
 

1 
 

A two-set order parameters phase-field modeling of crack deflection/penetration 
in a heterogeneous microstructure 

Hu Chen a, b, Chi Zhang a*, Qianli Lu b, c, Hao Chen a, Zhigang Yang a, Youhai Wen d, 
 Shenyang Hu e, Lei Chen b* 

a. Key Laboratory of Advanced Materials of Ministry of Education, School of Materials Science and Engineering, 

Tsinghua University, Beijing 100084, China 

b. Department of Mechanical Engineering, Mississippi State University, MS 39762, USA 

c. State Key Laboratory of Oil and Gas Reservoir Geology and Exploitation, Southwest Petroleum University, 

Chengdu 610500, China 

d. U.S. DOE National Energy Technology Laboratory, Albany, OR 97321, USA 

e. Pacific Northwest National Laboratory, Richland, WA 99352, USA 

 

Abstract 

Modeling of crack deflection/penetration or manifested as intergranular/transgranular 

fracture in polycrystals has long been a challenge in both fracture mechanics and materials 

science. A phase-field model formulated with two-set order parameters describing the crack 

field and the microstructure field respectively, is herein established to investigate the 

competition between crack penetration and deflection at an interface. The advantages of the 

proposed model are three-fold: (1) the fracture toughness of grain boundaries and/or interfaces, 

besides single crystal properties (e.g., Young’s modulus, Poisson ratio, and fracture toughness), 

can be automatically incorporated, (2) cohesive interfaces are treated in one phase-field 

framework in comparison with the integrated phase-field and cohesive zone model in which 

cohesive elements have to be manually placed at the interface, and (3) two-set order parameters 

enable to describe the concurrent crack propagation and microstructure evolution. The proposed 

model is validated by comparing the simulated critical deflection angles with the results from 

theoretical analysis of the linear elastic fracture mechanics and the experiments. The model is 

then applied to a heterogeneous Silicon Nitride polycrystal to determine the effect of interface 

fracture toughness on the intergranular/transgranular fracture transition and the effective 

toughness of the materials. 
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1. Introduction 

 Modeling of intergranular and transgranular fracture in heterogeneous 

microstructures has gained extensive attention from both fracture mechanics and 

materials science communities, because the crack morphology in a brittle 

heterogeneous material is the key element for determining the effective toughness [1, 

2]. The nature of the transition from the intergranular to transgranular fracture can be 

simplified to a classical fracture mechanics problem, a crack impinging on an interface 

with an inclined angle. 

In the linear elastic fracture mechanics (LEFM), He and Hutchinson [3] had 

demonstrated theoretically that the competition between crack deflection and 

penetration depends on (1) the ratio of the interface fracture toughness to the bulk 

fracture toughness, and (2) the angle of the crack at which is impinging on the interface. 

This problem had been further re-examined from crack topologies [4], failure 

mechanism [5], stress singularity [6, 7], dynamic crack [8], etc. Martínez et al. [4] 

presented the correct solutions for the doubly deflected case, which indicated that the 

ratio of energy release rate for the interface to that of the bulk in the doubly deflected 

case is lower than the corresponding value for the singly deflected case. As the model 

proposed by He and Hutchinson sometimes failed to predict the interfacial deflection 

or interfacial penetration, Leguillon et al. [5] extend the crack deflection model by 

taking into the interface debonding ahead of the crack tip to enable crack deflection 

more favorable than He and Hutchinson’s criterion. To tackle the singularity of the 
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stress field at the interface, asymptotic methodologies were extensively utilized [6, 7]. 

Xu et al. [8] explored the equivalent dynamic problem by examining the 

deflection/penetration behavior of dynamic cracks propagating at various speeds 

towards inclined weak interfaces. Although some experimental studies confirmed the 

model proposed by He and Hutchinson [3], more complex crack propagation behavior 

appeared in experimental investigations was not expected to be reproduced by the 

above analytical model. For example, simultaneous occurrence of crack penetration and 

deflection was observed in the bi-material system [9], which is out the capability of the 

above model. The phenomenon that the crack path, manifested as the percentage of 

intergranular and transgranular fracture, of polycrystal ceramic was found to be 

determined by the shape of the grain, grain size and chemical concentration of the 

interface [10-12] also cannot be captured by the above model. 

Some numerical methods, such as extended-finite element method (XFEM) [13-

18], and cohesive zone model [2, 19, 20], have thus been established to tackle the 

complex crack propagation problems that cannot be solved by the analytical model. In 

the XFEM, ad hoc parameters are needed for the crack initiation and propagation, as 

well as the crack growth direction [19]. Moreover, the XFEM presents significant 

implementational difficulties, such as remeshing, state variables transfer [21] and 

integration [22]. A widely used alternative to simulate the transition from the 

intergranular to transgranular fracture is the cohesive zone model, which has achieved 

notable implantation in ceramic materials, such as Silicon Nitride (Si3N4) [2, 19]. 
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Dynamic crack propagation in the Si3N4 microstructure containing elongated grains 

was studied through the insertion of cohesive elements [2, 19], which can give accurate 

prediction for the percentage of transgranular fracture and intergranular fracture at 

different loading conditions. The cohesive zone model’s extension to unknown crack 

paths entails the insertion of cohesive elements between each pair of continuum 

elements in the finite element mesh, thus having a strong mesh dependency and an over-

estimated of the crack area [22]. Another concern is that adaptive meshing has to be 

performed in the cohesive zone model to alleviate the cracks’ tendency to propagate 

along the existing element boundaries [19]. 

Phase-field model has been widely used in predicting the crack propagation 

behavior recently [1, 23-29], in which order parameters are employed to define the 

damaged and undamaged materials. Compared to the above sharp interface models [2, 

13-20], the phase-field model has a decisive advantage as the explicit interface tracking 

can be avoided [1]. The existing researches about the phase-field cracking mainly 

focused on material anisotropy [30, 31], plasticity [22, 32-34] and proposing new 

energy formulations [35-37]. Karma et al. [30] firstly proposed a phase-field model to 

predict the crack path in anisotropic brittle materials and found that the path is uniquely 

determined by the directional anisotropy of fracture energy, independent of details of 

the failure process. Li et al. [31] presented a phase-field model for strongly anisotropic 

fracture with smooth local maximum entropy approximants in a direct Galerkin method, 

contrast to the previous framework only allowing weak anisotropy. Another research 
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focus is to integrate different plastic constitutive model, such as the elasto-plasticity [22] 

and viscoplasticty [34], into the fracture phase-field model. Shanthraj et al. [32] further 

proposed a finite-strain anisotropic phase field method by considering both anisotropic 

fracture energy and plastic constitutive models to simulate the cleavage fracture with a 

high order crystal symmetry. In addition, much effort has been put into developing new 

formulations and algorithms to reduce the computational cost [35], to tackle nonlinear 

behavior [36] and to improves the convergence rate of the numerical solution [37]. Only 

few works studied the crack deflection/penetration by the phase-field model. Paggi et 

al. [38] had successfully integrated the phase-field model and the cohesive zone model 

[19], in which the phase-field model was used to simulate the crack propagation in the 

bulk, and the cohesive zone model for the crack deflection at interfaces. In addition, the 

approach developed in [38] had been further extended to ceramic laminates [39], and 

anisotropic polycrystals [40]. However, the results of such an integrated model are 

sensitive to the interactions between the two fracture length scales of the phase-field 

model and the cohesive zone model [38]. In addition, the integrated method inevitably 

inherits the drawbacks of the cohesive zone model. Schneider et al. [1] and Oshima et 

al. [24] recently proposed to combine a phase-field crack model with an established 

multiphase-field model. The combined model was then utilized to investigate the effect 

of grain boundary energy on the crack deflection/penetration behavior and the crack 

path in multiphase systems. However, the simulation results could not be compared 

with the LEFM predictions and the experimental results directly, as the interface 
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fracture toughness, not the grain boundary energy, is the parameter commonly used in 

the traditional crack deflection/penetration simulations and experiments [8, 11, 12, 41, 

42]. 

In the present work, a two-set order parameters phase-field model is herein 

developed to study the crack deflection/penetration behavior in heterogeneous 

microstructures. One set of order parameters describes the crack field and while the 

other for the microstructure field. The main difference between the present model and 

Paggi’s [38] is the description of the interface fracture toughness. In [38], the interface 

properties is illustrated by the cohesive zone model, in which the traction-separation 

profile is the crucial parameter. In the present model, however, the interface fracture 

toughness is a function of the adjacent grains’ fracture toughness and the interface 

energy, which indicates that the main difference between the interface and the bulk 

materials is the atomic arrangement and the resulted interface energy. In contrast to 

Schneider’s model [1], the interface fracture toughness is theoretically correlated with 

the grain boundary energy and/or interface energy through an interface weakening 

parameter in a thermodynamically consistent manner in the present model. The 

interface fracture toughness and the bulk fracture toughness are automatically 

incorporated through a unified form, facilitating the comparison with the theoretical 

LEFM predictions and the experimental measurements. The phase-field model is then 

applied to a heterogeneous Si3N4 polycrystal to explore the effect of interface fracture 

toughness on the intergranular/transgranular fracture transition and the effective 
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toughness of the system. The established model allows modeling the complex crack 

patterns in the polycrystalline structure involving grain boundaries and/or interfaces 

and can be easily applied to investigate the interaction between the crack propagation 

and the microstructure evolution. 

2. Analytical model of crack deflection/penetration 

Crack propagation behaviors at interfaces have been intensively studied [3, 4, 8, 

38, 43-47]. Based on the LEFM, He and Hutchinson [3] proposed a general model for 

predicting the propagation direction of a crack approaching an interface between elastic 

materials. They argued that cracks deflect at the interface if the following critical 

condition is satisfied (otherwise, cracks penetrate into the bulk) [3], 

( ) ii
c

b b
c

GG
G G
θ

>                  (1) 

where i
cG  and b

cG  are the fracture toughness of the interface and the bulk materials, 

respectively. ( )iG θ  and bG  are the energy release rates of crack deflecting along the 

interface and penetrating into the bulk, respectively. 

In the case of a crack penetrating into the bulk, the energy release rate can be 

calculated with the mode I stress intensity factor IK  as, 

2
21b

IG K
E
ν−

=                                                                     (2) 

where E is the Young’s modulus and ν is the Poisson ratio of the material. 

For the case of a crack deflecting along the interface at an angle of θ , the energy 

release rate can be given by, 
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2
2 21( ) ( ) ( )i i i

I IIG K K
E
νθ θ θ−  = +              (3) 

where ( )i
IK θ  and ( )i

IIK θ  are the mode I and mode II stress intensity factors for a 

mixed-mode crack after the deflection, respectively. They can be calculated by [2], 

3 1 3( ) ( cos cos )
4 2 4 2

i
I IK K θ θθ = +                                                    (4) 

1 1 3( ) ( sin sin )
4 2 4 2

i
II IK K θ θθ = +                                                     (5) 

With Eqs. (2-5), the ratio of ( )iG θ  to bG  can be expressed by, 

2 2( ) 1 3 33cos cos sin sin
16 2 2 2 2

i

b

G
G
θ θ θ θ θ    = + + +    

     
       (6) 

From Eqs. (1) and (6), the criterion of crack deflection/penetration [38] depends 

on the deflection angle and the fracture toughness ratio, but not the stress intensity factor. 

The critical angle and fracture toughness ratio at which the crack deflection transforms 

to the crack penetration are plotted by the solid line in Fig. 1. The solid line separates 

the map into the deflection and penetration regions. For example, when the 

interface/bulk fracture toughness ratio is 0.5, the critical deflection angle is 65°, i.e., the 

crack will be deflected by the interface with an impinging angle smaller than 65°. 

3. Phase-field model 

3.1. Regularized framework for crack propagation in homogeneous media 

We start from a brief introduction of the regularized formulation for phase-field 

modelling of crack propagation in homogeneous media. The foundation of the phase-

field model for brittle fracture is the variational principle based on energy minimization 
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as proposed by Francfort and Marigo [48]. For an arbitrary brittle body Ω with a 

boundary ∂Ω as shown in Fig. 2(a) [38], the total energy functional ( , )∏ Γu  can be 

given by [23, 38, 49], 

( , ) ( , ) ( ) ( )d + dcV GΩ Γ Ω Γ
∏ Γ ∏ Γ ∏ Γ ψ Γ= + = ∫ ∫u u u                       (7) 

where ( )ψ u  is the elastic energy density and cG  is the fracture toughness. The term 

( , )Ω∏ Γu   describes the elastic strain energy stored in the damaged body, while 

( )Γ∏ Γ  is the fracture resistance term associated with the energy required to create 

new crack surfaces according to the Griffith criterion [50]. 

The crack initiation, propagation and branch are then determined by a 

minimization principle for the total energy functional. However, the numerical 

treatment is rather complicated as a minimization has to be performed on a set of 

possibly discontinuous functions [51]. To overcome the difficulties, the total energy 

functional is approximated through smearing the discrete crack, as shown in Fig. 2(b), 

based on a regularized framework [38], 

( , ) ( ) ( )d ( , )dc c el c c ch f V G d V
Ω Ω

∏ φ φ φ φ= + ∇∫ ∫u u            (8) 

where cφ  is a phase-field order parameter describing a continuous transition between 

the intact solid state ( 0cφ = ) and the fully broken state ( 1cφ = ). 2( ) (1 )c ch φ φ= −  is a 

degradation function modeling the stiff loss between the intact and the broken material 

[49], and the strain energy density is given by 1( ) ( ) : ( )
2

e e
elf = ε Cεu u u  and depends 

on the symmetric local elastic strain ( )eε u , where C is the elastic stiffness tensor of 

the solid phase. 
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In the regularized formulation, the crack surface density function, which is a 

convex function composed of a quadratic term of cφ   and another quadratic term 

involving its gradient, is also introduced [23, 38], 

221( , )
4c c c c c

c

d φ φ φ ε φ
ε

∇ = + ∇                (9) 

The above energy functional is thermodynamic consistence and the integral of 

( , )c cd φ φ∇  over the fractured domain converges to the surface measure of the crack set 

as the crack length scale 0cε →  [23]. Fig. 3 shows the equilibrium profiles of crack 

at different values of cε  in a one-dimensional domain. Large values of cε  can 

smoothen the crack field, whereas the limit 0cε →  yields a discontinuous crack 

surface [49]. The convex quadratic potential cannot simulate the irreversibility of 

fracture and additional constraints for the fracture field need to be formulated [25]. 

Hence the homogeneous Dirichlet type conditions are imposed on the fracture field in 

the present simulation as follows [25], 

( , ) 1c tφ =x  for *t t> x  if *( , ) 1c tφ =xx                                              (10) 

3.2. Two-set order parameters phase-field model for crack propagation in 

heterogeneous media 

The crack propagation model formulated in the homogeneous media is then 

extended to the heterogenous media. Here the regularized crack propagation model is 

combined with a polycrystal phase-field model to build a two-set order parameters 

model by introducing additional microstructure order parameters sφ , where 1s N=   
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and N is the number of grain orientations. In a polycrystal with five grain orientations 

as illustrated in Fig. 2(c), the microstructure order parameters sφ  are one inside the 

grains and gradually decrease to zero across the grain boundaries. The chemical free 

energy density ( , )chem c sf φ φ  related to microstructure then has to be added and the total 

energy functional becomes, 

( , , ) ( ) ( , ) ( ) ( , ) ( , )dc s c el s c s c c chem c sh f G d f V
Ω

∏ φ φ φ φ φ φ φ φ φ= + ∇ +∫u u         (11) 

3.2.1. Chemical free energy 

Based on phase-field models of grain growth [52-55], the chemical free energy 

density of a polycrystalline microstructure can be expressed as, 

2
0

1
( , ) ( , ) ( )

2chem c s c s

N
s

s
s

f f κφ φφ φ φ
=

+ ∇= ∑             (12) 

where sκ   is a positive gradient coefficient associated with the interfacial 

inhomogeneity, and 0 ( , )c sf φφ is the local free energy densities, which is defined as, 

2
2 2

0
1 1

2 2

1 1

2 2

(
2

2

, )
4c s

N N N

s g c s
s g

N N

s s
s s

s s

f α βφ φ φ

βγ φ φ

φ

γφ φ

= =

= > =

 = − +  
 

  + + 
  

− 

∑ ∑

∑∑ ∑
                         (13) 

where ,α β   and γ   are constants; for 0α β= >   and / 2γ β>  , the local free 

energy density has 2N degenerate minima located at 

1 2, , , ) ( 1,0, ,0), (0, 1, ,0), , (0,0, , 1).( Nφ φ φ… = ± … ± … … … ±   The minima associated with 

1sφ = −   are eliminated by setting the value of each order parameter equal to its 

absolute value during the initial stages of the simulation [54]. The additional coupling 

term of the crack field and microstructure field is added as shown by the last term of 
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Eq. (13), which will contribute to the potential at the interaction regions of grain 

boundary and crack surface, so that the conversion in these regions becomes 

energetically unfavorable [1, 56]. The form of the coupling term is adapted from the 

one proposed by Chen et al. [54] in describing the interaction between the 

recrystallization and deformed phases. At present, only above coupling form is utilized. 

In the following work, the effect of coupling forms will be studied by trying different 

coupling forms, such as the one proposed by Schneider et al. [1]. 

Remark. In the present phase-field model, the convex quadratic potential for crack is 

coupled with the double-well potential for microstructure. The reason why we use the 

convex quadratic potential, 2
cφ , instead of the double well potential, 2 2(1 )c cφ φ− , for 

crack is that with a double-well potential, crack field cφ  will converge to the mean-

curvature motion of its level lines [25, 57]. It means if there exists curvature in the level 

line of crack field cφ , the crack field will continue to evolve. Hence the crack field cφ  

may continue to propagate away from the crack tip due itself curvature, even the 

external load is removed. In a curve crack, the cφ  may evolve in the lateral direction 

to form a “thick” domain. Although the evolution rate of this effect is slow, the accuracy 

of the approximation of the crack surface will be unacceptable in the case of the 

infinitely slow quasi-static crack propagation [57]. To avoid the problems, the convex 

quadratic potential is adopted. Because we couple two different energy potentials to 

formulate the crack and the microstructure fields that are featured with different 

physical behaviors, the setup of two-set order parameters is utilized, and the proposed 
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model is termed as "two-set order parameters phase-field model". 

3.2.2. Elastic energy 

In the two-set order parameters model, the elastic energy density also depends on 

the local microstructure and can be described by, 

( , ) ( )1 ( ) ( )
2s s

e e
el ijkl ij klf Cφ εφ ε= u uu                 (14) 

where ( )ijkl sC φ  denotes the microstructure-dependent elastic stiffness tensor. 

Since the grains are rotated with respect to a fixed coordinate system, the elastic 

stiffness tensor for each grain is obtained by transforming the tensor with respect to the 

fixed coordinate system. If pqrtC  represents the stiffness tensor for a single grain in its 

crystal coordinate frame, the microstructure-dependent elastic stiffness tensor for the 

entire polycrystal in terms of the microstructure fields is given by [54], 

( ) ( ) s s s
ijkl s s ip jq kr lt pqrt

s

s
C ap a a a Cφ φ=∑                 (15) 

where 3 2) (6( 5 10)s s s sp φ φ φ φ= − +   is a interpolation function, and a   is the 

transformation matrix representing the rotation of the crystal coordinate system defined 

on a given grain ‘s’ with respect to the fixed coordinate system, which is expressed in 

terms of the symmetric Euler angles  { , , }φΨ Θ   (Kocks convention) (in three 

dimensions) [54]: 

sin cos cos cos cos cos sin cos sin
sin sin cos cos cos sin sin

sin sin cos
cos cos sin

cos sin c
cos sin

sin sin os

φ φ φ φ φ
φ φ φ φ φ

Ψ − Ψ Θ Ψ − Ψ Θ Θ
= Ψ − Ψ Θ Ψ − Ψ

− 
 − 
 


Θ
Ψ Θ Ψ Θ 

Θ
Θ

a    (16) 

where 0 02 , , 0 2 .π π φ π≤ Ψ ≤ ≤ Θ ≤ ≤ ≤  



 

14 
 

3.2.3. Interface fracture toughness and grain boundary energy 

To simulate the crack deflection, the fracture resistance term in Paggi’s work [38] 

had been split into the corresponding counterparts associated with the dissipated energy 

of cracks in the bulk bΓ  and of cracks along the existing interface iΓ  as follows, 

( ) = d d
b i

b i
b i c cG GΓ Γ Γ Γ Γ

∏ Γ ∏ ∏ Γ Γ= + +∫ ∫                               (17) 

where b
cG  is bulk fracture toughness and i

cG  is the interface fracture toughness ruled 

by a linear cohesive zone model [38]. 

In the present two-set order parameters phase-field model (Fig. 2(c)), the interface 

behavior can be incorporated into the bulk in a unified form through the microstructure 

order parameters sφ . Hence the fracture resistance term can be rewritten as, 

+
( ) = ( )d

b i
b i c sGΓ Γ Γ Γ Γ

∏ Γ ∏ ∏ φ Γ= + ∫                 (18) 

where the fracture toughness ( )scG φ  depends on the local microstructures, 

1
) ( )( ( )s s

N
s

s
sc cG k p Gφ φ φ

=

=∑                                     (19) 

in which )( sp φ  is the interpolation function same as that used in the elastic energy 

density and s
cG  is the bulk fracture toughness of grain s. An interface weakening 

coefficient, ( )sk φ , is originally proposed in the present model to integrate the interface 

fracture toughness and the bulk fracture toughness through a unified form. The main 

difference between the intrinsic interface, formed during phase transformation, and the 

bulk is the atomic arrangement, so a unified form of the fracture toughness of interface 

and bulk is assumed in the present study. Due to the different or irregular atomic 
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arrangement of the interface, the energy of the interface may be higher than that of grain 

interior with periodic atomic arrangements. Physically speaking, the release of extra 

interface energy will promote the break of chemical bonds and the formation of fresh 

surface during fracture, leading to the weakening of the interface. 

In the elastic-brittle Griffith model, all plastic flow processes are neglected. The 

critical driving force for crack propagation in the homogeneous material is 2c surfG E= , 

where surfE  is the intrinsic surface energy [58]. In the heterogeneous material, where 

grain boundary and grain boundary energy exist, the crack propagation criteria may be 

changed due to the interaction between the crack surface and the grain boundary. 

Considering an ideal condition that the grain boundary energy  gbE  is totally released 

to form the new crack surfaces, the critical driving force for crack propagation becomes 

2c surf gbG E E= − . Therefore, the lower bound of ( )sk φ  can be given by, 

1

1

)
)(

)
(

(
N

s
c gb

s
lower N

s

s

s c

s

s

p G E
k

p G

φ
φ

φ

=

=

−
=
∑

∑
                   (20) 

Inside the solid phase region, where grain boundary energy is zero, ( ) 1sk φ = , 

which means no weakening effect. At the interface region, ( ) ( ) 1l wer so sk kφ φ≤ < . The 

smaller the interface weakening coefficient, the weaker the interface is. Also, it is clear 

that the interface weakening coefficient and the interface fracture toughness both will 

decrease as the increase of the grain boundary energy. 

In addition, the grain boundary energy can be related to the gradient coefficient 

sκ  through the energy barrier height w and interface thickness 2λ by [59, 60], 
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3 2
s

gb

w
E

κ ⋅
=                                                                    (21) 

2 2 sa
w
κλ =                                                                   (22) 

where a is a constant which depends on the definition of the interface. The interface 

thickness is defined as a measure of the changes of the microstructure field sφ  from 

0.1 to 0.9, which can be considered as the length-scale of the microstructure. 

3.3. Evolution equations 

With the total energy functional discussed above, kinetics of the crack propagation 

and microstructure evolution can be obtained by solving the Allen–Cahn [61] equations,  

2

1

( )2 ( )
2

( ) ( , ) 2

c s
c c s c c

cc
c c N

c c
el s c s

sc

GG
d M M
dt h f

φε φ φ φ
εφ δ ∏

δφ φ φ γφ φ
φ =

 − ∆ + 
 = − = −
 ∂
+ + ∂ 

∑u
                    (23) 

0

2
2( ( )

4
( , ) ( ,( )

)

)

s c
c c

s cs
s s

s el s c s
c s s

s s

c

d M M
dt f fh

G φε φ
φ εφ δ ∏

δφ φφ
φ φ

φ

φ φ κ φ

 
∇ + ∂ = − = −

 ∂ ∂
+ + − ∂

∆
 

∂

∂
u

              (24) 

where cM  and sM   are the mobility of crack surface and grain boundaries, 

respectively. To avoid crack healing, only physically relevant changes, 0cd
dt
φ

≥ , are 

accepted [1]. The partial differential for the local free energy density can be written by, 

3 2 20 ( , ) 2 2
N

c s
s s s g c s

g ss

f φ φ αφ βφ γφ φ γφ φ
φ ≠

∂
= − + + +

∂ ∑                     (25) 

The elastic energy density used in the Allen-Cahn equations are obtained from the 

displacement fields, 
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2
2

2

d
t dt

ρ η∂
= ∇⋅ + ∇

∂
u uσ


                (26) 

where ρ is the density, η is the viscosity, and ( ) ( )( ) e
ijk ki c lj lsh C εφ φ=σ u   are the 

components of Cauchy stress tensor. The crack propagation and microstructure 

evolution are then simulated by solving the coupled equations for the two-set order 

parameters and the displacement fields. 

3.4. Numerical implementation 

In the simulations, a rectangular domain of dimension Lx × Ly, where Lx = 300 µm 

and Ly = 200 µm, under plane strain condition is considered as illustrated in Fig. 4. The 

heterogeneous microstructures including the matrix and a layer of second phase, are 

firstly generated [60]. For studying the competition between deflection and penetration 

of a crack impinging on an inclined interface, a pre-crack is initialized, terminating at 

an interface at the angle θ from the horizontal axis. 

The system is subjected to a uniform displacement Δ on the lower and upper 

boundaries. A traction-free boundary condition ( 0xx xyσ σ= = ) is applied to the left and 

right sides [62]. The Young’s modulus of the matrix is m 210GPaE =  and the Poisson 

ratio is ν = 0.3. The modulus of the second phase layer is either set equal to that of the 

matrix for purely studying the effect of interface fracture toughness on crack 

deflection/penetration or set as a small or large value for studying the effect of modulus 

mismatch. In the current work, the fracture toughness of the matrix and the second 

phase layer are set to be the same while the interface fracture toughness is controlled 
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by the interface weakening coefficient ( )sk φ . As the main purpose of the present study 

is to demonstrate the capability of the proposed phase-field model in predicting the 

transition of crack deflection/penetration, the evolution of microstructure is temporarily 

ignored. The dynamic fracture is analyzed by integrating Eqs. (23) and (26) through a 

staggered solution scheme by using a finite difference scheme according the Murali’s 

work [62]. 

4. Results and discussions 

4.1. Competition between crack penetration and deflection 

The transition of crack types is shown in Fig. 5 as the decrease of the interface 

weakening coefficient with an inclined interface of 30°. When the interface fracture 

toughness is equal to the bulk fracture toughness ( ( ) 1.0sk φ = ), the crack penetrates 

straightly into the inclined layer as no interface exists. For a smaller interface fracture 

toughness ( ( ) 0.75sk φ = ), small deviation in crack path is observed at the interface 

between the matrix and the second phase layer. When ( ) 0.5sk φ = , an obvious crack 

deflection occurs. With the further decrease of the interface fracture toughness, Fig. 5(e) 

and (f), the crack propagates along the interface for a relative large distance before it 

turns into the second phase layer again as indicated by the blue arrows. When the crack 

meets the second interface pointed by the white arrows, it is found to be deflected again 

as shown in Fig. 5(d), (e) and (f). The predicted double-deflection behavior is similar 

to the experimental results shown in Fig. 5(g) and (h), which is observed in Si3N4 with 
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large elongated second phase grains by in situ scanning electron microscopy (SEM) 

observation [11]. However, a quantitative comparison becomes somehow impossible, 

as the absolute value of the interface fracture toughness of Si3N4 in above experiments 

is unknown. The force-displacement curve of the simulation condition of Fig. 5(e), i.e. 

with the interface weakening coefficient k = 0.375 and the interface inclination angle 

of 30°, is shown in Fig. 6. As the propagation of crack, the force starts to decrease and 

the crack deflected by the interface will not change the descending trend. The force 

shows two plateaus when the crack type changes from deflection to penetration as 

indicated by the arrows in Fig. 6, with the corresponding crack state identified by the 

cycles in Fig. 5(e). 

The deflection/penetration transitions are then simulated for five different 

interface inclination angles, 15°, 30°, 45°, 60° and 75°, under three different applied 

strains. The predicted critical deflection/penetration angles are plotted in Fig. 7. For 

demonstrating the capability of present model in predicting crack deflection, the bulk 

fracture toughness of the matrix and the second phase layer are set to be the same in the 

simulation. The interface fracture toughness corresponding to different interface 

weakening coefficients is firstly calculated and the fracture toughness ratio is further 

obtained by interface fracture toughness/bulk fracture toughness. Then the 

deflection/penetration behavior of the present model can be compared with the 

prediction by LEFM and the results of experiments for the same fracture toughness 

ratio. It can be seen that the critical deflection/penetration angles almost linearly 
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increase as the interface/bulk fracture toughness ratio decreases for all applied strains. 

For the comparison, the deflection/penetration transition results predicted by the LEFM 

and measured from experiments are also plotted in Fig. 7. It is found that (1) under the 

applied strain of 0.015 and 0.016, the critical deflection angle is about 25° smaller than 

that predicted by the LEFM. And (2) as the applied strain decreases the critical 

deflection angle approaches to LEFM criterion. The threshold value for the start of 

crack propagation is defined as the critical strain which is 0.014 at the present setup and 

is determined by slowly increasing the applied strain. 

Mirkhalaf’s experiments about the bio-materials [41] shows the evidence that, for 

/ 0.25i b
c cG G = , the measured deflection to penetration transition occurs at the angle 

between 60° to 70°. As depicted in Fig. 7, however, the predicted critical deflection 

angle from the LEFM criterion is 90°, which is considerably larger than the 

experimental result. A similar trend was observed in the Si3N4 ceramics by Kadin et al. 

[10], in which / 0.37i b
c cG G =   and the critical deflection angle was supposed to be 

about 77° based on the LEFM criterion; however, the crack was not deflected at the 

angle of 40° according to the SEM observations. It can possibly be attributed to that the 

applied strain in experiments could not be the critical strain exactly, so the LEFM 

criterion might overestimate the tendency of the crack deflection when compared with 

the actual experimental conditions. On the contrary, the experimental result is in a good 

agreement with the simulation results with a relative large strain. 

The above relation between the present phase-field model and the LEFM criterion 
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can be explained by the following virtual experiments, in which the interface fracture 

toughness, i
cG , and the bulk fracture toughness, b

cG , are set as 0.5 and 1.0, respectively. 

1) At a small strain, the energy release rate for the crack deflection along the 

interface, iG , is set as 0.6 and the energy release rate for crack penetration 

into the bulk, bG , is 1.0. 

2) With the increase of the applied strain, iG   and bG   will increase 

simultaneously to keep the ratio of 0.6 according to Eq. (6), and the absolute 

values of iG  and bG  are assumed to be 0.9 and 1.5, respectively. 

From the LEFM criterion, the crack will be deflected at the interface. Since the 

present phase-field model is based on the Griffith theory [50], the crack will 

propagate along the direction at which the energy release rate is fastest, which 

means if ( ) ( )i i b b
c cG G G G− > − , the crack will propagate along the interface and if 

( ) ( )i i b b
c cG G G G− < − , the crack will penetrate into the bulk. For the small strain 

condition ( 0.6 0.5 0.1) ( 1.0 1.0 0)i i b b
c cG G G G− = − = > − = − =  , crack will be 

deflected to propagate along the interface; however, for the above large strain 

condition ( 0.9 0.5 0.4) ( 1.5 1.0 0.5)i i b b
c cG G G G− = − = < − = − =  , the crack will 

penetrate into the bulk. In short, the effect of the applied strain is not considered in 

the LEFM model; however, the deflection/ penetration transition curve can be 

shifted by the applied strain in the present phase-field model based on the Griffith 

theory, which means that the LEFM criterion is a static and critical case of the 

present phase-field model. 
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4.2. Effect of modulus mismatch 

In the simulations above, the Young’s modulus of the second phase layer is equal 

to that of the matrix. The effect of Young’s modulus of the second phase layer on the 

crack propagation path will be studied in this section, and the results are presented in 

Fig. 8. In the first case, interface weakening is not considered. If the Young’s modulus 

of the second phase layer,  hE , is larger than that of the matrix,  mE , i.e. the modulus 

mismatch ratio,  h  m/E E  , is larger than 1.0, the crack goes downward at the first 

interface while goes upward at the second interface, as shown in Fig. 8(a) and (b). On 

the contrary, if the Young’s modulus of the second phase layer is smaller than that of 

the matrix, the crack will first be deflected upward then downward, as shown in Fig. 

8(c) and (d). It is concluded that when the crack propagates from the stiff material to 

the soft material, it will be attracted to the interface; however, when the crack 

propagates from the soft material to the stiff material, it will be repulsed from the 

interface. The extent of the deflection is sensitive to the value of the modulus mismatch 

ratio. 

The mechanism of crack deflection related to the modulus mismatch can be 

explained from the change of the stress distribution at the crack tip. For the condition 

at which the modulus of the second phase layer is larger than that of the matrix, when 

the crack approaches the second phase layer, the stress concentration at the crack tips 

and the stress concentration in the second phase layer due to the large modulus will 

interact with each other. The stress distribution at the crack tip will be changed, hence, 
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the stress strength factors. To minimize the total energy of the system, the crack 

propagation path will incline to the stress distortion direction as indicated by the black 

arrow in Fig. 9(a). When the crack tip finally meets the interface, the crack will 

penetrate into the second phase layer as observed in Fig. 9(b). Fig. 9(c) shows that the 

stress distortion will be reversed when the crack propagates from the second phase layer 

to the matrix. When the second phase layer is softer than the matrix, a different stress 

distortion and thus an opposite deflection trend will be witnessed as shown in Fig. 9(d-

f). It is noteworthy that the modulus mismatch will also promote the crack deflection, 

analogous to the interface weakening. 

One can infer that if the interface weakening is combined with the modulus 

mismatch, the crack deflection will be intensified. The crack paths of ( ) 0.5sk φ =  with 

different modulus mismatch ratios are shown in Fig. 10. When no modulus mismatch 

exists, the crack deflects slightly at the interfaces and the extent of the defections is 

same for the first and the second interfaces, as marked by circles in Fig. 10(b). When 

the modulus mismatch ratio is 0.5 as shown in Fig. 10(a), the crack goes upward at the 

first interface and then propagates downward in the second phase layer due to the stress 

distortion effect resulted from the modulus mismatch. As the crack meets the second 

interface, it will propagate along the interface for a long distance under the combined 

effect of modulus mismatch and interface weakening. For the modulus mismatch of 2.0, 

in Fig. 10(c), the stress distortion effect is also observed; however, the main deflection 

position is the first interface instead of the second one. Both the decrease and increase 
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of the modulus of the second phase layer can enhance the crack deflection, and the 

deflection position depends on relative value of the moduli. 

4.3. Crack morphology and fracture toughness of Si3N4 polycrystal 

The crack morphology, which is mainly controlled by the interface/bulk fracture 

toughness ratio and the grain structure in the heterogeneous microstructure, is the key 

element for determining the effective fracture toughness [2]. Based on the above 

deflection/penetration simulations, the influence of interface/bulk fracture toughness 

ratio and grain structure on the crack morphology can be qualitatively illustrated as 

shown in Fig. 11. When the interface/bulk fracture toughness ratio is relatively high, 

the crack propagates in a mixing mode, i.e., intergranular and transgranular cracking. 

The crack penetrates into the grains when the angle between the grain boundary and the 

crack is larger than the critical deflection angle, as indicated by the green square in Fig. 

11(a). With the decrease of interface fracture toughness and thus the increase of critical 

deflection angle, a full intergranular fracture may be observed. The crack propagation 

may also depend on grain morphology including grain shape and size. The effect of 

grain size on crack propagation is shown in Fig. 11(b) and (c). The results show that the 

crack propagation mode changes from a fully intergranular fracture to a mixing mode 

as the grain size increases. This phenomenon can be explained by considering the fact 

that the crack deflection changes the stress strength factor and the driving force for the 

crack propagation. As described in Fig. 5, the extent of deflection depends on the values 

of the interface fracture toughness and inclination angles. Consequently, the crack may 
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stop after it propagates a certain distance and change the propagation direction. For 

small grains, the deflected crack can easily reach next grain boundary and continue to 

propagate along grain boundaries. However, for the material with large grains, the 

deflected crack may stop at the middle of the grain boundaries and penetrates into the 

bulk again, which will decrease the fraction of intergranular fracture.  

To demonstrate the effect of interface fracture toughness and grain sizes on crack 

prorogation behavior, the developed phase-field model is applied to study the crack 

propagation in a heterogeneous polycrystal. As the main focus of this part is to show 

the capability of the proposed model in predicting the transition of transgranular 

fracture to intergranular fracture in polycrystals, the effect of grain orientations is 

temporarily ignored. The initial grain structure and loading conditions are shown in Fig. 

12. The crack propagation path in the polycrystal for different interface fracture 

toughness are presented in Fig. 13(a)-(f). When the interface weakening coefficient is 

equal to 0.75, almost no deflection is observed as shown in Fig. 13(a). With the interface 

weakening coefficient further decreasing to 0.625, two obvious intergranular fractures 

at inclined angles about 25° and 15° occur as shown in Fig. 13(b). Also, the crack has 

a tendency of branch as indicated by the small bulges on the crack in Fig. 13(e). For the 

interface weakening coefficient of 0.125 in Fig. 13(f), large angle intergranular fracture, 

about 80°, can be activated. With the decrease of the interface weakening coefficient, 

the crack shows a continuous transition of transgranular fracture to intergranular 

fracture. 
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Kadin et al. [10] measured the R-curves of Si3N4 ceramics with different grain 

sizes. They found that with a 20% increase in the representative length of the grains, 

the effective fracture toughness would increase about 19%. To compare with these 

experimental results, the energy dissipated during the crack propagation are calculated 

on two systems with different grain sizes, in which the equivalent grain size of the large 

one is 1.2 times of that of the small one. As shown in Fig. 14, the relative dissipated 

energy shows a linear decrease with the decrease of the interface weakening coefficient. 

As expected, the dissipated energy of the large grain is higher than that of the small 

grain for all interface weakening coefficients, which means that the fracture toughness 

of the large grain material is higher than that of the small grain one. Considering that 

the interface weakening coefficient of Si3N4 is about 0.30 – 0.40 in Kadin’s 

experiments [10, 42], the calculated effective fracture toughness ratio of different grain 

size systems is between 1.12 to 1.16, similar to that of Kadin’s experimental 

measurement [10]. 

For understanding the toughening mechanism of the grain size, a detailed 

observation of the crack path is conducted. From Fig. 15, the crack path can be divided 

into the intergranular fracture mode, regions 1, 3, 5, 7, and the transgranular fracture 

mode, regions 2, 4, 6. The transgranular fractures are always related to the large grains, 

marked as grain A, grain B and grain C. When the crack approaches these grains, the 

crack is first deflected and propagates along the grain boundaries. As described above, 

the driving force may be not large enough for a large distance deflection, so transition 



 

27 
 

from the intergranular to transgranular fracture occurs at the middle of these large grain 

boundaries. If the grain size is relative small, the crack may propagate straight along an 

inclined boundary before it propagates along the boundaries paralleled to the x axis, as 

shown in region 3 of Fig. 15. As a consequence, higher proportion of transgranular 

fracture and lower proportion of low angle intergranular fracture can be expected with 

the increase of grain size. 

If the crack propagates along the grain boundaries and/or the interfaces, then the 

crack enters a mixed mode condition, which will lead to an increase in apparent fracture 

toughness a
cG  [41], 

4

1

cos
2

a i
c c
b b
c c

G G
G Gθ

=
 
 
 

                 (27) 

When θ is close to 0°, i.e. the weak interface is almost paralleled to x axis, the 

apparent fracture toughness is equal to the interface fracture toughness. With the 

increase of the inclined angle θ, the apparent fracture toughness shows a considerable 

increase with respect to the interface fracture toughness. At the critical deflection angle, 

the apparent fracture toughness can even reach the bulk fracture toughness. The larger 

the deflection angle is, the smaller the fracture toughness loss is. Hence the 

intergranular crack can be divided into two classifications, deflection at angles closed 

to the critical deflection angle and deflection at angles closed to the x axis, based on the 

negative effect on the fracture toughness loss. Hence crack propagating along the weak 

boundaries paralleled to the x axis is the most detrimental fracture mode for the material 
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toughness; however, the fracture toughness loss is relative small for large angle 

intergranular crack. In summary, the decreasing proportion of low angle intergranular 

fracture and increasing proportion of transgranular fracture in large grain 

microstructure accounts for its relative good fracture resistance. 

5. Conclusions 

In the present study, a two-set order parameters phase-field model is proposed to 

study the crack deflection/penetration behavior by integrating the interface fracture 

toughness and the bulk fracture toughness through a unified form. The model is 

validated by comparing with the LEFM predictions and the existed experimental results. 

The following conclusions can be drawn: 

 The proposed phase-field model can simulate the crack penetration and deflection 

at the interface as well as the transition from transgranular fracture to intergranular 

fracture in the polycrystal. And the present model can capture the prediction of 

LEFM criterion naturally. 

 The modulus mismatch combined with the interface weakening can facilitate the 

crack deflection at the interface; however, the deflection position, at first or second 

interface, depends on the relative value of the moduli. 

 The crack morphology of intergranular/transgranular fracture and thus the effective 

fracture toughness of polycrystal brittle material can be predicted by the present 

model. The toughening mechanism of large grain size is attributed to the decrease 

of low angle intergranular fracture and the increase of transgranular fracture. 
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The proposed model is a very promising simulation tool that allows modeling 

complex crack patterns in systems involving grain boundaries and/or interfaces. Within 

the two-set order parameters setup, the present model can incorporate the real material 

microstructure automatically and offers the possibility to investigate the crack 

propagation and microstructure evolution process simultaneously, which will be 

present in our forthcoming paper. 
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Figure Captions 

Fig. 1. The critical defection angle as a function of interface/bulk facture toughness ratio according 
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to linear elastic fracture mechanics [3]. 

Fig. 2. Schematic illustration of an arbitrary body with a crack and an interface/grain boundary [38]: 

(a) discrete crack surface and discrete interface embedded into the solid; (b) smeared crack and 

diffusive interface; (c) distribution of two-set order parameters in the polycrystal domain with five 

different grain orientations. 

Fig. 3. The equilibrium profiles of crack at different values of cε  in a one-dimensional domain 

with a length of 2L. 

Fig. 4. Sketch of the simulation domain and the loading conditions for crack deflection and 

penetration. 

Fig. 5. (a-f) Crack penetration to defection as the decrease of interface weakening coefficient with 

an interface inclination angle of 30°, the first deflection indicated by the blue arrows and second 

deflection indicated by the white arrows; (g) and (h) crack deflection at the large elongated grains 

in Si3N4 ceramics observed by Sun et al. [11]. 

Fig. 6. Force-displacement curve of the simulation of the interface weakening coefficient k = 0.375 

and an interface inclination angle of 30°. 

Fig. 7. Deflection vs. penetration at different interface/bulk fracture toughness ratios according to 

the present phase field model, linear elastic fracture mechanics and experiments [41]. 

Fig. 8. Effect of modulus mismatch on the crack propagation path, deflection direction indicated by 

the arrows. 

Fig. 9. Evolution of the distribution of Syy at different modulus mismatch ratios as the crack 

approaching and penetrating the interface, stress distortion direction indicated by the arrows. 
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Fig. 10. Combined effect of modulus mismatch and interface weakening on the crack deflection. 

Fig. 11. Crack morphology governing effects: (a) comparison between large and small 

interface/bulk fracture toughness ratios, grain square describes the crack penetrating at high angle 

boundary; (b) and (c) grain size on crack deflection, green squares identify the maximum deflection 

length at this condition. 

Fig. 12. Sketch of the simulation domain and the loading conditions for polycrystal. 

Fig. 13. Crack morphology in polycrystal with different interface weakening coefficients, the major 

intergranular fracture identified by the circles and the crack bulges indicated by the arrows. 

Fig. 14. Relative dissipated energy in polycrystals of different grain sizes with the decrease of 

interface weakening coefficients. 

Fig. 15. Intergranular (region 1, 3, 5, 7) and transgranular (region 2, 4, 6) fracture transition in 

polycrystals. 



 
Fig. 1. The critical defection angle as a function of interface/bulk facture toughness ratio according 

to linear elastic fracture mechanics [3]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 
Fig. 2. Schematic illustration of an arbitrary body with a crack and an interface/grain boundary [38]: 

(a) discrete crack surface and discrete interface embedded into the solid; (b) smeared crack and 

diffusive interface; (c) distribution of two-set order parameters in a polycrystal domain with five 

different grain orientations. 

 

 

 

 

 

 

 

 

 



 

Fig. 3. The equilibrium profiles of crack at different values of cε  in a one-dimensional domain 

with a length of 2L. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 
Fig. 4. Sketch of the simulation domain and the loading conditions for crack deflection and 

penetration. 

 

 

 

 

 

 

 

 

 

 

 
    



 
Fig. 5. (a-f) Crack penetration to defection as the decrease of interface weakening coefficient with 

an interface inclination angle of 30°, the first deflection indicated by the blue arrows and second 

deflection indicated by the white arrows; (g) and (h) crack deflection at the large elongated grains 

in Si3N4 ceramics observed by Sun et al. [11]. 

 

 

 

 



 

Fig. 6. Force-displacement curve of the simulation of the interface weakening coefficient k = 0.375 

and an interface inclination angle of 30°. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 
Fig. 7. Deflection vs. penetration at different interface/bulk fracture toughness ratios according to 

the present phase field model, linear elastic fracture mechanics and experiments [41]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 
Fig. 8. Effect of modulus mismatch on the crack propagation path, deflection direction indicated by 

the arrows. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
 
 
 

 



 
Fig. 9. Evolution of the distribution of Syy at different modulus mismatch ratios as the crack 

approaching and penetrating the interface, stress distortion direction indicated by the arrows. 

 

 

 

 

 

 

 

 

 

 

 

 

  



 
Fig. 10. Combined effect of modulus mismatch and interface weakening on the crack deflection. 

 

 

 

 

 

 

 



  
Fig. 11. Crack morphology governing effects: (a) Comparison between large and small 

interface/bulk fracture toughness ratios, green square describes the crack penetrating at high angle 

boundary; (b) and (c) grain size on crack deflection, green squares identify the maximum deflection 

length at this condition. 

 

 

 

 

 

 

 

 

 



 
Fig. 12. Sketch of the simulation domain and the loading conditions for polycrystal. 

 

 

 

 

 

 

 

 

 

 

 

 



 
Fig. 13. Crack morphology in polycrystal with different interface weakening coefficients, the major 

intergranular fracture identified by the circles and the crack bulges indicated by the arrows. 

 

 

 

 

 

 

 

 

 

 

 

 

 
 



 
Fig. 14. Relative dissipated energy in polycrystals of different grain sizes with the decrease of 

interface weakening coefficients. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



  
Fig. 15. Intergranular (region 1, 3, 5, 7) and transgranular (region 2, 4, 6) fracture transition in 

polycrystals. 
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