equations. Our
analysis is closely related to Becker’s derivation of steady state solutions of the
Navier—Stokes equations for shock wave structure; like Becker, we will assume a
particular Prandtl number, which results in the conservation of enthalpy through
the shock profile. The relation of traveling wave solutions to the steady state
analysis of Becker [2] and the later important contribution of Morduchow &
Libby [29] are discussed in detail in [25].



To derive the traveling wave equations for a shock, we assume that all the
field variables depend on space and time through the similarity variable y =
x — vt, where the constant v will turn out to be the velocity of the shock. We
model a shock moving to the right into a gamma law gas at rest whose density
is p, and whose internal energy is &£,. The shock is driven by a “piston” with
velocity u,. Thus the asymptotic conditions are:

p—=>po ;3 u—0 ;3 £—E asy—+oo
. du dp dg%() o
U= Uy ;  ——y =y — as —00
D ) dy7 dy’ dy y

Applying the similarity assumption to egs. (1)—(5) and integrating the re-
sulting ODEs from a point y to 400 then results in:

p(v —u) = pov (7)
du du\?

up(v —u) = (v —1)p€ + Wy~ Ap (dy) =—po=—(y—1DpEo  (8)

1 du du\?
J— f— 2 — J— —A —_— J—
pE(v —u) + 5PU (v—u) (v 1)p5u+,uudy Aup (dy> (9)
+ F.% — du d& v€,
d pdy d of

The shock speed v is determined by conservation and is related to the piston
speed by:
1
UZ—W;F upv — 2 =0. (10)

where ¢, is the sound speed in the stationary (downstream) portion of the fluid

o =/v(y—1E,. (11)

We define the Mach number M

m=2. (12)

Co

Then the shock velocity, the piston velocity and Mach number are related by:

up:(v2:1)<1—/\22> . (13)

Momentum

Eliminating density from the momentum equation leads to:

(7—1)5:u(v—u)+u<vu)?gj—A(?gj)Z—l—(v—l)So(l—Z) (14)

po \ v




Energy

Next, multiply the momentum equation by —v and add to the energy equation.

=)+ pulo = wlgu— o)+ ute— 05— patu—) ()

dy

de d€ du
Sy ASE T = v, 1
o, A YpovE (15)

or

1 o p (v—u) du du\? K dE Ay dudéE 1,
E+-(u—v)"—— —+A — ————— =&+ =
ety ?) Po < v ) dy (dy) povdy v —udydy oty

(16)
From the momentum equation (14), we have

2
Y 7 Y opfv—u\du vy du v—u
7577—1(@(” qu—lpo( v )dy 7-1A<dy> g~ )

Equations (16) and (17) are still exact and independent.

To proceed, we will make the assumption that p = yx. This is the equiv-
alent to the assumption made in the original discussion of Becker [2] that the
Prandtl number of the fluid is 3/4; see also [29] and [25]. That is an excellent
approximation for many gases as discussed in [18].

Under that assumption, we note that eq. (16) can be re-written as

e A ()
povdy  (v—u) \dy

where @ is the specific enthalpy:

e _
du

®, (18)

1
‘1’5754»5(’0711,)2.

Also, eq. (17) can be re-written as

LiLvZZ - (Ufu) (Z)T B (Z:i) [E_EO(UZU) - “((7“_—11;)] 19

Substituting eq. (19) into eq. (18) yields

e R PR
5+%('ufzt)2+(z:i) [E—SO(U;U) - u((;}__f;)] {;li—(v—u)} =&, 4 50

10



This is an ODE for the energy. Observing that both the equation and its
boundary conditions are independent of A, the solution will also be independent
of A. In particular, the solution for the case A = 0, i.e., the Navier-Stokes
profile, is well known, namely that ® is a constant through the shock profile
[29, 25]:

uv U2

E=6+———. 22

Y2y 22)
Now, consider that the left-hand-side of eq. (19) vanishes at u = 0 and at u = u,,.
Then the right-hand-side must also vanish for these end points, so that

(v—u) _u(v—u)
(v—=1

[5 ~&, } = ooty — u) (23)

for some constant «,.
Using egs. (11) — (13) to eliminate &, and u, in the relation above leads to

e o) e () ]
(24)

Comparing terms then yields the value of the constant

. .
S (=1

Note that eq. (24) is identical in form with eq. (10) of [15]. Thus the formal
solutions of our eq. (24) can be obtained by re-scaling those in section 2.3 of
[15].

Next we combine egs. (19) and (23)

du\” o (v—u\ du
A<dy> —po(v>dy—ozu(up—u):0 (25)
where
a:—('y—l)a(,:(ry;;ll) = a>0.

Solving the quadratic equation (25) for the velocity gradient yields

du 1

dy 204 | p, 2

o (v—u)— \/;Lz(v —u)? + daAvu(u, — u)] (26)

where we have chosen the minus sign in front of the square root to correspond
to a shock moving to the right. Equation (26) may be conveniently rewritten

d 2ap,
i = OZ;ZU {(v —u) — \/(U —u)? + Bu(up — u)} (27)
where the parameter
daAp2v?

11



is dimensionless. Note that B is related to the critical length scale [, defined in
eq. (28) of [15].
Both Schmidt [37] and Alsmeyer [1] estimate the mean free path?

Az?(%)iﬁ. (29)

Most of their data, and all that is used in this paper, is for argon, so that
v = 5/3 and the constant &« = 0.8. Then we have the mean free path in the
fluid ahead of the shock

uM

Ao = 1.65 ; = o 30
P M=v/c (30)

and we can nondimensionalize length in the slope equations setting z = y/\, as
is done in the plots of Schmidt and Alsmeyer. In general, then

=i {w —u) /(v — w4 Bu(u, —u) (31)

Here, B is the missing parameter mentioned in the introduction. Using
eq. (29) we can rewrite eq. (28) as

B =8TIM? (A/X]) . (32)

That is, the parameter B contains the square of a ratio of length scales — recall
the definition of A in eq. (6). In the next section, we will estimate B from the
graphed data of Schmidt and will speculate on the meaning of this parameter.
Note that the limit B — 0, is perfectly well defined and recovers the Navier—
Stokes velocity gradient,

(ZZ)NS 7 _1'32MW : (33)

It is possible to solve eq. (31) exactly, in the form z = Z(u) using standard
integrals. The results however are complex and we have found it simpler to
integrate the ODE numerically to derive u(z). From that discrete solution, it is
easy to derive p using eq. (7),

Py
P = @)y

Both Schmidt [37] and Alsmeyer [1] estimate the shock width from the measured
density profile

W= pr/ (j;’) (34)

2See also the footnote on page 676 of [29].
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where the subscript Z indicates evaluation at the inflection point where the
density gradient is largest in magnitude. Using chain rule

dp _ dpdu p du

dy  dudy (v—u)dy’

Then the shock width is
du
W=(w-u — ] . 35
-/ (). (39)

where the subscript still indicates evaluation at the inflection point of the density
profile. Note that this differs from a shock width that could be estimated at the
inflection point of the velocity profile.

5. Finite Scale Shock Widths

Figure 10 of Schmidt [37] exemplifies much of the discussion in our section 2
as regards shock width. The graph shows three curves that each represent
the inverse of the shock width as a function of Mach number. The widths
are nondimensionalized by the mean free path )\ ahead of the shock; mean
free path is defined in eq. (29). Curve 1 in the figure shows the theoretical
results of Navier—Stokes theory with temperature dependent transport coeffi-
cients. Curve 3 shows the theoretical results of Mott Smith theory [30], which
Schmidt suggests as a useful, if not totally accurate fit to the data. Clusters of
data points at Mach 3,4,6 and 8 illustrate the reproducibility and the scatter of
the experimental data. Curve 2 is a solution of the shock profile based on an
approximation of the Boltzmann equation. Somewhat hidden in the cluster of
data at Mach 8 is a single point calculated using the Discrete Simulation Monte
Carlo (DSMC) method of Bird [4, 3] to approximate the solution to the Boltz-
mann equation. In 1967, this was a heroic calculation using = 103 particles.
Recently, DSMC calculations using = 10!! particles have been reported [9].

To estimate the parameter B, we will use one piece of information from Fig-
ure 10. Because the individual points depend on the temperature dependence
of the transport coefficients, which is neglected in our theory, we have chosen
to use the ratio of the slope widths for one Mach number in the hope that this
dimensionless number will be less sensitive to the effects of temperature depen-
dence. In particular, we have chosen to use the values of curve 1 and curve 3 at
Mach 4; we selected Mach 4 because curve 3 is nearly flat at this point and also
best represents the measured data. We extracted that data directly from the
published graph using a web-based data analyzer. The resulting ratio, as well
as the analogous ratios at all Mach numbers between 3 and 8 are presented in
Table 1.

The agreement of the ratio of shock widths for Mach 4 in the table then is
ensured by the choice B = 11.1. Using this value, it is possible to predict the
ratios of shock widths for other values of the Mach number. Those values did
not contribute to our estimation of B; agreement of those calculated values with
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Mach No. | MS NS | ratio | calc.

3 0.283 | 0.446 | 1.58 | 1.60
0.305 | 0.521 | 1.71 | 1.71
0.304 | 0.539 | 1.77 | 1.77
0.294 | 0.536 | 1.82 | 1.81
0.283 | 0.524 | 1.85 | 1.84
0.273 | 0.510 | 1.87 | 1.85

w0 ||| ot

Table 1: Captured data from Figure 10 of [37]. The column labeled M S is from curve 3, and
the column labeled NS is from curve 1. The columns labeled MS and NS represent the inverse
of shock widths from Mott—Smith theory and Navier—Stokes theory. The ratio of those widths
and analogous ratios computed from finite scale theory are compared in Fig. 1.

the estimates taken from Figure 10 validate our hypothesis that B is a constant
independent of Mach number and is a first step in validating the use of a finite
scale model to predict shock structure. A plot of the results in Table 1 is shown
in Figure 1.

Combining eq. (32) and eq. (6)

1 /Az\>
A=134\/M?* ===
3412/ M 3(2)

so that we estimate
Az ~ 0.96), (36)

for the Mach 4 shock. Qualitatively then, our result that B is a constant for
a wide range of Mach numbers implies that the averaging scale Az is in fact
proportional to the mean free path, which is the only fundamental length scale
of kinetic theory. However, we can extend the analysis more quantitatively as
follows.

We have measured the shock width in terms of the mean free path in the
quiescent fluid ahead of the shock so as to be consistent with the reported data
of Schmidt [37] and Alsmeyer [1]. However as implied by eq. (29), the mean
free path at the inflection point of the density profile will be smaller as both the
sound speed and the density grow larger as the shock passes. Estimating the
mean free path at the inflection point, where fluid velocity is uz,

Ar =165 =), <pc">
pPICIT PI CT

Data from numerical integration to calculate the ratio (Z;CC;) is presented in

Table 2. A plot of that ratio vs. the inverse of the Mach number is shown in
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Mach | pz/po | uz/v | Az/No

3 2.28 | 1.68 | 0.403
2.54 2.43 | 0.268
2.69 | 3.14 | 0.187
277 | 3.84 | 0.136
2.85 4.54 | 0.104

(o oI N B e e B L

2.86 5.2 0.080

Table 2: Showing the ratio of the mean free path measured at the inflection point of density
to the mean free path measured in the undisturbed fluid ahead of the shock as a function of
Mach number. Data is plotted in Fig. 2.

Fig. 2, indicating a nearly perfect linear relation
Az /Ao = 1.56/ M. (37)

Then, inserting eq. (37) into eq. (32),

B=1.77 (ﬁ:y. (38)

That is, when shock width is measured in terms of the number of mean free paths
at the inflection point of density, the parameter B is a universal constant not
dependent on Mach number. Finally, invoking our estimate B = 11.1, we find

Az~ 2.57A\7 (39)

for all Mach numbers between 3 and 8. Perhaps fortuitously, that estimate
is consistent with Lagrangian shock-capturing algorithms where an artificial
viscosity chosen to yield a shock width of about 3 computational cells suffices
to eliminate unphysical post-shock oscillations; see [47] and the discussion in
section 7 of [25].

6. Comparisons and Trends

Here we compare some aspects of the finite scale versus the Navier—Stokes
solutions, and show trends of the finite scale solutions as a function of shock
strength (Mach number). The “data” in Figures 3 through 7 were all generated
by numerical integration of the ODEs — equation (31) for finite scale and (33)
for Navier—Stokes. We remind that neither of those equations incorporate the
effects of temperature dependence of the transport coefficients, which would
make the derivation of the traveling wave ODEs very difficult. On the other
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hand, full solution of the PDEs with temperature dependence is very feasible
on the computer. We will return to this point in section 7.

In the rest of this section, we will abbreviate Navier—Stokes as NS to avoid
lengthy repetitions. To begin, we offer some structural observations. Consider
Fig. 4 comparing the velocity profiles of the NS solution to that of the FS
solution for a Mach 4 shock. We have arbitrarily chosen the center of the shock,
where u = %up at z = 0 for both profiles. The enveloping theorem proven in
the appendix states that the F'S profile will lie underneath the NS profile on
the upstream side of the intersection point (to the left in the figure) and will
lie above the NS curve to the right (downstream) side of the NS profile. Since
the NS profile does not have compact support, the theorem shows that the FS
profile also cannot have compact support.

That result is not surprising, but is a direct result of including physical
viscosity. We note that the analysis of the adiabatic F'S in [28] also only achieves
compact support in the limit of vanishing physical viscosity. The lack of compact
support is also a principal consideration leading to the local definition (i.e., at
the inflection point of density) of shock width in eq. (35) as opposed to using a
more global and possibly subjective metric.

The lack of compact support implies that the velocity profile is monotone.
If there were a local maximum (or minimum) within the profile, the slope would
vanish which means that either u = u, or u = 0. Then a piecewise continuous
compact solution could be could be formulated contradicting the enveloping the-
orem. Further, applying the chain rule shows that the monotonicity of velocity
implies the monotonicity of the density and internal energy. Using eq. (7)

dp _ dpdu Pov  du

= 2200y foB TR 4
dz  dudz (v—u)?dz (40)
Similarly, using eq. (22),
dI _dZdu _ (v—u)du (41)
dz  dudz vy dz

These monotonicity results are confirmed graphically in Figs. 3 and 6.

In Fig. 3 we compare the NS and FS density profiles for the Mach 4 shock.
One might conclude from this figure that the front of the NS profile is close
to that of the F'S profile and that the bigger differences occur near the back of
the shock. However, this is illusory. If we had chosen to center the two density
profiles say at a value of p/p, = 2 instead of at p/p, = 1.5, the differences
would look more symmetric about z = 0. Despite this ambiguity, the slope
at the inflection point and hence the shock width are both independent of the
choice of centering.

A better way to assess symmetry of the density profiles is to use the nor-
malized density profile

R=_P =P (42)

pmam - po
where pp,q. i the final density at the back of the shock. The R function compar-
ison of normalized density allows for direct comparison of shocks with different
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Mach numbers. Fig. 5 compares the normalized density profiles for F'S shocks
of Mach 4 and Mach 8.

In [29], Morduchow and Libby also calculated the equilibrium entropy profile
in the NS shock. Their result showed that the entropy is not monotone inside
the shock, but has a peak. This surprising result has been discussed often in the
literature and has been found not to violate the second law of thermodynamics
in the sense of the Clausius—Duhem inequality [25]. In Fig. 7, we calculate the
FS entropy for the Mach 4 shock. That profile has a broader peak than the
NS entropy although its peak value and position in the profile are very similar.
For the sake of completeness, we add that the inside of a shock is very far from
equilibrium [25].

7. Summary and Discussion

The subject of this paper is the structure of shocks in perfect gases and our
goal is to demonstrate the ability of a continuum model based on finite scale
theory to accurately reproduce that structure, which has been precisely mea-
sured in many laboratory experiments. We began by documenting the history
and failure of Navier—Stokes theory to describe the measured shock profiles. We
then provided a brief description of finite scale theory and motivation for why it
might provide a more accurate prediction of shock structure. That motivation
focused mainly on the property of anomalous dissipation, which would engender
broader shock structure more in accord with the experimental measurements.

In our first principal result, we constructed a traveling wave formulation of
the full finite scale equations, including physical viscosity and heat conduction,
and the additional finite scale fluxes of momentum and energy; cf. eq. (31).
That analysis identified a key continuum scale parameter, B, cf. eq. (28). In
our second principal result, we used the traveling wave solution to expose the
relation between B and the microscale (kinetic) parameter A, the molecular mean
free path. We illustrated how B could be roughly estimated from published
experimental data and demonstrated the universality of that parameter.

In our third principal result, we explored some of the properties of the finite
scale solution. We proved those solutions are not compact, and that the pre-
dicted profiles of velocity, density and internal energy are monotone. We also
exhibited numerical solutions of the equations to compare with Navier—Stokes
theory and to graphically verify the theoretical results.

In the introduction, we acknowledged that this paper represents only the
first step toward our goal of validating a finite scale model of shock structure.
We identified two important missing elements. First, our model lacks at least
one physical effect that strongly influences shock shape, namely the dependence
of physical viscosity and heat conductivity on the temperature. Second, we have
offered no theory for calculating the parameter B, even though the determination
from experimental data has proven successful. Nevertheless, we believe that our
results so far indicate that finite scale theory offers a promising alternative for
predicting shock wave structure in perfect gases.
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Becker’s 1922 analysis [2] of Navier—Stokes theory applied to the shock struc-
ture of perfect gases also neglected the temperature dependence of the coeffi-
cients of heat conduction and of viscosity. Thomas [42] noted that these co-
efficients would increase as temperature increased. It was the main purpose
of the 1949 paper of Morduchow & Libby [29] to quantify the importance of
that dependence. Indeed, temperature dependence did broaden the predicted
shocks, though not enough to mollify Becker’s criticism. Computer simula-
tion was barely nascent in 1949, but now it is feasible to perform fully resolved
simulations of shock propagation in three spatial dimensions using finite volume
methods. That numerical capability was demonstrated in [25] for Navier—Stokes
theory where the accuracy of simulation was verified by comparison with ana-
lytic solutions. A version of that computer program is now capable of simulating
the finite scale equations with temperature dependent transport coefficients [34].

We speculate that the magnitude of the parameter B - i.e., how many mean
free paths are represented in the finite length scale; see eq. (39) — is related
to the breakdown of the continuum approximation. The connection of B to
the mean free path results primarily from dimensional analysis and from the
older connection of physical viscosity to the mean free path exposed by the
Chapman—Enskog approximation [6, 17]. An extension of the Chapman—Enskog
approximation that begins with the Boltzmann equation and leads to the finite
scale equations has recently been published [22] and may provide a starting
point for additional theory.

A central presence in this paper has been the concept of anomalous dissi-
pation. This idea is originally found in the theoretical work of Onsager 7] and
Kolmogorov [8] where it appears somewhat amorphously. On the other hand,
the subject of regularizing the Euler equations [24] and the definitive form of
artificial viscosity [46] have been of fundamental importance to the numerical
community since the beginning of computational fluid dynamics. The recogni-
tion of the congruence of these two ideas owes much to the intuition of early
pioneers of ILES [11].

APPENDIX — An Enveloping Theorem

Observing the comparison of profiles, Navier—stokes (NS) vs. finite scale
(FS), in Figs. 3 and 4 two properties seem clear,

e the profiles intersect only once.

e upstream of the intersection, the FS profile always lies beneath the NS
profile, while downstream of the intersection the FS profile always lies
above the NS profile. We will term this an enveloping property.

In this appendix, we prove those observations. The proof is complicated by the
lack of explicit solutions, i.e., velocity as a function of coordinate and by the
autonomous nature of the ODEs.

Since the traveling wave problem is formulated with boundary conditions at
—oo and 400, it is necessary to specify velocity at one point in the solution.
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This can be done arbitrarily and in our numerical simulations, we have chosen
to specify the center of the profile, such that v = u,//2 at z = 0. As all of
our plots and equations represent shocks moving to the right, we will refer to
regions left of the intersection point as upstream and right of the intersection
point as downstream.

Theorem: consider the solutions to the ODEs of eq. (33) representing NS
and of eq. (31) representing FS. These solutions have only one intersection point.
Further, the NS solution envelopes the FS solution.

Proof: The enveloping property implies that the upstream NS velocity
should be larger than the upstream F'S velocity for the same value of coordinate
z. Fig. 8 shows the same NS and FS velocity profiles as reported in Fig. 4, but
rotated 90° counterclockwise. Then it is clear that the enveloping property can
also be formulated to say that the NS solution will have larger coordinate than
the FS solution for same value of velocity. This is a more useful formulation
since the coordinate difference can be written down formally.

First, we rewrite the ODE (31)

du u(up —u)

—=C
dz (v —u) + /(v —u)? + Bu(u, — u) (43)

where C = 2.58 M. Then a formal solution for the FS coordinate at velocity .

[: % |:(UU>+\/(UU)2+BU(U;DU):| :C/OZFSdZ‘ECZFS
(44)

2

Similarly, a formal solution for the NS coordinate can be written:

| s sto-w=c [ =cans (15)

up 2u(uy, — u)

Combining these equations,

U 1 1
CAz=C(znve — ) = d — 5 1., A 46
2 (255 — 2F5) /z;p u (v U)X{Q 1++1+Bx (46)
where ( )
w(u, —u
Also,
[11}>0 : B>0
2 1+ ItBx ’ '
and

v—u>0
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So then the integrand is always positive and we conclude

Az>0 ifu*>%, (47)
Az <0 ifu*<%. (48)

Note that the proof holds generally for all Mach numbers, all values of B > 0
and any realizable value of the common velocity that appears at the intersection
point.
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Figure 1: Points on this graph represent a ratio of slopes of the shock profile, as defined in
eq. (35). The solid curve values are calculated from values extracted from Figure 10 in [37]
and reproduced in Table 1. The values in the dotted curve are calculated from egs. (31) and
(33). The parameter B in the finite scale theory was chosen to ensure the equality at Mach
4. The comparison of points at other Mach numbers is a critical test of the applicability of
finite scale theory to model shock structure..
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Figure 2: The ratio of mean free paths measured at the inflection point of the density profile
and in the undisturbed fluid ahead of the shock is plotted versus the inverse of the Mach
number. The plot is linear with a small offset for very strong shocks. Data for this plot is
shown in Table 2.
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Density vs. Scaled Coordinate
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Figure 3: The profiles of normalized density p/po in a Mach 4 shock as predicted by finite
scale theory (dashed curve) and by Navier—Stokes theory (solid curve) are plotted versus a
scaled coordinate nondimensionalized by the mean free path in the undisturbed fluid.
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Scaled Velocity vs. Scaled Coordinate
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Figure 4: The profiles of normalized velocity u/c, in a Mach 4 shock as predicted by finite
scale theory (dashed curve) and by Navier—Stokes theory (solid curve) are plotted versus a
scaled coordinate nondimensionalized by the mean free path in the undisturbed fluid.
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Figure 5: The normalized density R = (p—po)/(pPmaz—po) for the Mach 4 shock (dotted curve)
and the Mach 8 shock (solid curve) are plotted versus a scaled coordinate nondimensionalized

by the mean free path in the undisturbed fluid.
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Internal Energy vs. Scaled Coordinate
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Figure 6: The scaled internal energy Z/Z, for the Mach 4 shock as predicted by finite scale
theory (dashed curve) and by Navier—Stokes theory (solid curve) are plotted versus a scaled
coordinate nondimensionalized by the mean free path in the undisturbed fluid.

29

1.5



Journal Pre-proof

Entropy vs. Scaled Coordinate

12

N
Navier-Stokes

= = =Finite Scale

Entropy

04

15

Figure 7: Nondimensional entropy S/c, as predicted by finite scale theory (dashed curve)
and by Navier—Stokes theory (solid curve) are plotted versus a scaled coordinate nondimen-
sionalized by the mean free path in the undisturbed fluid. Note the peaks in both curves.
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Rotated Plot of Velocity vs. Scaled Coordinate
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Figure 8: The profiles of normalized velocity u/co in a Mach 4 shock as predicted by finite
scale theory (dashed curve) and by Navier—Stokes theory (solid curve) are plotted versus a
scaled coordinate nondimensionalized by the mean free path in the undisturbed fluid. The
profiles are the same as in Fig. 4 but rotated by 90° and with some notation added relevant
to the Appendix.
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Highlights for
A Finite Scale Model for Shock Structure

L.G. Margolin, C.S. Plesko, ].M. Reisner

1) A review of the history of analytic studies of shock structure in a perfect gas.
2) A review of finite scale theory.
3) Analytic solutions of shock structure for a perfect gas.

4) A comparison of predicted and measured shock widths for a perfect gas.
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