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Abstract

We developed a thermodynamically-consistent, rate-dependent micromechanics model
for brittle damage nucleated by dislocation plasticity applicable for large deforma-
tions. Dislocation substructure evolution was used to inform a nucleation criterion
for a microcrack. Under global compression, the sliding of a microcrack induces for-
mation of wing cracks. Effective stress drives dynamic growth of these cracks under
a 3D stress state, resulting in an anisotropic material stiffness. The model was fur-
ther advanced to predict grain size dependence of a polycrystalline solid. Internal
variables were constrained based on the laws of thermodynamics. Material constants
were calibrated for polycrystalline beryllium to demonstrate the applicability of the
model to simulate dynamic failure under compression. We demonstrate the versa-
tility of the model to capture brittle to ductile transition governed by temperature
and strain rate. The predictive capability of the model to simulate failure stress and
failure strain is compared with dynamic and quasistatic data on beryllium.
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1. Introduction

A class of materials demonstrate failure response through brittle cracking by the
appearance of fracture surfaces, despite the presence of dislocation plasticity. Ex-
amples of such materials are beryllium (Papirov et al., 1979), zinc (Kamdar, 1971),
magnesium oxide (Stokes et al., 1958), zirconium-hydrogen alloys (Westlake, 1963),
and sapphire (Pollock and Hurley, 1973). These materials are characterized by low
order of crystal symmetry and tend to possess limited active slip systems for disloca-
tion slip. The focus of our work is on the failure response of a hexagonal closed-packed
(HCP) metal, beryllium.

Beryllium (Be) is a strong, lightweight, and also a toxic metal used in the de-
fense, aerospace and electronics industries. Modulus to density ratio is almost six
times higher than that of aluminum, titanium, and steel. The specific strength of
beryllium outweighs magnesium, which is considered a next-generation metal for
light-weighting of structures. High melting temperature and excellent thermal sta-
bility make beryllium a material of strategic and critical importance for defense
applications.

Beryllium demonstrates a brittle to ductile transition with temperature (Arm-
strong, 1968). This transition is measured by the stress-strain behavior, in which
failure is determined with either a failure strain or a failure stress. Using such mea-
surements for model development has resulted most commonly in models of dynamic
strength, which predict a failure stress. Conversely prediction of a failure strain
and related model development has received significantly less attention. This work
addresses the strain rate and temperature dependence of failure stress and failure
strain. This work is based upon a postulate that the competition between the kinet-
ics of damage and the kinetics of viscoplastic deformation can successfully explain
the brittle to ductile transition with strain rate as well as with temperature.

2. Background

The deformation of beryllium at room temperature and quasistatic rates is pre-
dominantly through basal slip, while prismatic slip is activated at high stress or at
high temperature, and pyramidal twinning is activated at high strain and/or at high
strain rates (Regnier and Dupouy, 1970; Green and Sawkill, 1961; Blumenthal et al.,
1998). The predominant basal slip system coincides with the preferred plane for
cleavage fracture.

The nonlinear failure response of quasi-brittle materials under remote tension is
attributed to the dislocation-mediated growth of cracks (Zener, 1948), which were
later comprehensively analyzed by Stroh (Stroh, 1958). These Zener-Stroh cracks
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(here onward referred to as Stroh cracks) commonly nucleate at sites susceptible to
high stress intensity, such as dislocation cell walls terminated by grain boundaries,
inclusions, and other material heterogeneities (Johnston et al., 1962). Such materials
are weak in tension, compared to their strength in compression. The ratio of their
strengths in compression to tension is lower in comparison to brittle materials with
limited plastic deformation such as ceramics, which have a strength ratio in the
range 8-10 (Kimberley et al., 2013). Under remote compression, these nucleated
Stroh cracks further exhibit sliding resulting in nucleation and growth of wing cracks
(Stokes et al., 1958; Nemat-Nasser and Obata, 1988). Despite the overall compressive
load, the wing cracks tend to grow under local tension and at a finite angle to the
Stroh crack. Growing cracks degrade the material stiffness and contribute to the
inelastic strain. Before stress softening, the material demonstrates a peak stress on
the characteristic stress-strain response (Paliwal and Ramesh, 2008). We will refer
to this peak as the ultimate stress or strength.

Dislocation-based viscoplastic models have considerably evolved since the dislocation-
density based mechanical threshold stress (MTS) model of Follansbee and Kocks
(1988). Austin and McDowell (2011) developed a physically-based model to address
slip in polycrystalline metals subjected to high rates of deformation, above 10* s71.
The treatment of dislocation density involved mobile and immobile dislocation den-
sities as internal variables, which enabled physical descriptions of plastic flow rate
and slip resistance. Their theory does not include a saturation term for dislocation
density (Oudriss and Feaugas, 2016), which is commonly used for metals undergo-
ing large deformation (Beyerlein and Tomé, 2008). Lloyd et al. (2014) extended the
approach of Austin and McDowell (2011) to include crystal-based thermoelasticity,
anisotropic plasticity kinetics, and distinguishing interactions with forest and par-
allel dislocation densities. In addition, Follansbee and Kocks (1988) demonstrated
rate dependence of the trapping term for the dislocation density, which is relevant
to simulating mechanical response over a wide range of strain rates from quasistatic
to dynamic. Under high rate deformation and for large strains, dissipation from
damage as well as plastic deformation can lead to significant increase in the temper-
ature. Luscher et al. (2018) presented thermodynamically consistent strategies for
computing the temperature.

Dynamic brittle-damage models based on the micromechanics of wing-crack growth
have considerably evolved in their ability to predict dynamic response under com-
pression. A model based on an accurate representation of damage strain is able
to capture development of load-induced anisotropy and bulking (Nemat-Nasser and
Obata, 1988). Deshpande et al. (Deshpande and Evans, 2008; Deshpande et al.,
2011) inspired a rational for including plasticity, based on the observation of dislo-



cations in ceramics under confined compression. Their model demonstrated the role
of plasticity in modulating the failure strength under increased confining pressure.
However, their model is restricted to small strains as is the case for high-strength ce-
ramics under dynamic loading. For brittle materials, the failure strain often coincides
with the ultimate strain, since a brittle solid typically undergoes catastrophic fail-
ure post ultimate stress. Because of uncertainties associated with measured failure
strains, validation attempts of failure strain predictions from brittle damage models
are less common in the literature.

In general, cracking-activated brittle damage models predict a tensile failure
strength that is approximately one-tenth of the compressive failure strength. Under
quasistatic tensile rates, the brittle strength is commonly estimated using Irwin’s
fracture criterion (Irwin, 1957). Under quasistatic compression, the brittle failure is
commonly assumed to occur through activation of wing cracks from crack sliding.
A ceramic material with a crack size of the order 5 pym demonstrates a uniaxial
compressive stress of the order 5 GPa (Deshpande and Evans, 2008). Under large
confinement pressure, these models predict an increased failure strain due to arrested
propagation of microcracks. However, these models excluded any temperature- or
rate-dependence of the failure response. With increasing strain rate, purely brittle-
damage models predict increasing values of both failure stress and failure strain
(Paliwal and Ramesh, 2008). However, beryllium measurements demonstrate de-
creasing failure strain with increasing strain rate (Blumenthal et al., 1998). Thus,
purely brittle damage models are insufficient in predicting this anomalous response
of beryllium under dynamic loading.

Winey and Gupta (2014) developed a single crystal model for studying shock
response of beryllium, employing independent models for dislocation-density evolu-
tion and shear cracking within a thermomechanical formulation. For temperatures
above 523 K, prismatic slip system becomes activated (Taylor and Moore, 1964) and
is thought to result in enhanced plasticity (Barker et al., 1987). Nonetheless, the
consequence of this enhanced plasticity potentially resulting in an increased failure
strain has not been demonstrated. In addition, beryllium demonstrates increasing
failure strain with decreasing rate of loading from 4000s~! to 0.001s™!, often referred
to as the brittle to ductile transition with rate (Blumenthal et al., 1998). However,
the rate-dependence of this brittle to ductile transition remains unclear.

The interaction between models of dislocation plasticity and the microcrack
growth under quasistatic and fatigue loading rates were introduced by Nicolas et al.
(2017) and Anahid et al. (2011), respectively. Their analysis is based on the dislocation-
mediated crack nucleation theory by Stroh (Stroh, 1954). The model by Nicolas et al.
(2017) is temperature independent, appropriate for small strains (< 5%), and the mi-



crocracking was based on isotropic damage with application to rocks. Their analysis
prescribed pre-existing crack sizes, which subsequently resulted in damage growth
under load. In Anahid et al. (2011), the cracks were prescribed an equilibrium crack
size based on the analysis of a dislocation pileup by Stroh. Stroh’s theory predicts
equilibrium crack sizes of the order 5 pm (Stroh, 1954).

A key aspect missing in all the aforementioned models is a micromechanically-
and thermodynamically-consistent mathematical formulation, coupling dislocation
plasticity and brittle damage, under dynamic loading conditions and for large strains.
Even the brittle damage response incorporating the mechanism of dislocation-induced
crack nucleation under dynamic loading conditions has not been presented elsewhere.
State of the art brittle damage models predict an increasing failure strain with in-
creasing strain rate (Ayyagari et al., 2018), which is contradictory to the mechanical
response of beryllium. Additionally, the ratio of compressive to tensile failure stress
of beryllium (in the range 2-3) cannot be explained using the brittle-damage models
alone.

We present a finite deformation, viscoplastic, anisotropic damage model for evolu-
tion of inelastic deformation based on the physical mechanisms of dislocation-density
evolution and subsequent cracking-induced failure based on the micro-mechanics of
dislocation-mediated crack nucleation.The interaction between dislocation density
and crack nucleation is facilitated by a kinetics law for the growth of cracks. The
brittle failure model is from Ayyagari et al. (2018), which developed expressions for
inelastic strain and degraded stiffness applicable for a three-dimensional stress state.
The viscoplastic model is that used by Austin and McDowell (2011) and Follansbee
and Kocks (1988). In order to understand the contributions of dislocation evolu-
tion and subsequent damage evolution to the dynamic failure strength, we apply the
model to hot-pressed polycrystalline Beryllium. We calibrated the model to uniaxial
stress response obtained from Split-Hopkinson Pressure Bar (SHPB) experiments
(Blumenthal et al., 1998), and performed calculations under a variety of tempera-
tures and strain rates to understand the kinetics of viscoplastic damage. We present
original results based on the coupling between the kinetics of viscoplastic deforma-
tion and the kinetics of damage, and our results for the first time explain the brittle
to ductile transition under both loading rate and temperature changes. In addition,
our results show the dependence of failure stress and failure strain on grain size.

3. Kinematics of finite deformation for polycrystalline plasticity and dam-
age

This work advances a framework of finite strain, polycrystalline, elastoplasticity
and damage theory proposed by Clayton and McDowell (2003). The introduction of
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an incompatible deformation tensor makes their framework more suitable for an ele-
ment with local lattice distortions, e.g. due to geometrically necessary dislocations,
which are precluded from the homogeneous theory of plastic deformation (Clayton
et al., 2014).

The fundamental unit for averaging is a Statistical Volume Element (SVE). The
SVE consists of several grains of a polycrystalline material, crystalline defects such
as dislocations, and damage entities such as voids and cracks. The characteristic
distributions of grains, dislocations, and damage entity measures in an SVE are
statistical realizations of their respective parent distributions. The parent distribution
in this context is an idealized outcome (e.g. probability density function) representing
a large number of measures (e.g. grain size, crack length), where the random effects
of the measures do not change.

Under an external load, the damage entities may evolve. In addition, the region of
a material that precludes damage entities may exhibit plastic deformation owing to
dislocation motion. Specific to this work, the stress field due to dislocation plasticity
is assumed homogeneous. This is a reasonable assumption because the length scale
associated with the homogenization of deformation due to dislocations is smaller
compared with the size of damage entities, such as cracks.

Mesoscopic (i.e. local) coordinates within an SVE in the reference configuration
Bo and the current configuration B are indicated with X and @, respectively, with
the mesoscopic motion denoted by @ = ¢(X,t), where ¢t denotes time. We use a
capitalized letter to represent a variable in the reference configuration, and a small
letter without any overhead script to represent a variable in the current configuration.
Two intermediate configurations are introduced: B with coordinates &, and B with
coordinates &, for plastic deformation map and damage map between the reference
and current configurations, respectively. Time derivative of a variable is indicated
using an overhead script dot, e.g. time derivative of current material density is
pe. Kinematic and kinetic variables in configurations B and B are represented using
overhead scripts ~ and 7, respectively; these variables are either capitalized or denoted
using small letters depending on their Lagrangian or Eulerian nature with respect to
the deformation map involving an intermediate configuration. Subscripts are used
throughout the manuscript to represent variables and constants. In order to avoid
confusion between subscripts and Einstein’s indicial notation, this manuscript does
not use any tensor algebra using the indicial notation. Subscripts (j), (k) € [1,2,...]
are used as a counter for damage entities. A superscript 7 indicates a transpose.
An algebraic dot product between vectors is denoted as a - b and a dyadic product
between two vectors is denoted as a ® b. A product between two second-order
tensors is A - B = AB results in a second order tensor, where (-) is omitted for



abbreviation. An inner product of two tensors is denoted as A : B and results in
a scalar. Product between a fourth order tensor C and a second order tensor E is
denoted as C,qy 0y, = C - E. Product between two fourth-order tensors is denoted
as CpguuSpuim = C - S. In the following section, macroscopic deformation tensors are
defined as volume averages of mesoscopic tensors defined at locations within an SVE.

3.1. Macroscopic deformation

An SVE represents a continuum point in a macroscopic analysis. The macroscopic
deformation gradient F' is specified in terms of motion of the external boundary of
the SVE (Hill, 1972; Clayton and McDowell, 2003), i.e.,

1
Vo Js,

where x is mapping of a mesoscale point X in the current configuration, V; is the total
scalar volume of the SVE in the reference state, while Sy is the external boundary
surface of the SVE in the reference configuration, with corresponding unit outward
normal IV in the reference configuration.

We consider the deformation of a body from initial reference configuration By to a
current configuration B, as shown in Figure 1. In general, the current configuration
has K pairs of internal flaw faces for individual damage entities, i.e. crack faces,
Sy € By where (k) € [0,1,2,3,..., K]. In the initial reference configuration, the
damage is non-existent, and as such, K = 0. Under an external load, the body
will undergo inelastic deformation, which in general is not isochoric. Nucleation of
cracks occurs post loading, resulting in a finite pairs of internal flaw faces K > 0. The
resulting displacement field will be discontinuous over flaw faces ;- and .#{3); and
continuous in the remainder of the pristine material. In the current configuration,
the total displacement field is considered as an additive decomposition of continuous
and discontinuous displacement fields.

K
(k)=0

where X is a material point in the reference configuration By. The subscript m
indicates the continuous displacement field in the matrix, i.e. material precluding the
damage entities. The global discontinuous displacement field is the sum of the jump
in the displacements over individual flaw faces, represented as a spatial discontinuity



using the Heaviside step function 3y, and is defined as:

1, VX €5
%Y(k) - ’ © o (3)
0, VX e ﬂk),

Assuming the displacement jump is constant over the flaw surface, we have [u] Sy =
U y+ — Uy
The deformation gradient tensor is obtained using an operation F' = I +0u/0X
as follows:
F=F,+Y 04,([u]s, ®Ng)=F,+H, (4)
(k)

where 0,5, is the Dirac-delta function active on the (k) pair of flaw surfaces, I
is the second-order identity tensor, F,, = I + Vu,, is second order tensor that
characterizes contribution from the matrix material, i.e. elastoplasticity within the
grains, N(y) is the normal to the flaw surfaces .73+ and #;;)—. The displacement
discontinuity specific to this work is due to the presence of the cracks in the solid.
H, is a second order tensor map between reference B, and current B configurations
and characterizes the contribution of local damage, i.e. internal surfaces of cracks
and voids. The damage entities in Eq. (4) are not confined to the grains, and could
traverse grain boundaries. Eq. (4) is consistent with Clayton and McDowell (2003),
in which an additive decomposition was obtained by applying the generalized Gauss’s
theorem to the overall deformation gradient on the outer boundary of an SVE.

In general, with a length distribution and an orientation distribution of cracks
and a variable displacement jump across crack faces, the contribution to homoge-
nized deformation gradient from a distribution of cracks is given by Kachanov (1980)
(for derivation of this expression, see Clayton and McDowell (2003) and references

therein)
1
Hd = — Z/ H’U,H X SN(k) dSo(k). (5)
Yo g Joso

Note, we have dropped the suffix ) for clarity. °Sp is a crack surface, a subset
of the total surface Sy. The total number of crack surface pairs in the material
may change to accommodate new cracks that nucleate in the material undergoing
deformation.

A multiplicative decomposition of the total macroscopic deformation gradient
into a macroscopic elastic part (F.) and a total residual part is adopted (Clayton
and McDowell, 2003). The total residual deformation gradient is given by (F,) ' F.
The inverse of macroscopic elastic deformation is responsible for unloading of the
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SVE from B to B and accounts for recoverable elastic deformation of the matrix
and rearrangement of damage entities after macroscopic elastic unloading. However,
this macroscopic elastic unloading retains the local residual strain in the matrix,
allowing a rearranged damage entity to remain compatible with the local matrix in
the vicinity of the damage entity.

The local residual elastic deformation emerges as a meso-incompatible deforma-
tion gradient on a macroscopic SVE (Clayton and McDowell, 2003). We use F; to
denote the meso-incompatible deformation gradient tensor. Examples of such local
deformations include heterogeneous elastoplastic deformation due to geometrically
necessary dislocations, incomplete closing of cracks due to friction upon load removal,
and local elastic stretch fields due to crystalline defects, such as intersecting twins.
The matrix deformation gradient is then a combination of reversible elastic, residual
elastic, and residual plastic deformation gradients:

Fm:FeFm:FeEﬁpa (6)
where ﬁ‘p is a homogenized plastic deformation in the matrix.

3.2. Definition of Damage

Combining Eqs. (4) and (6) results in following equation for the macroscopic
deformation gradient:

F=F,FF,+ H,, (7)
where H, is given by Eq. (5). ) )
Next, we define H,; between intermediate configurations B and B as

H, = (F.)'Hy(F,)",

= (F) Vio%;[so[[u”@w(k)dsow) (F,)™",

~= > [ e hgdse,

v (k)

where the push-forward of a normal is given by Nanson’s formula

S VA
ndS = 7OFP—TNdSO, (9)

while the elastic pull-back of the displacement jump is [[@]] = (F.) *[[u]], and the
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elastic pull back of a spatial vector is & = (F,) 'x. Using Eq. (8), Eq. (7) now
takes the following form:

F =F,(F,+ H,)F, = F.F,F,. (10)

Eq. (10) successfully provides a kinematic framework for accommodating residual
elastic deformation (F}), recoverable elastic deformation (F.), residual plastic defor-
mation (F,), and anisotropic damage due to cracks (H,). The plastic deformation
precedes the damage deformation, and this sequence in multiplicative decomposition
of deformation gradient is consistent with physical aspects of plastic deformation
preceding dislocation-mediated nucleation of cracks.

In this work, we impose an assumption F;, = I, i.e. the weighted volume aver-
age of the residual elastic deformation in B vanishes. Crystal plasticity simulations
can be used to quantify the meso-incompatibility deformation gradient, arising from
mismatch of strains in the neighboring grains (Clayton and McDowell, 2003). Such
simulations incorporating polycrystalline microstructure have the capability to simu-
late inhomogeneous plastic response. In other words, the plastic strain field from such
simulations is inherently nonuniform (plastic strain is dependent on the position).
On the other hand, models of the type that are limited to homogeneous plastic defor-
mation (e.g. incorporating isotropic plasticity and lack of microstructure) are unable
to simulate residual strains arising from strain incompatibility. Hence, in order to be
consistent with our previous assumption of homogeneous plastic deformation F;, = I
follows. Eq. (10) simplifies to the following form:

F = F,[I + H,)F,, (11)

where [I + H,] is the deformation gradient due to cracks. Hy is a damage tensor and
characterizes the contribution of cracks to the overall deformation gradient. Note,
for an individual crack the contribution to the damage tensor from various elastic
loads (e.g. modes I, II, and III) is additive since the crack opening displacements
(corresponding to individual elastic loads) are additive.

A comment on the nature of Hy is in order. For cracks that open under remote
tension loading, the crack opening displacements recover to their initial configuration
upon unloading to zero stress. So, if the cracks were initially closed, then upon
removal of the load they will go back to the closed configuration. Wing cracks under
compression, however, in general do not recover their crack opening displacements
upon complete unloading. This is because the shear stress required to drive the
relative crack sliding has to overcome frictional forces. During unloading, the shear
stress may be insufficient for complete crack closure. As such, compression of the
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wing cracks generally leads to residual damage after unloading. Thus, H, represents
residual damage. The amount of residual damage will depend on the stress path for
loading and unloading, in addition to the material properties and the kinematics.

From (Kachanov, 1980; Grechka and Kachanov, 2006),the Lagrangian strain cor-
responding to the deformation gradient F; solely due to planar cracks in tension
(opening), after excluding the higher order term for crack-crack interactions, is given
(in ‘B configuration) by

Bi= =" [ {llal) o *n + gy o [al]} dSon. (12)
(k) 775

This expression is consistent with Lagrangian strain due to cracks evaluated using
(FTFy —1)/2, where Fy = (I + H,), after ignoring the higher order terms.

A special case of the damage tensor is obtained when the crack face displacement
is along the normal to the crack surface, i.e. [[u]] = @ *n(). Assuming a stochastic
distribution of penny-shaped cracks, the description of the damage tensor for this
special case is given by (Grechka and Kachanov, 2006; Park and Voyiadjis, 1998;
Murakami, 1983)

Qu=1Y_ glsm) r(nwm) (5w)* [ @ Rg), (13)
*)

where s(;) is the characteristic length of a penny-shaped crack having a normal 7y
for the (k) individual cracks, 1 is the crack density per unit volume, g(s()) is the
crack-length probability distribution function, and r(n)) is the crack-orientation
probability distribution function. The half-length of the penny-shaped crack is often
used as the characteristic length in damage calculations. ®n) is a push-forward
of normal in the reference configuration, *N(), through ﬁ’p. Eq. (13) assumes the
opening displacement [[u]] is constant over a crack surface and @ is proportional to
the characteristic crack length. Eq. (13) has been used to describe the behavior
under compression by accounting for additional contribution from wing-crack length
and orientation distributions (Hu et al., 2015).

For an isotropic description of damage, one may consider an equiaxial orienta-
tion distribution of evolving cracks having same length. This results in a scalar
representation of damage given by (Paliwal and Ramesh, 2008)

Qa=nY_ (sw) (14)
()
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An approach to modeling failure using a scalar damage as an internal variable has
often considered the limiting value of damage *Q; = 1 to interpret complete failure.
For a tensorial based damage measure, the limiting value for the trace of damage
tensor commonly adopted is unity (Hu et al., 2015). The stress in the material
may approach its strength well below this limiting value. For example, compression
experiments on AION ceramic (Paliwal et al., 2006) indicate trace(*Qy) ~ 0.12 at
the time of the peak stress. However, it should be noted that this measure (in Eq.
(13)) does not account for relative displacement between the crack faces as does the
damage deformation tensor. Moreover, a scalar measure may over-predict damage
in the direction perpendicular to the oriented-crack normals.

3.8. Kinematics in intermediate configurations

At this point, it is instructive to elaborate on the expression for mechanical
energy. The stress-power per unit mass (P) involves a stress measure and a kinematic
measure, referred to as stress-power conjugate pairs, and in the current configuration
B is given by

T:a'.l:a.d (15)

pC pC

where p,. is the material density in the current configuration, I = d 4+ w is expressing
the velocity gradient in terms of symmetric part d and the skew-symmetric part
w, and further, taking note of the identity that an inner product of a symmetric
tensor o with a skew-symmetric tensor w is a null tensor. It is instructive to obtain
representations of stress-power in the intermediate configuration using pull-back of
stress and pull-back of velocity gradient in B:

j:):

C.S):1 [éescﬁ?e] d (16)

p
where p is the density in the elastically unloaded configuration, B. The role of
C. as a metric appears in the elastically unloaded intermediate configuration. A
metric is a second order covariant tensor that is used to defined the scalar product
of contravariant vectors and is also used for raising and lowering indices and defining
products in differential geometry (Clayton et al., 2005). Further, the product C.S =
M is often referred to as the Mandel stress and is a two-point tensor. Thus, in
the elastically unloaded configuration the Mandel stress is a conjugate of velocity

gradient, while M C., is a conjugate of symmetric part of the velocity gradient defined
as

(Cl+17C,), (17)



where the pull-back of the velocity gradient is I = F 'l F..

Next, we obtain representations of stress-power in the elastic and damage un-
loaded intermediate configuration using pull-back of stress and pull-back of velocity
gradient in B:

[éedg] . l~ [éedgéed] : dN

p p

where p is the material density in the elastic and damage unloaded configurations, B.
The role of é’ed =F dT FeTFeFd as a metric in the elastic and damage unloaded inter-
mediate configuration becomes clear. Further, we identify C’edS' = J,FF M Fd_T =
M as the pull-back of the Mandel stress from B, where J; = det(Fy). Note, even in
this configuration (B), the pull-back of Mandel stress is the conjugate of the veloc-
ity gradient, while M C,, is a conjugate of symmetric part of the velocity gradient

defined as

:P:

- _ 1 -~ - o~
d=F]dF, = 5(Cedl +17C.y), (19)

where the pull-back of the velocity gradient is I = F/F,.

Aforementioned definitions for the rates of deformation can be used to arrive
at the contributions of elastic, plastic, and damage rate of deformation in the in-
termediate configurations. Expressions of these kinematic measures are included in
Appendix 1.

4. Micromechanics and continuum descriptions of deformation and dam-
age

4.1. Dislocation-based plasticity

Metal plasticity involving large inelastic strains is accomplished by the mecha-
nisms of dislocation motion and dislocation density evolution. While the rate of
plastic strain is attributed to the motion of mobile dislocations (pys), the various
stages of hardening (Rollett and Kocks, 1993) are accomplished by the mobile as
well as the immobile (p;) dislocation densities and their evolution.

The onset of plastic flow in a single crystal is attributed to the motion of initial
density of mobile dislocations in the Stage I hardening regime, known as free glide,
schematically shown in Fig. 2. The Orowan equation relates the rate of plastic
strain to the mobile dislocation density, through the Burgers vector and dislocation
velocity. The interaction of moving dislocations with themselves and the immobile
dislocations leads to further evolution of the mobile as well as immobile dislocation
densities, referred to as Stage II hardening. Overcoming the barriers to motion,
such as those due to the Peierl’s stress, precipitates, and the entanglements with
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the immobile (forest) dislocations necessitates an increase in the flow stress. The
fundamental relationship for flow stress in this regime is the Taylor equation. The
theory for the evolution of dislocation density in this stage assumes that the length
of dislocation stored per unit strain is proportional to the reciprocal of the mean free
path between existing dislocations. Dislocation cells begin to form in this stage of
work hardening.

A growing dislocation cluster eventually limits the value of the dislocation density
to a saturation value (Oudriss and Feaugas, 2016). This process is characterized by
a nonlinear decrease in the flow stress, termed as the Stage III hardening. The
saturation stress is identified by formation of a well-defined cellular structure, where
the cell walls are composed of relatively dense dislocation tangles. The average size of
these dislocation cells decreases with increasing dislocation density. The mechanism
of dislocation motion through cross-slip is assumed to operate in this stage, enabling
the follow-on mechanism of dislocation annihilation. Concurrently, the increasing
flow stress results in stored dislocations being able to break through the barriers,
leaving behind dislocation debris. This debris is composed of dislocation dipoles and
loops, in addition to dislocation monopoles, which are usually arranged in tangles or
cell walls.

Further accommodation of plastic strain requires that the mobile dislocations
glide through the substructure composed of dislocation cell walls. The cell walls
have a density of dislocation that is an order of magnitude larger than that measured
inside the cells. With increase in the plastic strain the dislocation cell size and the
thickness of the cell walls become smaller, which may cause the saturation stress
to rise, resulting in Stage IV hardening. When the resistance of the flow stress
against further plastic strain becomes sufficiently large, material instabilities (such
as formation of cracks and shear bands) may nucleate and grow at numerous sites,
resulting in progressive increase of damage and material failure.

The mathematical theory of dislocation-based plasticity is well established. The
isotropic form of the theory for dislocation-based plasticity implemented in our model
is provided in Appendix 2. We make an approximation of linear elasticity for mi-
cromechanical solutions, despite nonlinear aspects of the macroscopic framework.
Next, we elaborate on the dislocation evolution expressions that are specific to our
work.

The evolution of dislocation density is specified according to mechanisms ob-
served in molecular dynamics simulations and experimental observations. These
mechanisms include dislocation multiplication (p,.:) as a consequence of interaction
between mobile dislocations (py;) and immobile dislocations (p;); the annihilation
of oppositely signed dislocations and grain boundaries acting as dislocation sink,
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(Pann); immobilization of dislocations that encounter obstacles (ptrqp); and recovery
mechanisms due to cross-slip and climb, which further assist in dislocation annihila-
tion (pre.). Homogeneous dislocation nucleation is commonly considered under shock
loading conditions, but has not been confirmed for strain rates below 10* s=1. Since
we are not considering loading conditions above 10%s~!, we have chosen to neglect
this nucleation term. The evolution equations for the time-rate of dislocation den-
sities can be expressed as follows (Johnston and Gilman, 1960; Kocks, 1966; Estrin
and Kubin, 1986; Roters et al., 2000; Austin and McDowell, 2011)

PM = pmult - pa’rm - ptrapu

M it (20)
PI = Ptrap — Prec,

where the subscripts mult, ann, rec and trap refer to the dislocation multiplication,
annihilation, recovery, and trapping, respectively.

Based on the physically based framework of (Ma and Roters, 2004; Austin and
McDowell, 2011), the processes of dislocation addition and removal are given by
following equations:

Prult = Cmult P17

pann = Oéanan?w’U,
ptrap = PME/]\7
prec - BrecprpMi_)a s

(21)

where ¢ is a multiplication coefficient and «y,, is an annihilation coefficient
related to the number of active slip systems and the capture distance within which the
mobile dislocations annihilate each other or get absorbed within the grain boundaries.
The effective mean free path of statistical trapping, A, may be written based on the
spacing between immobile dislocation density and the average grain size (d) as an
harmonic average,

1 1
K = ﬁtrap\/z + C_Z_7 (22)

where [, is a trapping coefficient dependent on the immobile dislocation net-
work and grain boundaries acting as obstacles to dislocation motion. Finally, ;..
is a recovery coefficient, calculated from saturation dislocation density (Oudriss and
Feaugas, 2016). Note, the grain size has an inverse effect on the rate of trapping
dislocation density. As such, smaller grain size will lead to a higher yield stress.
Expressions in Eq. (21) have been developed over the last several decades, and read-
ers are referred to Austin and McDowell (2011) for the dislocation-dynamics based
rationale behind the forms of those expressions.
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We elaborate on the form of the expression for immobile dislocation generation
Pirap- Dislocations are generated by activated dislocation sources, e.g. Frank-Read
sources, grain boundaries. A new dislocation is generated when the previous disloca-
tion has moved away from the source to decrease the back stress on the dislocation
source. The multiplier B4, indicates the density of activated dislocation sources
(Davoudi and Vlassak, 2018).

At low strain rates, where thermally activated glide dominates the processes asso-
ciated with dislocation multiplication, the trapping coefficient is commonly treated
as rate insensitive (Austin and McDowell, 2011). However, from observations on
deformation of FCC materials at high strain rates (above 1000 s7!), the flow stress
deviates from linear increase at low strain rates to a nonlinear increase at high rates.
An explanation was proposed by Follansbee and Kocks (1988) for the strain rate de-
pendence of the initial strain hardening rate based on the limiting dislocation velocity
and average distance between obstacles. This supports the notion that there may
exist a distribution of activation stresses for dislocation sources, as such, a greater
density of dislocation sources is activated at higher strain rates. We thus allow for
the trapping coefficient to be dependent on the rate, given by equation of the form

€
ﬁtrap = C4._p + c5. (23)
€otp

where €, = 157! is the reference strain rate for trapping and ¢, is the uniaxial
rate of plastic strain, related to the resolved rate of shear strain through the Taylor
factor.

At the saturation stress, one can expect the immobile dislocation density to sat-
urate. Equating the rate of immobile dislocations (p;) to zero, leads to the following
expression for the recovery coefficient

ra, 1
Bt D +

b\/ Psatl bgpsatl ’

where pgq; is the saturation dislocation density for immobile dislocations, which
may be modeled as both rate and temperature dependent (Beyerlein and Tomé,
2008). Further, the saturation dislocation density may be considered to be dependent
on the temperature, similar to the consideration for saturation stress (Nes et al.,
2000). Beryllium, for example, demonstrates profuse cross-slip above 523K (Taylor
and Moore, 1964). In general, the probability of cross-slip per unit length of screw
dislocations may be modeled using an expression of the Arrhenius form with an
additional stress dependence (Rhee et al., 1998). However, due to lack of available

ﬁrec = (24)
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experimental data for calibrating the competing effect between dislocation generation
and removal of immobile kind, including the rate- and temperature-dependence, we
leave this development for the future work.

In addition to the saturation of the immobile dislocation, we impose a saturation
for mobile dislocations. From measurements of dislocation density inside the cells by
Oudriss and Feaugas (2016), we infer that the saturation of mobile dislocations occurs
at approximately an order of magnitude smaller value compared to the saturation of
immobile dislocations (within the dislocation cell walls). The saturation of mobile
dislocation density is commonly modeled through an increased annihilation activity.
Equating the rate of mobile dislocations (p;) without the trapping term (perap)
to zero, leads to the following expression for the annihilation coefficient of mobile

dislocations
Oyt

Agnn = Ce 5
b\/ PsatM

where pgqipr 18 the saturation dislocation density for mobile dislocations. We assume
a saturation limit for mobile dislocations as, psqar = 0.1psatr-

(25)

4.2. Dislocation-mediated crack nucleation

Several micromechanical theories of stress-induced cleavage cracking have been
proposed for crystalline solids, e.g. Orowan, Zener, Argon-Orowan, and Cottrell
[summarized by (Sarfarazi and Ghosh, 1987) and references therein]. We will adapt
the theory developed by Stroh, with refinements for specific cases of dislocation mech-
anisms leading to Freidel-Stroh theory. Certain low-symmetry single crystal metals
have a single predominant slip plane, which also acts as a cleavage plane. Example
of such a metal is HCP beryllium with basal and prismatic planes favoring both
slip and cleavage. Additionally, under large deformations, the dislocation cellular
structure generated in Stage III hardening may favor crack nucleation (Pollock and
Wilsdorf, 1983). Orowan suggested that when a wall of dislocation terminates inside
a crystal, likely due to a barrier, the stress concentration at the terminated wall
may develop stress intensity sufficient to nucleate a crack. Examples of such barriers
include inclusions, a low-angle grain boundary, and a twin boundary.

Figure 3 shows a schematic of a dislocation pileup under an effective shear stress
7. The pileup formation can intensify the local stress, so that it becomes sufficient
to nucleate a crack. According to an analysis by Stroh, which he later refined (Stroh,
1954, 1957), a crack will nucleate when sufficient dislocations have piled up on a slip
plane under an effective shear stress. The pileup is instigated by an obstacle that
renders the head of the pileup immobile by impinging on either a grain boundary, a
slip band, or a precipitate/inclusion within the grain. A stress concentration created
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at the head of the pileup instigates crack nucleation.
Following Eshelby et al. (1951), the number of dislocations in a pileup of length
L, under the action of an effective shear stress 7, holding the dislocation pileup in
equilibrium on the pileup plane, is given by
7(1—v)L,T
= —"= 26
n e (26)
where G is the shear modulus.
The mode-I opening stress available for crack nucleation on an arbitrary plane
making an angle ¢, with the pileup plane is (Smith and Barnby, 1967)

Pa=1 (L—) [Bsingy cos(éy/2)], 1)

where 7, is the crack surface energy, G is the shear modulus, and r is radial distance
of a point from head of the pileup. Stroh found that the mode-I opening stress is at
a maximum on plane ¢, = 70.5°, hence this plane has the highest likelihood to act
as a Stroh crack plane.

An equilibrium analysis is invoked based on Griffith’s energy criterion, the mode-I
opening stress available on the plane for crack nucleation, and the stress near the tip
of the pileup, which is held in equilibrium by an effective shear stress. The condition
for crack nucleation is given as (Stroh, 1957)

3y, G } 1/2
v )

Te = {8(1 L (28)

where 7, is the crack surface energy.
Combining Eqgs. (26) and (28), gives the condition for the number of dislocations
in a pileup that will initiate nucleation of a Stroh crack (Stroh, 1957)

3m3(1 — v) L, 0
nc:{ (SGbQ)p} : (29)

In Figure 3, the pileup of length L, nucleates a crack of length [ on a plane ¢, = 70.5°.
Considering a finite number of pileup dislocations contributing to the nucleation of
the Stroh crack, the equilibrium length (1) of the Stroh crack is given by (Stroh,
1957)

n2b*G

[ -
8m(1 —v)vs

(30)
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As an example, consider the material properties for Beryllium shown in Table 1.
In this case, the number of dislocations in a pileup that will cause a Stroh crack
to nucleate is ~ 124. The resulting equilibrium length of the Stroh crack is =
5 pm. The above solution is based on a planar configuration of the Stroh crack
micromechanics and makes an approximation of linear elastic fracture mechanics,
despite considerations of non-linearity in geometric and material aspects within the
macroscopic framework.

A pileup force on the leading dislocation produces a local stress at the leading
dislocation that is proportional to the product of the applied stress and the number
of dislocations in the pileup (Anderson et al., 2017). Since the number of dislocations
is proportional to the applied stress (Eq. (26)), the concentrated force is thus pro-
portional to the square of the applied stress. Further, the square of the applied stress
can be related to the dislocation density through the Taylor hardening relation, Eq.
(122). We will use this dependence on the dislocation density to derive an expression
for the stress intensity at the leading dislocation of the pile-up.

We attempted to reconcile the role of dislocation cell structure formation with the
pileup model for crack nucleation. Observations of crack propagation in beryllium
indicate that the formation of dislocation cell walls is a precursor to crack nucleation
(Pollock and Wilsdorf, 1983). Further, the dislocation cell walls were identified as the
preferred propagation pathway for a crack. We infer that the progressively increasing
stress intensity within the cell wall is responsible for nucleating a crack. Although the
exact spatial distribution of substructure dislocations in the cell wall is uncertain, we
assume that a dislocation pileup model can be used to approximate the local stress
within a cell wall, resulting in nucleation of a Stroh crack. Next, we obtained the
number of dislocations in the pileup from the substructure (immobile) dislocation
density.

The number of dislocations in a dislocation pileup (within a cell wall) is ap-
proximated from the homogenized immobile dislocation density (p;) (Oudriss and
Feaugas, 2016). Following (Nicolas et al., 2017), the number of dislocations inter-
secting a surface area S'is p;S. If A, is the average number of pileups over area .5,
then the average number of dislocations per pileup is n, = pr/A,,. Let L,s be the
average spacing between the pileups, which we assume is related to the size of the
structured dislocation cells. Based on analysis by Eshelby et al. (1951), the number
of dislocations in a pileup is directly proportional to the grain size (Eq. (26)). The
consequence of this dependence is reflected in the increase of failure strain with de-
creasing grain size (Greenspan, 1957; Terlinde et al., 1982). We assume the average
grain size (d) to influence the average pileup spacing through a harmonic average
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with the length scale L, as follows

111
s Lps d

(31)

where L, is a harmonic average pileup spacing. The areal density of pileups is then
given by 1/L2,. The number of pileups intersecting the surface S is Ay, = S/L2,.
An expression for the evolving number of dislocations per pileup (n,) is given by

n, = csL2pr, (32)

where c3 is a constant that can be calibrated with experimental data and controls
when the onset of crack begins to have an impact on the stress-strain curve. This
constant is essential because not all substructure dislocations may form pileups. L,
may be obtained from microstructural observations of a recovered specimen. The
spacing between dislocation pileups decreases with progressive plastic deformation.
An average spacing of approximately 1.5 yum was measured by Pollock and Wilsdorf
(1983) from failed samples of thin film beryllium. As a consequence, in our model
the number of dislocations per pileup (n,) evolves with p;.

When the condition in Eq. (29) is satisfied, the stress intensity generated at
the head of the dislocation pileup will nucleate a Stroh crack. The nucleated crack
is then allowed to grow at a rate that is limited by the crack growth kinetics. As
additional dislocations pileup, the evolving stress-intensity factor due to net slip on
the pileup plane will continue to drive the growth of the Stroh crack.

The nucleated Stroh crack undergoes progressive load-induced growth following
the kinetics of crack growth. Following Nemat-Nasser and Obata (1988) and Wong
(1990), one can write the stress-intensity factor based on the slip displacement of the
sliding plane. The mode I and mode II stress intensity factors at the tip of the Stroh
crack due to n dislocations (for n > n.) within a pileup are given using linear elastic
fracture mechanics

4G nub sing
K; = L P 4 g5,4/s, 33
k1 27(2s + 1) 22 (33)

and
5 4G npb cosg,

KS —
T k+ 1270025 + 1)

where ¢, is the angle made by the pileup slip plane with the Stroh crack plane, o3,
and o7, are the resolved normal and shear stress acting on the Stroh crack (see axes
1 and 2 in Fig. 3), respectively, and [ is the length of the Stroh crack. k takes

+ 079\, (34)

22



on values of (3 —v)/(1 4+ v) in plane stress and (3 — 4v) in plane strain. [, is a
length scale to regularize the stress intensity factor when the length of the Stroh
crack approaches zero (similar to Nemat-Nasser and Obata (1988)), which we term
the cohesive length. We choose a value for [, to represent the length of the cohesive
zone during homogeneous crack nucleation in a defect-free single crystal under plane
strain conditions. This length scale represents a critical length of a stable crack
nucleus, similar to the notion of nucleation of a stable partial dislocation loop that
leaves in its wake an equilibrium stacking fault width (Daphalapurkar and Ramesh,
2012). The expression for the cohesive length is given by (Palmer and Rice, 1973),

9 2En,

e (%)

where 27, is the Griffith fracture energy, o. is the critical stress (or strength) for
homogeneous nucleation of a cleavage crack, and E' is the isotropic elastic modulus.

We use the following fracture criterion under plane strain to assess whether the
load-induced crack propagation is activated (Wong, 1990)

(K7)* + (K7™ > (Kic) (36)

for a Stroh crack, where Ko is the theoretical value of fracture toughness based
on the creation of new surfaces, and excluding any energy dissipation associated
with plastic deformation at the crack tip. In the absence of any additional energy
dissipation at the crack tip, due to plastic deformation mechanisms, the minimum
value of fracture toughness is K¢ = [27,F/(1 — 1/?)]%5, where v, is the crack surface
energy. Note, the second term in Eqs. (33) and (34) is the contribution from the
external load to the stress intensity factors.

For the Stroh crack tip under tension, we use the semi-analytic expression for the
speed of a crack developed by (Freund, 1972; Huang and Subhash, 2003), given as

. o [ K°—K @
[ N (%N 7 (37)
dy \ K* — 05K0

where K* = [(K$)? + (K3;)]°?, while d; and dy are two empirical constants, which
aid in calibration of the kinetics law specific to a material.

For a short Stroh crack, the first term in Egs. (33) and (34) will have a dominant
contribution, resulting in a stable crack growth with increasing load. t nucleation,
the maximum hoop stress is on the plane ¢, = 70.5° (Stroh, 1954).

As the Stroh crack grows, the second terms in Eqgs. (33) and (34) will have in-
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creasing contribution. The overall stress has an influence on the calculated tractions
on the Stroh crack face. The growth of the Stroh crack results in growth of damage
strain and material compliance, and these measures in turn alter the overall stress
state. The speeds of the growing Stroh crack are dictated by the kinetics of crack
growth, which also provides a measure of damping and limits the speed of crack
propagation.

The model assumes a uniform orientation distribution of grains and a delta dis-
tribution for the grain size. In addition, we impose a uniform orientation distribution
for the nucleated density of Stroh cracks. This simplifying assumption is made be-
cause of the lack of measurements on the orientation distribution of the Stroh cracks,
and the appropriateness of this assumption will need to be assessed independently for
different materials and loading conditions. In Section 5, we impose a restriction on
the evolution of activated crack density based on the thermodynamics of processes.

Next, we implement the micromechanics of wing-crack growth to model the re-
sponse of the nucleated Stroh crack to remote compression, (i.e. when o5, < 0) which
results in development of wing cracks.

4.3. Microcracking-based damage

Under external stress, the distributed Stroh cracks further exhibit opening or slid-
ing on crack faces, contributing to inelastic deformation. Under global compression,
sliding of the Stroh cracks may trigger nucleation and growth of two wing cracks,
as shown in the schematic Figure 4. The wing crack is aligned along the maximum
principal stress plane and at a finite angle with the Stroh crack. The rate of de-
formation due to damage is given by dy = Fd’TEdFd’l, where Ed is (time) rate of
change of Lagrangian strain in B.

The Lagrangian strain corresponding to sliding of the Stroh crack of length 2s
and opening of two wing cracks of length [ was given by Nemat-Nasser and Obata
(1988) and was later generalized (for sliding displacement as a function of stress) by
Liu and Graham-Brady (2016) (dropping the subscript ()

Eg=)_ {3[23(1118 @ Mg + T @ Uys)
k

+ 28l (wys @ 7y + 1y @ ) (38)
+2(u @n; +n; ® m)]}.

This expression is based on the superposition principle of displacement, where
the crack opening displacement w5 is the load-induced average sliding displacement
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on the Stroh crack face of length 2s in the direction of maximum shear; the Stroh
crack face normal is m,; crack sliding also contributes to a proportional opening
displacement £u,, of the wing crack with normal ny; u; is associated with the wing-
crack opening displacement when the sliding crack face is assumed fixed; and 7 is the
crack density. In the work of Nemat-Nasser and Obata (1988), £ was approximated
to be %

In this work, we apply the wing-crack micromechanics advanced by Ayyagari
et al. (2018) to model the development of a wing crack from sliding on the Stroh
crack face. The increment in the Lagrange strain due to sliding on the Stroh crack of
length 2s and opening of wing cracks of length [ is given by (Ayyagari et al., 2018)
(dropping the subscript (1))

Ed = Z {gsw;z,ﬂls(ET ® ’fLS + ’fLS X .§7-)
(k)

D€ ) © 5+ 5, (€ )] (39)
+ DszmslC - (S m) @R+ A @ ¢ (S )],

where, 7 is the Stroh crack density per unit volume, s, is the direction of maximum
shear traction on the Stroh crack plane, S is the far-field second Piola-Kirchhoff
stress; w8, describes the Stroh crack sliding displacement as a function of stress
and in the direction of maximum shear s, , given by Ayyagari et al. (2018). Note,
this sliding displacement is a constant in Nemat-Nasser and Obata (1988). (¢ is a
symmetric second order alignment tensor. £ is a second order transversely isotropic
scaling tensor, n, is a unit vector normal to the sliding crack (Stroh crack), and n; is
a unit vector normal to the wing crack. A rate-dependent brittle model incorporating
a density of crack sizes was validated against data on basalt (Ayyagari et al., 2018).

An expression for the deformation gradient for the wing-crack micromechanics
may be written as

F,=1+ Z {nsw3ﬂ15(§T ® Trg)
(k)
+ 778@4’EL[5[<€ . ’ﬁ/l) X §~,—]

+ysws[¢ - (S - ) ®m]}.

(40)

Relative sliding of Stroh crack faces will contribute to the stress intensity factor
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at the wing crack tip. The crack sliding displacement u;, follows:

where f, = —2s7.q is the wedging force on the Stroh cracks per unit length and o is
the maximum principal stress. Extrinsic coefficients w3, w, and ws are an isotropic
scaling for crack opening/sliding displacements. Through equivalence of force-driven
and displacement driven stress intensity factors, Ayyagari et al. (2018) calculates

m:—%lm:w¢miﬁﬂﬁ—§a, (42)

where 2s is length of the sliding Stroh crack, [ is the wing crack length, and [, is
given by Eq. (35) in order to regularize stress intensity for zero wing-crack length
(Nemat-Nasser and Obata, 1988). From energetic consideration (Ayyagari et al.,
2018)

B (k+1)(1+v)
B 25

where G and v are shear modulus and Poissons ratio, while x = (3 — v)/(1 + v) for
plane stress and k = (3 — 4v) for plane strain assumptions for micromechanics. &
is a second order transversely isotropic scaling tensor (Ayyagari et al., 2018) whose
diagonal components are given by

ml?, (43)

sin(as + ¢2)
sings (cosag — pgsinasg)’
—cos(ag + ¢2)
sings (sinas + f1pcosas)’

§i1 = &33 =
(44)

§o2 =

where ¢, is angle made by the wing-crack plane with the Stroh crack plane, asy €
[0,7/2] is the Euler angle made by the normal to the Stroh crack plane with the
global Y-axis of the Cartesian co-ordinate system, # € [0,2n] is the (azimuthal)
Euler angle made by the normal of the Stroh crack plane with the global X-axis in
the XZ plane, and py is a coefficient of friction on the Stroh crack plane. ¢ is a
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symmetric second order alignment tensor given by

cos20y sin® (i + @) 0.5 cosfly sin2(ag + ¢a) 0.5 sin26, sin® (i + ¢3)
¢ = cos?(a + o) 0.5 sinfy sin2(aw + @)
sym. sin?fs sin?(ag + @)
(45)
The choice of the functional form as presented in Eq. (39) can be attributed to
contributions due to sliding, tension crack growth and a coupled effect.
The effective traction on the crack face 7.g required to evaluate f, is given by

Tt = ~Tuon — iy (s - S - ) + |5, - S -7, (46)

where the first term is cohesive resistance in shear, the second term is the frictional
resistance on the Stroh crack faces as a result of applied normal stress, and the third
term is an absolute magnitude of the resolved shear stress on the crack faces that
provides the driving force for sliding. The sliding on the Stroh crack in turn drives
the growth of wing cracks.

The cohesive resistance in shear was interpreted by Nemat-Nasser and Obata
(1988) as the resistance for plastic deformation at the sliding cracks, and in our case
accounts for plastic deformation of the wedge at one end of the nucleated Stroh crack.
In our work, we adapt the expression for cohesive strength from Nemat-Nasser and
Obata (1988) and choose the cohesive resistance to be Peierls stress. The cohesive
resistance is given by (Nemat-Nasser and Obata, 1988)

u
Teoh = TOcohel ls|7700h7 (47)

where 7o is the initial cohesion, 7., is the decaying factor, and |44 is the mag-
nitude of crack sliding displacement. || in Eq. (47) was calculated from the
maximum magnitude of traction required for plastic deformation, i.e Ty.op-

Experiments by Nemat-Nasser (1985) offer evidence of wing-cracks from sliding
even from inclusions and cavities of various geometric shapes. From their exper-
iments, the wing cracks have managed to emanate from the flaws despite having
irregular shaped flaw tips. Similar to the approach by Nemat-Nasser and Obata
(1988), we consider the sliding crack model as a representative for our Stroh crack,
which can slide after deforming plastically at the wedge.

In Eq. (41), the maximum principal stress component ¢} in the direction 7
operating in the neighborhood of a flaw promotes wing-crack growth. Rewriting o}
in terms of S gives
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Under a compressive load, sliding commences when the frictional force acting on
the Stroh crack faces is overcome by the effective shear stress on Stroh crack faces.
If ¢y is the angle made by the Stroh crack slip direction (P) with the plane of the
wing-crack, then the resulting stress intensity factors at the wing-crack tip are given
by

~ —28To SiNgy

Kp= "2 4 P\/7l, 49
! A+l (49)

and
28Toff COSO2

K=" "2, 50
The second term in Eq. (49) accounts for the possibility of wing crack growth
under remote tension, either due to the applied tensile load or due to the Poisson
effect under remote compression. The growth of a wing crack is activated when the
following condition is satisfied

[f{IZ + KIQI]O'5 > ch. (51)

For the case of a crack tip under tension, the expression for the speed of the crack
is based on the theoretical analysis of dynamically propagating crack by (Freund,
1972; Huang and Subhash, 2003)

~ dy
j= & M . (52)
d2 K[ — 0.5K]C

This expression has two empirical constants (d; and dy), which aid in calibration of
the kinetics law specific to a material. In our model, the propagation of the wing crack
is on the plane of maximum principal stress. The above solution is based on a planar
configuration of the wing crack micromechanics and makes an approximation of linear
elastic fracture mechanics, despite considerations of nonlinearity in geometric and
material aspects within the macroscopic framework.

The presence of cracks influences the overall compliance matrix, resulting in an
effective compliance of the material that is higher than the pristine material compli-
ance. The compliance of the material given by Ayyagari et al. (2018) is composed
of compliance from the cracks, in addition to the pristine material compliance. Fur-
ther, their work proposed to use effective stress inside an isotropic inclusion that is
embedded in an homogenized anisotropic damaged matrix (Hu et al., 2015). The
effective stress in the inclusion was then used to find tractions on the crack plane
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(a crack is within an inclusion) using a plane strain form of reduced stiffness tensor.
These tractions within the crack plane were then employed to calculate the stress
intensity factors at the tip of the Stroh crack and the wing crack. Essentially, the two-
dimensional wing-crack micromechanics was generalized to handle three-dimensional
stress states. Such an approach has the ability to account for the compliance of the
damage matrix in calculating the stress intensity at the crack tip. In our work, we
retain the overall framework as that of Hu et al. (2015) to calculate the effective
tractions on the crack under plane strain conditions. However, the self-consistent
approximation for damage anisotropy of the matrix in presence of large strain plas-
ticity has not been rigorously validated to the best of our knowledge. As such, we
do not account for the change in compliance of the damaged matrix in calculating
the crack face tractions i.e. the matrix retains the stiffness properties of the medium
as that in the initial configuration. Our resulting solution may be categorized as a
non-interaction approrimation. Under the non-interaction approximation, the pre-
dictions may remain sufficiently accurate at substantial concentrations of defects
(Kachanov and Sevostianov, 2013).

The relationship between the traction T' on the sliding Stroh crack and the Stroh
crack opening displacement u is essential in establishing the increments in compliance
due to damage. A general traction-displacement relationship that is applicable par-
ticularly to a planar wing-crack problem can be expressed as Grechka and Kachanov
(2006):

u=2-T (53)

where Z is a second order crack compliance tensor that maps the crack opening
displacement w to the tractions T'. Z can be defined in terms of decomposition
along the local flaw basis P and N as:

Z=2,(808)+Zn(3@0+N®E)+ Z(h@n), (54)

where mn is normal to the planar crack and s is an in-plane vector to the planar crack.
Further, a scalar termed effective crack compliance factor is defined as

Lo Livn, — Zgn

7 =
Znn + ,Uan

(55)

Under remote tension, it is commonly assumed that the brittle damage evolves
through growth of cracks, without activation of wing-cracks. For a finite density
of cracks, the increment in compliance due to the opening cracks was developed by
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Grechka and Kachanov (2006).

8(1—v?)

ASijy = ——— L
M 3E (2 - )

(b + Qadjn + Qi + Qjidik) (56)
where 4, j, k, [ are indicial notations to denote the components of the compliance,
and (2;; are components of the second order tensorial representation of crack size
and orientation distribution *Q, given by Eq. (13).

Under remote compression, it is commonly assumed that the brittle damage
evolves through activation and growth of wing-cracks. Ayyagari et al. (2018) devel-
oped expressions for the increment in compliance due sliding on pre-existing cracks
and subsequent growth of two wing-cracks, based on kinematic and energetic con-
siderations. These expressions are given by:

A1y = C§2T1 A8g11 = 032T4 A83311 = S§QC§2T1 )
A8119p = C§2T3 A8gz00 = T A83390 = 332T3
A81133 = S§2C§2T1 A8g933 = 5(32T4 A83333 = S§2T1
A8y193 = CEQSGQTE’) A89293 = 80, T A83393 = 522T5
A81113 = 0528292T1 A89213 = 829, T4 A83313 = 8325292T1
A81112 = C32T5 A89212 = €9, T A83312 = S§2C92T5 (57)
A8y311 = C32892T7 A81311 = C22392T1 A81911 = C32T7
A89390 = 86, T3 A81322 = $p,C0, T3 A81292 = €4, T
A8y333 = 822T7 A8y333 = 522002T1 A81933 = 332C02T7
A8393 = S§2T9 A8y393 = 532092T5 A81293 = $9,C0, L9
A83313 = $29,80, L7 A8y313 = 2832032T1 A8y913 = 332092T7
A8312 = $9,C0, L9 A8y310 = 302032T5 A81210 = ngTg

Vs

where the scalar terms and the associated variables are defined in Table 1. Shorthand
notations are s, = sin®(6y), c¢§, = cos?(6s), and sy, = sin(265).

Crack length is evolved based on Griffith’s criterion (Griffith, 1920), which com-
pares the stress intensity factor with a material’s fracture energy. While the exper-
imentally measured fracture toughness property takes into account the presence of
plasticity around a crack tip, as explained by Irwin’s modified criterion for fracture
(Irwin, 1957), the Griffith’s criterion for fracture excludes the plastic dissipation.
Since plastic dissipation in our model has been accounted separately within the con-
stitutive response, we choose the Griffith’s criterion over Irwin’s modified criterion
for fracture initiation.
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Table 1: Variables and their functional forms

Variable Functional form

)\1 Cag/(caz - Msa2)
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W2
V2 (wlcaz(saz + :ucaz) - @C%aﬁ@))

(=)
Y3 (wl(c2a2 — [182a,) + §52(a2+¢2))
2

Py 7Tl2/\/§

Ty nsZ (Alwf + ¢4S?a2+¢2)>

Ty nsZ ()\2¢§ + WC?QQWZ))

T3 —7782 <)\1w1¢2 - ¢4S%a2+¢2)c%a2+¢2)>
T4 —7]82 (/\2¢177Z)2 - 1/}45%02+¢2)C%a2+¢2)>

Ts T]SZ (A1¢1¢3 + w43%a2+¢2)32(a2+¢2))

o —nsZ Aoty = iy g Sateaion)
T sz (o (Mdsths — 2200 ) + vs?
7 28 1| A1A3Y2 N 1 48 (ot ¢pg) S2(ca+¢2)
Ty —ﬂs Z P | MiAzthy — &% - ¢4C2 S2(ao+62)
2 AS (a2+¢2) (az+¢2

n - A
Tg 582 (wg <)\1>\3¢2 - A_j)%) + ¢4S§(a2+¢2))

31



In our model, the applied load evolves both the wing-crack length [Eq. (52)]
and the Stroh crack length [Eq. (37)]. Their rate of growth will depend on resolved
tractions on their respective crack planes and the resulting stress intensity factors.
For the most part, models in the literature assume a pre-existing primary crack. The
Stroh crack nucleation and growth in the present model is an extension of Ayyagari
et al. (2018), which assumes a fixed primary crack length. Growth of a primary
crack, in presence of the wing-crack, has been observed in experiments on rocks
and are commonly referred as the secondary cracks or shear cracks (Einstein and
Ghahrcman, 1995). These secondary cracks grow under the shear mode (mode II)
due to shear stress in the plane of the primary crack (Stokes et al., 1958; Park and
Bobet, 2010).

5. Thermodynamics and balance laws

Conservation of mass in the current configuration is expressed by

P

o = § = trace(l) = trace(d), (58)

where p. is the current material density, [ is the spatial velocity gradient, and J =
det(F) is the Jacobian of deformation gradient tensor. The local form of balance of
energy in the current configuration is

ch:JZd—V'q+ch, (59)

where o is the symmetric Cauchy stress in the current configuration, U is the in-
ternal energy per unit mass, q is the heat flux vector, r is the rate of energy sup-
ply/generation per unit mass, and (V-) is a divergence operator. The local form of
second law of thermodynamics, expressed by Clausius-Duhem inequality, is given by

PS> -V (g) + % (60)

where 0 is the temperature and S is the entropy per unit mass. The internal dis-
sipation rate per unit volume (p.D) is the difference between 050 and the heat
supply: ‘ '

pcD - pcsg - (_V g+ pCT’) : (61)
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Further, one can obtain an alternate expression for dissipation rate D by combining
with the energy balance Eq. (59):

peD =0 :d— pU+ p.S. (62)

Expanding the divergence term in Eq. (60) and using the Clausius-Duhem in-
equality, Eq. (61), the Clausius-Duhem inequality in the local form and in the current
configuration can be written as (Scheidler and Wright, 2001)

pcD—VTe-qEO, (63)
where V0 is a covariant derivative of temperature field with respect to spatial co-
ordinates.

We define the specific Helmholtz energy, V(E., 0,7, p,2s,l,u), as a function of
elastic Green-Lagrange strain E,, temperature #, density of damage entities 7, the
total dislocation density p, Stroh crack length 2s, wing crack length [, and dislocation
motion u. Note, the density of damage entities is dependent on dislocation density,
since the Stroh crack nucleation is governed by plasticity. In addition, the density
of activated damage entities is also dependent on the stress state, i.e. n = n(p, o).
The time derivative of Helmholtz free energy is given by

. ov - ov . ov ovr ov ov . ov
UV=p—":E il Ty il bl il ““u. (64
Pe pCaEe e+pc890+pcann+pc8pp+pcass+pcall+pcauu (64)

Invoking the relation between Helmholtz free energy and internal energy (U), i.e.
U=U-86S, (65)
and using Eq. (62), an alternate expression for Eq. (63) can be obtained:
a:d—pc\If—pCSG‘—y-qzo. (66)
If the process of thermal heat conduction (due to q)‘ is assumed independent of
thermomechanical deformation rate d and entropy rate S, then the above inequality

yields two stronger inequalities, Planck’s inquality and Fourier’s inequality (Scheidler
and Wright, 2001):

: , 0
o:d—pV —p.S0>0; and—%-qzo, (67)
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where Planck’s inequality accounts for temperature increase due to inelastic thermo-
mechanical dissipation processes.

Thermodynamic constraints on internal variables are assessed in the remainder
of this section. Using d = I, from Eq. (107) in Planck’s inequality, Eq. (67),

o (E"(F.)™" + F.Fy(Fy)'(F.)™
+ F.F Fy(F) " (Fy) 7 (F) agm
oV - : ov . (68)
pca_Ee . Ee pcse Pe ag 9
N A UL SENLA P
Pean T P op T Pt T et T Py =

Grouping terms,

{80 (B) Yo~ -+ .

Peom, e
. oU B, o .
AR F(F) Y F)Y . —pSp—p S
+{0 [FoFy(Fy)™ (Fo)  Joym Pegy 1 P pcall}

o aw.}

| (69
o IRRE ) () () = 00— g

ov :
— —_ > ().
pc|:89+5:|9_0

Eq. (69) has two implications. First, physical laws are required to describe the
evolution of internal variables (7 and p). Secondly, a thermodynamic consistent defi-
nition for the inelastic strain should be a function of corresponding internal variables.
We elaborate on these implications in the next sub-sections.

In Eq. (69), we let the sufficiently understood kinetics of crack growth [Egs. (37)
and (52)] and the kinetics of dislocation velocity (Eq. (118)) constrain the rate-
derivatives s, i, and u. Our problem is then reduced to enforcing constraints on 7
and p. We instigate a microstructural basis for their definitions, which will become
apparent in the following sub-sections.

We assume, the dissipation rate in Eq. (69) does not depend on the rate of elastic
strain or the rate of temperature change. Both the damage due to cracking and the
dislocation plasticity are dissipative processes (i.e. rate of entropy is positive). As a
consequence, Eq. (69) leads to two equalities and two inequalities, which will provide
further insight in to the kinematics and kinetics of inelastic processes.
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5.1. Rewversible matriz elasticity

The material density in the elastically unloaded configuration is p = p. detF, = p.J..
The first term in Eq. (69) leads to an equality

{o BB o= 0S8 B =0

PeoE,
= P det(Fe)a:de—ﬁa\,Il L E.| =0,
p OFE,
pe | Ou (70)
= \det(F.)o : (F.) 'd.(F.) ™ — p==: E.| =0,
= 2 ae(F)o < (F) (R - i B
pC [ —1 T 78@ =
Pe | det(F)(F) o (F)T — pos _
= 2 aa(E)(R) o (B) T~ p | B =0

where d, = Ee. One can obtain a stress rule from the first term. In the elastically
unloaded configuration, B, for values of E., #, and p. # 0:

_ oV

p@E = Je(Fe)_la<Fe)_T =S, (71)

where S is the second Piola-Kirchhoff stress—a symmetric stress tensor in B and J, =
det(F,). Thus, in the elastically unloaded configuration, the second Piola-Kirchhoff
stress tensor is the work conjugate of the symmetric rate of elastic deformation tensor
in the same configuration. While in the current configuration, it can be shown that
the work conjugate pairs are the Kirchhoff stress 7 = det(F.)o and the symmetric
rate of elastic deformation tensor in the current configuration [Fe(Fe)_l]Sym =d, =
(Fo) TE(F.)™" = [(L)" +1]/2. .

We note that the elastic strains accounted by the variable E, are contributions
from the pristine matrix as well as the defects (cracks and voids). For example, under
tri-axial tensile load, cracks will open up contributing to the overall strain. This
strain is commonly assumed recoverable upon removal of the load. The material
stiffness is obtained from the derivatives of the Helmholtz energy with respect to the
recoverable strains, given by

0*
- OE.®0E.
This measure of degraded stiffness is in general smaller compared to the pristine
material stiffness. Our work adopts the components of the compliance tensor (inverse
of the stiffness tensor) derived by Ayyagari et al. (2018) for considering the Stroh

(72)
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crack and wing-crack kinematics.

5.2. Load-induced damage growth
For crack-induced damage (the second term in Eq. (69)) is

. oV o o .

) —1 ~1 _ C - >
{a’. [FeFd(Fd) (F.) Lym Py Py S Py l} >0,
e (B o (BT dy— 5o — 52— 3% s 0,

P on Os ol (73)

pe | ey s O QU QU

Pe ) Ju(F F)7Tdy— - s - 5] >
iﬁ_Jd( ) S(Fy)™" : dy Py 1= P58 Part 20,
pe [~ -~ 00 U, 9v
= < — 5= Sl S Sl | BN
p _S da p@n 1 p@ss p@ll =0

where ,587‘1' : 1 is the energy stored from accommodating new free surfaces within the
original pristine matrix due to crack nucleation. The term dy has contributions from

crack growth. A definition for the rate of strain tensor (cid = Ed) is given by the
time-derivative of Eq. (39), which is micromechanically consistent with the growth
of Stroh cracks and wing cracks under global tension as well as global compression.

In this work, we will constrain the growth rate for the Stroh cracks and the wing
cracks ($ and [) using the kinetics law for dynamic crack propagation, Eqs. (37) and
(52). As such, the only remaining constraint implied by the above inequality is on the
nucleation rate of crack density. In this work, we assume a constant crack density.
The formation of new crack surfaces contributes to the rate of energy dissipation,
which is S : dy less than the stored energy due to the creation of a density of cracks.

The second Piola-Kirchhoff stress in B is the pull-back of the second Piola-
Kirchhoff stress S in B, i.e.

S = Jy(Fy) 'S(Fy)". (74)

Note the symmetry: since § = 87, it implies S = ST.

The activated wing crack density (a realization of 1) evolves implicitly based
on the alignment of the stress state with respect to the initial crack orientation
distribution. We imposed a uniform orientation distribution for the nucleated density
of Stroh cracks. The activation of wing-cracks from Stroh cracks is dependent on
the local stress state and strain rate. 7 is the total pair of wing-cracks that may
potentially activate, which is a sum of cracks that have activated and those that have
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not yet activated. Since, the crack density in the dissipation expression includes the
activated crack density, we have retained 7 in the dissipation.

5.3. Irreversible matrix plasticity
For dislocation-based residual plasticity, from the third term in Eq. (69),

{o: [RRE®) EE) 0G0 Grif 20

= 2| (B () o (R (R s dy g ] 2 0,

= g—; :JPS' : cip - pog—i]ﬁ — pog—iﬂ} >0, (75)
= Z—; :Jp(Fp)‘IS(Fp)‘T : D, — pog—ijp - pog—iﬂ} >0,

= % :s . D, — pog—i,b— pog—iﬂ} > 0,

where @ = v is the dislocation velocity, and the second Piola-Kirchhoff stress S in
By is the pull-back of the second Piola-Kirchhoff stress in B, i.e.

S = Jo(F,)'S(F,) . (76)
Also, pog—f is the force that leads to change in the dislocation density, e.g. nucle-
ation, annihilation, and the resulting energy change is included in the rate of energy
dissipation S : D,. Further, J, = py/p is the Jacobian of plastic deformation. For
volume conserving plastic deformation .J, = 1.

The energy (and contribution to plastic strain) associated with dislocation pro-
duction is commonly ignored, because the term associated with energy expended
(and contribution to plastic strain) in motion of dislocations yields much larger con-
tribution to dissipation. A Taylor-Quinney factor of @) = 0.9, for example, suggests
the energy expended by dislocation motion is approximately 90% (converted into
heat), while the remaining 10% of the energy supplied is stored as strain energy due
to dislocation network of mobile and immobile dislocation densities. Recently, Bertin
and Cai (2018) developed calculations for the energy of periodic discrete dislocation
networks using the non-singular theory for dislocations (Cai et al., 2006). Their work
showed that approximately 5% of the work done per unit volume is stored as elas-
tic energy due to the dislocation network. For a network of straight dislocations of
length L and dislocations density p in volume V', the elastic energy per unit volume
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is expressed as (Hull and Bacon, 2011)

Gb*L R Gb? R
| In|—|=Ap—In| — 77
Va ATV n(ao) e n<a0> ’ (77)

where A =1 for a screw dislocation and A = 1/(1 — v) for an edge dislocation, R is
the cut-off radius for the dislocation’s stress field, p is the total dislocation density
(length of dislocations per unit volume), and ag = 0.1b is the core radius. The cut-off
radius for the energy calculation may be approximated to be R ~ 1/,/p. The above
expression has an excellent agreement with discrete dislocation calculations (Bertin
and Cai, 2018).

For a moving dislocation the energy is given by the sum of kinetic energy and
strain energy. Including the effect of a mixed dislocation character, where ¢, is the
angle made by the Burgers vector with the line sense vector (i.e. ¢. = 90deg for
pure edge and ¢. = 0 for pure screw), a non-singular solution for the energy of a
moving dislocation is given as follows (Hirth et al. MSM 1998):

,lvbd = wSCd(gbm 6)7 (78)
and
Cal¢e, ©) = (1) cos’ e+
-1 -1 _37 (CL 2, 2 (79)
By +4(m)" =T —6(n)" + (n) ](g) Sin"¢,
where v, = [1 — (3/c)%*°, v = [1 — (0/cr)])"°, ¥ is the dislocation velocity, ¢y, is

the longitudinal wave velocity, and ¢z is the transverse (shear) wave velocity for an
isotropic material.
Substituting Eq. (78) in Eq. (75), gives a constraint for the evolution of the
dislocation density as follows:
Pe Gv? R N
—|S:D,— ppA—1In | — - > 0. 80
2 |5 D, - pod G in (1) Gaon )| 2 (80

This expression assumes that the dislocation velocity is dependent on material prop-
erties and the stress state acting on a dislocation within an isotropic, homogeneous
medium (Daphalapurkar et al., 2014). Finally, this inequality provides a constraint
for the evolution of dislocation density given by Eq. (21).
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5.4. FEvolution of temperature

From Eq. (69), one can obtain an entropy rule from the last term. In the

elastically unloaded configuration, B, for values of  and p. # 0:

ov

S =—— 81

ae ) ( )
where S is the entropy, 6 is the temperature, and ¥ = W(E,, 0,7, p,2s,l,u) is the
Helmholtz energy. We follow the rate form of temperature evolution elaborated by
(Luscher et al., 2018). The material time derivative of entropy in the elastically
unloaded configuration B is given by

_18_\11__82\119-_ 0 B
dt 00 062 0E.00 ¢
RPv . 9*W . 9PV 9. QU
= N — p— s — [ — .
onoo dp0db 0s00 0lof  OJudd

g
(82)

The specific heat is expressed as the second derivative of a thermodynamic potential,
Cg., = —0(0?¥)/(06?), where C, is the specific heat at constant elastic deformation.
Multiplying Eq. (82) with density and temperature gives

pCCEeé :pCSQ+

0 (Y & N OV - O*V - >*v - a?qu U\ (83)
PN\ oE.00 T anoe" T 9p00” " 9s06° T aloa T ouoe ")

An alternate expression for the balance of energy is written by combining Egs.
(61), (62), (64), and (65). Further, the equation is expressed in the elastically un-
loaded configuration, B, and is obtained by multiplying J,:

- _ _ 0V [0V L
pSO — (—J.V -q+ pr) = (S_p8E6> :de—p(%+5>9+5: (da + d,)
(0¥, OV, 9oV, 09¥. 0V,
—p|\=n+—5p+—55+—-1+—u).
an dp 0s u

(84)
Using Eqgs. (70) and (81), the first two bracketed-terms on the right side of the
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equation disappear and Eq. (84) simplifies to the following form:

pSO — (—J.V -q+pr) =8 : (dy4+d,)
N L DL PO T (85)
P\ay" P et Tt e

Substituting for the rate of entropy from Eq. (83) gives a final expression for rate
of temperature increase:

: =~ /3 3 ov ov .
pCpb= S:(dg+d,) —p N+ )+ (V- -q+pr)
————— 877 ap ~ ~ -
Plastic and damage power ~~ < Heat source/sink and flux
Stored energy

o 8\11.+8\Ifl+8\11. N 982\11 B
P\las” o " au” P OE.00 (86)

Expended surface and non-thermal energies ~ Thermo-elastic coupling

P T s YR B
P\ anoe" T as06° a0’ ) TP\ 500" T duan”

~
Thermo-damage coupling Thermo- plastlc coupling

The resulting temperature increase is attributed to thermal energies created from
microscale processes, such as friction on sliding crack surfaces, inelastic breaking of
bonds, and interaction of a moving dislocation with atoms. In the aforementioned
expression, the terms besides the plastic power and damage power dissipation are
commonly ignored in order to calculate the temperature increase. Elaborate ther-
modynamics involving thermo-elastic, thermo-damage, and thermo-plastic coupling
terms introduce nonlinearity in the macroscopic framework, however, the microme-
chanics models do not introduce consistent sources for nonlinearity.

5.5. Pressure- and temperature-dependent shear modulus

Conventional strength models for dynamic material response up to a strain rate of
1000 s~ typically do not consider the effect of pressure on shear properties. However,
under extreme compression, pressure influences the shear modulus, which in turn
influences plasticity under high pressure. In addition, the shear modulus is also
influenced by the temperature. Steinberg et al. (1980) proposed a relation between
pressure, temperature, and shear modulus for high pressure and temperatures up to
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the melting point. The shear modulus is given as

6= [1+ (G52 ) o-pn+ (550 ) 0-0) (87)

where G, p,, and 6, are shear modulus, pressure and temperature at ambient con-
ditions, i.e. p, ~ 0 and #, = 300K. J. is the ratio of deformed specific volume to
ambient specific volume of elastic deformation. Values of temperature-dependent
material parameters for beryllium are given in Table 2.

In addition to the temperature dependence of the shear modulus, one may assume
that the elastic modulus is temperature dependent, as well. However, since the
change in the elastic modulus between 0 K - 1500 K is merely 10 % (Nadal and
Bourgeois, 2010), we assume a constant elastic modulus in this study. We calculated
the linear elastic modulus from ambient shear modulus of 135 GPa and Poisson’s
ratio of 0.06. Moreover, we assume that the temperature change does not influence
the fracture (surface) energy of the material. Note that a more realistic approach,
especially for dynamic compression involving shock waves, must account for the
pressure dependence of bulk modulus.

6. Numerical implementation

6.1. Querview of constitutive equations

The total deformation gradient is given by
F =F,F,F, (88)

B is an intermediate configuration after unloading elastically from the current con-
figuration B. B is the reference configuration. B is the configuration after applying
plastic deformation.

In the intermediate configuration B, the velocity gradient is

L=1.+1;,+1, (89)
The symmetric (associated with stretch) part of the velocity gradient in B is
d=d.+d;+d,. (90)

The skew-symmetric part of the velocity gradient (associated with rotation) in B is

W = W, + Wy + W, (91)
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For isotropic plasticity w, ~ 0. As a result, w, = w — w,; and d.=d—d,;— d,.
Numerically, the deformation gradient at the current time t + At is updated from

reference t using
F'T — exp(l,At)F! (92)

Alternatively, one may use a second order update
FIFA = (T4 1AL+ 0.5 1T AR FY (93)

The time derivative of the constitutive equation in the elastically unloaded con-
figuration, B, is

S=C.-E +C-E, :[—S—l-(g-s—l)]-Ee+s—1-Ee (94)

where the superscript dot represents derivative with respect to time, S is the rate of
the second Piola-Kirchhoff stress in the elastically unloaded configuration B and C
is the fourth order stiffness tensor as a function of recoverable strains and elasticity
constants. The stiffness tensor was obtained from an inverse of the compliance tensor
(S) derived by Ayyagari et al. (2018), considering the wing-crack kinematics.

6.2. Plastic deformation update

The plastic flow update can be performed in either of the two intermediate config-
urations or the current configuration. Next, we identify some reasonable constitutive
choices for the plastic flow update, by summarizzing constitutive equations in the

elastically unloaded configuration (B) and elastic and damage unloaded configuration
(B).

Commonly, the plastic flow update is done in the current configuration, but in
the following sub-sections we elaborate on methods for completing this in the two
intermediate configurations. The resulting plastic flow update is indifferent to the

choice of update procedure because of thermodynamic consistency (Belytschko et al.,
2014).

6.2.1. Plastic flow update in the current configuration, B

The tensorial rate of plastic deformation in the current configuration B is given
by

. 3 bpM?j

d
P9 g

dev(eo), (95)

where ¢ = \/%dev(a) :dev(o) is the equivalent stress, dev(o) = o — hyd(o) is

the deviatoric part and hyd(o) is the hydrostatic part of the Cauchy stress tensor
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o referred in the B configuration. In addition, b = |b| is the magnitude of the
Burgers vector, pj; is the mobile dislocation density, and v is magnitude of the mean
dislocation velocity.

6.2.2. Plastic flow update in elastic unloaded configuration, B
The tensorial rate of plastic deformation in elastically unloaded intermediate
configuration B is given by (Belytschko et al., 2014)

_ boui . - L
d, = g 'O;”” (C. - dev(S) - C.], (96)

where ¢ = \/% [dev(S) - C,] : [dev(S) - C.] is the equivalent stress, dev(S) = S —
hyd(S) is the deviatoric part and hyd(S_) is the hydrostatic part of S referred in the B
configuration. The hydrostatic part of S defined in B is a pull-back of the hydrostatic

part of the Cauchy stress tensor o in the current configuration B (Belytschko et al.,
2014), i.e.,

_ 1 - - = 1 =
hyd(S) = §(S . C,)C ! = gtrace(a)JeC’e_l, (97)

where J, = det(F,) is the Jacobian of elastic deformation, C, = FTF, is the elastic
Green-Lagrange deformation tensor, which acts as the metric in the intermediate
configuration. S is the second Piola-Kirchhoff stress tensor in B configuration and
is related to the Cauchy stress tensor in the current (B) configuration through Eq.
(71), derived previously based on thermodynamic consistency.

6.2.3. Plastic flow update in the elastic and damage unloaded configuration, B

Plastic flow update in this configuration allows for the subsequent calculation
of the updated plastic deformation gradient, without any pull-back operation com-
pared to the previous choices for the plastic flow update. Additionally, the average
number of dislocation in a pileup is calculated using the updated density of immo-
bile dislocations. Finally, this choice of plastic flow update is also consistent with
our assumption of plastic deformation gradient preceding the damage deformation
gradient.

In configuration B, it can be shown that C.y = FTFI FyF, acts as a metric for
tensor products, consistent with the allowable products between co-variant, contra-
variant, or mixed tensors. The tensorial rate of plastic deformation in elastic and
damage unloaded intermediate configuration B has the following form:

~ 3bpM1_)
=55

[Ceq - dev(S) - Ced), (98)
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where 6 = \/ 3 [dev(8) - Ceq] : [dev(S) - C.q] is the equivalent stress, dev(S) = S —

hyd(S) is the deviatoric part and hyd(S) is the hydrostatic part of S referred in
the B configuration. The hydrostatic part of S defined in B is a pull-back of the
hydrostatic part of the Cauchy stress tensor o in the current configuration B, i.e.,

1 S : Ced)é';ll = %traee(a)Jedé’edl, (99)

hyd(S) = 5

where J4 = det(F)det(Fy) is a product of the Jacobian of elastic and damage
deformations and S is the second Piola-Kirchhoff stress tensor in B configuration.
It can be shown that S is a pull-back of second Piola-Kirchhoff stress in the B
configuration, given by S = Jy(F;)~'S(F,)~"

7. Application of the model

We apply the model developed in this work to simulate the compressive response
of polycrystalline Beryllium. The model was calibrated against uniaxial compres-
sion response obtained from SHPB and quasistatic experiments. Calculations were
performed to obtain the temperature- and rate-dependent strengths in compression
and to provide insights into the combined evolution of damage and plasticity. In the
following subsections, we summarized experimental results on beryllium, included a
brief discussion on the calibration process, and presented results from the calibrated
model.

7.1. Experimental Results on Beryllium

Blumenthal et al. (1998) performed SHPB experiments for high rate compressive
response of polycrystalline, S-200F grade beryllium. The quasistatic response was
obtained by Ablen et al. (1995). The compressive response was strongly dependent
on the applied strain rate between 0.001 and 4000 s~!. The strain hardening response
displayed a moderate temperature dependence between 77 K and 873 K. From SHPB
experiments, no twins were observed for strains below 7%, which implies plastic
deformation was accommodated through dislocation slip. Twinning was observed
in samples deformed above 7% true strains, while both twinning and cracking were
observed above 20% strain. The microcracks were observed at grain boundaries as
well as within the grains. The advent of microcracking was concluded to end the
linear strain hardening due to plasticity.

Single crystal beryllium demonstrates brittle failure in both tension and compres-
sion (Govila and Kamdar, 1970; Gandhi and Ashby, 1979). The cleavage is confined
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to basal and prismatic planes (Wilhelm and Aldinger, 1976) or at structured dis-
location cell walls (Gardner et al., 1977). At elevated temperatures, the fracture
toughness of the material increases by a factor of 4.5 (Govila and Kamdar, 1970).

Polycrystalline beryllium demonstrates high failure strain under compression.
Depending on the processing method, e.g. hot pressing, cross-rolling, the failure
stress and strain of the specimen can vary significantly (Nicholas, 1975). For beryl-
lium S-200F grade, at SHPB compression rates (3000 s~!) and at room temperature,
the failure stress and failure strain are higher than 1.25 GPa and 20%, respectively
(Blumenthal et al., 1998; Cady et al., 2018). The values of failure stress or failure
strain are not known because the specimens were not loaded to failure. At moderate
rates in tension (300 s!') and at room temperature, the failure stress and failure
strains are approximately 0.5 GPa and 4%, respectively (Nicholas, 1975). Beryllium
thus demonstrates tension-compression asymmetry in the failure response, having a
compression to tension ratio of failure stress near 2.5.

Formation of dislocation cellular structures was observed prior to the appearance
of cracks in strained thin film specimens of beryllium (Pollock and Wilsdorf, 1983).
Images of fractured beryllium specimens revealed an average value of the dislocation
cell size to be 1.5 ym and covered a range of 1-3.5 um. In addition, cracks were
observed to nucleate from the cell walls (Gardner et al., 1977; Wilsdorf, 1983). It
is commonly assumed that the dislocation cellular structure formation is a result of
dislocations arranging themselves in a low energy configuration. Further, the size
of the dislocation cells and the width of the cell walls progressively decrease with
increasing dislocation density (Pollock and Wilsdorf, 1983; Oudriss and Feaugas,
2016). Similar to a dislocation pileup, the collective effect of interacting dislocations
in a dislocation cell-wall may produce a local stress concentration.

We infer that the local stress concentration produced within the dislocation cell-
wall is similar in notion to the stress concentration at the leading dislocation in a
pileup model. Under this assumption, we apply the proposed viscoplastic damage
model and the dislocation-mediated crack nucleation model to beryllium. We ignore
the contribution of plasticity from deformation twins and the possible influence of
twin boundaries in aiding crack propagation because these mechanisms are not well
understood.

7.2. Calibration of the model

For calibration of our model we referred to the polycrystalline hot-pressed S-200F
grade Beryllium from Brush Wellman Inc. Grain size varies considerably, with the
average grain size being 11.4 um and the maximum grain size being 50 pm (Cady
et al., 2018). The microstructure consists of equi-axed grains with few pre-existing
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twins. The total impurity content is less than 1%.

An initial boundary valued problem was solved, conforming to uniaxial stress
conditions (Ayyagari et al., 2018). Strain rate is imposed in the current configura-
tion, while output variables are stress and internal variables associated with damage
and plasticity models. A set of normals representing individual Stroh crack planes
were predefined. The range of Euler angles ay € [0,7/2] and 0y € [0,27] were
equally divided in n®? = 2 and n?? = 8 divisions, respectively, representing equiaxial
distribution of crack plane normals. A small fractional angle, ﬁ, was added to the
distribution of oriented angles to avoid division by zero from trigonometric terms that
appear in the definition of degraded stiffness for the brittle damage model (Ayyagari
et al., 2018). Note that, such a limited number of crack orientations may not model
a rotation invariant mechanical response (Nemeth, 2014), however, we make this
choice due to the lack of measurements on the evolution of defects. One may revisit
this choice of orientation distribution once data from advanced techniques becomes
available, e.g. X-ray phase contrast imaging for characterizing crack distribution
(Leong et al., 2018). A maximum timestep of 10 ns was used for all calculations that
limited the maximum increment of dislocation and damage within a timestep. The
calculations were terminated right after the peak stress, since the stress softening
response wasn’t available from experiments for comparison with calculations.

The model was calibrated with temperature-dependent high-rate response data
obtained from SHPB experiments (Blumenthal et al., 1998) and also with data from
quasistatic rate experiments (Ablen et al., 1995). In general, the experiments in
aforementioned references were not performed to failure, because of safety issues
incurred by fragmenting the samples and the potential generation of toxic beryllium
powder.

While calibration of most other viscoplastic models is restricted to high strain
rates (Austin and McDowell, 2011), in our work, the rate-dependent trapping coeffi-
cient enabled calibration of the model to a wider range of strain rates, ranging from
0.001 - 4000 /s. Tables 2 and 3 present a set of material properties as a function
of pressure and temperature. Tables 4 and 5 present calibrated parameters for the
viscoplastic model and the brittle damage model, respectively. The calibrated set
of values are not unique. We rely on obtaining a set of calibrated parameters that
are closer to experimental measurements and microscopy observations reported in
the literature. Parameters for which experimental data is unavailable, our calibrated
values are comparable to viscoplastic studies on other metals, e.g. Austin and Mc-
Dowell (2011); Luscher et al. (2017); Nguyen et al. (2017) and damage studies in
brittle ceramics, e.g. Hu et al. (2015).

At low temperatures, plastic deformation is expected to have a relatively low
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contribution to energy dissipation. As temperature increases, plastic deformation is
expected to have an increasing role in energy dissipation. The net fracture energy
will be a sum of energy expended in creation of new surfaces as well as the energy
dissipated by dislocation plasticity. Since plastic dissipation is separately accounted
for in our model, the Griffith’s fracture energy associated with creation of new crack
surfaces, excluding the work that goes in plastic deformation, was chosen as an input
for calculating fracture toughness. Our model implementation is thus consistent with
Rice (1968) theory on dissipation measured by the J-integral and the experimental
observations of temperature-dependent increase in the measured fracture toughness
for beryllium (Govila and Kamdar, 1970).

The density of Stroh cracks (1) and the pileup spacing (L,s) act as influential
parameters for calibration of the ultimate strain (failure strain). The pileup spacing
was chosen based on the observations of dislocation cell-wall spacing in the range
1-3.5 pm from in situ experiments on beryllium (Pollock and Wilsdorf, 1983). In
addition, the pile-up spacing was chosen based on the observation of the onset of
cracks at a strain of 0.2 by Blumenthal et al. (1998). We calibrated the density
of cracks that resulted in an ultimate strain of approximately 0.3. The calibrated
number density of Stroh cracks for the aforementioned orientation distribution was
10" m~3.

Experimental results suggest a substantial increase in cross slip of dislocations
from basal to prismatic planes near 523 K (Taylor and Moore, 1964). As such, we
anticipate changes to the rate of work hardening for tests at temperatures above
523K. The recovery term introduced in Eq. (21) generically accounts for the cross-
slip phenomenon. However, we have not considered an explicit dependence of the
recovery or trapping terms on the aforementioned transition temperature.

7.8. Results and Discussion

The very first set of results are obtained from a calculation employing the vis-
coplastic model alone, without the damage model. These results are compared with
a calculation that employed the combined viscoplastic model and the damage model.
We then conducted calculations for a range of initial temperatures and strain rates,
for comparison with SHPB and quasistatic experimental data. Insights were obtained
into the evolution of deformation and damage mechanisms using the calibrated mate-
rial model for beryllium. Uniaxial stress-strain plots are presented for all the results.
In addition, evolution of several field variables and internal variables are presented,
including the mobile and immobile dislocation densities, plastic and damage La-
grangian strain tensors, and trace of the damage tensor. From each calculation, peak
stress (ultimate stress), strain corresponding to the peak stress (ultimate strain), and
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trace of damage corresponding to the peak stress (ultimate damage) were acquired.
The failure strength is assumed to correspond with the ultimate stress, while the
failure strain is assumed to correspond to the ultimate strain. We will discuss trends
in the failure strain from our model to infer on the brittle to ductile transition. The
simulations are conducted under dynamic adiabatic conditions, and the temperature
of the material increases as deformation progresses.

7.3.1. Representative results

We present results from representative calculations at a temperature of 300 K and
a compressive strain rate of 3000 s~!. These calculations demonstrate the evolution
of viscoplastic deformation with (Figure 6) and without (Figure 5) the damage model.
The applied strain rate results in evolution of the Lagrangian strain component Fjq,
along the loading axis (X-axis or 1-axis). For the calculation without the damage
model, the crack density parameter is set to zero and the nucleation criterion for
Stroh cracks was set to zero, L,; = 0.

Figure 5(a) shows a plot of the evolution of six components of Cauchy stress
tensor with the strain component E7; along the horizontal axis. As a consequence
of the boundary conditions imposed for developing a uniaxial stress state, all the
stress components are nearly zero, except for the stress component along the loading
axis, oq11. Since damage is deactivated, the trace of damage tensor in Figure 5(a),
the damage tensor in Figure 5(b), and the Lagrangian strain tensor for damage in
Figure 5(c) are all zero. The simulations is carried out to a strain of 0.5. The stress-
strain curve does not show any stress softening (i.e. decrease in stress with increasing
strain).

Figure 5(d) shows the evolution of dislocation densities. For strains less than
0.05, the mobile dislocation density is higher than the immobile dislocation density.
Beyond a strain of 0.05, the mobile dislocation density saturates, while the immobile
dislocation density increases towards its saturation value. The overall trends in the
evolution of these dislocation densities is consistent with experimental measurements
on FCC materials Al and Cu and associated viscoplastic models (Bratov and Borodin,
2015). Figure 5(e) and Figure 5(f) show evolution of the Lagrangian strain tensor
components for plastic and total strains, respectively. Note, the components of
total strain lateral to the loading axis are a consequence of the solution for the
uniaxial stress boundary valued problem. The plastic strain has a relatively higher
contribution to the total strain compared with the damage and elastic strains.

Without the damage response, the stress-strain curve based simply on dislocation
plasticity will at most saturate to a flow stress. However, the plasticity model acting
alone does not have the capability to model the stress softening. The recovery term
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(for the immobile dislocation density) and the annihilation term (for the mobile dis-
location density) are the mathematical terms that model this saturation of immobile
and mobile dislocation densities, respectively.

Figure 6 shows plots for corresponding results obtained from the viscoplastic
model along with the damage model. Figure 6(a) shows that stress reaches a peak,
beyond which, stress decreases with increasing strain (referred to as the stress soften-
ing). We will refer to the peak in the stress as the ultimate stress (or the strength). In
this case, we terminated the simulation when the trace of the damage tensor reached
a value of 5, as seen in Figure 6(b).

We elaborate on the rationale for choosing to plot the damage tensor, over damage
deformation gradient tensor, in presentation of our results. Note that, the damage
tensor *Q is a semi-physical representation of the crack distribution. While it ac-
counts for the orientation and size of the cracks, the physical interpretation of the
damage tensor is restricted to the opening cracks. Specifically, the trace of the dam-
age tensor is commonly interpreted to correspond to the porosity of the specimen,
and as such, a limiting value of 1 is often referred to as complete damage. Appli-
cation of the damage tensor is empirically extended to represent even the sliding
cracks (Hu et al., 2015). However, in compression, sliding cracks may dominate the
contribution to the damage tensor, in which case, the value of ultimate damage may
exceed one. So, if the damage tensor is used to represent sliding cracks, then the
trace of the damage tensor may not be a good measure for porosity. On the other
hand, the damage deformation gradient tensor Fj; accounts for sliding cracks, but our
definition precludes contribution from opening cracks. Thus, despite the incomplete
physical representation of the damage tensor, we use this measure to gain qualitative
understanding from our results.

Figure 6(b) shows, the components of the damage tensor that are lateral to the
loading axis have significantly evolved, implying formation of oriented crack normals.
These oriented cracks are predominantly aligned along the directions perpendicular
to the loading axis. Comparatively, the component of the damage tensor along the
loading direction is small, and this relative difference is consistent with formation of
oriented wing cracks seen in uniaxial compression of brittle materials (Paliwal et al.,
2006; Ayyagari et al., 2018).

The components of the damage strain (Figure 6(c)) begin to evolve beyond a
strain of 0.13. The magnitude of the damage strain components is small compared
to the magnitude of the plastic strain components (Figure 6(e)), and despite this
difference, the damage strain results in the softening response of the stress beyond
the peak stress, because of the degradation in stiffness. Prior to the peak in the stress
response, the immobile dislocation density shows a tendency to sustain (restrict any
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further evolution), and the sustained value of immobile dislocation density is retained
beyond the peak stress (in the stress softening regime). In this regime, even the
plastic strain does not evolve, resulting in the total strain components in Figure
6(f) that are different from the ones computed from a purely viscoplastic response,
shown in Figure 5(e). The sustained value of immobile dislocation density is below
the prescribed value of saturation for the immobile dislocation density.

From Figure 6(d), the total dislocation density from our calculation at a strain
of 0.2 is approximately 14.5 x 104 m~2. The calculated value is comparable to the
measured range of dislocation density 4 x 10 to 6 x 10'* m~2 at the same strain in
the experimentally deformed samples of beryllium (Brown et al., 2013).

Overall, the damage model contributes to the stress softening, resulting in mate-
rial failure. The ultimate stress and the ultimate strain are a consequence of three
things: the kinetics of damage, kinetics of plasticity, and the nucleation criterion for
the cracks (at which the damage begins to grow). Thus, no unphysical criteria, such
as a critical damage, is prescribed to predict a failure stress or failure strain.

7.8.2. Calibration with high rate and quasistatic experiments in compression

Material response is calculated under compressive loading for a variety of initial
temperatures and constant strain rates from quasistatic to SHPB rates. Figure 7(a),
7(b), and 7(c) show the degree of agreement of the calculated uniaxial stress-strain
response with the measured data for strain rates in the range 0.001-4300 s=*. The
experimental measurements for high rates are from Blumenthal et al. (1998) and for
quasistatic rates are from Ablen et al. (1995). Experimental data is plotted using
markers in color blue, while lines are results from our calculations.

The experimental data was not obtained to failure of the specimen, so the end-
points of the experimental data do not inform a failure strain. However, since cracks
were seen at a strain of 0.2 (Blumenthal et al., 1998), we anticipate failure of the
specimen soon after that strain value. The flaw density in our model for beryllium
was adjusted to result in a failure strain (ultimate strain) of approximately 0.3. At
lower rates in experiments, the specimens do not fail even at a strain of 0.5, inferred
from Figure 7(c).

For the strain rate of 1 s~', shown in Figure 7(b), our calculations predict the
specimens can sustain strains above 0.25, but less than 0.5. For the strain rate of
0.001 s~ shown in Figure 7(c), the experimental data shows that the specimens are
able to sustain a strain of 0.5. Our calculation for the temperature of 473 K predicts
early failure. On the other hand, our calculation for the temperature of 673 K shows
that the material does not fail at a strain of 0.5, in agreement with the experiment.

Overall, the agreement of flow stress between experiments and calculations using

1
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the set of calibrated parameters is reasonable. The flow stress at temperatures 573
K and 773 K, shown in Figure 7(a), do not have good agreement with experiments
for strains less than 5%. We accept this limitation in order to obtain an agreement
with the large strain response.

A ductile response, with a relatively higher failure strain, is apparent in the low-
rate data, shown in Figures 7(b) and 7(c), compared with the high-rate data shown
in Figure 7(a). We will refer to this increase in the failure strain (with decreasing
strain rate) as the brittle to ductile transition with decreasing strain rate. From
the available experimental data, the range of rates over which this brittle to ductile
transition spans is unclear. In addition to the rate dependence of the failure strain,
the failure strain increases with increasing temperature, as seen in Figures 7(b) and
7(c). We will elaborate on this brittle to ductile transition with decreasing rate and
increasing temperature in the subsections that follow.

7.3.3. Brittle to ductile transition with temperature

Beryllium demonstrates brittle to ductile transition with increasing temperature
(Blumenthal et al., 1998). We perform calculations using our model to elaborate on
the temperature dependence of failure strain.

We performed uniaxial compression calculations on beryllium for various tem-
peratures and at a fixed strain rate of 3000 /s. The Stroh crack density is fixed
at 7 = 107 /m®. Figure 8(a) shows uniaxial stress-strain plots (colored blue) ob-
tained for different initial temperatures. The stress-strain curves are terminated at
the ultimate stress for clarity of deciphering the ultimate values of stress, damage,
and dislocation density. The yield stress, initial hardening, and flow stress are seen
to decrease with increasing temperature. These trends are in agreement with the
dynamic response of beryllium at different temperatures (Blumenthal et al., 1998).
A similar trend in the dependence of flow stress on the temperature is observed from
experiments conducted at quasistatic rates (Ablen et al., 1995; Dawu et al., 2016).

From Figure 8(a), the ultimate stress decreases with increasing temperature. On
the other hand, the ultimate strain increases with increasing temperature. Our
calculated results are in agreement with trends in the strains sustained by beryllium
samples for different temperatures under dynamic rates (Blumenthal et al., 1998).
The calculated ultimate value of stress is a result of competition between the kinetics
of damage and kinetics of viscoplastic deformations. The same figure shows the
evolution of the trace of damage with strain, Fj;. The ultimate damage (trace of
damage at ultimate stress) decreases with increasing temperature.

The evolution of dislocation density for corresponding temperatures is plotted
in Figure 8(b). The mobile dislocation density saturates to the same value for all
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temperatures. For a constant strain, e.g. strain of 0.15, the value of immobile dislo-
cation density is the same, as well, regardless of the temperature. Since the brittle
damage in our model is independent of the temperature, the differences in the result-
ing stress-strain responses with temperature is attributed primarily to the kinetics
of dislocation motion, given by Eq. (118). Calculations suggest the saturation stress
that is observed in Figure 8(a) is inversely related to the ultimate value of immobile
dislocation density.

Figure 8(c) shows evolution of stress plotted against the effective plastic strain.
The general trends of ultimate stress and ultimate damage as a function of temper-
ature, seen in Figure 8(a), are applicable to the same variables in Figure 8(c).

The temperature dependence of failure strain from our model suggests that the
failure strain increases gradually with increasing temperature. The combined kinetics
of damage and kinetics of viscoplastic mechanisms is thus effective in modeling the
brittle to ductile transition with increasing temperature.

We elaborate on the efficacy of our model for beryllium over other existing mod-
els. Johnson-Cook (JC) model (Johnson and Cook, 1983) and Mechanical Threshold
Stress (MTS) Model (Follansbee and Kocks, 1988), extended from Mecking and
Kocks (1981), are commonly used to model the strain rate and temperature depen-
dence of the plastic flow stress. These models often additionally rely on a failure
criterion, such as maximum plastic strain. For this work, the plastic strain to failure
was unavailable because of toxicity associated with subjecting beryllium specimens
to failure/fragmentation. Evidently from this work, plastic strain at failure is a
function of temperature, rate, and tensorial stress-state. Our model predicts value of
plastic strain and enables calibration of a functional for relatively efficient simulation
schemes employing maximum plastic strain criterion.

7.8.4. Rate-dependence of dynamic failure strength

We conducted simulations for compressive rates between 0.001 through 10,000
57! at a fixed temperature of 300 K. Results from simulations are presented in Figure
9. Figures 9(a) and 9(b) show selective stress-strain plots (in blue) for a range of
strain rates 0.001-100 /s and 100-10,000 /s, respectively. Evolution of damage with
strain (in red) corresponding to individual stress-strain curves is superimposed on
these plots. Evolution of immobile and mobile dislocation densities for all rates are
shown in Figures 9(c) and 9(d), respectively.

For the range of rates 0.001-100 /s, the ultimate stress and ultimate strain in-
creases with increasing rate. The crack-induced damage begins at a strain between
0.2-0.3 and the ultimate stress corresponds to a value of damage near 1. With in-
creasing rate, higher strains are required to reach the ultimate damage, i.e. damage
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at ultimate stress. The mobile dislocation density for all the rates in this range sus-
tains at a value of about 1.55 x 10'* /m?, while the immobile dislocation density is
close to 1 x 10" /m? and increases slightly with rate.

For the range of rates 100-10,000 /s, a significant deviation is observed in the evo-
lution of damage and dislocation densities, compared to the quasistatic rates. With
increasing rate, the ultimate stress increases, while the ultimate strain decreases.
Lower strains are required to reach the ultimate damage, indicating gradual transi-
tion from a ductile to a relatively brittle response. The sustained value of mobile
dislocation density decreases. The immobile dislocation density, as well as its rate,
increases by a significant amount.

From Figure 9(c), the decreasing value of the sustained mobile dislocation density
with rate implies decreasing role of plastic deformation, since the plastic flow is de-
pendent on the mobile dislocation density. From Figure 9(d), the increasing value of
immobile dislocation density suggests increased hardening. Moreover, since the crite-
rion for nucleation of Stroh cracks is dependent on the immobile dislocation density,
increased rates of immobile dislocation density lead to an earlier activation of Stroh
cracks on the strain axis. Thus, plasticity is relatively more pronounced at lower
rates, compared to the higher rates, while the brittle damage is more pronounced at
the higher rates.

Figure 9(e) shows the rate-dependent response of dynamic failure strength (ulti-
mate stress) in compression. Compared to the response of brittle materials without
any significant plastic deformation, such as ceramic materials (Kimberley et al.,
2013), the strength does not plateau at quasistatic strain rates between the range
1073 and 100 s™'. Such an increase in the failure strength (linear on a semi-log
scale) from our calculations is similar to the trend in the rate-dependence of strength
observed from experiments on Beryllium (Nicholas, 1975) and other metals, such as
tantalum (Hoge and Mukherjee, 1977), aluminum and iron (Klopp et al., 1985). This
rate-dependence of the strength at low rates is attributed to the rate-dependence of
flow stress. As such, plasticity dominates the response of the material at low strain
rate regime, which in case of beryllium is in the regime of strain rate less than 100 s~*.

In Figure 9(e), the increase in the compressive strength for strain rates between
100 and 10* s7! may be attributed to the rate-dependence from the damage model
as well as the plasticity model. With increasing strain rate, the rate of damage
is higher. While crack growth rate (and the crack density) limit the damage rate
and the dissipation rate, the applied strain rate deposits an increasing amount of
elastic energy, which reflects as an increase in the dynamic strength at higher rates
(Daphalapurkar et al., 2011).

Note that, increasing the crack density is not always a judicious choice for in-
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creasing the rate of damage. The damage is linearly dependent on the crack density
and on the cube power of crack length. The contribution to the rate of damage from
growing cracks may outweigh the contribution to the rate of damage from increasing
the density of cracks. Moreover, increasing the density of cracks beyond a certain
value may soften the material, which could hinder the rate of crack growth and lower
the net rate of damage.

The suppressed rate of crack growth due to a high crack density is in addition
to the retardation due to plastic flow. The onset of damage initiation (controlled by
variable L) is thus a crucial parameter in the competition between rate of damage
and rate of plastic flow. In our case, we calibrated L, so that the Stroh cracks of
length given by Eq. (30) are formed at approximately 20% strain, consistent with
the observations of microcracks by Blumenthal et al. (1998).

erules The rate-dependence of dynamic failure strength of brittle materials may
be described using a power law relation involving strain rate and the characteristic
strain rate, which is a function of material properties (Kimberley et al., 2013). How-
ever, the relationship proposed by Kimberley et al. (2013) does not consider plastic
deformation. We propose a similar relation for the dynamic failure strength of ma-
terials that considers brittle failure and plasticity. Our proposed relation accounts
for rate effects due to plasticity and is given by the following expression:

14 <—0>] , (100)

where 04 is the dynamic failure strength under uniaxial stress conditions, oy, is the
rate-dependent flow-stress at ultimate strain, € is the applied strain rate, and ¢, is
the characteristic strain rate. Terms oy, and €, are specific to a material.

The characteristic strain rate is a function of material properties. The expression
given by (Kimberley et al., 2013) was applicable for a two-dimensional measure of
crack density. For a three-dimensional measure of crack density a modified expression
for characteristic strain rate is given by
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where ¢4 is the one-dimensional wave speed, K¢ is plane strain fracture toughness
calculated from surface energy of fracture, F is Young’s modulus of elasticity, § is
the average half-length of pre-existing cracks, n is the flaw density, «; is a calibra-
tion constant, aligning the aforementioned relation to intercept at the quasistatic
compressive strength of the material.
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Quasistatic strength of brittle materials (e.g. ceramics) is commonly assumed to
be a constant, because brittle materials do not demonstrate an appreciable change
in the strength for rates less than 1 s~'. However, for beryllium, the quasistatic
strength is not constant, because the plastic flow stress is rate dependent even at
lower rates. We thus make a modification to the scaling relation for brittle failure
(Kimberley et al., 2013), in order to accommodate rate-dependence of compressive
strength in the low rate regime. We approximate the rate-dependent flow stress using
a linear relation with the natural logarithm of strain rate (Johnson and Cook, 1985)
as follows:

0 u = [oz + azln(é)][1 — 67, (102)

where € = é/égy is a non-dimensional strain rate, normalized by reference strain
rate égo = 1 s7!, and 0* = 0/60,, is the homologous temperature. Since plasticity
dominates the flow-stress response at low rates, we use data less than ¢ < 2 s7! to
calibrate the constants. As it turns out, values of these constants are dependent on
the crack density. We obtained ap = 9.51 x 108 Pa and a3 = 2.30 x 107 Pa for a
crack density of 107 m~3, while ay = 8.94 x 10® Pa and a3 = 2.03 x 107 Pa for a
crack density of 10° m~3. We apply these calibrated constants to obtain the scaling
of ultimate stress (or strength) for the strain rate regime 0.001-10,000 s~*.

The characteristic strain rate is a function of material properties and the flaw
statistics. The average half-length § is estimated from the equilibrium length of a
nucleated Stroh crack as 2.5 pum, using Eq. (30). Because the characteristic strain
rate is dependent on the crack density, and since we do not have a measurement of
crack density, we provide following values as illustrations. From our calculations for
beryllium, the resulting characteristic strain rates were ¢, = 2.01 x 10* s7! for a crack
density of n = 107 m™2 and ¢y = 2.96 x 10* s7! for a crack density of n = 108 m=3.
Using a; = 0.1, Eq. (101) has a reasonable agreement with the model-calculated
dynamic failure strengths for both the flaw densities, as shown by the fits to the
calculated data in Figure 9(e). Dynamic strength from experiments are not available
for quantitative comparison with calculated results. Instead, we make a qualitative
comparison with quasistatic measurements presented by Petch and Wright (1980),
in the next subsection.

7.3.5. Grain size dependence of failure strain

Quasistatic data on the flow stress for different grain sizes of extruded beryllium
suggests that flow stress increases with decreasing grain size (Petch and Wright,
1980). This variation is characterized by the Hall-Petch coefficient, which is the
slope of the yield/flow stress to the square root of the inverse grain size. At room
temperature, the Hall-Petch coefficient for the yield stress is 10 MPa-mm'/2, while
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that for the flow stress at a strain of 0.005 is 20 MPa-mm'/2. Thus, the Hall-Petch
coefficient increases at higher strains for beryllium. Interestingly, the Hall-Petch
coefficient for the failure stress is 51 MPa-mm'/? and is much higher than that for
any other flow stress (Petch and Wright, 1980). In yet another study by Greenspan
(1957), with decreasing grain size (obtained by extrusion and cross-rolling), both the
maximum strain to necking and the ultimate stress increases. Their data for the
ultimate strain to ultimate stress was characterized by a linear relation that has a
slope of 26.6 x 107 MPa~!. In the experimental study by Greenspan (1957), the
ultimate strain of beryllium samples ranged from 0.2 to as high as 0.8. We infer,
decreasing grain size has two effects: increase in the failure stress and increase in the
failure strain. This behavior is counter-intuitive to our understanding of FCC metals,
which demonstrate a strength-ductility trade-off, i.e. decreasing failure strain with
decreasing grain size (or with increasing failure stress).

In our model, we have introduced a grain size dependence for the brittle failure
model (Eq. (31)), which is independent of the grain size dependence of yield for the
plasticity model (Eq. (121)). Figure 10 illustrates the resulting failure stress and
failure strain with varying grain size. We have illustrated results for two (Stroh)
crack densities. Figure 10(a) shows the dependence of the ultimate stress on the
grain size for two flaw densities. The ultimate stress increases with decreasing grain
size. With higher flaw density, the failure stress is lower, regardless of the strain
rate. Figure 10(b) shows the dependence of the ultimate strain on the grain size for
flaw densities of 10" and 10% m~3, respectively. The ultimate strain increases with
decreasing grain size. For the higher flaw density, the failure strain is lower regardless
of the strain rate.

In our model, the harmonic average of the pileup spacing given by Eq. (31), which
involves grain size as an additional variable, is able to model the atypical response of
increasing failure strain with decreasing grain size for beryllium. Figure 10(b) shows
calculated failure strains from the model with and without the grain size for a crack
density of 10" m~3. Without the term for grain size in Eq. (31) (i.e. L,s = Lys),
the response of the model to the decreasing grain size is opposite, i.e. the ultimate
strain decreases, shown in Figure 10(b) for the crack density of 10" m™ (labelled,
without grain size effect).

From Figure 10(a), the increase of the ultimate stress (for small grain size) with-
out the term for grain size in Eq. (31) is solely due to the Hall-Petch coefficient for
yield stress, Eq. (121). The Hall-Petch coefficient for the ultimate stress from our
model is higher compared to that for the yield stress, and this trend is consistent
with the quasistatic data for ultimate stress presented in Petch and Wright (1980).

Thus, the notion of harmonic average of the pileup spacing is suitable for captur-
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ing the qualitative trends in the dependence of ultimate strain and ultimate stress
on the grain size. Because experimental data is unavailable for the grain size depen-
dence of ultimate strain and ultimate stress for S-200F grade beryllium, our work is
limited to qualitative validation of Eq. (31) with quasistatic measurements by Petch
and Wright (1980). Next, we provide some insights in to the effect of microstructural
parameters on the Hall-Petch slope for the ultimate stress.

Figure 10(c) shows a plot of the effect of crack density () and pileup spacing
(Lps) on the Hall-Petch slope for the ultimate stress against the inverse square root
of the grain size. The baseline calibration parameters for this work are n = 10" /m?
and L,; = 1.55 pm. Comparison of results between the two cases of crack densities,
keeping pileup spacing the same, reveals that increasing the crack density decreases
the Hall-Petch slope for ultimate stress. On the other hand, comparison of results
between the two cases of pileup spacing, for the same crack density, reveals that
increasing the pileup spacing increases the Hall-Petch slope for ultimate stress. The
ultimate stress has a nearly linear relation with inverse square root of the grain size,
in qualitative agreement with measured data from Greenspan (1957) and Petch and
Wright (1980).

Figure 10(d) shows a plot of the effect of crack density () and pileup spacing (L,;)
on the slope for the ultimate strain against ultimate stress. For a fixed crack density
and pileup spacing, calculated results from varying grain size are plotted as one set
of points. Increasing the crack density decreases the ultimate strain. Increasing the
pileup spacing also decreases the ultimate strain. The slope indicates sensitivity of
ultimate strain to the ultimate stress. The slope can also be used to interpret the
change in ductility with the grain size. The slope, which is the change of ultimate
strain with the grain size, decreases for higher crack density and for higher pileup
spacing. The trends in variation of the failure stress with the grain size are applicable
for the failure strain, as well. The variation of ultimate strain with ultimate stress
may be described using a linear relation, in qualitative agreement with measured
data from Greenspan (1957).

7.8.6. Tension-compression asymmetry in the failure strength

The anisotropic damage model in this work is capable of predicting failure strains
under tension. We present comparison of results between tensile and compressive
loading from our calculations. Figure 11 shows representative results obtained for a
temperature of 300 K and strain rate of 3000 s~! under compression [Figures 11(a)
and 11(c)] and tension [Figures 11(b) and 11(d)].

Under tensile loading, the calculated value of strength is 500 MPa and ultimate
strain is 0.018, as seen in Figure 11(b). Our predicted value for the tensile strength
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is in agreement with the measured range of 450-550 MPa applicable for tensile rates
100-500 /s of different grades of beryllium (does not include S-200F grade used in
this study) (Nicholas, 1975).

Under compressive loading, the strength of beryllium is 1.5 GPa. For a strain
rate of 3000 /s and at room temperature, the ratio of compressive to tensile failure
strength is approximately 3. For lower rates, this ratio may decrease. For example,
for the rate of 0.001 /s, the calculated compressive strength is 790 MPa [from Figure
9(a)] and the tensile strength is 374 MPa (plot not included), which leads to a
strength ratio of 2.1. Regardless of the rate, this compression to tension strength
ratio is lower than that obtained from pure brittle damage models. For example,
armor ceramics, rocks, and concrete demonstrate a strength ratio in the range 8-10
(Kimberley et al., 2013). On the other hand, for an isotropic plastic model acting
alone, the compression to tension flow stress ratio for the same strain and loading
conditions is 1.

The effect of viscoplastic damage model is to increase the strength under tension
and reduce the strength under compression, compared with the purely brittle damage
models. For both tension and compression, a critical amount of dislocation density
is necessary to nucleate a Stroh crack. The effect of this dependence is pronounced
under tension; the failure strength is higher compared with the pure brittle damage
models. In case of compression, the activation of plasticity at relatively lower stress
reduces the strength compared to the purely brittle damage models, e.g. for ceramics,
which have a strength in the range of 3-5 GPa (Deshpande and Evans, 2008).

Figures 11(c) and 11(d) show the evolution of dislocation densities under com-
pression and tension. For strains less than 0.016, the evolution of dislocation densities
is similar. This is expected, since the viscoplastic model in our work incorporates
isotropic hardening. We thus expect similar plastic flow under compression and
tension early on, in absence of damage.

The anisotropic damage model is effective in predicting failure strains and strengths
under compression as well as under tension. The calculated failure strains under com-
pression are about an order of magnitude higher compared to the failure strain under
tension. On the other hand the calculated strength under compression is higher than
the strength under tension by a relatively smaller factor compared to the brittle ma-
terials that do not demonstrate plasticity.

7.3.7. Strengths and limitations of the proposed model

The proposed model, combining the kinetics of viscoplastic deformation with the
kinetics of damage, along with a dislocation-mediated nucleation criteria for damage,
can successfully predict trends in the failure stress and failure strain of beryllium
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under varying temperature, strain rate, and grain size.

Using the viscoplastic model of Austin and McDowell (2011) as the baseline,
following changes were implemented that extended the applicability to beryllium:
(a) The rate-dependence of initial hardening (Follansbee and Kocks, 1988) was im-
plemented as part of the trapping coefficient. This extended the calibration of the
stress-strain curves over a wider range off rates, from SHPB to quasistatic. (b) The
recovery term for the immobile dislocation density implemented saturation limit for
the immobile dislocation density. Annihilation term for the mobile dislocation den-
sity implemented a saturation limit for mobile dislocation density. These saturation
limits on dislocations density enabled physical basis for saturation stress.

The dependence of the Stroh crack nucleation on the immobile dislocation density
informed the damage model on the onset of crack growth. The dislocation density
continues to drive the dynamic growth of the Stroh crack, which enabled predictions
of the failure stress. The geometric argument based on the harmonic average of
pileup spacing and grain size enabled the grain size dependence of the failure strain.

Using the brittle damage model by Ayyagari et al. (2018) as the baseline, fol-
lowing changes were implemented. The damage model defined an expression for the
damage deformation gradient, consistent with the kinematics of wing-crack growth
and preceeding plastic deformation. The cohesive length was used as a regularizing
parameter for the stress-intensity at the tip of the wing crack, replacing unnatural
dependence of the stress intensity on the growing (Stroh) crack size in the expression
proposed by Nemat-Nasser and Obata (1988).

Stroh (1954) proposed that dislocation coalescence may simultaneously occur
with nucleation of a Stroh crack. Implicit in this assumption is that the obstacle
that held the pileup disappears upon crack formation. However, in our model, this
additional mechanisms of dislocation escape at the crack surfaces was precluded,
because the number of dislocations estimated to enter the cracks was significantly
small compared to the total dislocation density. In our model, the rate of dislocation
densities are affected by the damage through the multiplicative decomposition of
the total deformation gradient, e.g. increase in damage reduces the net rate of
dislocation generation. A related assumption is that we ignore the part of the kinetics
of crack nucleation that results in a characteristic incubation time that is strain rate
dependent (Lawn et al., 1983).

Our model assumes that the propagating crack tip does not generate a significant
amount of dislocations. Our choice of assumption is based on the (a) limited avail-
ability of favorable slip systems for plasticity at the crack tip, as inferred from failure
response through brittle cracking by the appearance of fracture surfaces, and (b) ex-
perimental evidence that the crack is more likely to take a path through dislocation
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saturated cell-walls (Pollock and Wilsdorf, 1983; Gardner et al., 1977). In addition,
the effective compliance (Ayyagari et al., 2018) is based on the linear elastic stress
field at the tip of the crack. Indeed, the current framework may be advanced by
considering the crack tip as source of dislocations for a variety of other metals, but
we leave this development for the future.

At temperatures above 523 K, cross-slip significantly influences the material re-
sponse (Govila and Kamdar, 1970). Above this transition temperature, the material
may demonstrate latent hardening mechanisms, different than those at the room
temperature, which are not considered in this model.

Some of the assumptions and analytical solutions at the lower length scale, for
dislocations and cracks, were motivated by micromechanics solutions and are not con-
sistent with those of the macroscopic model. Specifically, the treatment of cracks and
dislocations most often rely on linear isotropic elasticity, but the macroscopic applica-
tion invokes geometric and material nonlinearity. While the macroscopic framework
considers a 3D stress state, the micromechanics solution for crack growth is based
on two-dimensional plane strain conditions. Moreover, the macroscopic framework
considers elaborate thermodynamics involving thermo-elastic, thermo-damage, and
thermo-plastic coupling terms that involve nonlinearity, the micromechanics models
do not introduce any relevant sources for nonlinearity.

Observations from SHPB experiments demonstrate twinning beyond 7% strain,
this model does not consider twinning as a deformation mechanism. This is because
twinning seems to have interactions with dislocations as well as with cracks, and we
lack proper models representing these interactions. At moderate rates, we assume
that dislocation plasticity dominates the response over twinning plasticity. At high
strain rates beyond 5000s~!, twinning appears to have a significant contribution to
the materials response and is evident from the increase in the hardening rate (Sisneros
et al., 2010). We accept this limitation in the model for sake of understanding the
kinetics of combined dislocation-crack interactions.

Although, contribution of twinning is excluded from this work, we note some
existing works that have accomplished inclusion of twinning plasticity within a finite
deformation framework. Clayton (2009) introduced contribution of twinning to plas-
tic deformation through the meso-incompatibility deformation gradient tensor. Our
framework retains the meso-incompatibility deformation tensor and is thus amenable
to including contribution of twinning to plastic deformation. Work by (Becker and
Lloyd, 2016) on the reduced order model for HCP metals may be resourceful in incor-
porating an efficient model for twinning, without a need for a comprehensive crystal
plasticity framework. Further, it is known that twinning may influence damage in
certain HCP materials. The present theory, based on dislocation pileup-mediated nu-
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cleation of cracks, can be readily extended to consider pileup of twinning dislocations
and their influence on nucleated crack density (Lloyd, 2018).

8. Conclusions

This paper presents a new multi-scale theory and new results for Beryllium.
Despite the relatively large number of calibrated parameters, the model captures a
wide spectrum of physical phenomena in materials that undergo coupled inelasticity
mechanisms acting in concurrence. The equations were motivated by fundamental
physics and materials science with relevance to high rate failure mechanics. The
original contributions from this work include: (a) grain size dependence of failure
strain and failure strength, (b) a dynamic model for dislocation-mediated nucleation
of a crack, (b) kinematic and energetic consistent coupling of damage and viscoplastic
deformations within a large deformation framework, (c) calibration of the model to
predict dynamic damage and failure of beryllium, and (d) demonstration that the
competition between kinetics of damage and kinetics of viscoplastic deformation can
successfully predict the brittle to ductile transition observed in Beryllium under
dynamic loading conditions.

This work developed a finite deformation framework for the description of elas-
ticity, isotropic plasticity, and anisotropic damage using a three-term decomposition
of the deformation gradient. The kinematic basis for the decomposition of the defor-
mation gradient led also to a formal definition of the damage deformation gradient
tensor with respect to the intermediate configuration. Within this framework, the
flow stress in the uniaxial stress-strain curve is influenced by the inelastic strains due
to plasticity and damage.

The thermodynamic basis for calculation of the plastic strain rate tensor produced
consistent formulations in the two intermediate configurations. Owing to thermo-
dynamic consistency and to a dissipation inequality, it was possible to define the
temperature evolution law and the constraints for the evolution of internal variables
(density of cracks and density of dislocations). Finally, an explicit time integration
scheme was designed. Pull-back and push-forward operations, necessary to obtain
a material response that is rotation invariant for large deformation analysis, were
derived directly from thermodynamic principles.

The kinetics law associated with the dislocation density evolution and crack
growth produced a non-linear evolution of the stress-strain response that is depen-
dent on the strain rate, temperature, and stress-state. Furthermore, the model is
capable of capturing the brittle to ductile transition of the failure strain response
with increasing temperature and decreasing strain rate.
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The viscoplastic model was calibrated to the stress-strain response under com-
pression obtained from split-Hopkinson pressure bar and quasistatic experiments on
polycrsytalline beryllium S-200F grade. Microstructural measurements of the pileup
spacing at failure and onset-strain of cracks were used to inform the damage model.
The present model is sufficiently flexible to capture a variety of phenomena, partic-
ularly tension-compression asymmetry in failure strength, rate dependence of failure
stress, brittle to ductile transition with temperature and strain rate, grain size de-
pendence of failure stress and failure strain.
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9. Appendix

9.1. Appendix 1: Kinematic measures

The Green-Lagrange strain in the reference configuration is
1
E = 5(FTF —1I). (103)

Substituting for F' from Eq. (10) in Eq. (103) gives

E=E.+E,+E,, (104)
where
E. = (B (E)"J[(F)"F, ~ IFF,
B, = (F)"J[(F)" Fa~ 1F, (105)
B, = [(F)"F, - I

We focus on an intermediate configuration (B) obtained by unloading the re-
versible elastic deformation F,. The Lagrangian strains in B are a pull-back of
strains in B given by Eq. (105)

B.= J[(F)'F.~ 1]
B, = (F)" S ((F)" Fy — 1(F), (106)
E, = (F)"(F,) "~ ((F,)"F, — I|(F,) " (F)"

2

The rate form of Eq. (10) is given by an additive decomposition of spatial velocity
gradients in the current configuration

l=FF ! (107)
Substituting for F' from Eq. (10) in Eq. (107) gives

=1, +1,+1, (108)
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where

le = Fe(Fe)_lv
ld = Fe[Fd(Fd)ilKFe)il? (109)
lp - FeFd[Fp<Fp)_1](Fd)_l(Fe)_l-
The symmetric parts of the velocity gradients in the current configuration B are
d, = 0.5[1. + (1.)"],

dy=0.5[lg+ (L)7], (110)
d, = 0.5[L, + (1,)"].

The velocity gradients in B are pull-backs of velocity gradients in B from Eq.
(109)
0= Fy(Fy)™, (111)
l_p - Fd[Fp(Fp>_l](Fd)_l~

The symmetric parts of the velocity gradients in configuration B are

_e =0 5[06_6 + (_e)TC’eL
_d =0 5[ée_d + (_d)Tée]v (112)
_p =0 5[éeip + (l_p)Tée]

where C, = (F.)TF. is the right Cauchy-Green Qeformation tensor for elastic defor-
mation, which acts as a metric in configuration B. 3
The velocity gradients from Eq. (109) referred to in B are

R

le = (Fd>71<Fe)71FeFd>
o= (Fy) ' Fy, (113)
ip = Fp( p)_l-

The symmetric parts of the velocity gradients in configuration B are

]

0.5 I'C.4),
1, = 0-5[éedl~d + (~d)Téed]a (114)
1, = 0.5[C.al, + (1,)TC.q).

64



where C,; = (F;))TC.F; acts as a metric in configuration B.
The velocity gradients from Eq. (109) referred to in the reference configuration

By are ‘
L. = (F) '(F) '(F.)‘E.F.F,

L, = (F,)"'(F,)'F,F, (115)
Lp = (Fprle-

The symmetric parts of the velocity gradients in the reference configuration B
are

D, =05[C.4L. + (L.)" C.q4,),
Dy = 0.5[CeipLy+ (Lyg)" Ceqy), (116)
D, = 0'5[Cedpr + (Lp)TCedp]-

where Cg), = (Fp)T(_Z'ede = FTF acts as a metric in the reference configuration B.
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9.2. Appendixz 2: Dislocation-based plasticity

We utilize a J; flow theory with isotropic hardening to describe the polycrystalline
response. In addition, we adopt Orowan equation (Orowan, 1948) to describe the
plastic shear strain rate (9,) in terms of the average dislocation velocity (v) as follows.

Yp = bpm? (117)

where b is magnitude of the Burgers vector for a dislocation and p,; is the mobile
dislocation density.

Slip occurs on preferential glide planes and the mean dislocation velocity is in
general a function of effective stress. It is assumed that the SVE contains a number
of grains such that the distribution of grain orientation is uniform. For motion of a
dislocation on a glide plane above the athermal stress threshold (7,.), we adopt the ex-
pression for mean dislocation velocity based on the theory of thermally-activated dis-
location glide, combined with the drag and relativistic effects at even higher stresses,
given by (Clifton, 1970; Austin and McDowell, 2011)

L
tw +tr

U= (118)
where L is the average glide distance between successive obstacles on a slip plane,
t,, is the time spent waiting at an obstacle, and ¢, is the time to travel the average
distance between obstacles.

Dislocations act as obstacles for moving dislocations. We use L to quantify an
effective mean free path between the dislocation network, expressed as

L = [e2p] 12, (119)

where p is the total dislocation density, a sum of mobile p,;; and immobile p; disloca-
tion densities. In addition, we define the initial dislocation density as a sum of initial
mobile pgys and initial immobile py; dislocation densities. ¢ is a weighing parameter
that provides flexibility to capture the effects of obstacles due to a complex network
of dislocations on intersecting slip planes (descriptions of which are accessible to a
crystal plasticity framework). If co = 1, then the dislocation density will represent
an effective dislocation density accounting for all the intersecting slip planes.

In the model of thermally-activated dislocation glide, mobile dislocations move
through a dislocation forest via assistance of thermal fluctuations. Additionally, these
dislocations have to overcome the Peierls stress (short range), the barriers provided
by the existing dislocation network and the grain boundaries (long range). So the
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total resistance to deformation at zero temperature (f = 0 K) is given by
Tor = Top + Toa + Tot; (120)

where 7, is the material-specific Peierls stress, which generally decreases with tem-
perature. The resistance to deformation due to grain boundary network for an HCP
metal maybe accounted through the Hall-Petch equation (Petch and Wright, 1980)

Toa = kyd *° (121)

where k, is the material-specific Hall-Petch coefficient and d is the average grain
diameter, both at 6 = 0 K.

The threshold shear stress to move a dislocation against the long-range glide resis-
tance (due to existing dislocation network) may be modeled by the Taylor hardening
relation

Tot — OégmlGob\/CQ s (122)

where G is the shear modulus at 0 = 0 K, o is a constant (typically ranges from
0.1 to 1, e.g. 0.2 for cubic metals), and m; is the Taylor hardening factor. Note, the
value of the initial dislocation density has a proportional effect on the value of the
yield stress.

The waiting time can be written as (Kocks and Mecking, 2003; Austin and Mc-

Dowell, 2011)
1 AH
tw = — {exp (—) - 1] : (123)
Vg Kb9

where v, is the attempt frequency, 6 is the temperature, AH is the stress-dependent
free enthalpy of activation, and K, is the Boltzmann constant. The free enthalpy

of activation for the thermally-activated process is written in the empirical form
suggested by (Kocks et al., 1975)

ar = 1~ (L2)] B (124)

where 1, is the mechanical threshold, the flow stress when the activation energy
AH = 0, i.e. at § = 0 K. Further, AHy = goGb? is the free energy required to
overcome the obstacles that pin the dislocations, G is the shear modulus at a finite
temperature, 7 = \% is the effective shear stress, & is the equivalent stress (von Mises

stress) in the B configuration. Further, gq is a dimensionless parameter for depinning,
and p and ¢ are parameters that model dependence of the depinning process on the
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applied shear stress (Kocks and Mecking, 2003).
The time to travel the average distance between obstacles is based on the kinetics
of dislocation propagation, accounting for pure drag and relativistic effect, given by

L

t. = — 125
= (125)
where v, = c¢sh is the velocity of a dislocation based as a function of shear wave
speed c¢s. Further, the parameter A is a function of material properties and effective

stress
h=+v&+1-¢, (126)
and B
0Cs
= 127
£= 222, (127)

where By is the nominal value of the damping (or drag) coefficient in the relativistic
relation and b is the Burgers vector of the dislocation. The damping coefficient is
assumed to be governed by phonon damping and expressed as

. 3Kb¢92

07 920c,b2’

(128)

where z is the number of atoms per unit cell (z = 6 for HCP metals).
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9.3. Appendix 3: Stress update scheme for viscoplastic damage constitutive model

Backward-Euler numerical integration is employed for discretized time-evolution
of field and internal variables. For a generalized three-dimensional loading condition,
the following stress update scheme is used.

1.

Input constants, material properties, and initialize variables. Initialize flaw
normals in the reference configuration, N(). Prescribe time period, timestep,
and the velocity gradient tensor.

Set the current values of variables: time ¢, Cauchy stress o, deformation
gradient F, elastic deformation gradient F! damage deformation gradient
F}, plastic deformation gradient F}, and shear modulus G".

Calculate stress in intermediate configurations
St Jt(Ft) IO;t(Fet)fT
St = Jy(Fy) S (F)T

Calculate values of deformation gradient tensor F'*2! and Lagrangian strain

tensor E'tAt in the next time step using velocity gradient tensor I**4! and
timestep At
FO0 = [ 4 IFAAL 4 051 AL FY,
EH—At — 0‘5[(Ft+At)TFt+At I]

. Calculate plastic flow, piF2", A1 and J?At using Eq. (98) and stress measure
78!
Jp = det(EY),

+tt ~

dirat = 3P U dev(SY) - CYl.

Calculate I/2" using w} 2" ~

1At Jt+AL ~t+At
lp = dp + w, "

~ 0 for isotropic plasticity
Calculate plastic deformation gradient
Ft+At [I + lt+AtAt +0. 5(lt+AtAt) ]

Calculate push-forward of plastic rate of deformation from BtoB using w”m

0 for isotropic plasticity and update total plastic strain in B,
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10.

11.

12.

13.

14.

15.

d;t)JrAt (Ft+At) (dt+At) (Ft+At)
lt+At dt+At_|_ —t+At

Et—i—At Et dt+At At

Calculate the rate of crack growth, new crack lengths, and then calculate the
rate of compliance change S+4* and S*™! using S* and push-forward of flaw
normals,

n(k:) (Ft-i-At) TN )/‘(Ft—f—At) TN |

Calculate the damaged stiffness matrix CHAt the rate of damaged stiffness
matrix C**A! (Ayyagari et al., 2018), and rate of damage deformation gradient
Fj*m using Eq. (40), assuming variables s, u, ws, w4, and, ws as time-rate

dependent.

Calculate damage velocity gradient and updated damage deformation gradient
in configuration B

lt+At Ft+AtF£,

Ft-‘rAt [I + lt—i—AtAt +0. 5(lt+AtAt) ]F

Calculate updated elastic deformation gradient tensor, elastic right Cauchy-
Green deformation tensor,_and elastic velocity gradient in configuration B
Ft+At Ft+At(FIf+At)_ (int+At>_1
Ct+At ( Ft—i—At)T Fi+ot,

lz—i—At [(Fat)- (lt+At) Fiat) - l_(t;rAt _ l—;;rAt_

Y

Calculate symmetric part of damage velocity gradient and updated damage
strain in configuration B B
C{td;_it: 0;5t[CéttA_i<Al:d+At) + (lZ—FAt)TClef-i-AtL

Calculate updated elastic Lagrangian strain tensor using push-forward of total
Lagrangian strain teqsor in configuration B 3 B
Et+At (Ft-i-At) (F;JrAt)fT {0‘5[(Ft+At)TFt+At _ I]} (F;)—l(Fj)fl
EttAt — pt+At E2+At — Ett+At

e P .

Calculate the rate of elastic Lagrangian strain tensor using pull-back of the
symmetric part of velocity gradient in configuration B
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16.

17.

18.

19.

Et—i—At _ (FetJrAt)T 0.5[(IHANT 4 [t+M) Rt
Errat — Breat _ gt _ d]tj“At.

Calculate rate of second Piola-Kirchhofl stress in configuration B
Qi+A NAL | A At | Jot+A
StHAt — CtHAt, Ft+At | CH+AL, FitHAL

Calculate updated second Piola-Kirchhoff stress in configuration B
SHAL _ Gt 4 QAN

Calculate updated Cauchy stress from push-forward of second Piola-Kirchhoff
stress in configuration B

Jt+At — detFt+At,

o.et—i—At _ (Jt—&-gt)—l(Ft-i-At)gt—l—At(Ft—&—At)T'

Calculate temperature increase using dissipated power conjugate in configura-
tion B and update temperature

A ~ G ~ (AL T
Af=Q L [(CLFALSHALCERAL) - (dfF2 + dbTAt)],

Cvpt+At J£+At

O1+At— NG 4 0.
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Table 2: List of material properties and microstructure
inputs for beryllium

Constant Value Units Description
v 0.06 - Poisson’s ratio (Nadal and Bourgeois, 2010)
E 286.2 x 10° N m* elastic modulus
P0 1850 kg m—° density
C, 1.925 x 1003 Nmkg '°C™! specific heat
O 1560 K melting temperature
cq 13123 ms ! ambient 1D wave speed
Cs 8542 ms ! ambient shear wave speed
Cr 7726 ms ! ambient Rayleigh wave speed
o, 8 x 108 N m— cleavage strength (Greenspan, 1957)
G = 2 2.1 Nm! fracture energy (Govila and Kamdar, 1970)
s 0.5 - friction coefficient (Buckley, 1966)
b 2.29 x 10710 m Burgers vector, basal dislocation
d 11.4 x 10°° m average grain size (Blumenthal et al., 1998)
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Table 3: Parameters for pressure- and temperature-
dependent shear modulus for beryllium (Steinberg et al.,
1980)

Constant Value Units Description
G, 135 x 10” N m 2 ambient shear modulus
Da 0 GPa ambient pressure
0, 300 K ambient temperature
1 9G _ -1

(G—aa—p> 155 % 1073 GPa ]
1 9G — -1

(EW) 0.26x10% K -
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Table 4: Calibrated parameters for the dislocation plas-
ticity model for beryllium

Constant Value Units Reference/rationale/calibration

PoM 1 x 10 m 2 initial mobile dislocation density; calibrated
Por 1 x 1019 m 2 initial immobile dislocation density; calibrated
o 0.2 - Taylor constant (Petch and Wright, 1980)
my 4.3 - Taylor factor (Petch and Wright, 1980)

Co 1 - interaction of dislocations

3 1 - fraction of dislocations in a pileup

C4 3.1x107° - multiplier for trapping; calibrated

Cs 0.07 - constant for trapping; calibrated

Ce 1 - annihilation coefficient; calibrated

Vg 9.5 x 1019 st attempt frequency

K, 1381072 NmK™! Boltzmann constant

90 0.32 - energy barrier coefficient (Chen et al., 2019)
By 5x107° Nsm™~ phonon drag viscosity (HCP) (Blaschke, 2019)

P 0.5 - barrier shape parameter; calibrated

q 1.5 - barrier shape parameter; calibrated

To 14 x 10° N m~* Peierls stress (Basal) (Green and Sawkill, 1961)
Psatl 3 x 10% m~2 saturation density (Oudriss and Feaugas, 2016)
PsatM 3 x 10™ m~2 saturation density (Oudriss and Feaugas, 2016)
Cpnult 18 x 103 - multiplication coefficient; calibrated

€otp 1 st reference rate for trapping; calibrated

Q 0.9 - Taylor-Quinney factor

ky, 10 MPa mm'/?  Hall-Petch coefficient (Petch and Wright, 1980)
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Table 5: Calibrated parameters for the brittle damage
model for beryllium

Constant Value Units Reference/rationale/calibration
d; 4 - crack speed limit parameter (Kanninen et al., 1968)
ds 8 - crack kinetics exponent; calibrated
Tocoh 14 x 10° N m~? cohesive resistance in shear (Green and Sawkill, 1961)
Neoh 0.05 - decaying factor (Nemat-Nasser and Obata, 1988)
L,s 1.55 x 1079 m average cell size (Pollock and Wilsdorf, 1983)
n 107 m? crack density; calibrated
Qo 0,7/2] radians crack-normal angle with Y-axis
0y [0, 27] radians crack-normal angle with X-axis in XZ-plane
ne? 2 - divisions of o
n2 8 - divisions of 6,
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Figure 1: Multiplicative decomposition of deformation gradient tensor into plastic, damage, and
elastic deformation tensors.
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Figure 2: Schematic illustrating various Stages of work hardening for plastic flow in a single crystal

metal.
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Figure 3: Schematic of Stroh crack nucleated at the head of a dislocation pileup.
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Figure 4: Schematic showing growth of wing cracks due to sliding on the Stroh crack.
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Figure 5: Representative results from the viscoplastic model, without the damage model. Plots are
presented for following variables against the applied strain Ej;: (a) uniaxial stress in compression,
with superimposed trace of the damage tensor; (b) components of the damage tensor; (c) compo-
nents of the damage strain tensor, Lagrangian; (d) immobile and mobile dislocation densities; (e)
components of the plastic strain tensor, Lagrangian; and, (f) components of the total strain tensor,
Lagrangian.
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Figure 6: Representative results from the combined viscoplastic and damage models. Plots are
presented for following variables against the applied strain Ej;: (a) uniaxial stress in compression,
with superimposed trace of the damage tensor; (b) components of the damage tensor; (c) compo-
nents of the damage strain tensor, Lagrangian; (d) immobile and mobile dislocation densities; (e)
components of the plastic strain tensor, Lagrangian; and, (f) components of the total strain tensor,

Lagrangian.
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Figure 7: Outcome of model calibration to measured uniaxial stress-strain response under com-
pression: (a) calibration to SHPB rates, with data from (Blumenthal et al., 1998); (b) calibration
to moderate rates of 1 /s, with data from (Ablen et al., 1995) ; and, (c) calibration to quasistatic
rates of 0.001 /s, with data from (Ablen et al., 1995).

92



x10° x10'°

I i v 1.8 v T i
Compressive strain Strain rate 3000 /s 00 K
oS 100K 116 257 Crack density 107 /m?
Crack density ty 1100 K
107 /m® 14 — 900 K
_15 - 300K 5 e Ll 700 K
K =] g 2 500 K
Y 500 K 1" & 2 S00K
3 g g s 100 K
[0 A o Immobile dislocation
o = ‘5 density
x < =
8 8 S 1
5 it o
B ]
05 a
05
Mobile dislocation density
0 2 O . 0 0 n n n
0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8
Strain, E, | Strain, E |
(a) (b)
1.8
Compressive strain
rate 3000 /s 1.6
Crack density
107 /m® 114
g g
o 127
a 0
o 1 g
K] 10.8 =
3 :
€ 06 £
5 &
0.4
10.2
0 0.2 0.4 0.6 0.8

Effective Plastic Strain, (EP:EP 2/3)*°

()

Figure 8: Temperature dependence of the mechanical response under compression for a fixed Stroh
crack density 107 /m3 and rate of compression 3000 /s: (a) predicted evolution of stress with applied
strain, along with ultimate stress and ultimate strain, for temperatures in the range 100-1300 K;
plot includes trace of the damage tensor; (b) evolution of immobile and mobile dislocation densities;
and, (c¢) predicted evolution of stress with plastic strain. Plots includes trace of the damage tensor.
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Figure 9: Rate dependence of the mechanical response under compression for a fixed Stroh crack
density 107 /m3 and temperature 300 K: (a) uniaxial stress-strain for compressive rates 0.001-100
/s, with superimposed trace of the damage tensor; (b) uniaxial stress-strain for compressive rates
100-10,000 /s, with superimposed trace of the damage tensor; (c) evolution of mobile dislocation
density for different rates; (d) evolution of immobile dislocation density for different rates; and, (e)
calculated rate dependence of strength (markers) and superimposed analytic fit of Eq. (100), for
Stroh crack densities 107 and 108 /m3. 94
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Figure 10: Grain size dependence of the mechanical response under compression: (a) ultimate stress
in compression versus grain size, for fixed Stroh crack density, and with and without grain size effect
in Eq. (31), (b) ultimate strain in compression versus grain size, for fixed Stroh crack density, and
with and without grain size effect in Eq. (31), (c) ultimate stress versus inverse square root of grain
size, for different Stroh crack densities and pileup spacing; and, (d) ultimate strain versus inverse
square root of grain size, for different Stroh crack densities and pileup spacing.
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Figure 11: Tension compression asymmetery of failure response: (a) uniaxial stress-strain curve
under compression, with superimposed trace of the damage tensor; (b) uniaxial stress-strain curve
under tension, with superimposed trace of the damage tensor; (c) evolution of immobile and mobile
dislocation densities under compression; and, (d) evolution of immobile and mobile dislocation
densities under tension.
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