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Advances in nanofabrication, coupled with new real-space 
characterization techniques, have allowed for the design and 
realization of frustrated magnetic arrays of single-domain 

nanomagnets1–3. These arrays, collectively known as artificial spin 
ice, have allowed the direct interrogation of magnetic frustration, the 
study of emergent topological excitations such as magnetic mono-
poles4–6, and the realization of exotic states inspired by statistical 
physics lattice models7–9. These systems also have significant tech-
nological potential, from the local writing of user-selected moment 
configurations10, to realizations of reconfigurable, high-frequency 
waveguides11 or reconfigurable magnonic band structures12–17, and 
even as platforms for neuromorphic computing18 or possibly for 
computer vision applications19. Much of the scientific and techno-
logical potential is based on the ability to deliberately design these 
systems, leading to tunable phase-transitions and criticality effects, 
underscoring the importance of fabricating artificial spin systems 
that realize different and even dedicated lattice 


















models7–9.

Artificial spin-ice systems have thus far focused on the mag-
netic degree of freedom of the individual nanomagnets that can be 
identified with Ising spins, with one study also realizing an artificial 
XY spin model20. Here, we present a magnetic realization based on 
non-binary, composite degrees of freedom corresponding to Potts 
rather than Ising variables. In our nanomagnet structure, the Potts 
variables correspond to quadrupolar configurations of the pairs of 
single-domain nanomagnets, and we therefore refer to it as a ‘quad-
rupole lattice’. We show that the quadrupoles can thermalize into 
two, non-trivial, long-range ordered phases that are classical ana-
logues to ferroquadrupolar (FQ) and antiferroquadrupolar (AFQ) 
order observed in some quantum spin systems21. Furthermore, 
we observe a field-induced, effective first-order phase transition 
between these two moment configurations that can be described by 
a Hamiltonian reminiscent of the Blume–Emery–Griffiths gener-
alized Potts model22,23, initially introduced to study the first-order 

Q1 Q2

Q3 Q4 Q5

nature of the superfluid transition in 4He with 3He impurities. We 
note that the representation of an artificial spin system with Potts-
like objects has been accomplished in colloidal systems24,25, and that 
it is even possible for a conventional artificial spin-ice system, obey-
ing ice rules at each vertex, to be represented by a Potts model22. 
Our composite spin system represents a completely different path to 
realizing the Potts model. The composite spins, when coupled to an 
external field, can access certain Potts states, which then enable the 
exotic field-induced phase behaviour we observe. By realizing an 
artificial Potts system based on a composite magnetic structure, we 
open the door to exploring a host of novel model statistical mechan-
ical systems.

Figure  1a shows a scanning electron microscope image of our 
quadrupole lattice geometry, consisting of alternating vertical and 
horizontal parallel nanoisland pairs in a checkerboard pattern; we 
will refer to each pair of nearest-neighbouring horizontal or verti-
cal islands as a ‘plaquette’. We define the space between plaquettes 
as s, and the spacing between islands within a plaquette as d. Our 
samples were made of thin films of permalloy, with thickness of 
15 nm or 20 nm, so that the individual islands all consisted of single-
domain ferromagnets. For all samples studied, the length and width 
of the islands was fixed to be 310 nm and 130 nm, respectively. We 
studied one set of samples with s =​ 60 nm and d of either 60 nm 
or 80 nm. We also studied another set of samples with fixed d of 
60 nm and variable s spacing in the range 60–200 nm. The primary  
results we report are from fixed s samples with film thickness of 
15 nm, and variable s samples with thickness of 20 nm. For all quad-
rupole lattices studied in this work, the pattern extended over a 
30 ×​ 30 μ​m2 area.

The energetics of this system are best understood in terms of 
the multiple states of the plaquettes, rather than those of the indi-
vidual moments. The checkerboard of vertically oriented and hori-
zontally oriented plaquettes can be considered as two interlaced 
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equivalent sublattices. As shown in Fig. 1b, different moment con-
figurations within each plaquette can be grouped by whether the 
moments are parallel or antiparallel. These can be labelled by the 
new degrees of freedom ψ and ϕ corresponding to vertically and 
horizontally oriented plaquettes. We define ψ σ σ= − ∕( ) 2i i i

(1) (2)  and 
ϕ σ σ= − ∕( ) 2j j j

(1) (2) , where indices i or j refer to a specific vertical or 
horizontal plaquette, and 1 and 2 refer to the left and right (top and 
bottom) moment (σ) within a plaquette.

These composite degrees of freedom correspond to three-valued 
Potts variables22 of values +​1, 0, −​1, where the ±​1 values have a 
finite quadrupole moment and there is an effectively zero quad-
rupole moment for the zero valued states. We note that the three 
Potts states are not energetically degenerate in zero applied field: 
the dipolar interaction, within a plaquette favours the configura-
tions of ±​1. Consequently, we can assign a ‘chemical’ potential 
internal to every plaquette, for example U =​ −​ε|ϕ| (with ε >​ 0) such 
that polarized ϕ =​ ψ =​ 0 states have a higher 


energy. Moreover, the 

±​1 configurations are also favoured by inter-plaquette interactions, 
and, importantly, the Potts variables can be used to express these 
relevant interactions in simple, intuitive terms. Nearest-neighbour 
quadrupoles (states of ±​1), one of which is in the vertical sublattice 
and the other in the horizontal sublattice, minimize their interac-
tion energy when they are in the same +​1 or −​1 state, as illustrated 
in Fig. 1c. By contrast, next-nearest-neighbour quadrupoles, which 
are in the same vertical or horizontal sublattice, have a minimized 
energy when a +​1 state is adjacent to a −​1 next-nearest neighbour 
(and vice versa), as illustrated in Fig. 1d for horizontal plaquettes. 
This competition leads to frustrated interactions between the Potts 
variables.

Although the polarized states ϕ =​ ψ =​ 0 have a higher chemical 
potential, they will be thermally excited at sufficiently high tem-

Q7

peratures, and the finite dipolar moment of such states are favoured 
in the presence of a magnetic 


field. A quasi-degeneracy of the three 

Potts states is then realized when the energy scale of Zeeman cou-
pling is of the order of ε.


 We can then summarize the above discus-

sions in the following effective Potts Hamiltonian:

H ∑ ∑ ∑ ∑ψϕ ψψ ϕϕ ε ψ=
−

+ + + − ∣ ∣
′ ′⟨ ⟩ ⟨ ′⟩ ⟨ ′⟩

J J J
h

2 2 2
( ) (1)

i j
i j

i i
i i

j j
j j

i
i

1

,

2

,

2

,

with 0 <​ J2 <​ J1. The first term reflects the nearest-neighbour inter-
action between adjacent vertical and horizontal plaquettes 〈​i, j〉​, 
and J1 is analogous to a ferromagnetic exchange interaction. The 
second and third terms reflect the next-nearest-neighbour interac-
tion between vertical and horizontal plaquette pairs, respectively, 
and J2 is analogous to an antiferromagnetic exchange interaction. 
Figure  1e illustrates the J1 and J2 interactions between plaquettes. 
The fourth term of equation (1) models the polarizing effect of a ver-
tical field, which suppresses ψ. Here, h =​ 2μH, where μ is the dipole 
moment of a given island and H is the experimentally applied field. 
This Hamiltonian neglects terms associated with the Potts states 
that are shaded in Fig. 1b. This is because those states are strongly 
suppressed in either zero or positive vertical magnetic fields, and 
therefore the terms associated with them are negligible. Finally, we 
mention that disorder effects, unavoidable in lithographically pat-
terned samples, effectively lead to a cut-off of the long-range dipolar 
interaction. This further justifies the usage of a Hamiltonian with 
short-range, neighbouring J1 and J2 interactions26.

The above effective Hamiltonian gives immediate insight into the 
low-temperature phases of the system. When h =​ 0, the first term in 
the energy dominates the second and third (because J1 >​ J2), leading 
to a FQ phase, of, for example, ψ = 1a , ϕ = 1b  (overbars denote aver-
age values).




 A moment map of this phase is illustrated in Fig. 1c. For 

large h, the ψ =​ 0 state is strongly favoured, and the Hamiltonian 
is effectively reduced so that only the third term in equation (1) is 
responsible for ordering ϕ. At low enough temperature, this should 
lead to the AFQ phase (moment map in Fig. 1d) where the ϕ quad-
rupoles alternate sign.

We have experimentally verified these two ordered phases by 
annealing the magnetic moments in the presence or absence of a 
magnetic field, and then imaging the magnetic moments with a 
magnetic force microscope. Our experimental annealing protocol is 
similar to a previously developed technique27–30, capturing the state 
of the system just below the blocking temperature of the system of 
moments, but we have added the capability to anneal samples with 
an in situ applied magnetic field. The technical details of the anneal-
ing protocols can be found in the Supplementary Information, but 
we note that large ordered domains of FQ and AFQ order are found 
at low and high fields, respectively. This indicates that our anneal-
ing protocol brings the system into thermal equilibrium, which is 
consistent with our previous zero-field annealing results of other 
lattices27,31. In Fig. 2a we show the FQ phase after annealing in zero 
field, where the black and white dots correspond to the south and 
north poles of the individual island moments. The phase is mani-
fest when the data are converted to a bitmap image where red, blue 
and green pixels represent +​1, −​1 and 0 Potts states, respectively, as 
shown in Fig. 2b. In Fig. 2c,d we show the AFQ phase for the same 
sample after annealing in a 20 Oe field. The vertical plaquettes are 
now all polarized (green pixels) and the horizontal plaquettes have 
ordered in rows of alternating Potts-quadrupole states (ϕ =​ ±​1).

T-he competition between couplings in the Hamiltonian leads 
to an apparent field-induced boundary between the FQ and AFQ 
phases, which can be understood heuristically from equation 
(1) at least at zero temperature. The energies per plaquette of the 
various phases can be deduced from equation (1) as: EAFQ =​ −​J2/2 
for the AFQ phase, Epara =​ 0 for the paramagnetic phase, EFQ =​ −​
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Fig. 1 | Artificial quadrupole lattice. a, Scanning electron microscope 
image of one of the quadrupole lattice samples. b, The different moment 
configurations of plaquettes with their assigned Potts variables for vertical 
(ψ) and horizontal (ϕ) plaquettes in the lattice. After annealing in zero 
field or in a vertical magnetic field, the shaded Potts states are almost 
never observed. c, A moment map of the FQ phase, where the quadrupole 
moment of each plaquette is in the same state, obtained after annealing 
in low field. d, A moment map of the AFQ phase, obtained when a large 
enough vertical field is applied during annealing, the vertical plaquettes are 
polarized, and the remaining horizontal plaquettes order such that their 
quadrupoles alternate row-by-row. e, Illustration of the J1 and J2 effective 
interactions between plaquettes




.Q6
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J1 +​ J2 +​ (h −​ ε)/2 for the FQ phase. Thus, for h <​ hc =​ 2J1 −​ 3J2 +​ ε, 
the FQ phase is of lowest energy, whereas above hc the AFQ phase 
becomes favoured and the FQ phase is 


metastable. Using micro-

magnetics (Supplementary Information) we are able to estimate J1 
and J2, and we find that the critical field is estimated to be 29 Oe, 
for s and d both set to 60 nm. Since our heuristic analysis suggests 
that different phases can be stable and metastable at zero tempera-
ture, we expect them to survive small thermal fluctuations and to 
observe phase coexistence. Indeed, in Fig. 3, we show coexistence 
of FQ- and AFQ-phase order for two samples with different values 
of d (60 nm and 80 nm), annealed in a 5 Oe 


field. The 60 nm spac-

ing has stronger inter-island dipolar coupling between intra-pla-
quette moments, favouring the FQ phase. Conversely, at d =​ 80 nm, 
the weaker intra-plaquette coupling and therefore smaller chemi-
cal potential favours the AFQ-phase state. Thus, we have demon-
strated field-induced phase coexistence in a system of interacting 
magnets, which is highly suggestive of a first-order phase transi-
tion in 


field. Although the experimental field where coexistence is 

observed (5 Oe) is smaller than predicted by our Hamiltonian, the 
order of magnitude is correct, providing strong confirmation of the 
approach, especially since our analysis has not included finite tem-
perature effects.

To build a field–temperature phase diagram we performed Monte 
Carlo simulations that flip spins at the individual or ‘Ising’ limit.


 

These simulations are a faithful representation of the microscopic 
degrees of freedom of the system. Remarkably, the main features 
of our model Hamiltonian, which treat the composite spin system 
housed on a plaquette as a Potts variable, are in agreement with 
the Ising-like, Monte Carlo simulations. The interactions between 
neighbouring islands in the Monte Carlo are obtained from micro-
magnetic calculations32. The energy levels used in Monte Carlo 
are calculated from micromagnetics that model the actual island 
shape, size and lattice studied (see the Supplementary Information 

Q11

Q12

Q13

Q15

for details). The Monte Carlo reproduces both the FQ phase at low 
field and the AFQ phase at high field. Furthermore, since we can 
vary the temperature in the simulations, we also can produce a 
field–temperature phase diagram shown in Fig. 4a, which confirms 
the presence of both the FQ phase, AFQ phase, and a coexistence 
regime at low temperature and a disordered paramagnetic phase 
at high 


temperature. The phase coexistence region of the phase 

diagram is shaded in pink, and in this region we see pronounced 
hysteresis effects in the FQ or AFQ order parameter. This result, 
taken together with the experimental observation of coexisting FQ 
and AFQ domains, and our heuristic analysis of the Hamiltonian, 
strongly indicate the lattice has a discontinuous phase transition in 
magnetic field.

The experimental observation of coexistence between domains 
of two non-trivial phases (FQ and AFQ), with distinct symmetries 
is a key result. These two phases, along with the field-induced tran-
sition, do not appear in a conventional square artificial spin-ice sys-
tem, as shown in the Supplementary Information. This may appear 
surprising, given that the quadrupole lattice can be obtained from a 
distortion of the square lattice. From the perspective of neighbour-
ing ‘Ising’ interactions however, key differences can be resolved. 
In the square lattice the next-to-next nearest neighbouring island 
is negligible, but in the quadrupole lattice the spatial distortion 
makes this once negligible interaction significant. In other words, 
a conventional square artificial spin-ice system is essentially a J1–J2 
antiferromagnetic Ising system with a continuous phase transition 
at low temperature to an antiferromagnetic ordered phase33. The 
quadrupole system retains the neighbouring J1–J2 interactions pos-
sessed by the square lattice and has a third significant interaction 
between islands housed within a plaquette. An extended discussion 
of these differences along with additional experimental results on 
the square lattice are provided in the Supplementary Information.

Q16
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Fig. 2 | Two ordered Potts states. a, Magnetic force microscopy image of 
the FQ phase obtained by annealing in zero field. b, Bitmap corresponding 
to image in a where red, blue and green pixels are +​1, −​1 and 0 Potts states, 
respectively. c, Magnetic force microscopy image of the AFQ-phase state 
obtained by annealing in a 20 Oe magnetic field. A boundary between  
the two complementary equivalent AFQ states is illustrated by the  
yellow line. d, Bitmap corresponding to image in c, using the same scheme 
as b. The insets in b and d are magnifications of their respective images  
in a and c (pink squares); the individual island moments can be more 
clearly discerned (white and black correspond to the north and south  
poles, respectively).

6 µm

6 µm

6 µm

6 µm

a b

c d

Fig. 3 | Phase coexistence in the quadrupole lattice. a, A magnetic force 
microscopy image of a sample with d =​ 60 nm and s =​ 60 nm, annealed 
in a magnetic field of 5 Oe in the vertical direction. b, The image in a is 
converted to a bitmap following the same colour scheme as in Fig. 2. This 
sample has stripe-like FQ domains that often have subdomains of both FQ 
ground states. These stripes are separated by thin AFQ-phase tendrils that 
are on average narrower than the FQ-phase domains. c,d, A magnetic force 
microscopy image of a sample with d =​ 80 nm and s =​ 60 nm, annealed in 
the same magnetic field in the vertical direction (c), with the corresponding 
bitmap (d). For this value of d, because of the weaker chemical potential, 
the FQ phase is less energetically favourable. The FQ-phase domains are 
only a few plaquettes wide, while large AFQ-phase regions start to emerge




. Q14
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We are unable to directly probe temperature effects in our sys-
tem, since we image at room temperature where the sample is fro-
zen. As a proxy for probing temperature dependence, we annealed 
20-nm-thick samples with different spacings s, which changes the 
inter-plaquette interactions J1 and J2. This series allowed us to probe 
the expected transition from ordered Potts states to the high-tem-
perature paramagnetic state. For this measurement, we applied a 
magnetic field of 6 Oe to suppress the FQ-phase order, favouring 
a transition to the paramagnetic phase at lower temperatures (the 
series of s values is approximated by the dashed line (ii) in Fig. 4a). In 
Fig. 4c, we show that for the smallest s (60 nm) the field has lowered 
the nearest-neighbour and next-nearest-neighbour correlations, 
compared with the 0 Oe values in Fig. 4b.


 As the spacing increases 

beyond 100 nm, the next-nearest-neighbour correlation effectively 
goes to zero and the nearest-neighbour correlation decreases more 
than a factor of 2. The corresponding set of images are shown in the 
Supplementary Information—even without the quantitative analy-
sis, the absence of long-range order is apparent, strongly suggesting 
that the largest values of s are in the paramagnetic phase.

Theoretically, this system is interesting because the two compet-
ing phases are characterized by a broken Z2 symmetry and hence 
described by an Ising order parameter. This is evident from the dou-
bly degenerate low-field and high-field ordered phases. To classify 
the transition between the two phases, one can turn to the frame-
work of Landau–Ginzburg–Wilson theory. Here, the transition 
between two competing Ising orders is determined by the relative 
strength of their self-interaction, uFQ,FQ, uAFQ,AFQ, and mutual interac-
tions uFQ,AFQ at fourth order. When self-interaction dominates, that 
is, >u u uFQ,FQ AFQ,AFQ FQ,AFQ

2 , the system undergoes two continuous 
phase transitions with an intermediate phase between the two Ising 
orders. On the other hand, when mutual repulsion between the two 
Ising parameters dominates, >u u uFQ,AFQ

2
FQ,FQ AFQ,AFQ, the transition 

between the two Ising phases is discontinuous, and the first-order 
line meets with the two Ising transition lines at a bi-critical point. 
All of our experimental and theoretical results, taken together, are 
consistent with the second scenario, which also describes the phys-

Q18

ics in Blume–Emery–Griffiths model23 and some meta-magnetic 
systems34,35.

An artificial spin-ice system simultaneously housing ferro-
magnetic-like and antiferromagnetic-like order is a starting point 
for bringing new physics into these systems. Two examples are 
exchange-bias and spin glass effects. Because the transition between 
FQ and AFQ order can be tuned through the nearest-neighbour 
island spacing within a plaquette, one could design a sample with 
a well-defined interface separating regions with two transition tem-
peratures. Exchange-bias effects in the FQ order near an interface 
adjacent to an AFQ region could, in principle, be directly imaged. 
Alternatively, lithographic patterning could be used to add disorder 
into the nearest-neighbour spacing on random vertical plaquettes; 
this would broaden the distribution of magnetic fields needed to set 
ψ =​ 0 states. Because ψ =​ 0 states favour AFQ order in the remain-
ing ϕ plaquettes, the disorder promotes circumstances where the ϕ 
plaquettes ‘randomly’ prefer to be in either a FQ or AFQ configu-
ration by 


design. The plaquettes themselves are regularly arranged 

on a checkerboard-like lattice, so this disordered realization of the 
quadrupole lattice shares similarities to the ‘ideal spin glass’ system 
that was described by Mydosh36. In an ideal spin glass, Ising spins 
are arranged on a square lattice and are randomly connected with 
ferromagnetic or antiferromagnetic bonds. These examples serve to 
illustrate how using composite spin structures, in addition to real-
izing more complex statistical physics models, may be key in allow-
ing artificial spin-ice systems to emulate broader topics of interest 
within the study of magnetism.

Online content
Any methods, additional references, Nature Research reporting 
summaries, source data, statements of data availability and asso-
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s41567-018-0348-9.
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Fig. 4 | Phase diagram and neighbour correlations. a, A phase diagram discerned from single-moment Monte Carlo simulations. The two ordered phases 
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Experimental measurements of the nearest-neighbour (NN) and next-nearest-neighbour (NNN) correlations as a function of the field for s =​ 60 nm, 
15-nm-thick sample. The inset denotes the nearest-neighbour and next-nearest-neighbour plaquettes for the grey pixel, in red and blue, respectively. We 
define the correlation as the product of the Potts variables of the neighbouring plaquettes. The FQ phase has positive correlation for both nearest and 
next-nearest-neighbour lattice sites while the AFQ phase has zero correlation for nearest-neighbour and negative correlation for next-nearest neighbour 
lattice sites. The phase coexistence of FQ- and AFQ-phase domains in Fig. 3 results in a positive nearest-neighbour and negative next-nearest-neighbour 
correlation at intermediate fields. c, As a proxy for a temperature cut through the phase diagram, we plot the correlations as a function of s3 at a field of 
6 Oe for the variable-s 20-nm-




thick sample. This series of measurements corresponds approximately to a cut through the phase diagram indicated by 

the dashed line (ii) in a. We see the positive correlations diminish for both correlations sites as the spacing is increased, and the disappearance of next-
nearest-neighbour correlations suggests entrance into the disordered paramagnetic region. Error bars represent ±​1 standard deviation, and are calculated 
assuming individual islands follow a binomial distribution.
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Methods
Samples were prepared using a standard electron-beam lithography process we have 
previously reported27. After lithography and development, permalloy was deposited 
using electron-beam evaporation. As noted in the main text, we studied permalloy 
thicknesses in the range of 15–25 nm, and all films were capped with 2 nm of 
aluminium. Importantly, the sample substrates were silicon-coated with a 200 nm 
layer of silicon nitride. We have previously identified these substrates as being ideal 
for preventing film–substrate interdiffusion, which can lead to sample degradation27.

We annealed samples in a high-vacuum thermal evaporation chamber. We 
used a commercially obtained, ultra-high-vacuum substrate heater from HeatWave 
Labs that we controlled externally using custom software. To ensure good thermal 
conductivity between the heater and sample, the samples were mechanically 
clamped to the surface of the heater. Additionally, it was very important to also use 
a thermally conductive, high-temperature carbon paste when mounting the sample 
to the heater. A good thermal bond between the substrate and heater is essential for 

reproducibility and sample longevity. We found PELCO, high-temperature carbon 
paste available from Ted Pella Inc., to be ideal in our experiments. To anneal the 
samples in a magnetic field, we machined a homemade ‘cap’ that fitted on top of 
the heater, and suspended commercially available permanent mounting magnets 
so that a field was applied in the plane of the 




sample. The magnets were thermally 

isolated from the heater using ceramic hardware so that they did not demagnetize 
when annealing the sample.

For Monte Carlo simulations, we used micromagnetic simulations to calculate 
the energy levels of various magnetization configurations with MuMax332. With the 
energy levels calculated, we ran Monte Carlo simulations using programs written 
in Python.

Data availability
The data that support the plots within this paper and other findings of this study 
are available from the corresponding author upon 
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