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We present a framework of semiclassical superconductivity (SC) dynamics that properly includes
e�ects of spatial 
uctuations for the attractive Hubbard model. We consider both coherent and adi-
abatic limits. To model the coherent SC dynamics, we develop a real-space von Neumann equation
based on the time-dependent Hartree-Fock-Bogoliubov theory. Applying our method to interaction
quenches in the negative-U Hubbard model, we show that the relaxation of SC order at weak cou-
pling is dominated by Landau-damping. At strong coupling, we �nd a two-stage relaxation of the
pairing �eld: a collapse of the synchronized oscillation of Cooper pairs due to spatial inhomogeneity,
followed by a slow relaxation to a quasi-stationary state. SC dynamics in adiabatic limit is described
by a quantum Landau-Lifshitz equation with Ginzburg-Landau relaxation. Numerical simulations
of the pump-probe process show that long time recovery of the pairing �eld is dominated by defects
dynamics. Our results demonstrate the important role of spatial 
uctuations in both limits.

The nonequilibrium dynamics of superconductiv-
ity (SC) subject to an external stimulation has been in-
tensively studied for some time [1{8]. This interest has
recently been renewed by remarkable pump-probe exper-
iments reporting the observation of the collective ampli-
tude mode [9, 10]. Prior work largely studies two physi-
cal limits determined by the relation between the quasi-
particle relaxation time �� and the relaxation time ��
of SC order parameter. The SC dynamics in the colli-
sionless limit, �� � ��, can be described using a time-
dependent self-consistent �eld approach. An interesting
phenomenon in this regime is the collective Rabi oscilla-
tions of the order parameter [3, 4]. In the opposite, adi-
abatic limit, �� � ��, the dynamics of the pairing �eld
is usually described by time-dependent Ginzburg-Landau
(TDGL) equation [11, 12]. TDGL has recently been em-
ployed to simulate the out-of-equilibrium dynamics of su-
perconductors in pump-probe experiments [13, 14].

Numerical simulations based on TDGL also pro-
vide useful insights on the dynamical inhomogeneity
of nonequilibrium superconductivity [15, 16], for ex-
ample, the formation of topological defects by rapid
thermal quenches as described in the Kibble-Zurek sce-
nario [17, 18]. However, contrary to numerous large-scale
TDGL simulation studies, e�ects of spatial 
uctuations
in the collisionless limit are rarely addressed in most nu-
merical studies, even though earlier calculations [19, 20]
have demonstrated dramatic e�ects of spatial inhomo-
geneity in out-of-equilibrium superconductivity.

In this paper, we present a theoretical framework for
SC dynamics that properly includes the e�ects of spatial

uctuations in both the collisionless and adiabatic limits.
To model the collisionless (coherent) limit, we develop
a real-space formulation of the time-dependent Hartree-
Fock-Bogoliubov (TDHFB) theory, which is particularly
suitable for the negative-U Hubbard model. Numerical
solution shows two distinct dynamical regimes for the
evolution of the pairing �eld. In particular, we demon-
strate an inhomogeneity-induced collapsing of the syn-
chronized oscillation of the SC order parameter at large

coupling. To model the adiabatic limit, we use a real-
space Anderson pseudo-spin representation [21] and show
that the SC dynamics is described by a quantum Landau-
Lifshitz equation with Ginzburg-Laudau relaxation.

We consider the Hubbard model with an attractive on-
site interaction on the square lattice [22{25]:

H = �
X

ij;�

tij cyi;�cj;� + U
X

i

ni;"ni;# �
X

i

�ni; (1)

Here cyi;� is the creation operator of fermions with spin
� ="; # at site-i, ni;� = cyi;�ci;� is the fermion number op-
erator, and ni = ni;"+ni;#. We assume on-site attraction,
U < 0. A nonzero chemical potential � tunes the fermion
density away from half-�lling. The negative-U Hubbard
model provides a simple platform for investigating the
crossover between the BCS and the Bose-Einstein con-
densation (BEC) regimes of fermionic super
uid. The
model is known to have an enhanced O(3) symmetry at
half-�lling (� = 0), corresponding to the co-existence of
SC and charge density wave (CDW) orders. Away from
� = 0, this degeneracy is lifted and the SC state is ener-
getically more favorable [23, 24].

To model the coherent SC dynamics, we develop a real-
space equation of motion approach based on the TD-
HFB theory, which is equivalent to the time-dependent
Bogoliubov-de Gennes equations [26]. By introducing a
pairing �eld �i and on-site density �i, we perform the
Hubbard-Stratonovich transformation to obtain the fol-
lowing BdG Hamiltonian:

HBdG = �
X

ij;�

tijcyi;�cj;� + U
X

i

(�icyi;"c
y
i;# + h.c.)

+
X

i

(U�i � �)ni + U
X

i

(j�ij2 + �2
i ): (2)

Self-consistency requires that �i = hci;"ci;#i and �i =
hcyi;�ci;�i for both spins � ="; #, where the average h� � � i
is computed using the BdG Hamiltonian in Eq. (2). This
auxiliary �eld Hamiltonian without the self-consistency
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constraint is usually the starting point of determinant
quantum Monte Carlo (DQMC) method, which can be
applied to the negative-U Hubbard model thanks to ab-
sence of the sign-problem [23{25]. Equation (2) is also
the basis of classical Monte Carlo method assuming static
auxiliary �elds [27{30]. Although this method neglects
quantum 
uctuations in imaginary time, it does take into
account thermal and spatial 
uctuations of the order-
parameter �eld, which are not included in a conventional
mean-�eld treatment. Indeed, results obtained from the
static auxiliary-�eld Monte Carlo agree remarkably well
with that of DQMC simulations [29, 30].

The dynamics of the pairing �eld in the TDHFB
theory is given by the Heisenberg equation of motion,
d�i=dt = (i=~)h[HBdG; ci;"ci;#]i. In fact, the on-site den-
sity and the SC order are essentially the diagonal ele-
ments of the normal and anomalous density matrices,
respectively. Namely, �ij � hcyj;"ci;"i = hcyj;#ci;#i and
�ij � hcj;"ci;#i for a non-magnetic super
uid, which is
our primary interest. A description of the SC dynamics
requires the time evolution of both �ij and �ij , which
is governed by the generalized von Neumann equation,
dD=dt = (HBdGD � DHyBdG)=i~, where D is a general-
ized single-particle density matrix that includes normal
as well as anomalous components. Explicitly,

i~
d�ij
dt

=
X

k

(tik�kj � �iktkj) + U(�i � �j)�ij

+U
�
�i��ij ��ij��j

�
; (3)

i~
d�ij

dt
=
X

k

(tik�kj + �iktkj) + [U(�i + �j)� 2�]�ij

+U�ij�i � U(�ij�j + �ji�i): (4)

Similar equations have been used to model the super
uid
dynamics of cold atoms [31, 32] using time-dependent
density-functional theory [33].

The above TDHFB can be further simpli�ed if we ig-
nore the spatial 
uctuations of SC and CDW order pa-
rameters; we shall refer to this approximation as the
time-dependent mean-�eld (TDMF) method. The as-
sumption of translation invariance allows for direct so-
lution of Eqs. (3) and (4) in the Fourier representation.
Furthermore, the number of dynamical variables reduces
from O(N2) to O(N), where N is the number of lattice
sites. This TDMF method becomes exact in the special
case of a BCS superconductor [3{6], and has been widely
employed to study quenched superconductors [34{36], in-
cluding the negative-U Hubbard model [37, 38].

Here we apply the real-space TDHFB formulation
to simulate quenches of the interaction strength in the
negative-U Hubbard model at zero temperature. We con-
sider a time-dependent on-site attraction, U(t) = �Ui
for t < 0, which suddenly increases in magnitude, U(t) =
�Uf for t � 0. A chemical potential � = 0:05 tnn is used
to stabilize a small SC order in the initial state. We have
also included a tiny random on-site potential of order
�i � 10�7tnn. This small initial perturbation is intro-
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FIG. 1. (Color online) (a) The time dependence of the spa-
tially averaged SC order parameter � for varying �nal Uf .
The initial strength of the on-site attraction is jU j = Ui =
1:2tnn and W = 8tnn is the bandwidth. (b) The quasi-
stationary value of �� vs Uf , the dashed line shows the equi-
librium SC order when jU j = Uf . Panels (c) and (d) shows
the SC and CDW order versus time at short time scales for
Uf=W = 0:36 and 1.78, respectively.

duced to examine whether the out-of-equilibrium states
are stable against inhomogeneities. The time dependence
of the SC and CDW order parameters shown in Fig. 1(a)
exhibits two distinct dynamical behaviors depending on
the strength of the �nal Uf . The quasi-stationary value
�� at large t is plotted in Fig. 1(b) as a function of Uf ;
also shown for comparison is the equilibrium � at the
corresponding U = �Uf . The crossover from the weak
to strong coupling regimes roughly corresponds to the
maximum of ��. We discuss the characteristic features
of the two dynamical regimes below.

For small Uf , such as the case shown in Fig. 1(c), the
pairing order parameter � oscillates with a frequency
that is proportional to Uf and exhibits collisionless de-
phasing. The dephased oscillation mainly results from
the energy exchange between the collective mode, i.e. the
SC order parameter � =

P
k �k=N , and the individual

Cooper pairs �k = h~ck;"~c�k;#i in momentum space, as
described in the Landau-damping mechanism. Moreover,
we �nd that the pairing �eld �(r) in this weak-coupling
regime shows weak inhomogeneity, which is dominated
by long-wavelength 
uctuations. The scenario described
here is similar to that of interaction quenches of BCS
superconductors [3{6]. This is also consistent with the
fact that the SC order in the weak-coupling regime of
the negative-U Hubbard model is better described by a
BCS-type model with a large coherence length. At longer
time scales, the CDW order �(�;�) emerges as the pairing
order parameter settles to its quasi-stationary value.
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FIG. 2. (Color online) Snapshots of pairing �eld for quench
from Ui = 0:15W to Uf = 1:78W . The arrow denotes the
complex SC order parameter, i.e. (Re�i; Im�i), while the
gradient color indicates the absolute value of on-site charge
density j�i;ij. The simulations are done on a 48� 48 lattice.

As Uf increases, the pairing order parameter initially
exhibits an oscillation of relatively constant amplitude as
demonstrated in Fig. 1(d). The spatial distribution of �i
is rather uniform during this initial stage; see Fig. 2(a).
This coherent oscillation in the short timescales resem-
bles the phase-locked regime discussed in the quantum
quench of BCS superconductors [3{6]. Importantly, we
�nd that the synchronized oscillation of Cooper pairs is
unstable against disorder: any small initial inhomogene-
ity is ampli�ed after the interaction quench, giving rise
to collapse of the synchronized oscillation as shown in
Fig. 1(d). Furthermore, the collapse of the initial coher-
ent oscillation is accompanied by the emergence of highly
inhomogeneous SC and CDW �elds; see Figs. 2(b){(d).

The emergence of spatially inhomogeneous SC �eld
most likely results from the parametric instability as
�rst pointed out by Dzero et al. in Ref. [19]. It is
worth noting that parametric instability and similar tur-
bulence phenomena have been discussed in the dynam-
ics of other nonlinear systems [39{42]. In this so-called
Cooper pair turbulence scenario [19], spatial modula-
tions develop through parametric excitations of pairing
modes ��k with opposite momenta. The initial expo-
nential growth of these modes is suppressed by higher-
order scattering processes, giving rise to a state which can
be viewed as a random superposition of wave packets of
the pairing order parameter. Importantly, this instabil-
ity takes place when the SC coherence length is smaller
than the system size [19]. This indeed corresponds to
the strong coupling case of negative-U Hubbard model,
where the SC state is better described by a BEC of pre-
formed fermion pairs �i = hci;"ci;#i of relatively small

coherence length. Finally, we note that while the overall
picture seems consistent with the Cooper-pair turbulence
picture, further numerical investigations, such as the mo-
mentum distribution of the pairing modes, are required
in order to fully characterize this scenario.

Now we turn to the adiabatic limit, �� � ��, of the
TDHFB and show that the pairing order parameter fol-
lows a novel Ginzburg-Landau-Lifshitz dynamics. We
�rst employ the well known canonical transformation
ci;" ! ~ci;" and ci;# ! eiQ�ri ~cyi;#, to map Hamiltonian (1)
to a positive-U Hubbard model at half-�lling in a uni-
form magnetic �eld Hz = 2� [23, 24]. Here Q = (�; �)
and the phase factor eiQ�ri = �1 describes a checker-
board pattern on the square lattice. In the transformed
representation, the order parameters can be conveniently
grouped into a pseudo-spin Ti with components:

T xi + iT yi = �i eiQ�ri ; T zi = (�i � 1)=2: (5)

This essentially maps the combined SC/CDW order into
a spin-density wave (SDW) order in a repulsive Hubbard
model. The vector Ti is the real-space version of the
pseudo-spin introduced by Anderson for the dynamics
of BCS superconductors [21]. In the large U limit, the
BdG Hamiltonian reduces to the Heisenberg exchange
interaction, and the pseudo-spins satisfy the LL dynamics
in real space: dTi=dt = J

P
j Tj �Ti � �ẑ�Ti [43].

Generalization of the semiclassical SDW dynamics to
the intermediate U regime has been recently developed
in Ref. [44]. Here we brie
y outline the formulation in
our context. The time evolution of the pseudo-spin Ti is
governed by the conservation of pseudo angular momen-
tum:

dTi

dt
= �

i
2

X
j
tij��� (~�i�;j� � ~�j�;i�) ; (6)

where ~�i�;j� � h~cyj�~ci�i are the reduced density ma-
trix elements for the transformed ~c fermions, and are
related to �ij and �ij in the original representation.
The dynamics of the density matrix ~� is again gov-
erned by von Neumann equation d~�=dt = i[~�; ~HBdG],
which is equivalent to Eqs. (3) and (4). Here ~HBdG
is the single-particle transformed Hamiltonian; symboli-
cally, ~HBdG =

P
~cy ~HBdG ~c .

In the adiabatic limit, electrons are assumed to quickly
relax to the equilibrium state of the instantaneous HBdG.
Consequently, we approximate the density matrix on the
right-hand side of Eq. (6) by ~�(0) that describes the
equilibrium electron liquid of the instantaneous Hamil-
tonian, i.e. [~�(0); ~HBdG] = 0. Substituting ~�(0) in Eq. (6)
leads to our quantum Landau-Lifshitz dynamics (QLLD)
method [44]. We include a Ginzburg-Landau type damp-
ing and stochastic driving force to obtain

dTi

dt
= �Ti �

@h ~HBdGi
@Ti

� 
�
@h ~HBdGi
@T�

i
+ �i(t); (7)

where h ~HBdGi = Tr(~�(0) ~HBdG), � = x; y; z denotes
the components of pseudo-spin, 
x = 
y and 
z are
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FIG. 3. (Color online) (a) Time dependence of the e�ective
electron temperature Te, electron energy gap "gap, and SC
order parameter �. The dashed line indicates the temporal
pro�le of a pump pulse. "0 is the gap at t = 0. (b) Vortex
density nv as a function of time; the inset shows the same
dependence in log-log scale. (c) Electron density of states,
and (d) probability distribution of pairing amplitude j�j at
varying simulation times. The simulated lattice has N =
120� 120 sites.

the damping constants of SC and CDW order param-
eters, respectively, and �i(t) is a �-correlated 
uctu-
ating force satisfying h�i(t)i = 0 and h��i (t)��i (t0)i =
2
�kBT�ij����(t � t0). Note that QLLD requires solu-
tion of the equilibrium density matrix ~�(0) at every time-
step, in analogy to Born-Oppenheimer quantum molecu-
lar dynamics [45]. Rather than direct diagonalization of
~HBdG, we use the kernel polynomial method [46, 47] with

gradient-based probing [48, 49] to estimate ~�(0), and thus
e�ective forces, at a cost that scales linearly with system
size.

We next apply the QLLD to investigate the ultrafast
relaxation of SC order subject to a short laser pulse.
For simplicity, we assume that the e�ect of the pump
pulse is to inject energy to the electrons, which quickly
equilibrate to a state characterized by temperature Te.
This is consistent with our adiabatic approximation for
the SC dynamics. The time dependence of the e�ec-
tive electron temperature is governed by the rate equa-
tion CdTe=dt = �G(Te � TL) + Q(t) [50], where C is
the heat-capacity of the electron liquid, G is the cou-
pling to the lattice, TL is the lattice temperature, and
Q(t) / exp[�(t � tp)2=w2] is the heat source due to the
pump pulse. We further assume that TL � 0 through-
out the relaxation process. The resultant Te(t), shown in
Fig. 3(a), then controls the magnitude of the stochastic
noise �(t) in our QLLD simulations of Eq. (7). We use
the parameters, U = �3, damping 
 = 0:1, G=C = 0:02,
tp = 15, and w = 5, in units of the NN hopping tnn.

Fig. 3(a) shows the time dependence of the magnitude

(a) (b)

(c) (d)

t = 20 t = 40

t = 140 t = 360

0

+1

! 1

FIG. 4. (Color online) The phase �eld �(r) of the SC pair-
ing �eld � = j�jei� at varying simulation times. The color
gradient shows the value of sin �(r).

of the pairing parameter j�j and the electron energy gap
"gap obtained from simulations. The energy gap is esti-
mated from the instantaneous electron density of states
�("), shown in Fig. 3(c) for a few representative simu-
lation times. Interestingly, while both quantities exhibit
signi�cant drop after the pulse excitation, it seems a very
long timescale is required for their recovery even when
temperature returns to almost zero. This rather slow dy-
namics can be attributed to long-lived topological vortex
defects of the phase �eld �(r), as demonstrated in Fig. 4.
Here �(r) is the phase angle of the SC order parameter,
i.e. � = j�jei�. The time dependence of the vortex
density nv, shown in Fig. 3(b), displays a long tail af-
ter the pulse excitation. It is known that phase-ordering
of a system when quenched into a symmetry-breaking
phase is dominated by defect dynamics [51]. For the XY
model, mean-�eld analysis within the TDGL framework
suggests that pair annihilation of defects follows a t��
power-law [52], with exponent � = 1 in 2D. Careful nu-
merical analyses have found logarithmic corrections to
this power-law scaling [53, 54]. Our preliminary analy-
sis of the SC dynamics suggests a power-law tail with
nv � t�0:97, which is consistent with known results.

To summarize, we have demonstrated the importance
of spatial 
uctuations in the nonequilibrium dynamics
of superconductivity, especially for pairing �eld with
short coherence lengths. For dissipationless SC dynam-
ics, we have developed a real-space von Neumann dynam-
ics method within the TDHFB framework. Applying our
method to interaction quenches of the negative-U Hub-
bard model, we have shown that the quench-induced syn-
chronized oscillation of Cooper pairs is unstable against
inhomogeneity. Our large-scale simulations seem to con-
�rm the intriguing Cooper pair turbulence scenario that
results from the parametric instability of an oscillating
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pairing �eld in the large-U regime. Finally, we have
shown that the SC pairing �eld obeys a Landau-Lifshitz
dynamics in the adiabatic limit. By retaining the elec-
tron degrees of freedom, large-scale QLLD simulations
provide a unique capability to investigate the intriguing
interplay of topological defects of the pairing �eld and
the underlying quasiparticles.
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