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Excited states in 14O have been investigated both experimentally and theoretically. Experimen-
tally, these states were produced via neutron-knockout reactions with a fast 15O beam and the
invariant-mass technique was employed to isolate the 1p and 2p decay channels and determine their
branching ratios. The spectrum of excited states was also calculated with the Shell Model Embed-
ded in the Continuum that treats bound and scattering states in a unified model. By comparing
energies, widths and decay branching patterns, spin and parity assignments for all experimentally
observed levels below 8 MeV are made. This includes the location of the second 2+ state that we
find is in near degeneracy with the third 0+ state. An interesting case of sequential 2p decay through
a pair of degenerate 13N excited states with opposite parities was found where the interference be-
tween the two sequential decay pathways produces an unusual relative-angle distribution between
the emitted protons.

I. INTRODUCTION

The past decade has been one in which nuclear struc-
ture theory has seriously attacked the treatment of the
effects of open channels. Clearly this advance is required
to splice structure and reaction theories. Thus far, the
lessons from this effort are many and include an expla-
nation of several levels close to decay thresholds [1–4]
and the demonstration of the enhanced mixing of stan-
dard shell-model eigenstates when the coupling to the
continua is allowed [1, 2, 5]. Both of these features can
destroy touchstones, like mirror symmetry, employed by
nuclear physicists for decades.

The present work contains a combined experimental -
theoretical study of 14O. All excited states of this nucleus
can decay by 1p emission and 2p emission becomes possi-
ble above 6.6 MeV of excitation for which several excited
states of 13N are possible intermediates. The branch-
ing between these possible decay routes is accessible by
invariant-mass spectroscopy, the experimental tool em-
ployed here. Comparing energies, widths and branching
information to Shell Model Embedded in the Continuum
(SMEC) calculations provide evidence that the second
2+ state has an almost degenerate partner for which only
the third 0+ state is fully consistent with the SMEC cal-
culations. Having made this assignment, there is little
ambiguity as to the assignment of the third 2+ state and
assignments to other high-lying levels are considered.

∗ Present address: Physics Department, Kettering University,
Flint, MI 48504, USA

II. EXPERIMENTAL METHODS

The experiment was performed at the Coupled Cy-
clotron Facility at the National Superconducting Cy-
clotron Laboratory at Michigan State University. De-
tails have been published elsewhere [6–8]. Briefly, a
mixed 17Ne (E/A=62.9 MeV, 11%, 1.6×104 pps) and
15O(E/A=52.1 MeV, 89%) secondary beam was pro-
duced from a primary 20Ne beam (E/A=150 MeV, 175
pnA). This secondary beam impinged on a 1-mm-thick
9Be target and charged particles produced in the sub-
sequent reactions were detected in the High Resolution
Array (HiRA) [9]. In this experiment, the array con-
sisted of fourteen E-∆E telescopes which were arranged
around the beam axis and subtended polar angles from
2◦ to 13.9◦. 13N and 12C fragments were only identified
in the inner two telescopes where their yield was greatest.

The CsI(Tl) E detectors in each telescope were cali-
brated using E/A=55 and 75-MeV proton and E/A=55
and 75-MeV N=Z cocktail beams. The 13N calibration
was constructed from the 14N calibrations. The relative
locations of the target and each HiRA telescope were
determined accurately using a coordinate measurement
machine arm. Using the same experimental data, we
have examined narrow one- and two-proton resonances
in 12−15N, 13O and 15O whose centroids are well con-
strained. The invariant-mass peaks were found to be less
than 10 keV from their tabulated values [10] and so we
use 10 keV as the systematic uncertainty in extracting
excitation energies.

The γ-ray array CAESAR [11] surrounded the target
to detect any γ rays in coincidence with the detected
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charged particles. For this experiment, the array con-
sisted of 158 CsI(Na) crystals covering polar angles be-
tween 57.5◦ and 142.4◦ in the laboratory, with complete
azimuthal coverage. The only use of this array in this
study was to verify that the invariant-mass peaks ob-
tained with the detected 2p+12C channel involved decays
to the ground state of 12C rather than the γ-decaying
first-excited state.

For the normalization of cross sections, the number of
beam particles was determined by counting using a thin
plastic-scintillator foil placed in the focal point of the
A1900 separator. The loss in the beam flux in its trans-
portation to the target and the relative contribution of
each beam species was determined by temporarily placing
a CsI(Tl) detector in the target position. As we are only
interested in relative yields, the uncertainties in the cross
sections quoted in this work are statistical only. However,
based on past experience [12] we expect an overall ±15%
systematic uncertainty.

III. SIMULATIONS

In order to extract intrinsic widths and cross sections,
it is important to understand the experimental invariant-
mass resolution and the detection efficiency. To explore
this, we have performed Monte Carlo simulations includ-
ing the detector geometry and their energy and position
resolutions. The major contribution to the energy resolu-
tion comes from the energy loss and small-angle scatter-
ing of the decay fragments as they leave the target which
are calculated in the simulations using Refs. [13, 14]. The
reaction is assumed to occur at a random depth within
the 9Be target. The primary angular distribution of 14O∗

fragments produced in the reactions is chosen so as to
give “detected” secondary distributions in the simula-
tions that are consistent with the experimental distri-
butions.

Figure 1(a) shows the predicted energy resolution as a
function of the emission angle θC of the remaining heavy
“core” fragment in the 14O∗ center-of-mass frame for a re-
action induced by a 15O beam particle. Here zero degrees
is the beam axis. Results are shown for simulations of 1p
and 2p decay where the excitation energies are chosen
to match the 2+1 and 2+3 states of 14O [10], respectively.
The protons are assumed to be emitted isotropically in
the 14O∗ center-of-mass and the 2p decay is treated as
sequential emission though the 5/2+, third-excited state
of 13N. The resolution, as measured by the FWHM of the
response function, shows a similarly strong dependence
on θC for both simulations. This behavior is due to the
use of a thick target.

In analyzing both the experimental and simulated
events, the energies of the detected fragments are in-
creased to account for their average energy loss in the tar-
get material. These increases are calculated assuming the
reaction occurred in the center of the target, but in reality
this could be anywhere between the front and back of the
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FIG. 1. Simulated invariant-mass resolution for 1p and 2p
emissions from 14O. Panel(a) shows the dependence of the
resolution on the emission angle θC of the heavy core in the
14O∗ center-of-mass frame. Dependence of the (b) resolution
and (c) detection efficiency on the 14O∗ excitation energy for
all and only transverse emissions of the core. Note that the
efficiency for transverse emissions has been multiplied by a
factor of 4 for display purposes.

target. For a 1p decay, the differential velocity loss in the
target material is ≈5 times larger for the 13N fragment
than for the emitted proton [13]. Thus the uncertainty
in the velocity of the heavy fragment is most important
in determining the resolution. For transverse decay, i.e.,
where the p-13N relative velocity vector is perpendicular
to the beam axis, this uncertainty in the 13N laboratory
velocity acts perpendicularly to the relative velocity and
thus only affects its value in second order. The final
resolution is dominated by small-angle scattering of the
fragments in the target material. However for longitu-
dinal decay, the uncertainty due to the energy loss acts
in first order while that from the small-angle scattering
acts in second order. The observed angular dependence
therefore reflects the relatively larger importance of the
energy-loss contribution over the small-angle-scattering
contribution to the final resolution. Clearly, improved
resolution can be obtained from selecting events asso-
ciated with transverse emission. From here on we will
define these as events with |cos θC | <0.2.
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Figures 1(b) and 1(c) shows the simulated resolution
and detection efficiency as a function of excitation energy.
Results are shown for all “detected” events and those in
our transverse gate. The improved resolution from the
transverse gate comes at the cost of about a factor of 4
reduction in the efficiency. The resolution is best close to
the threshold and deteriorates with increasing excitation
energy. The rapid increase in the FWHM at the higher
excitation energies for events without any gate, is due
to the loss of transverse events, i.e. the efficiency for
transverse emission drops as the typical opening angles
of the fragments in the laboratory frame become larger
than the angular acceptance of the detector.

Apart from the improved resolution, there are two
other reasons to use the transverse events to fit the ex-
citation energies and widths. First, the determination of
the experimental resolution is more certain for the trans-
verse events. In determining an average resolution for
all detected events, one needs to know the relative num-
ber of events as a function θC . This dependents on the
intrinsic θC distribution and the relative detection effi-
ciency as a function of θC . The latter depends of the
assumed primary-fragment angular distribution and the
placement of the detectors. By using only a small range
of θC values these uncertainties are eliminated. Second,
the effect of errors in the CsI(Tl) calibration for the heavy
fragments are minimized. For transverse emission such
errors, like the energy-loss correction, act perpendicular
to the relative velocity and thus only contribute in 2nd

order.

IV. EXPERIMENTAL RESULTS

Values of the excitation energy, widths, and cross sec-
tions for 14O levels determined in this work are listed in
Table I and Fig. 2 displays the energy level diagram and
observed decay branches. Excited 14O fragments were
produced from reactions induced with both the 15O and
17Ne beam particles. This is illustrated from the distribu-
tion of the center-of-mass velocity of the detected p+13N
and 2p+12C events which is shown in Fig. 3. Both dis-
tributions contain two peaks, with their maxima close to
the velocities of the two beam species. Note that the low-
energy particle-identification thresholds of the CsI(Tl)
detectors severely restricts events below ≈8.5 cm/ns. We
have also looked for peaks in the α+10C invariant-mass
distribution as a number of clustered states are predicted
just above the threshold for this channel [15]. However,
no resolved states were observed.

A. p+13N Events

1. Excitation-energy distributions

Excitation-energy distributions for the p+13N chan-
nel determined with the invariant-mass technique are

shown in Fig. 4 for three gates on the parent 14O∗ ve-
locity. As there are no particle-bound excited states in
13N, all single-proton decays are to the ground-state of
13N. The improved resolution for transverse events (solid
red histograms) is easily seen compared to those for all
events (dotted blue histograms). The reconstructed 14O
excitation-energy distribution for events induced with the
17Ne beam (gate G17) is displayed in Fig. 4(a). The
transverse-emission spectrum shows the largest number
of resolved peaks and these can be identified by the ar-
rows in this figure at the energies listed in the most re-
cent evaluation [10] and for the J=0−1 and 2−1 states from
[16, 17]. The mechanism for producing 14O states from
17Ne probably involves the knockout of one to three nu-
cleons producing states which sequential decay to 14O∗.

We expect single-neutron knockout to be the most
important mechanism with the 15O beam especially for
14O∗ velocities near to the 15O beam velocity. The neu-
tron configuration of 15O is well described by a hole in
the p shell and thus p-shell knockout will produce Jπ=0+,
1+, and 2+ states. The excitation-energy spectrum gated
around the 15O beam velocity (gate G15peak in Fig. 3)
shown in Fig. 4(b) is dominated by a peak at the first
2+ energy and a contribution from a peak near the en-
ergy of the second 2+ state is also visible. The lowest-
energy peak is the 1−1 state which could be produced from
knockout of a deeply bound 0s1/2 neutron. Also present

is a low-energy shoulder on the 2+1 peak which can be
attributed to the 3−1 state. This cannot be the result
of simple neutron knockout reaction, and suggests more
complicated multi-step processes are contributing. Such
multi-step processes are expected to be more dominant
at lower 14O velocities as verified in Fig. 4(c) which is
gated on the low-velocity tail of the 15O-induced events
, i.e. gate G15low in Fig. 3. Here we see the relative
contribution of the 1−1 and 3−1 peaks are enhanced signif-
icantly.

We will concentrate on fitting the centroids, widths
and cross sections determined with the 15O beam as the
statistics are better. For the yields, we have fit the com-
bined G15low and G15peak gates. However, in fitting of
the centroids and widths of the 2+1 and 2+2 peaks, we
have just used the G15peak gate as contamination from
the other peaks, such as the 3−1 , is minimal. Figure 5
shows a fit to this combined G15low +G15peak spectrum
using Breit-Wigner line shapes and a smooth background
(dashed curve). Backgrounds are typical needed in fitting
invariant-mass spectra and, in general, represent contri-
butions from non-resonant breakup and unresolved wide
states. However in this case, we do not expect any un-
resolved wide states in this interval of excitation energy.
Our Monte Carlo simulations were used to incorporate
the experimental resolution and the fitted contribution
from individual levels are shown by the dotted curves.
This fit includes peaks for the 1−1 , 0+2 , 3−1 , 2+1 , 2−1 , and
2+2 states. Other than the highest-energy peak which will
be discussed later, only the 1−1 , 3−1 and 2+1 peaks have
significant yields in the fits. The fitted centroids of these
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FIG. 2. Comparison of the experimental and SMEC level schemes for 14O. The experimental level scheme is derived from
the most recent evaluation [10] and from the states observed in this work and Refs. [16, 17]. Observed proton decay branches
are indicated by the arrows. The width of the arrows is roughly proportional to relative intensity of the decay branch. The
excitation energies of the levels are given in MeV. Note it is possible that some of the higher-lying states have significant
unobserved decay branches to 13Ng.s. (see Table I). The SMEC results are obtained using the modified YSOX interaction
[18] and the Wigner-Bartlett continuum-coupling interaction with the continuum-coupling strength V0 = −350 MeV·fm3. For
details of the calculation, see Sec. V. The experimental levels whose spin and party were assigned before this work are connected
by dotted blue lines to their theoretical partners while the assignments make or confirmed in this work are connected by the
dashed green lines.

levels in Table I are consistent with the evaluated values
[10] within our statistical and systematic uncertainties.

The intrinsic width of the 2+1 state is of interest as this
state sits very close to the 2p threshold. In such cases,
a collective state can be formed which carries many fea-
tures of the nearby particle-emission threshold [1, 2]. A
well know case is 8Beg.s. which has strong 2α correlation
in its wavefunction due to the presence of the nearby 2α
decay threshold. In the present case, the wavefunction
should have strong 2p character thus giving it a small de-
cay width for the 1p channel. We found the fitted width
be consistent with zero with an upper limit of 25 keV at
the 3σ level. This is consistent with the more restrictive
limit of <5 keV from [19].

For the peak at the energy of the 2+2 state, a
good fit was obtained with a single peak with a cen-

troid of E∗=7.723(2) MeV and an intrinsic width of
Γ=128(18) keV (solid red curve in Fig. 6(a)]. However,
the latter is almost a factor of two larger than the value of
Γ=76(10) keV listed in the most recent evaluation [10].
More recent measurements give similarly small values;
63(16) keV [16] and 62(10) keV [17]. We therefore con-
clude that this peak is either not the 2+2 state or more
likely a doublet of the 2+2 and a previously unknown 14O
state. To further highlight this point, Fig. 6(a) also shows
a calculation (dot-dashed magenta curve) with the cen-
troid fixed to the 2+2 evaluated value and the width fixed
to the weighted average of the previously reported values.
This calculated peak is shifted to higher excitation ener-
gies than the experimental peak and does not reproduce
the data very well.

Figure 6(b) shows a fit to this peak with a doublet of
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TABLE I. States in 14O investigated in this work and their extracted properties. For the fitted excitation energies, only the
statistical errors are listed, the systematic uncertainty is estimated to be ±10 keV. For comparison, excitation energies (E∗

eval.)
from the most recent evaluation [10] are also listed. Cross sections are listed for decays to the ground-state (p0), first-excited
state (p1), and the 5/2+,3/2− doublet (p2 + p3) of states in 13N.The theory-based spin-parity assignments made or confirmed
in this work are shown in bold font.

E∗ Γ Jπc σ(p0) σ(p1) σ(p2 + p3) E∗
eval.

[MeV] [keV] [mb] [mb] [mb] [MeV]

5.164(2) 1−
1 0.25(2) 5.173(10)

6.285(2) 3−
1 0.37(14) 6.272(10)

6.585(1) <25 2+
1 3.46(5) 6.590(10)

7.669(53) <128 (0+
3 )

}
3.2(2)

}
0.083(12)b

7.768a 76a 2+
2 7.768(10)

8.787(13) 182(32) (1−
2 ) <1.0 0.16(5) 0.37(12) 8.720(40)

9.755(10) 229(51) (2+
3 ) <0.7 0.21(2) 3.11(36) 9.715(20)

11.195(30) <220 (2+
4 ) <3.4 <0.25 0.78(35) 11.240(50)

a Fixed to value from [10].
b For E∗ <8.3 MeV.
c Bold characters for spin-parities indicate that the assignment is new.
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G15peak, and G15low used to examine the p+13N events are
indicated.

states. The higher-energy member of the doublet has its
centroid and width constrained to the 2+2 values [same as
for the dot-dashed curve in Fig. 6(a)] while the width of
the low-energy member is assumed to be zero. As long
as the width of this new state is about the same as the
2+2 level or smaller, rather similar fits are produced. The
maximum width of this new state is Γ=128 keV, i.e. the
value obtained from fitting this peak as a singlet.

2. Parent velocity distribution

To explore the production mechanism for the observed
states, Fig. 7 displays reconstructed 14O∗ velocity spec-
tra gated on some of the different peaks in the excitation
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spectra. For the 2+1 peak, we have employed a narrow
gate to preclude the possibility of any significant contri-
bution from the neighboring 3−1 peak. Using the simu-
lated resolution, we then use this yield to subtract the
relevant contribution from this state under the 3−1 peak.
Velocity distributions for the peaks at the 2+1 and 2+2
energies are shown as the solid curves in the Fig. 7(a)
while distribution for the 1−1 and 3−1 peaks are shown
as the solid curves in Fig. 7(b), The former show very
sharp peaks at the 15O beam velocity expected for single-
neutron knockout from a valance state. No dependence
of the velocity distribution for the peak at the 2+2 energy
was observed as we scanned the energy across the peak.
If this peak is a doublet, then the unknown member also
appears to be produced by the knockout of a valence p-
shell neutron and thus is Jπ=0+, 1+, or 2+. Indeed the
0+3 state is a candidate for this state based on theoretical
consideration (see later). The 1−1 and 3−1 distributions
have broader peaks in this region and the 3−1 distribu-
tion has a flat top, while the 1−1 is peaked below the 15O
beam velocity. The knockout of a deeply bound s1/2 neu-
tron should produce a broader peak which could explain
the result for the 1−1 peak, but as mentioned before, the
population mechanism for the 3−1 peak is not clear.

B. 2p+12C Events

1. Excitation-energy distribution

The reconstructed excitation-energy distribution for
the 2p+12C events where the 12C fragment is emitted
transversely is shown in Fig. 8(a). The peaks observed in
this spectrum as associated with 2p decay to the ground
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when the centroid and width are constrained to the known
values for the 2+

2 state. (b) shows a fit assuming the observed
peak is a doublet. The individual peaks are indicated by the
dashed lines. The higher-energy peak has its centroid and
width constrained to the values for the 2+

2 state. The smooth
dashed blue curve in both panels is the fitted background.

state of 12C. While a small 4.44-MeV γ-ray yield asso-
ciated with the decay of the first-excited state of 12C is
present in the coincident γ-ray spectrum, this yield is
not correlated with the invariant-mass peaks and is thus
associated with background. This is probably from non-
resonant breakup reactions.

This invariant-mass spectrum is dominated by a peak
at 9.78 MeV which in the most recent evaluation is ten-
tatively assigned as the 2+3 level. We also observe a small
peak just above the 2p threshold near the energy of the
Jπ=2+2 state. The tabulations also tentatively assign a
state at 8.72 MeV that corresponds to the small peak
[labeled “?” in Fig. 8(a)] on the low-energy side of the
main 2+3 peak. Clearly we have confirmed the existence
of this state. In addition there is a structure above the
2+3 peak which probably has contributions from the 10.89
and 11.2-MeV states listed in the tabulations. No peaks
associated with branches of these levels to 1p channel
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were observed, possibly due to the low efficiency and poor
energy resolution at high-excitation-energy for this chan-
nel (Sec. III). However, Table I provides upper limits to
their 1p cross section.

As shown in Fig. 2, the sequential 2p decay of these ob-
served states can pass through either the Jπ=1/2+ first-
excited state or the 3/2−, 5/2+ doublet. The latter are
separated by 45 keV and, as their intrinsic widths are 62
and 47 keV, respectively, cannot be resolved and hence
can be considered degenerate. Information on the 2p de-
cay mechanism can be gleaned from Jacobi 2-dimensional
correlation plots. Consider the schematic velocity vectors
in Fig. 9 for two-proton decay where we have designated
the protons as “1” and “2”. The relative velocity vector
Vp−core between the core and proton “2” can be used to
calculate a relative energy Ep−core. If V1 is the velocity
vector between proton “1” and the center-of-mass of the
other two particles, then θk is the angle between V1 and
Vp−core. In the standard Jacobi Y representation, the x
axis is Ep−core/ET where ET is the total decay energy
and the y axis is cos θk. For cos θk ≈-1, the relative angle
between the protons is small, while for cos θk=1, they are
emitted back-to-back in the 14O∗ center-of-mass frame.
For each event, the two-dimensional Jacobi Y histogram
is incremented twice, using coordinates calculated by as-
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for the gate on the Jπ=1/2− intermediate state of 13N. (c)
Distribution of transversely-emitted events for the gate on
the Jπ=3/2− and 5/2+ intermediate states of 13N. Curves
shows fits to these distribution with the fitted background
given by the dashed blue curves and the contribution from
the individual states is also shown. The arrows in (a) show
the energies of 14O levels in the most recent evaluation [10].
The labels associated with these indicate the spin and parity
assigned in this evaluation when known. The level associated
with the question mark was not considered firmly established
in the evaluation.

signing each of the two detected protons to be proton “2”
in Fig. 9 and the other to be proton “1”. Experimental
correlation plots are shown for the 8.79 and 9.78-MeV
states in Figs. 10(a) and 10(b), respectively.

A signature of a sequential 2p decay through a single
intermediate state is the presence of two separated ridges.
One ridge should be vertical associated with the second
emitted proton. Here Ep−core is determined from the
invariant mass of the intermediate state and thus inde-
pendent of θk. The other ridge, corresponding to the first
emitted proton, should be tilted, as Ep−core in this case
depends on the recoil momentum imparted to the core
from the second emitted proton and is thus θk dependent.
Neither of the experimental Jacobi Y plots in Figs. 10(a)
and 10(c) show two cleanly separated ridges, but they can
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in the Jacobi Y correlation plots. Vp−core is the relative veloc-
ity between proton “2” and the core while V1 is the relative
velocity between proton “1” and the center of mass of the
other two particles. Also shown is the relationship of θk to
the relative angle θpp.
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FIG. 10. Jacobi Y correlation plots for the 2p decay of the
8.79-MeV and 9.78-MeV peak in the 2p+12C excitation en-
ergy distributions. (a) and (c) are from experimental data
while (b) and (d) are the corresponding simulated distribu-
tions. Curves in (b) and (d) identify the ridge tops associ-
ated with different decays. Solid curves are for decay through
the 3/2−, 5/2+ doublet, while dotted curves are for decays
through the 1/2+ singlet.

still be understood as sequential. The correlation plots in
Figs. 10(b) and 10(d) show corresponding simulated re-
sults obtained assuming sequential decays through both
the 1/2− singlet and 3/2−, 5/2+ doublet of states in 13N
with the relative intensities adjusted to reproduce the
experimental correlations.

For the 8.79-MeV state, one can discern a total of four

ridges in Fig. 10(a). To help locate these ridges we have
drawn curves along the ridge tops in the simulated distri-
bution of Fig. 10(b). Dashed-curves marking the ridges
for decay through the 1/2+ 13N state and the solid curves
for decay through the 3/2−, 5/2+ doublet. On the other
hand for the 9.78-MeV state, we observe one very in-
tense ridge in Fig. 10(c). This structure can be traced
in the simulations [Fig. 10(d)] to the two overlapping
ridges from the decay through the 3/2−, 5/2+ doublet,
i.e. at this excitation energy the two proton energies are
approximately equal. A very close examination of the ex-
perimental spectrum in Fig. 10(a) reveals another pair of
faint ridges associated with decay through the 1/2+ in-
termediate 13N state [short dashed curves in Fig. 10(d)].

It would be useful to gate on Ep−core values for the
different intermediate states and project out the 14O
invariant-mass spectra. However for the 8.79-MeV peak
in Fig. 10(a), ridges from the two sequential decay paths
overlap at cos θk ≈1. To avoid this problem we have
further restricted the events to cos θk <-0.2. With this
extra condition, the excitation energy spectra gated on
the 1/2− singlet and 3/2−, 5/2+ doublet are displayed in
Fig. 8(b) and 8(c), respectively. The latter is for trans-
verse emission, but due to smaller number of events, the
former has no gate on the emission direction of the core.

These spectra show that the 2p decay path of the 2+2
level and/or its doublet partner passes only through the
1/2− singlet (as dictated by energy conservation), while
the 8.79 and 9.78-MeV states have contributions from
both decay paths. The structures above the 9.78-MeV
state appear to be predominately associated with the
doublet of intermediate states. To quantify these find-
ings we have fitted these spectra with Breit-Wigner line
shapes for each 14O level considered and use the Monte
Carlo simulations to introduce the experimental resolu-
tion and apply exactly the same gates as employed for
the experimental data in order to extract reliable relative
yields for the two decay branches. There is one exception,
the lowest-energy peak which is close to threshold may
have an asymmetric line shape for this decay branch. We
take a limiting R-matrix approximation assuming the to-
tal width is dominated by decay to the ground state of
13N and thus can be described by a Breit-Wigner form
B(E∗). Therefore, the line shape for the small branch to
the 13N excited state is P`(E

∗−Sp)B(E∗) where the first
term is the R-matrix barrier penetration factor. In the
fit, this line shape was fixed assuming decay from the 2+2
state only, with the Breit-Wigner parameters set to the
tabulated values for this state and the penetration factor
calculated for `=1 with a channel radius of a=4.85 fm.
This allows for a good representation of the low-energy
data in Fig. 8(b), but we cannot rule out contributions
from the proposed doublet partner of the 2+2 state.

The fitted yields for all decay branches are listed in
Table I. For the lowest-energy peak, we list only the yield
up to E∗=8.3 MeV as our approximate line shape has a
very long high-energy tail and much of the total yield
is associated with this. In the fit, the structure above
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E∗=10.3 MeV is not entirely clear. We have included a
moderately narrow peak at E∗ ≈11.2 MeV to account for
the rapidly drop off in yield at this energy. In addition
we have added a very wide state between this and the 2+3
level. However its parameters are not well constrained
and similar fits could be obtained by replacing this wide
level with some overlapping narrower peaks.

2. Parent velocity distribution

The reconstructed 14O∗ velocity distributions for the
9.78 and 8.79 peaks are plotted in Fig. 7 as the dashed
curves. The 9.78-MeV velocity distribution is sharply
peaked at the 15O beam velocity similar to the 2+1 level
and the doublet at the 2+2 energy, suggesting that is it
also produced from the knockout of a valence p-shell
neutron and hence is restricted to Jπ=0+, 1+, or 2+.
This is consistent with its tentative assignment of Jπ=2+

[10, 20]. The 8.79-MeV distribution has a broader peak
in this velocity region and it is more similar in shape
to the 1−1 peak in the p+13N channel, possibly from the
knockout of a s1/2 neutron or some more complex pro-
cess.

3. Distributions of relative angle between protons

Information about the spin and parity of a sequen-
tial 2p emitter can be gleaned from the distributions of
relative angles θpp between the protons [21]. The θpp dis-
tribution for the 9.78 MeV state from the 15O beam ob-
tained by gating only on the intense ridge in Fig. 10(c)
(13N intermediate state is either the 3/2− or 5/2+) is
plotted in Fig. 11 as the black circular data points. No
gate on transversely-emitted cores is applied here as its
affect on the resolution of the relative angle is minor.
This distribution has been corrected for the experimen-
tal acceptance as determined by our Monte Carlo simu-
lations. In principle θpp is just 180◦-θk when θk in Fig. 9
is calculated when proton “2” is the second emitted pro-
ton. However in this case, we cannot distinguish which
is the first and second emitted protons as they have sim-
ilar kinetic energies. Therefore both ways of calculating
θk are included in Fig. 11. This has little effect as these
two ways of calculating θk give very similar values. To
further investigate this, and the effect of the detector
resolution, the fitted distribution (as described below)
is introduced into the Monte Carlo simulations and the
simulated events analyzed in the same manor as the ex-
perimental data. The distribution obtained from this
procedure was found to deviate by, at most, 3% from the
primary distribution used as input into the simulations.
This small deviation was used as a correction to generate
the red square data points.

Classically this distribution should be symmetric about
θpp=90◦ (cos θpp=0). If the orbital angular momentum
vectors of the two protons are aligned, then we expect

ppθcos
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FIG. 11. The black circular data points give the distribution
of relative-angle θpp between the two emitted protons in the
sequential decay of the 9.78-MeV state. The dashed curves
shows a calculation for isotropic proton emission including the
Coulomb final-state interaction between the protons. The red
square data points have been corrected to remove this final-
state interaction and also the effects of the detector resolution.
The solid curve is a fit with a quartic function in cos θpp.

a “U” shaped distribution with a minimum at θpp=90◦,
whereas if these vectors are perpendicular then the dis-
tribution will peak at 90◦. If one or both of the protons
are emitted isotropically, or the two spin vectors have no
angular correlations, then the distribution should be flat.
A full quantum treatment can be found in Refs. [22, 23].
The experimental distribution does not follow any of
these three possibilities and is quite remarkable having
a distinct asymmetry about θpp=90◦ (cos θpp=0).

There are two ways to introduce an asymmetry about
θpp=90◦. First, there is the possibility of final-state inter-
actions (FSI) between the two protons. A sizable effect
was observed for the 2p decay of the 2nd excited-state of
17Ne [24] where the second proton is emitted with a larger
velocity than the first and thus, if emitted in the same
direction, can catch up. Coulomb final-state interaction
between the two protons resulted in a depletion of events
near θpp=0 compared to θpp=180◦. From fitting the mag-
nitude of this effect, the intrinsic width of 16Fg.s could be
extracted and was found to be consistent with the value
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obtained from directly measuring the width of the peak
line shape [24]. Here, the decay width of the two possible
intermediate states are larger (62 and 47 keV) than the
value of 23 keV for the 16Fg.s.. However both protons
are emitted with almost the same velocity so the second
proton will not catch up to the first. To estimate the
magnitude of these interactions, we have used the classi-
cal calculation described in [24]. The predicted θpp dis-
tributions, assuming each proton is emitted isotropically
is shown as the dashed black curve in Fig. 11 for decay
through the 5/2+ intermediate state. The result for the
3/2− intermediate state is not that different. The mag-
nitude of the final-state interaction is not large enough
to explain the observed asymmetry. The red data points
in Fig. 11 also contain a correction to remove the effects
of the final-state interactions based on this calculation.
This is largely for display purposes as subsequently we
do not fit the region of small θpp (cos θpp >0.8) where
the effect of the FSI are significant

The second way to produce the asymmetry relies on
the unusual occurrence in this decay that there are two
possible intermediate states in 13N which are degenerate
(3/2− and 5/2+) and thus we cannot distinguish energet-
ically whether the decay is through only one of these or
there are decay branches though both of them. If the lat-
ter is true, then there can be interference between these
two decay paths. In addition as the parity of the two de-
generate states are opposite, this interference term will
be asymmetric. In general if there are two decay paths
“a” and “b” with amplitudes α and β, then the relative
angular distribution will be [23].

W (θpp) = |α|2Wa(θpp)+|β|2Wb(θpp)+(αβ∗+α∗β)Wab(θpp)
(1)

where Wa(θpp) and Wb(θpp) are the distributions for de-
cay purely through the “a” and “b” paths, respectively,
and Wab(θpp) is the interference term. Normally one con-
siders a parent state with mixed a configuration that has
decay paths through the same intermediate state. For
example if the spin of this state is 2+, then we can con-
sider both s1/2 and d5/2 decays to the 5/2+ intermediate
state. The interference term is such cases will be symmet-
ric about θpp=90◦. However the interference between a
p1/2 decay to the 3/2− state and a s1/2 decay to the 5/2+

state will be asymmetric. We have considered the possi-
bility of p1/2 and p3/2 decays to the 3/2− intermediate

state and s1/2, d3/2, and d5/2 decays to the 5/2+ inter-
mediate state. This gives 10 possible interference terms,
six of which are asymmetric. The asymmetric terms can
either enhance or suppress the small relative angles de-
pending on the relative phase of their two components.
With all these contributions, the final relative-angle dis-
tribution is quartic in cos θpp. The best quartic fit is
shown as the solid red curve in Fig. 11 which reproduces
the experimental data quite well.

With five possible decay branches and their phases we
have nine parameters (one of the phases can be set to zero
as only relative phases are important). However as the
final distribution is a quartic function of cos θpp with only

five parameters, it is not surprising that our best fit can
be reproduced by many different sets of branching ratios
and phases. There are however some restrictions on the
branching ratios. The presence of a cos θ4pp term requires
a decay branch where the two emitted protons have d5/2
character or ` ≥3. We will ignore the latter possibil-
ity. With the presence of this d5/2-d5/2 decay path, we

obtain cos4 θpp terms from the distribution for pure d5/2-
d5/2 decay and from its interference with the d3/2-d5/2
decay path. The magnitude of the fitted cos4 θpp coeffi-
cient constrains the branching ratio by d-wave emission
to the 5/2+ state in 13N to be at least 13.2% of the total
branching ratio to the doublet.

Of course there must be decay paths to both members
of the doublet in order to get the asymmetric interference
terms. Consider two extremes. Firstly, if the decay to the
5/2+ intermediate state dominates, then we find there
must be at least a 3.8% decay branch to the 3/2− state.
On the other hand if decay to the 3/2− state dominates,
then we require at least a 15.5% decay branch to the
5/2+ intermediate state. Clearly it only takes a small
admixture of one of the decay branches to the other to
produce a significant asymmetric distribution. Therefore
our observation of this asymmetry is not surprising.

V. THEORETICAL RESULTS

To describe spectra of 14O resonances and their prop-
erties, we used the Shell Model Embedded in the Contin-
uum (SMEC) which describes resonances in the frame-
work of the shell model for open quantum systems
[1, 2, 5, 25, 26]. Recent SMEC applications included
the study of correlations and clustering in near-threshold
states [1–4] and the change of the continuum coupling
strength for like and unlike nucleons in exotic nuclei [24].

Here, the scattering environment is provided by the
one-proton decay channels. The Shell Model (SM) states
are coupled to the environment of one-proton decay chan-
nels through the energy-dependent effective Hamiltonian:

H(E) = HQ0Q0 +WQ0Q0(E), (2)

where Q0 and Q1 denote the two orthogonal subspaces of
Hilbert space containing 0 and 1 particle in the scattering
continuum, respectively. HQ0Q0

stands for the standard
SM Hamiltonian and WQ0Q0

(E):

WQ0Q0
(E) = HQ0Q1

G
(+)
Q1

(E)HQ1Q0
, (3)

is the energy-dependent continuum coupling term, where

G
(+)
Q1

(E) is the one-nucleon Green’s function and HQ0,Q1 ,
HQ1Q0 are the coupling terms between the subspaces Q0

and Q1. E stands for a scattering energy of particle in
the continuum and the energy scale is defined by the
lowest one-proton decay threshold. Each decay-channel
state in 14O is defined by the coupling of one proton in
the scattering continuum of 13N in a given SM state.



11

Internal dynamics of the Q0 system include couplings to
the environment of decay channels and is given by the
energy-dependent effective Hamiltonian H(E).

Each decay threshold is associated with a non-analytic
point of the scattering matrix. The coupling of different
SM eigenfunctions to the same decay channel induces a
mixing among the SM eigenfunction which reflects the
nature of the decay threshold. This continuum-induced
configuration mixing, which consists of the Hermitian
principal-value integral describing virtual continuum ex-
citations and the anti-Hermitian residuum that repre-
sents the irreversible decay out of the internal space Q0,
can radically change the structure of near-threshold SM
states. Unitarity in a multichannel system implies that
the external mixing of SM eigenfunctions changes when-
ever a new channel opens up. Hence, the eigenfunctions
depend on the energy window imposed theoretically, i.e.
on the chosen set of decay channels, and vary with the
increasing total energy of the system, i.e. with the vari-
ation of the environment of scattering states and decay
channels.

The effective Hamiltonian H(E) is Hermitian for en-
ergies below the lowest particle-emission threshold and
non-Hermitian above it. Consequently, the energy-
dependent solutions of H(E) are real for bound states

(E < 0) and complex Ẽi − (1/2)iΓ̃i in the continuum
(E > 0). In general, due to the energy dependence of

Ẽi and Γ̃i, the line shape of the resonance differs from a
BreitWigner shape, even without any interferences and
far from the decay thresholds.

The energy and the width of resonance states are de-
termined by the fixed-point conditions [5]:

Ei = Ẽi(E = Ei)

Γi = Γ̃i(E = Ei). (4)

The solution of these equations sets the energy scale for
states with the quantum numbers J , π of state i. In
practice, to have the same scale for the whole spectrum,
an energy reference is defined by a single representative
state, e.g. the ground state of the nucleus. However,
to compare parameters of a physical resonance (widths,
branching ratios) with experimental data, we solve the
fixed-point equations (4) for each resonance studied at
the experimental energy of this resonance relative to the
elastic-channel threshold.

The SMEC Hamiltonian in this work consists of the
monopole-based SM interaction (referred to as YSOX
[18]) in the full psd model space plus the Wigner-Bartlett
contact interaction [27]:

V12 = V0 [α+ βPσ12] δ〈r1 − r2〉 , (5)

for the coupling between SM states and the decay chan-
nels, where α + β = 1 and Pσ12 is the spin exchange op-
erator. The SM eigenstates have good isospin but the
continuum-coupling term WQ0Q0

(E) in H(E) breaks the
isospin conservation due to different radial wave func-
tions for protons and neutrons, and different proton and
neutron separation energies.

TABLE II. The widths of known 14O resonances calcu-
lated in the SMEC using the modified YSOX interaction
and the Wigner-Bartlett continuum coupling with strength
V0 = −350 MeV·fm3. Fixed-point equations (4) are solved
for each resonance at energy E equal to its experimental en-
ergy relative to the elastic-channel threshold. Comparsions
to experimental width Γexp are made. (For more details, see
the text.)

Jπ E∗
exp Γexp Γth

1−
1 5.164(12) 38(2) 57.5

0−
1 5.71(14) 400(44) 280

0+
2 5.931(10) <12 22

3−
1 6.285(12) 37.7(17) 655

2+
1 6.585(11) <25 0.1

2−
1 6.764(10) 96(5) 964

2+
2 7.768(10) 68(6) 8.39

2+
3 9.755(10) 229(51) 563

The radial single-particle wave functions (in Q0) and
the scattering wave functions (in Q1) are generated by
the Woods-Saxon (WS) potential which includes spin-
orbit and Coulomb parts. The radius and diffuseness of
the WS potential are R0 = 1.27A1/3 fm and a = 0.67 fm,
respectively. The spin-orbit potential is VSO = 6.4 MeV,
and the Coulomb part is calculated for a uniformly
charged sphere with radius R0. The depth of the cen-
tral part for protons is adjusted to reproduce the mea-
sured proton separation energy (Sp=4.627 MeV) for the
p1/2 single-particle state . Similarly, the depth of the po-
tential for neutrons is chosen to reproduce the measured
neutron separation energy (Sn=23.179 MeV) for the p3/2
single-particle state.

The original YSOX interaction fails to reproduce en-
ergies of the low-lying unnatural parity states in 14O.
Spectrum of these states was greatly improved if the
cross-shell T = 1 matrix elements: 〈0p1/21s1/2; Jπ =

0−|V |0p1/21s1/2; Jπ = 0−〉 and 〈0p1/21s1/2; Jπ =

0−|V |0p1/21s1/2; Jπ = 1−〉 were made smaller by 1 MeV
and 2 MeV, respectively. This change implies a modifi-
cation of the T = 1 monopole term MT=1(0p1/21s1/2)
which becomes -1.067 MeV, as compared to +0.683 MeV
in the original YSOX interaction. No change was made in
the T = 0 monopole, MT=0(0p1/21s1/2) = −2.842 MeV.
The continuum-coupling constant of the Wigner-Bartlett
interaction V0 = −350 MeV·fm3 has been chosen to ob-
tain an overall satisfactory reproduction of the spectrum
of proton resonances in 14O. The spin-exchange param-
eter α (β = 1 − α) in the coupling between SM states
and the decay channels [Eq. (5)] has a standard value of
α = 0.73 [5].

The SMEC results are compared with the experi-
mental excitation energies in Fig. 2. In this calcula-
tion, for each Jπ separately, the SM states are mixed
via the coupling to 9 channels, including the elastic
channel [13N(1/2−) ⊗ p(`j)]

Jπ

and 8 inelastic channels

[13N(Kπ) ⊗ p(`j)]
Jπ

which correspond to the excited



12

states of 13N:Kπ = 1/2+1 , 3/2−1 , 5/2+1 , 5/2+2 , 3/2+1 , 7/2+1 ,
5/2−1 , and 3/2+2 . The fixed-point equation in the SMEC
calculation is solved for the ground state 0+1 . With this
choice, the SMEC and experimental ground-state energy
have the same origin of the energy scale. The agreement
between experimental and calculated spectrum is quite
remarkable. The one conspicuous failure of these calcu-
lations is the over prediction of the one-proton emission
widths of the higher-spin unnatural-parity resonances, 3−1
and 2−1 , (see Table II).

The experimental results suggest that the 2+2 resonance
coincides with another resonance of unknown spin and
parity. This resonance doublet decays mainly to the 1/2−

ground state 13N with a small decay branch to the first-
excited state 1/2+. The SMEC predicts that the partner
of the 2+2 resonance could be 0+3 resonance. This as-
signment is also favored by the observed parent velocity
distribution of the doublet (see Secs. IV A 2 and IV B 2).

The dependence of the 2+2 and 0+3 eigenvalues on the
continuum-coupling strength is shown in Fig. 12. Below
V0 ≈ −330 MeV·fm3 these eigenvalues are nearly degen-
erate [panel (a)]. The calculated (total) decay widths
of the 2+2 and 0+3 resonances are changing smoothly
with increasing continuum coupling [panel (b)] and at
V0 = −350 MeV·fm3 are 8.4 keV and 129 keV, re-
spectively. The branching ratios exhibit a weak depen-
dence on the continuum-coupling strength. For V0 =
−350 MeV·fm3, Γ(2+2 → 1/2−)/Γ(tot) = 0.25, whereas
Γ(0+3 → 1/2−)/Γ(tot) = 0.73. Hence, the narrow 2+2 res-
onance is predicted to decay mainly to the first-excited
state 1/2+, while the broader 0+3 resonance decays pre-
dominantly to the ground state of 13N.

The present work confirms the existence of a resonance
at 8.787(13) MeV with a width of Γ = 182(32) keV which
is listed as tentative in the most recent evaluation. This
resonance decays both to the 3/2−1 , 5/2+1 doublet and to
the 1/2+1 resonance (more to the former than the latter),
and while the peak associated with decay to the ground
state was not observed, we place an upper limit of 65%
for this branch (Table I). The SMEC calculations predict
1−2 , 2−2 , and 3+1 resonances in this energy region which
have not been connected to experimental levels. Their
predicted decay widths are 200 keV, 87 keV, and 744
keV, respectively. The predicted ground-state branch for
the 2−2 resonance (81%) largely exceeds the experimen-
tal upper limit. The predicted branching fractions for
the 1−2 resonance to the ground state, 1/2+1 first-excited
state and to the 3/2−1 , 5/2+1 doublet are: 50%, 9% and
41%, respectively. Finally, the 3+1 resonance is predicted
to decay mainly to 1/2+1 first-excited state (89%) and the
remaining fraction goes to the 3/2−1 , 5/2+1 doublet. As
compared to the experiment, this resonance has both in-
verted decay fractions and significantly larger total decay
width. Thus the predicted energy, width and branching
fractions for the 1−2 state are consistent with those for
the 8.787 MeV resonance. As this cannot be said for the
other two candidates, this assignment is made.

A resonance at 11.195(30) MeV, with a width Γ < 220
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FIG. 12. Results for the 2+
2 and 0+

3 levels in the SMEC as
a function of the continuum coupling strength V0. Panel (a)
shows the eigenenergies and panel (b) the widths of SMEC
eigenstates which form a doublet of resonances in the interval
−450 ≤ V0 ≤ −330 MeV·fm3. The dotted vertical line shows
the value of V0 = −350 MeV·fm3 which gives an overall rea-
sonable reproduction of the resonances reported in this work,
see Fig. 2

keV was observed to decay to the 3/2−1 , 5/2+1 pair. No
peak associated with decay to the ground state was ob-
served, however again due to poor efficiency for this de-
cay, we can only constrain this branching ratio to <81%
(see Table I). In the vicinity of this resonance, the SMEC
calculations predict 2+4 , 3−2 , and 3+2 resonances with to-
tal decay width Γ(tot) equal 268 keV, 1700 keV, and 103
keV, respectively. The 2+4 state is predicted to decay
mainly to the 3/2−1 , 5/2+1 doublet with a branching ra-
tio: Γ(2+4 → 1/2−)/Γ(tot) = 0.7. The remaining flux
goes to the 1/2+1 first-excited state. The 3−2 resonance
is predicted to decay to the doublet with a probability
98% (the remaining flux in this decay goes to the ground
state) but its very-large predicted width removes it as
a suitable candidate. Finally, the 3+2 resonance decays
mainly to the first-excited state 1/2+1 with a probabil-
ity 60% and the remaining flux goes to the doublet, i.e.
branching fractions inverted from what is observed. For
the observed resonance at 11.195(30) MeV, 2+4 is the most
suitable assignment (best overall agreement with energy,
decay width, branching ratios), however 3+2 cannot be
excluded because despite its inverted decay fractions, it
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has a suitable decay width. As the present calculations
do not include coupling to the α+10C channel the above
assignment is tentative.

A. Configuration mixing in resonance spectra

Continuum induced mixing of SM eigenstates is strong
if there are avoided crossings of SMEC eigenstates [5, 28].
These crossings can be conveniently studied by calculat-
ing energy trajectories of the double poles of the scatter-
ing matrix, the so-called exceptional points (EPs) [29],
of the effective Hamiltonian with the complex-extended
continuum coupling strength V0. The connection of EPs
to avoided crossings, spectral properties [30, 31], and as-
sociated geometric phases have been discussed in sim-
ple models in considerable detail [32–36]. Their mani-
festation in scattering experiments has been considered
in [28]. Since the effective Hamiltonian is energy depen-
dent, the essential information about configuration mix-
ing is contained in the trajectories of coalescing eigenval-
ues Ei1(E) = Ei2(E), the so-called exceptional threads
(ETs), for a complex value of the continuum coupling
strength V0.

EPs correspond to common roots of the equations:

∂(ν)

∂E
det [H (E;V0)− EI] = 0, ν = 0, 1. (6)

Single-root solutions of Eq. (6) correspond to EPs as-
sociated with either decaying or capturing states. The
maximum number of such roots is: Mmax = 2n(n − 1),
where n is the number of states of given angular momen-
tum J and parity π. The factor 2 in the expression on
Mmax comes from the symmetry of solutions of H(E)
with respect to the transformation V0 → −V0. This
symmetry is broken above the lowest particle-emission
threshold but it rarely happens that the ET change from
a physical value V0 < 0 to an unphysical value for V0.

Below the first particle-emission threshold, half of all
ETs correspond to the poles with the asymptotic of a
decaying state whereas the other half has the capturing
state asymptotic. In the continuum, this symmetry is
broken, and at higher excitation energies, the analytic
continuation of a decaying pole in the coupling constant
may become the capturing pole, or vice versa. It should
be stressed that both decaying and capturing poles in-
fluence the configuration mixing in physical SMEC wave
functions.

It has been shown [1, 2] that ETs exhibit generic fea-
tures that are fairly independent of both the continuum-
coupling strength and the detailed nature of the coupling
matrix elements. This makes ETs particularly suitable
for the investigation of the susceptibility of the eigenfunc-
tions to the features of the coupled multichannel network
in the whole domain of the continuum-coupling strength.

1. 2+ resonances

The upper panel of Fig. 13 shows the spectrum of
four 2+ eigenvalues of the SMEC Hamiltonian plotted
as a function of the (real) continuum coupling constant
V0. For all V0, the fixed-point equation is solved at the
ground-state 0+1 . The 2+1 and 2+2 eigenenergies decrease
monotonically with increasing V0. However the 2+3 and
2+4 eigenvalues have an avoided crossing near V0 ≈ −280
MeV·fm3 corresponding to E∗ ≈ 9.7 MeV.

The evolution of the 2+3 and 2+4 resonance widths as a
function of V0 is shown in the lower panel of Fig. 13. For
lower values of |V0|, one can see a significantly different
dependence of the 2+3 and 2+4 eigenvalues to the contin-
uum coupling. With increasing |V0|, at first the width
of 2+4 resonance is both much larger and grows much
faster than the width of 2+3 resonance until V0 ≈ −250
MeV·fm3. The width of the 2+3 resonance then decreases
and the two widths coincide for V0 ≈ −280 MeV·fm3.
This indicates that the 2+3 and 2+4 eigenvalues are close
to a 2+ EP. For even more negative coupling strengths,
the width of higher energy 2+4 resonance again increases
rapidly overtaking that of the 2+3 resonance at V0 ≈ −425
MeV·fm3.

Figure 14 shows the behavior of partial decay rates
of the 2+3 and 2+4 resonances. For small values of |V0|,
the decay properties of 2+3 and 2+4 eigenvalues are quite
different: the 2+3 resonance decays mainly to the first-
excited state 1/2+1 [panel (b)] whereas 2+4 decays to the
3/2−1 - 5/2+1 doublet [panel (a)]. The decay fractions
remain approximately the same for the two resonances
from the avoided crossing (V0 ≈ −280 MeV·fm3) until
V0 ' −350 MeV·fm3 and then diverge for even larger
|V0|.

Figure 15 displays two exceptional threads (ETs) in
the complex plane Re(V0) - Im(V0) that are both in the
physical region, close to the real axis, and in the energy
region relevant for the mixing of the 2+3 and 2+4 reso-
nances. The ET shown by the thick red curve, which
crosses the real axis at V0 = −262 MeV·fm3, is respon-
sible for the avoided crossing (see Fig. 13). It should
be noted that in this presentation, the ET dynamics is
independent of the reference state chosen for solving the
fixed-point equation (4).

Each point along the ET corresponds to a different
scattering energy E. For energies below the lowest
proton decay threshold (the elastic-channel threshold:
[13N(1/2−1 ) ⊗ p(`j)]

Jπ

) both ETs shown in Fig. 15 are
straight lines with reflection symmetry with respect to
the real axis. This symmetry is broken above the first
decay threshold. Different circles show the points (ener-
gies) at which various one-proton decay channels open.
The filled circle denotes the lowest-energy decay thresh-
old. The open double circle shows the nearly degenerate
second and third decay channels, [13N(3/2−1 ) ⊗ p(`j)]

Jπ

and [13N(5/2+1 )⊗p(`j)]
Jπ

, which open at 8.129 MeV and
8.174 MeV, respectively.

The ET depicted by the thick red curve, which at low
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FIG. 13. The SMEC spectrum of 2+
i eigenstates (i = 1, 2, 3, 4)

in 14O is shown as a function of the (real) continuum coupling
strength V0. Panel (a) presents the eigenenergies and panel
(b) the widths of 2+

3 and 2+
4 SMEC eigenstates, the states that

are involved in the avoided crossing at V0 ≈ −280 MeV·fm3,
see vertical arrows. The dotted vertical line shows the value
of V0 = −350 MeV·fm3 which gives an overall reasonable
reproduction of the resonances reported in this work. For
more details, see the text.

excitation energies corresponds to the succession of dou-
ble poles of the S matrix with the decaying asymptotic
[Im(V0) < 0], crosses the real axis at E∗ ≈ 10.35 MeV
(V0 = −262 MeV·fm3) close to E∗ = 10.991 MeV, where
the [13N(5/2+2 ) ⊗ p(`j)]

Jπ

inelastic channel opens. This
ET dynamics explains the nature of the avoided crossing
at E∗ ≈ 9.7 MeV (see Fig. 13) as due to the proximity
of a Jπ = 2+ EP with significant ` = 0 coupling to the
[13N(5/2+2 )⊗ p(`j)]

Jπ

channel. The loop seen in the ET
dynamics is due to the opening of higher-energy decay
channels.

The ET depicted by the green line corresponds to the
double poles with capturing asymptotics (i.e. above real
axis). This ET evolves smoothly with the excitation en-
ergy and remains a close, but irrelevant, spectator to the
configuration mixing of the 2+3 and 2+4 eigenvalues.

Another representation of 2+ ETs, in the region of
small Im(V0), is shown in Fig. 16. In the plane of ex-
citation energy E∗ and Im(V0) one observes that with
increasing excitation energy (and thus higher density of
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FIG. 14. The branching fractions, as a function of the
continuum-coupling strength V0, for the one-proton decay of
2+
3 and 2+

4 resonances either to (a) the doublet of resonances
3/2−

1 - 5/2+
1 or (b) the first-excited state 1/2+

1 in 13N. The
arrows show the location of the avoided crossing and the dot-
ted vertical line is at V0 = −350 MeV·fm3, the value of the
V0 that gives a satisfactory reproduction of the observed 14O
spectrum.

decay channels), more and more ETs cross the physical
real axis. Close to the crossing points, the influence of
the double-pole singularity on the configuration mixing
of SM eigenvalues increases and hence the movement of
SMEC eigenvalues is strongest. In this high excitation-
energy region, one peculiar ET (shown with the blue
curve) actually crosses the real-V0 axis twice. While this
pattern is quite complex, there is only one ET, depicted
with the thick red curve, that appears at the excitation
energy sufficiently close to the 2+3 and 2+4 eigenvalues to
be relevant for their avoided crossing.

2. 1− resonances

Figure 17 shows the spectrum of three 1− eigenvalues
of the SMEC plotted as a function of the (real) continuum
coupling constant V0. In this case there no avoided cross-
ings. With increasing |V0|, the 1−1 , 1−2 , and 1−3 energies
increase gradually. The total one-proton decay widths
and branching ratios (to different 13N states) also vary
smoothly with V0.
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FIG. 15. Exceptional threads for 2+ eigenstates of SMEC in
14O are shown as a function of the real and imaginary parts
of the continuum coupling strength V0. Negative (positive)
imaginary values of V0 correspond to outgoing, i.e. decaying,
(ingoing, i.e. capturing) asymptotics. Different points on
these ETs correspond to different excitation energies. The
filled circle points to the threshold energy of the lowest decay
channel (the elastic reaction channel). Open circles denote
excitation energies at which subsequent (inelastic) channels
open. The open double circle corresponds to the opening of
two nearly-degenerate decay channels at 8.129 MeV and 8.174
MeV. Arrows indicate the direction of increasing excitation
energy along each ET.
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FIG. 16. Exceptional threads for 2+ eigenstates are dis-
played in the Im(V0) - E plane. The thick red curve is the
exceptional thread responsible for the avoided crossing.

This weak configuration mixing among 1− states finds
an explanation in the pattern of the most relevant ETs
in the Re(V0) - Im(V0) plane (see Figure 18). To
follow their evolution, it is necessary to consider both
Re(V0) < 0 and Re(V0) > 0 half-planes. Below the
first decay threshold, the ET corresponding to the poles
having a decaying asymptotic is shown as the piece of
the short red curve below the filled circle, with the filled
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FIG. 17. SMEC spectrum of 1− eigenstates in 14O is shown as
a function of the continuum coupling strength V0. For more
details see the caption of Fig. 13 and the discussion in text.
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FIG. 18. Exceptional threads for 1− eigenstates of SMEC in
14O are shown as a function of the real and imaginary parts
of the continuum coupling strength V0. The circles on each
curve denote where the excitation energies corresponding to
the thresholds for the elastic (solid) and inelastic (open) chan-
nels are located. Arrows indicate the direction of increasing
excitation energy along each ET.

circle representing its value at threshold. Its symmetric
counterpart forRe(V0) > 0, having the capturing asymp-
totics, is given by the blue curve above its filled circle.
These two sets of double poles change rather weakly with
increasing excitation energy, showing a turning near the
threshold of the first inelastic channel. These poles are
deep inside of the complex plane and hence cannot influ-
ence the configuration mixing of 1− eigenstates.

The double-poles which have capturing asymptotics
above the first particle threshold are shown by the small
piece of the long green curve above its filled circle at
Re(V0) < 0. Its symmetry partner is given by the small
piece of the long magenta curve below its filled circle at
Re(V0) > 0. Their evolution with excitation energy is
rapid and just above the first decay threshold (filled cir-
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FIG. 19. The SMEC spectrum of 0+ eigenstates in 14O is
shown as a function of the continuum coupling strength V0.
For more details see the caption of Fig. 13 and the discussion
in text.

cles), the ET with the capturing asymptotic (green curve)
crosses theRe(V0) = 0 axis and moves into the right half-
plane [Re(V0) > 0] without changing its asymptotics. Its
symmetry partner (magenta curve) makes a move in the
opposite direction, entering the half-plane Re(V0) < 0.
This evolution happens deep in the complex plane for
0.5 < |Im(V0)| < 1.1 GeV·fm3. Above the channel
doublet: [13N(3/2−1 ) ⊗ p(`j)]

Jπ

, [13N(5/2+1 ) ⊗ p(`j)]
Jπ

,
both ETs make a rapid turn passing through the real
axis [Im(V0) = 0] and change their asymptotics. These
crossings appear well above a physical range of the con-
tinuum coupling constants (Re(V0) ≈ 1.5 GeV·fm3) and
thus have no influence on the spectra. After opening of
all decay channels both of these ETs (depicted by the
green and magenta lines) return to their original quad-
rant of the Re(V0) - Im(V0) plane.

3. 0+ resonances

Figure 19 shows the spectrum of three 0+ eigenvalues
as a function of the V0. The consequence of the fixed-
point equations being solved for the ground state (for
each V0) is that the eigenenergy of the 0+1 state does not
change with V0. We find that the 0+3 stays approximately
constant through the relevant V0 range. This means that
correlation energy that results from the coupling to the
continuum is the same for 0+1 (the ground state) and 0+3 .
The same cannot be said of 0+2 . This state drifts up with
increasing |V0|, relative to the others, as the (negative)
correlation energy is less. For very large |V0|, an avoiding
crossing (and thus mixing) of the 0+2 and 0+3 eigenvalues
is approached. This crossing (at V0 ≈ −450 MeV·fm3)
corresponds to E∗ ≈ 7 MeV.

Figure 20 displays the two relevant ETs for this avoided
crossing. In this case the ETs are both close to the real
axis and have both decaying and capturing asymptotics.
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FIG. 20. Exceptional threads for 0+ eigenstates of the SMEC
in 14O are shown as a function of the real and imaginary parts
of the continuum coupling strength V0. The circles on each
curve denote where the excitation energies corresponding to
the thresholds for the elastic (solid) and inelastic (open) chan-
nels are located. Arrows indicate the direction of increasing
excitation energy along each ET.

The dynamics of these ETs is caused by the ` = 0 cou-
pling to the decay channel [13N(1/2+1 ) ⊗ p(`j)]

Jπ

which
opens at 6.991 MeV.

The ET shown in red, crosses the real axis at V0 ≈
−288.4 MeV·fm3 as a result of opening of higher lying
channels: [13N(Kπ) ⊗ p(`j)]

Jπ

with Kπ =5/2+2 , 3/2+1 ,
7/2+1 , 5/2−1 , and 3/2+2 . The excitation energy associated
with the value of V0 when this ET passes through the
physical region near the real axis is very high (E∗ = 12.65
MeV), well above where these states actually exist. Thus,
as in the case of the 1− states, strong mixing due to the
proton continuum is not expected for the 0+ states. Nev-
ertheless, in the relevant range of the continuum coupling
strength, the 0+1 and 0+3 resonances drift down fastest rel-
ative to other resonances. In particular, the eigenstate
0+3 gains ≈ 1.5 MeV in correlation energy with respect
to 0+2 state at V0 = −350 MeV·fm3.

VI. DISCUSSION

The role of the continuum is important for the 14O
states investigated. Specifically, the exceptional points
strongly influence the spectrum and structure of low-
energy resonances. Fortunately the continuum coupling
acts differently on each of the {Jπ} resonance sets and,
within a given set, acts selectively on certain states de-
pending on the location of branch points (i.e. decay
thresholds) and double poles of the scattering matrix.
The latter do not vary in a systematic way from one
nucleus to another. From one point of view this poses
a tremendous challenge for the microscopic nuclear the-
ory vis-a-vis the microscopic determination of effective
nucleon-nucleon interaction. From another point of view,
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with data that are sufficiently discriminatory, the contin-
uum coupling constant can be fixed (for a given nucleus).
The case studied here 14O seems to just such a case.

Figure 2 presents the experimental and the SMEC re-
sults side by side. A search through V0 for a doublet
partner for 2+2 , finds that only the third 0+ state is a
serious candidate. One of the two states in the doublet
must have a branching ratio to the 1/2+ 13N excited state
of greater than 2.5% to produce the observed yield in the
2p+12C channel.

At the implied coupling strength (which gives 2+2 and
0+3 degeneracy), the 2+3 level coincides with the ob-
served peak at 9.755(10) MeV. Its branching ratio to
the negative-parity 13N ground state is at most 17%.
The SMEC prediction for this branch is 1%. Most of
the remaining decay strength is to the 3/2−, 5/2+ dou-
blet, with decays to the 1/2+ level accounting for only
6.3(9)%. The SMEC prediction for this branch is ≈ 20%.
The 2+ → 5/2+ decay path produces a cos4(θpp) term in
the θpp distribution as observed in the data.

The observed structure at 8.787(13) MeV must be 1−

as the other unmatched resonances in this energy region:
2−2 and 3+1 , exhibit decay patterns which disagree with
the experimental findings. Several spin-parity possibili-
ties exist for the highest-excitation-energy peak observed
in the present work [11.195(30) MeV] with the best can-
didate being the 2+4 level, but as it is above the alpha
threshold (for which the continuum coupling is not con-
sidered in this work) there is some uncertainty.

This work does not undertake a study of the mirror
of 14O, i.e. 14C. The nucleon and alpha thresholds are
shifted up (in going to 14C) by ≈ 3.54 MeV and ≈ 1.89
MeV, making the continuum coupling problem wholly
different. However the present work does highlight one
very interesting issue in the mirror comparison. The posi-
tion of 0+2 is ≈ 0.68 MeV higher in 14C than in 14O while
0+3 (with our assignment in 14O) is shifted up ≈ 2.0 MeV.
Not having done the calculations for 14C, and not having
the capability to include coupling to the α channel, we
cannot provide an answer for these significant and largely
different shifts. However this subject cannot be dropped
without making some comments.

There are two mechanisms contributing to these rel-
ative shifts. The first mechanism is the well known
Thomas-Ehrmann effect which is related to the differ-
ence of Coulomb energies in mirror states and hence, is
of a geometrical nature. Its relevance is primarily limited
to states with significant s-orbit contribution as these
can expand when a relevant decay threshold is passed in
one of the mirror partners. The second mechanism re-
sults from the coupling of SM states to decay channels.
This continuum coupling may provide both strong en-
ergy shifts and collective modifications of the involved
wave functions depending on the nature of the matrix el-
ements and a distance from the decay threshold. In our
study of 14O, the continuum coupling prevails for the 0+

states. Indeed the coupling to continuum in 14O shifts
down 0+3 relative to 0+2 by ≈ 1.5 MeV at V0 = −350

MeV·fm3. On the other hand, the contribution of the s2

configurations are < 1%, ≈ 59%, ≈ 10% for the 0+1 , 0+2 ,
and 0+3 states, respectively. Therefore without an addi-
tional source of mixing, the strong mirror shift between
the 0+3 states of 14C and 14O cannot be induced by the
standard Thomas-Ehrmann effect.

VII. CONCLUSIONS

The A = 14 isobaric chain contains many fascinat-
ing issues. One of these is the perturbation of the 14O
shell-model spectrum by open decay channels. Only the
ground state is particle bound and proton decay to the
first four states of 13N are the only open channels un-
til the α+10C channel opens at 10.12 MeV. This work
is a first attempt to study this nuclide, in this excitation
widow, with insight gained from invariant-mass measure-
ments combined with the SMEC, a continuum-cognizant
shell model. Experimentally, 14O excited states are pro-
duced from knockout reactions with a fast 15O beam.
The decay produced from 1p and 2p decay are detected
with the HiRA array and used to construct invariant
mass-distributions. From the momentum correlations
observed in the 2p decays, sequential decay pathways
through a number of possible 13N intermediate states can
be inferred and branching ratios extracted. The model
study, in and of itself, indicated that exceptional points
lurk in the Hilbert space, making this type of project
challenging.

This experimental information on energies, widths and
branching ratios when compared to the same information
from the calculations, provides discrimination between
the possible spin and parities. We found that the previ-
ously known 2+2 state forms a doublet with a previously
unknown state. If the strength of the coupling of shell-
model states to the continuum is varied, one finds that
the only possible partner is the 0+3 level. Also the assign-
ment of 2+3 becomes clear leaving the only observed state
between the second and third 2+ states to have a 1− as-
signment. Thus all observed levels between the proton
and alpha thresholds are assigned.

The decay of the 2+3 excited state demonstrates an
interesting example of interference in sequential 2p de-
cay. The sequential decay paths for this state are largely
through a pair of degenerate states in 13N of opposite
parity (3/2− and 5/2+). The interference between these
two decays paths results in a p-p relative angle (θpp) dis-
tribution which is no longer symmetric about θpp=90◦,
the expectation for most sequential 2p decays.

Finally, our assignment of the 0+3 state in 14O moti-
vates a detailed comparison between 14O and its mirror
14C with models that can include coupling to all relevant
open channels.
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