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Abstract

Grain fracture and crushing are known to influence the macroscopic me-
chanical behavior of granular materials and be influenced by factors such as
grain composition, morphology, and microstructure. In this paper, we inves-
tigate grain fracture and crushing by combining synchrotron x-ray computed
tomography and three-dimensional x-ray diffraction to study two granular
samples undergoing uniaxial compaction. Our measurements provide details
of grain kinematics, contacts, average intra-granular stresses, inter-particle
forces, and intra-grain crystal and fracture plane orientations. Our analyses
elucidate the complex nature of fracture and crushing, showing that: (1) the
average stress states of grains prior to fracture vary widely in their relation to
global and local trends; (2) fractured grains experience inter-particle forces
and stored energies that are statistically higher than intact grains prior to
fracture; (3) fracture plane orientations are primarily controlled by average
intra-granular stress and contact fabric rather than the orientation of the
crystal lattice; (4) the creation of new surfaces during fracture accounts for
a very small portion of the energy dissipated during compaction; (5) mixing
brittle and ductile grain materials alters the grain-scale fracture response.
The results highlight an application of combined x-ray measurements for
non-destructive in situ analysis of granular solids and provide details about
grain fracture that have important implications for theory and modeling.
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1. Introduction

Grain fracture and crushing, also referred to as breakage, plays an im-
portant role in the mechanical properties of granular materials. These phe-
nomena occur in a variety of engineering applications and geological settings
including in earth dams [1], pile driving [2], railway ballasts [3], rapid pen-
etration [4], in shearing of granular fault gouge [5], and in loading of rock
masses during geological processes [6]. Because fracture and crushing mod-
ify the grain-size distribution, grain angularity, and achievable porosities in
granular materials, they play an important role in constraining the math-
ematical formulation describing the inelasticity of these materials (e.g., see
[7, 8, 9]). For example, several studies (e.g., [7, 10, 11]) have linked the on-
set of macroscopic yielding in soil specimens to the onset of grain breakage,
highlighting the importance of understanding grain breakage mechanisms
for predicting the onset of plastic behavior. Several studies (e.g., [12, 9])
have linked parameters from critical state soil mechanics to the evolution
of grain-size distribution after breakage begins, highlighting the importance
of understanding grains comminution for the development of plasticity laws
describing post-yield behavior. In addition to providing insight into the ap-
plicability of plasticity laws, a precise understanding of in situ grain breakage
mechanisms may aid in assessing the stress history of geologic soil and rock
formations [6].

A variety of grain-scale factors have been linked through experiments,
theory, and modeling to fracture and crushing in granular materials. These
factors include grain composition (mineralogy and crystal lattice orientation),
grain morphology, intra-granular stress, inter-particle forces, and coordina-
tion number. In the present paper, we focus on the influence of the orienta-
tion of the crystal lattice, intra-granular stress, and inter-particle forces on
the breakage process, shedding light on grain breakage mechanisms and the
orientation of fracture planes using in situ measurements. Before describing
our analyses and results, we first provide a brief survey of past research on
these topics.

Weibull [13] first postulated a link between breakage and material com-
position by formulating a “survival probability” for brittle materials that is a
function of local tensile strength variability. This variability is captured in a
scalar quantity called the Weibull modulus, which varies with grain compo-
sition, decreasing as variability in local tensile strength increases. The use of
Weibull statistics and moduli to predict and interpret data on fracture and
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crushing in granular materials has been widely and successfully adopted (e.g.
[7, 10, 14, 15, 16]). Mineralogy and the orientation of the crystal lattice have
also been found to influence the nature of crack branching in a variety of
materials found in geological formations [17, 18]. Despite the prevalence of
numerical models and constitutive laws accounting for anisotropic plasticity
and fracture (e.g., [19, 20]), there has been no rigorous assessment of when
these models are applicable to in situ grain-scale fracture.

Jaeger [21] established the interrelated importance of intra-granular stress
and coordination number on fracture behavior by showing that peak intra-
granular tensile stress decreases in circular grains as coordination number
increases. McDowell and colleagues [7] have incorporated this finding into
theories of fracture likelihood by reformulating Weibull’s “survival proba-
bility” to explicitly incorporate the coordination number. These authors
further argued that the influence of coordination number on fracture must
dominate over the influence of factors such as particle shape in order to ob-
tain the fractal distribution of particle sizes widely observed in comminuted
soils. Ben-Nun and Einav [22] developed a separate analytical model for grain
fracture that supports Jaeger’s findings, exhibiting a reduced likelihood of
fracture as coordination number increases. Turner and colleagues [23] used
finite-element simulations to confirm the finding that increasing coordination
number decreases maximum tensile stress. However, Cil and colleagues [24]
found that contact number was not the main predictor of particle fracture in
a sample of silica sand under 1D compression.

Russell and colleagues [25] proposed a failure criterion for grains in which
rupture occurs when the maximum contact force on a grain reaches a thresh-
old that is independent of other contact forces. de Bono and McDowell [26]
showed that, among a variety of fracture criteria incorporating major princi-
pal stress, mean stress, and maximum inter-particle force, only the criterion
incorporating maximum inter-particle force produces behavior observed in
experiments and simulations. Karatza and colleagues [27] used simulations
and tomographic images to show that the spatial concentration of particle
breakage appears correlated with the spatial concentration of the largest
inter-particle normal forces. However, the inference of inter-particle forces in
stiff 3D packings has only recently become achievable [28], and a thorough
investigation of in situ fracture has not yet employed this capability.

The studies described above have highlighted the complex interplay of
various grain-scale factors in the breakage mechanics of grains. They have
also illustrated the need for further research to clarify the relative importance
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of these factors in different loading environments and for different granular
materials. The studies involved a variety of numerical and experimental
approaches. Experimental compression of individual, or small groups of,
grains compressed between two or more objects, with post-mortem analysis
of grain fragments, has been widely used to investigate fracture behavior
(e.g., [21, 15, 29, 16, 30]). The advent of x-ray computed tomography has
recently permitted detailed in situ and post-mortem studies of the spatial
concentration of grain breakage and of grain fragment sizes (e.g., [27, 29, 31]).
Finite Element (FE) and Discrete Element Method (DEM) simulations have
been employed to investigate the conditions under which single or several
grains break in situ during a variety of loading conditions (e.g., [23, 24, 5,
16, 32]).

In this paper, we investigate in situ grain fracture and crushing in two
samples of granular material subjected to uniaxial compaction with combined
synchrotron x-ray computed tomography (XRCT) and three-dimensional
x-ray diffraction (3DXRD), also called far-field high-energy diffraction mi-
croscopy (ff-HEDM). When combined, these two x-ray measurements permit
concurrent evaluation of grain kinematics, contacts, local strains and porosi-
ties, average intra-granular stresses, inter-particle forces, and crystal and
fracture plane orientations [28, 33]. Prior research has demonstrated the
utility of XRCT for investigating grain-scale mechanics [27, 34] and the com-
bined use of XRCT and 3DXRD for studying stress concentrations, fracture,
grain kinematics, and forces [35, 36, 28, 33, 37, 38]. In the present study, we
combine XRCT and 3DXRD in order to determine how the orientation of
intra-grain crystal lattices, intra-granular stresses, and inter-particle forces
influence the presence and nature of intra-granular fractures. We use a sam-
ple with spherical sapphire grains to investigate effects of boundary layers
between different sizes and packing and system size effects [33], and a sample
with sapphire grains mixed with copper grains to observe the influence of
large contact areas and a secondary ductile phase.

The paper is arranged as follows. In Section 2, we describe the experi-
mental methods and data analyses associated with the x-ray measurements.
In Section 3, we describe the two uniaxial compaction experiments that are
the focus of the paper. Also as part of this section, we describe intra-granular
fractures and their mechanisms of formation using the analyses from Section
2. In Section 4, we provide a discussion of the implications of our work and
future directions, and in Section 5 we provide concluding remarks.
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2. Experimental Methods and Analyses

Two granular samples were studied in this work. The first sample con-
tained 989 spherical single-crystal sapphire grains, 549 with diameter 193±2
µm and 440 with diameter 155±4 µm, and was described previously in [33].
The second sample contained 205 spherical single-crystal sapphire grains, 95
with diameter 193±2 µm and 110 with diameter 158±4 µm, and 28 copper
grains, which passed a #50 mesh screen (0.3 mm) and were retained on a
#70 mesh screen (0.212 mm). Both samples were prepared by alternating
the pouring of grains with different sizes or compositions into a 10 mm tall
Al-6061 cylinder with inner diameter 1.5 mm. Prior to preparation, a steel
platen with diameter 1.5 mm was inserted into the bottom 5 mm of the
cylinder. After preparation, the platen and cylinder were placed in the com-
pact load frame [39] present at the 1-ID-E hutch of the Advanced Photon
Source (APS) at Argonne National Laboratory. The samples were loaded in
uniaxial compression by lowering a 1.5 mm steel piston into the top of the
cylinder and recording the force transmitted through the sample with a load
cell below the bottom platen.

Figure 1(a) shows a schematic of the compact load frame and conditions
present at the 1-ID-E hutch of APS during the experiment. In both experi-
ments, applied load was increased by lowering the top piston at a constant
velocity of approximately 1 µm/s until a desired load cell reading was reached.
The piston position was then held constant as 1 mm tall volumes of the sam-
ple were illuminated by a 51.996 keV monochromatic x-ray beam. During
sample illumination, the sample was rotated twice through 360◦, skipping
40◦ sections on opposite sides of the sample due to x-ray blockages from the
compact load frame’s support posts. During the first 180◦ of the first full ro-
tation, a Retiga 4000 CCD camera with 2048 x 2048 pixels, a 10x objective,
and a 0.47 µm effective pixel resolution captured transmission radiographs at
0.25◦ increments. During the second full rotation, a GE-41RT area detector
with 2048 x 2048 pixels captured diffraction peaks at 0.25◦ increments at
all angles not blocked by support posts. The load steps at which these ro-
tations and x-ray measurements took place are shown in the loading curves
of Figs. 1(d) and 1(e) for the first and second samples, respectively. For
the first sample, uniaxial compaction proceeded until softening was observed
in the load-displacement curve. A single unload-reload cycle was performed
during compaction but will not be analyzed further here. For the second
sample, uniaxial compaction proceeded until widespread grain fracture was
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Figure 1: (a) Schematic of the experimental setup at APS, showing relevant features of
the compact load frame and image acquisition systems. (b) XRCT reconstruction for the
first sample. (c) XRCT reconstruction for the second sample. (d) Load-strain curve for
the first sample. (e) Load-strain curve for the second sample.

evident in transmission radiographs and significant strain was achieved. In
the remainder of this section, we describe our analyses and refinement of
these data for calculating grain centroids, contacts, volume-averaged grain
stresses, inter-particle forces, crystal plane orientation, and fracture plane ori-
entations. Some of this information is also provided in [33], but is repeated
here for completeness.

2.1. XRCT Analysis for Grain Attributes, Contacts

XRCT reconstructions were generated for each granular sample using in-
verse radon transforms in Matlab c©. Resulting reconstructions had a voxel
size of 0.74 µm but were down-sampled to images with a voxel size of 4.44 µm
for most of the analysis described here to improve processing performance.
These images were further processed in Matlab c© using morphological oper-
ations such as opening, closing, watershed, and connected components, to
segment individual grains. Figures 1b and 1c show the reconstructions for
the first and second samples analyzed in this study, respectively. Grain vol-
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umes were calculated by summing the number of voxels belonging to each
grain and centers of mass were calculated by taking the unweighted average
of voxel positions belonging to each grain.

Inter-particle contacts were determined by analyzing labeled XRCT re-
constructions in which each grain or object (including the aluminum tube
and steel platen and piston) was represented by voxels with a unique integer
value. As described in [33], a contact search was performed by moving a
26-voxel neighborhood around each voxel in the image and adding voxels to
ID-pair lists if their 26-voxel neighborhood contained two IDs. A collection
of voxels for a given ID-pair was deemed a contact if the list contained ap-
proximately 0.02% of the grain’s volume. Contacts between touching copper
grains and between copper grains and all boundaries were not tracked. The
eigenvalues and eigenvectors of the covariance matrix for each contact, cor-
responding to the positions of each voxel minus the mean position for all
voxels belonging to that contact, was used to determine the normal vector
(the minor direction) and a basis for the tangent plane (the major and in-
termediate direction). Normal vectors and tangent plane basis vectors were
used in subsequent calculations of inter-particle forces and fabric tensors for
each grain. The fabric tensor was computed for each grain by

Fij =
Nc∑
c=1

nc
in

c
j, (1)

where subscripts indicate tensor indices, Nc is the number of contacts for
the grain and nc

i is the normal vector for contact c. In computing Fij for
each sapphire grain, we consider all sapphire-sapphire contacts, sapphire-
boundary contacts, and sapphire-copper contacts (for the second sample).
The location and normal vector of sapphire-copper contacts is described next.

For sapphire-copper contacts in the second sample, contact area was com-
puted by first assuming the sapphire grains were spheres and then performing
a Lambert azimuthal equal-area projection of contact voxels [40]. This pro-
jection maps points on the surface of a sphere to surface of a disk of radius 2,
on which equal areas on the disk correspond to proportional equal areas on
the surface of the sphere. The area of the convex hull of the resulting points
was then used to compute the contact area, Ac, between the sapphire and
copper by Ac = Ap4πR

2
i /(πR

2
d), where Ap is the area of the convex hull of

projected points, Ri is the grain radius, and Rd = 2 is the radius of the disk
onto which the project maps points. The location of the sapphire-copper
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Figure 2: Example of fracture plane identification by using two points in different slices
(a,b) and two points in the same slice (c,d) to form a basis for a planar fracture surface.
The coordinate axes next to (d) applies to all slices (a)-(d). The coordinate system for the
XRCT images is right-handed, but appears left-handed from the coordinate axes because
the slices are rendered with positive z pointing into the page. (e) A simple schematic
of the trigonal crystal structure of single-crystal sapphire and relevant families of crystal
planes.

contact surface was assumed to be the closest point on the surface of the
sapphire grain to the mean location of the contact voxels, and the normal
vector of the contact was assumed to be parallel to a line connecting that
location to the centroid of the sapphire grain.

2.2. XRCT Analyses for Fracture Plane Orientations

Fracture plane orientations were used to analyze resolved shear and nor-
mal stress within grains that fractured and for comparison with crystal plane
orientations having known fracture toughnesses. Fracture plane orientations
were determined manually from XRCT images as follows. First, fractured
grains were identified in a given load step by studying XRCT images and
3DXRD data. This process can be automated in future work, but the XRCT
reconstructions used in this work were not of sufficient quality to permit lo-
cating fractures using an automated algorithm. Once a fracture plane was
identified, two points on the primary fracture surface in a grain were identi-
fied in two separate slices in the x-y plane, and two additional points were
identified in a single slice in the x-y plane. Figures 2(a) and 2(b) illustrate
the two points identified in two different slices, 583 and 599, for a specific
grain. These slices were chosen toward the bottom and top of the fracture,
respectively. Figure 2(c) illustrates the two additional points identified in a
single slice for the same grain. This slice, 599, was chosen to fall between the
two other slices and approximately at the position at which the fracture’s
length was the greatest.
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With the four points identified from XRCT images, two vectors falling
approximately on the fracture surface were calculated as

v
(1)
i = r

(1)
i − r

(2)
i ; v

(2)
i = r

(3)
i − r

(4)
i . (2)

Writing the normalized vectors as ṽ
(1)
i and ṽ

(2)
i , a vector normal to the fracture

surface is
ni = εijkṽ

(1)
j ṽ

(2)
k , (3)

where εijk is the Levi-Civita symbol and Eqn. (3) therefore represents a cross

product between ṽ
(1)
j and ṽ

(2)
k . The normalized form of ni is written as ñi. A

set of basis vectors for the fracture plane can then be written as

t̃
(1)
i = ṽ

(1)
i ; t̃

(2)
i = εijkṽ

(1)
j ñ

(1)
k . (4)

Figure 2(d) illustrates the approximate projection of ñi and t̃
(2)
i into the x-y

plane.
We note three sources of human bias in the manual identification of frac-

ture surfaces described above. First, human bias was introduced in iden-
tifying the primary fracture in grains possessing multiple fracture planes.
In selecting a primary fracture surface, we were careful to identify fracture
planes that appeared to have the greatest surface area. However, it is not
always possible to identify such a fracture plane, as will be clear in figures
shown later. Second, human bias was introduced in selecting the points
r
(1)
i , r

(2)
i , r

(3)
i , and r

(4)
i , shown in Fig. 2. The process of identifying these

points was repeated twice with a typical difference of vector orientations of
no more than 6◦. Finally, bias was introduced by using slices in the x-y plane,
rather than any other plane, for identifying points in the fracture plane. This
last source of bias is likely minimal because most fractures have high dip an-
gles from the z-axis and tend to align with principal tensile stress directions,
which themselves tend to fall in the x-y plane. Finally, we note that fracture
surfaces are not always planar, but often possess curvature. An example of
this curvature is evident by comparing Figs. 2(a) and 2(b). Nevertheless,
the procedure for identifying a fracture plane outlined above should produce
a first-order estimate of the average fracture orientation.

2.3. 3DXRD Analysis for Grain Stresses and Crystal Plane Orientations

The open-source software HEXRD [41] was used for analysis and reduc-
tion of diffraction patterns. Diffraction patterns were first imported by the
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HEXRD software and the software was then provided with approximate lat-
tice parameters for sapphire. HEXRD was used to associate diffraction peaks
with individual single-crystal grains. Restricting consideration only to fam-
ilies of lattice planes whose diffraction rings fell within the extents of the
3DXRD images, grains were retained for strain calculation if the number of
observed diffraction spots was at least 60% of expected (a retention thresh-
old of 0.6 in [42]). For the first sample, 828 to 950 grains were retained for
strain calculation, depending on the load step. For the second sample, 193 to
202 grains were retained for strain calculation, depending on the load step.
Grain stresses were calculated using grain strains and single-crystal elastic
moduli values of sapphire [43]: C11=502 GPa, C12=161 GPa, C13=125 GPa,
C14=-19 GPa, C33=501 GPa, and C44=157 GPa.

HEXRD was used to identify the orientation of crystal planes within each
sapphire grain. Sapphire has trigonal symmetry and belongs to the R3̄c space
group. HEXRD was therefore used to provide orientations of the c-plane,
[0001], the six-fold orientations of the r-planes (e.g., [11̄02]), the three-fold
orientations of the a-planes (e.g., [112̄0]), and the three-fold orientations of
the m-planes (e.g., [101̄0]). A simple schematic of these planes are shown in
Fig. 2(e), although more thorough diagrams of sapphire’s crystal structure
can be found in [44]. These orientations were used in subsequent analysis,
described below, to assess the influence of anisotropic fracture toughness on
the orientation of fracture surfaces within each grain.

2.4. XRCT and 3DXRD Analysis for Inter-particle Forces

Following the calculation of grain and contact orientations, and intra-
granular stresses, force vectors were inferred at each inter-particle contact
using methods described in [28, 33]. Following this procedure, the inferred
forces are those that best satisfy equilibrium and volume-averaged stress mea-
surements for each grain, while also enforcing frictional constraints on each
force vector. Sapphire-sapphire contacts were assumed to have a friction co-
efficient of 0.1 and both sapphire-aluminum and sapphire-steel contacts were
assumed to have a friction coefficient of 0.4, both of which are approximately
consistent with tabulated values [45].
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Figure 3: Two renderings of sample 1 at load step 0, (a) showing all grains and (b)
highlighting those that fracture during sample compaction. (c) Separate figures of each
fractured grain, shown in the x-y plane, with a green line to guide the reader toward

identifying the approximate location of the projection of t̃
(2)
i into the x-y plane. Figures

are labeled by a grain index and load step (in parentheses) indicating the first load step in
which fracture was observed. Lines crossing the entire figures are ring artifacts generated
during image reconstruction.
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3. Findings from Experiments

3.1. Sample 1: Sapphire Spheres During Uniaxial Compaction

During compaction of the first sample, which contained 989 single-crystal
sapphire grains, 27 grains fractured between steps 5 and 9. Of the 27 grains
that fractured, 8 were of the smaller radius (155±4 µm) and 19 were of the
larger radius (193±2 µm). Figure 3 contains two renderings of the sample at
load step 0, one showing all grains and one highlighting grains that fractured.
A separate snapshot, shown in the x-y plane, is also presented for each grain
at the first step in which fracture was observed. Approximate locations of
the projection of t̃

(2)
i for the primary fracture planes are indicated with a

green line.

3.1.1. The influence of intra-granular stress on fracture

We used the average stress tensor for each grain, σij, to study the role
of intra-granular hydrostatic and distortional stress on fracture. Hydrostatic
and distortional, or von Mises, stresses were computed by

σh = σii/3 and σm =
√

((σ1 − σ2)2 + (σ2 − σ3)2 + (σ3 − σ1)2)/2, (5)

respectively, where σii is the trace of σij and σn is the nth eigenvalue of σij.
Figure 4(a) illustrates a density map of the minimum and maximum values
of σh and σm, respectively, for all grains across all load steps. Superimposed
on the density map are the trajectories of (σh, σm) in 25 of the 27 grains that
fractured. The symbols represent the (σh, σm) states of these grains in the
step immediately before (Sf−1) or two steps before (Sf−2) fracture was first
observed. These two states were chosen because it is possible that fractures,
below the XRCT resolution, occurred in these grains in the step before larger
fractures were observed in XRCT images. Grains without the minimum
number of diffraction spots required to pass the 3DXRD retention threshold
for these steps were not considered. Grains experiencing fracture tend to also
experience higher σm (average of 171.6 MPa) in the steps immediately prior
to fracture, than those reached at any step by all grains (114.3 MPa). A
two-sided Welch’s t-test [46] (which compares differences in means between
two samples with distinct variances) within the populations of fracturing
grains and all grains, confirms that this difference is statistically significant at
the 99% confidence level in the present sample (possibly non-integer degrees
of freedom computed using the Welch-Satterthwaite formula [47], d.o.f. =
25.4, t = 4.3). Grains experiencing fracture also tend to experience a lower
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σh (mean of -67.3 MPa) in the steps immediately prior to fracture, than
those reached at any step by all grains (mean of -73.9 MPa). However,
this result is not significant according to a Welch’s t-test (d.o.f. = 26.6,
t = −1.13). The high variance in these both σh and σm evident in Fig. 4(a)
is not surprising when considering the variety of contact states that fracturing
grains experience in this sample.

Figures 4(c) and 4(d) show density maps for the large and small grain
size populations, respectively, using the same colors as Fig. 4(a) but with 0
and 20 as the colorbar extents. These figures convey minor differences in the
spreads of (σh, σm) states for the two grain size populations. Larger grains
experience slightly lower average σm (169.1 MPa versus 178.0 MPa) and σh (-
73.9 MPa versus -82.2 MPa) states than small grains prior to fracture. Within
the large grain size population, σm for fracturing grains remains higher than
the general population of grains at the 99% confidence level according to
a Welch’s t-test (d.o.f. = 18.2, t = 3.12). Within the small grain size
population, σm for fracturing grains is higher than the general population at
the 95% confidence level (d.o.f. = 6.24, t = 3.00).

To further explore the role of intra-granular stress on fracture, we used
σij for each grain with ñi, t̃

(1)
i , and t̃

(2)
2 , to estimate the resolved normal stress,

σn = σijñiñj, and shear stress, σt =
√
σ2
t1 + σ2

t2. For calculating the latter

stress, σt1 = σijñj t̃
(1)
i and σt2 = σijñj t̃

(2)
i , on each grain’s primary fracture

surface. These quantities only estimate the resolved normal and shear stress
on each fracture surface because intra-granular stress fields vary significantly
near contact points and significantly larger or smaller stresses are expected
in localized areas within each grain.

A means for comparing resolved normal and shear stresses with stresses
in grains that do not fracture is not obvious. We chose to compute the
maximum and minimum principal stresses, σ1 and σ3, respectively, and the
maximum shear stress, σs = (σ1 − σ3)/2, for grains that do not fracture.
Density maps of (σ3, σs) and (σ1, σs) are illustrated on the same plot in Fig.
4(b). Superimposed on the density maps are the trajectories, in (σn, σt)
space, of 25 of the 27 grains that fractured. As in Fig. 4(a), symbols in
Fig. 4(b) represent states of these grains in the step or two before fracture

was first observed. We are not accounting for the rotation of ñi, t̃
(1)
i , and

t̃
(1)
2 in the steps prior to fracture. However, grain rotations are significantly

less than 1◦ on average between load steps in this experiment, less than the
fracture plane orientation bias described in section 2.2.
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(a) (b)

(c)

Large

(d)

Small 
(e)

Large

(f)

Small

Figure 4: (a) A density map of the minimum and maximum (σh, σm) states for all grains
across all load steps, with trajectories of grains that fracture and their state in the steps
prior to fracture indicated by symbols. Sf−1 indicates grains with 3DXRD measurements
available in the step immediately prior to fracture, while Sf − 2 indicates grains with
3DXRD measurements available only two steps prior to fracture. (b) Density maps of
(σ3, σs) and (σ1, σs) for each grain, where σ3 is the minimum value achieved at any load
step during compaction and σ1 is the maximum value achieved at any load step. Also
shown are trajectories of (σn, σt) on the planar primary fracture surface of grains in the
steps prior to fracture. (c,d) The same results shown in (a) but for the large (c) or small
(d) grain size populations. (e,f) The same results shown in (b) but for the large (e) and
small (f) grain size populations.
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Figure 5: Normalized Mohr’s circles showing normalized values of σn and σt on the planar
fracture surface in each grain that fractures, in the step prior to fracture. (a) Mohr’s circle
dividing grains into Sf − 1 and Sf − 2 populations. (b) Mohr’s circle dividing grains into
large and small grain size populations.

Grains that experience fracture exhibit widely varying resolved normal
and shear stresses on their fracture planes prior to failure. The only observ-
able trend in Fig. 4(b) is that a majority of grains that fracture do so on
planes with σn closer to the maximum tensile stress in the grain than the
maximum compressive stress. In fact, only two grains fracture on planes
closer to their maximum compressive stress direction. To corroborate this
observation, we normalized σn and σt, using σ1 and σ3 for each grain, and
plotted them together on a single Mohr’s circle in Fig. 5(a). To normalize
σn, we computed

Normalized σn =
σn − σ3
σ1 − σ3

, (6)

for each grain. To normalize σt, we computed

Normalized σt =
2σt

σ1 − σ3
(7)

for each grain. We again observe nearly all fractures to occur along planes
more closely aligned with the principal tensile stress than with the principal
compressive stress (mean of normalized σn is 0.54). This finding is confirmed
in later analysis of fracture orientations.

Figures 4(e) and 4(f) illustrate density maps of (σ3, σs) and (σ1, σs) for
the large and small grain size populations, respectively, using the same colors
as Fig. 4(b) but with 0 and 20 as the colorbar extents. As in Figs. 4(c) and
4(d), these maps convey a difference in behavior between the two grain size
populations. The most notable observation is that small grains experiencing
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Figure 6: (a) Distributions of the maximum force experienced by all grains (Max, All),
fractured grains in the step prior to fracture (FS-1), fractured grains in any of the two
steps prior to fracture (FS-2:FS-1), fractured grains in any of the three steps prior to
fracture (FS-3:FS-1), and fractured grains at any step (Max, Frac.). (b) Same as (a) but
for stored elastic energy, U . Numbers next to legend entries indicate averages values of
max(fn) or U over corresponding steps.

fracture tend to fracture along planes with a lower total and normalized re-
solved shear stress than do large grains (normalized σt of 0.26 for small grains
versus 0.48 for large). Figure 5(b) illustrates this finding on the normalized
Mohr’s circle. The origin of this difference is not clear and may simply be
due to the small sizes of these two populations.

3.1.2. The influence of inter-particle forces on fracture

To evaluate the applicability of a maximum inter-particle force fracture
criterion, such as the one suggested by [25, 26], we calculated inter-particle
forces as described in section 2.4 and [33]. As described in [33], the in-
ferred inter-particle forces are those that best satisfy force equilibrium and
the volume-averaged stress measurements for each grain. Normal force mag-
nitudes tend to follow an exponential decay above the mean force at each
load step, in agreement with prior experimental and numerical work [48].

We evaluated the maximum normal force on fracturing grains in the step
prior to fracture (FS-1), in the two steps prior to fracture (FS-2:FS-1), in the
three steps prior to fracture (FS-3:FS-1), and at any step (Max, Frac.) and
superimposed these on the maximum forces experienced by all grains at any
load step (Max, All) in Fig. 6a. The numbers in the legend are the means of
the corresponding distributions. Maximum forces were evaluated on fractur-
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ing grains at multiple load steps because it is possible that fractures below
the resolution limits of XRCT images caused load drops in the step before
fracture was first observed. We observe in Fig. 6a that maximum forces
on grains experiencing fracture exhibit a distribution with a slightly higher
mean than that of maximum forces experienced by all grains. However, the
difference in means of these distributions decreases when the window of steps
across which forces are considered narrows to the step immediately prior to
fracture, which lends support to the prior suggestions that grains fracture
prior to the observation of fractures in XRCT images. Nevertheless, the
differences between some of these means and the mean for all grains are sta-
tistically significant according to a two-sided Welch’s t-test as follows: the
difference in Max, Frac. is significantly different at the > 99.9% confidence
level (d.o.f. = 26.5, t = 4.49); the difference in FS-3:FS-1 is significant at the
95% confidence level (d.o.f. = 26.5, t = 2.41); the difference in FS-2:FS-1 is
significant at the 80% confidence level (d.o.f. = 26.6, t = 1.62); the difference
in FS-1 is not significant at the 80% confidence level. These results suggest
that grains experiencing fracture also experience higher inter-particle normal
forces than the mean in the steps prior to observed fracture.

To assess whether total elastic energy provides a better predictor of grain
fracture than maximum force, we computed the stored elastic energy in each
grain, U , by assuming contact forces approximately follow a Hertzian contact
law (this assumption is not made in the inference of contact forces [28, 33].
This is similar to the fracture criterion based on average forces used in [49],
but employs grain attributes as multiplicative factors when summing forces
rather than the multiplicative factors used in that work. We note that we did
not use average intra-granular stresses to calculate U . Positive and negative
values in the stress field within individual grains cancel one another’s contri-
bution to the average intra-granular stress, and therefore to any strain energy
density computed from the average intra-granular stress. However, the force
inference method described in section 2.4 yields accurate inter-particle forces
despite this cancellation, because it considers the stresses and equilibrium
conditions of adjacent grains. This is evidenced by the accurate forces found
in [50], despite the presence of stress fields with positive and negative stress
values within individual grains. U is calculated by

U =

Np
c∑

c=1

3

5(6)1/3
f
5/3
nc

Ē2/3R̄1/3
, (8)
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where Nc is the number of contacts on the grain, fnc is the normal force
at contact c, Ē is the harmonic mean of the Young’s moduli of contacting
surfaces, and R̄ is the harmonic mean of radii of curvature of contacting
surfaces. The radius of curvature of all system boundaries was assumed to
be infinite. Figure 6(b) shows that stored elastic energies in fracturing grains
following the same trends relative to the mean as the maximum inter-particle
forces. Similarly, statistical significance is at nearly the same level for each
of the differences in means: the difference in Max, Frac. is significant at the
> 99% confidence level (d.o.f.= 26.5, t = 3.65); the difference in FS-3:FS-1 is
significant at the 90% confidence level (d.o.f.= 26.4, t = 2.05); the difference
in FS-2:FS-1 is significant at the 80% confidence level (d.o.f.= 26.5, t = 1.48);
the difference in FS-1 is not significant at 80% confidence level. As with
the inter-particle force results, these results suggest that grains experiencing
fracture tend to have higher stored elastic energies than the mean in the
steps prior to fracture.

3.1.3. Fracture orientations relative to stresses and contact fabric

Fracture planes have been widely observed to align with maximum prin-
cipal tensile stress, an observation that motivates the use of Brazilian tests
[21]. To assess the role of intra-granular stress in in situ fracture during
multi-contact loading, we computed the dip angles between fracture plane
normals and the maximum compressive, σ3, and tensile, σ1, principal stress
directions. Figure 7(a) illustrates that fracture surfaces exhibit high dip an-
gles relative to σ3 directions, consistent with findings of Brazilian tests [21]
and in agreement with the finding that fractures align more closely with
the principal tensile stress direction than the principal compressive stress
direction. However, Fig. 7(b) shows that fracture surfaces do not neces-
sarily align with the σ1 direction, exhibiting an average dip angle of 45.3◦

relative to this direction. This finding may reflect the role of the interme-
diate principal stress, σ2, on fracture. Mean values of (σ1 − σ2)/(σ1 − σ3),
reflecting the proximity of σ2 to either σ1 (a value of 0) or σ3 (a value of
1), were 0.65 with a standard deviation of 0.15. As described in [51, 52],
the proximity of σ2 closer to σ1 than σ3 increases the likelihood of fracture
on planes inclined to σ1, in agreement with the results of Fig. 7(b). We
did not observe a systematic change in strength, or σn and σt values, with
changes in (σ1−σ2)/(σ1−σ3), like those reported in [51, 52], likely due to the
limited number of grain fractures. Nevertheless, these results highlight the
complex nature of fracture influenced by the multiaxial stress state within

18



(a)

Mean: 74.0o

(b)

Mean: 45.3 o

Fracture

Figure 7: Dip angles of fracture surfaces relative to σ3 (a) and σ1 (b) directions in the
step prior to fracture. Insets illustrate conditions at 0◦ and 90◦.

grains experiencing multi-contact loading.
To examine how grains fracture as a function of contact locations, we

computed the dip angles between fracture plane normals and the maximum
eigenvalue of the fabric tensors Fij, or F1, and the force weighted fabric
tensors

F̃ij =
1

〈fn〉

Nc∑
c=1

fnn
c
in

c
j, (9)

or F̃1, for each grain, where fn is the force at contact c and 〈fn〉 is the average
contact force on the grain. Figure 8(a) suggests that fracture surfaces tend
to exhibit high dip angles relative to the maximum eigenvalue of Fij. An
interpretation of what this means in the case of diametrically opposed contact
forces is shown in the inset. This trend is similar to, but weaker than, that of
Fig. 7(a). The similarity stems from the fact that non-cohesive grains with
low inter-particle friction have maximum compressive stress directions similar
to the maximum eigenvalue of Fij. Figure 8(b) shows that the maximum
eigenvalue of F̃ij has, on average, a higher dip angle to the fracture surface
than does the maximum eigenvalue of Fij in grains that fracture.

The findings of Figs 7 and 8 highlight the complex relationship between
intra-granular stress, contacts, and fracture surfaces. They generally suggest
that fractures can be used to assess the stress and contact histories of grains
that have not significantly rotated after fracturing, a possibility raised in
other research [6].
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(a)

Mean: 62.2o
(b)

Mean: 69.4o

Fracture

Figure 8: Dip angles between fracture surfaces and (a) unweighted principal fabric, F1, and
(b) weighted principal fabric, F̃1, directions in the step prior to fracture. Insets illustrate
conditions at 0◦ and 90◦.

We used initial coordination number (at step 0), Z, to assess whether
contact number influences grain fracture mechanics, as suggested in [10].
Using initial Z permits us to compare the population of grains that eventu-
ally fracture to the entire grain population, providing a greater chance for a
statistically meaningful result than if Z was compared in specific load steps
during which only a few grains fractured. The average initial Z was 5.26 for
grains that eventually fractured and 5.97 for all grains. A two-sided Welch’s
t-test confirms that the difference in these two coordination numbers are sig-
nificant at the 98% confidence level (d.o.f. = 27.56, t = −2.50), confirming
the suggestion in [10] that an increase in Z decreases the likelihood of grain
fracture.

3.1.4. Fracture orientations relative to lattice planes

We used the crystal plane orientations determined using 3DXRD to as-
sess the influence of crystal plane orientations on fracture plane orientations.
Sapphire possesses an anisotropic fracture toughness, KIC , with values of
4.54± 0.32 MPa m1/2 for the c-plane, 3.14± 0.30 MPa m1/2 for the m-plane,
2.38±0.14 MPa m1/2 for the r-plane, and 2.43±0.26 MPa m1/2 for the a-plane
[45]. Accordingly, both slow crack growth and tension testing has found that
the r-plane is the dominant cleavage plane for sapphire [45]. Determining the
conditions in which this holds for multi-contact loading could provide insight
into when anisotropic fracture models are needed for single-crystal grains in
a granular solid under uniaxial compaction.
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(a) c-plane (b) m-plane

(c) a-plane (d) r-plane

Figure 9: Observed dip angles between fracture planes and the nearest crystal plane, for
the c- (a), m- (d), a- (c), and r-planes (d). Dot-dashed lines indicate the average dip
angles (Avg. Obs.) and the dashed lines indicate the dip angles expected (Avg. Exp.)
from randomly oriented fractures.

We computed the dip angle between the fracture plane normal and the
c-axis, the three-fold m-axes, the six-fold r-axes, and the three-fold a-axes
in each grain. For each axis, we retained for analysis only the smallest dip
angle for all symmetrically-equivalent axes (e.g., we retained only the smallest
dip angle of all six dip angles relative to the r-axes). Figure 9 shows the
count of dip angles relative to each of the axes. The expected dip angle
for a fracture with a random orientation, found by generating 105 random
fracture orientations and performing the procedure just described, are also
shown. Fig. 9 suggests that the observed dip angles between fracture planes
and crystal planes are the same as would be expected if fracture orientations
were entirely random. This has been confirmed by a student’s t-test, which
finds that the dip angles do not differ from those expected from a random
distribution at the 80% confidence level. Our data therefore indicates that the
effects of intra-granular stress and inter-particle contacts and forces dominate
in the determination of fracture plane orientation.
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3.1.5. Energy associated with grain fractures

The energy dissipation associated with inelastic deformation of granular
solids is of broad interest in critical state soil mechanics and plasticity the-
ory (e.g., [7, 12, 53]). Understanding the contribution to energy dissipation
from grain fracture would enhance the understanding of how to incorporate
fracture into critical state soil models or inelastic constitutive laws for gran-
ular materials. We used inter-particle forces to approximate the energy put
into, stored in, and dissipated by, the granular solid during compaction. The
energy put into the granular solid at a given load step, ∆E, was computed
by

∆E = ∆h ·
Nt∑
c=1

f t
n (10)

where ∆h is displacement of the driving piston, Nt are the number of grains
touching the top platen, and f t

n are the average normal forces on the top wall,
inferred as described in section 2.4 and [28, 33], between the prior step and
current step. The energy stored in the granular solid at a given load step, U ,
can be determined by summing contributions from each grain in Eqn. (8).
The energy dissipated in a given load step can be computed by ∆E - ∆U .
Finally, the energy dissipated by the creation of new fracture surfaces, ED,
can be approximated by assuming the fracture is planar, crosses the center
of the grain, and propagates on the nearest c-, m-, a-, and r-planes for a
length proportional to the 90◦ minus the dip angle to that plane. ED takes
the form

ED = πr2p
(
Y c
fmc + Y m

f mm + Y a
f ma + Y r

f mr

)
(11)

where Y c
f is, for instance, the surface energy on the c-plane and mc is 90◦

minus the dip angle of the fracture normal to the c-plane, normalized such
that mc +mm +ma +mr = 1. Values of Yf are 40 J/m2 for the c-plane, 7.3
J/m2 for the m-plane, 6.1 J/m2 for the a-plane, and 6.0 J/m2 for the r-plane
[45]. We note that Y a

f was interpolated from the m- and r-plane values avail-
able in [45] based on KIC for these planes. Eqn. (11) may overestimate the
energy dissipated on the primary fracture surface within a grain but, ulti-
mately underestimates the energy dissipated by the creation of new surfaces
since it does not account for secondary fracture surfaces. Future work with
XRCT images properly corrected for ring artifacts and using an entire 180◦

of transmission radiographs (e.g., see [28] that facilitate automatic fragment
identification down to several microns would enable a better estimation of
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(a)

(b)

(c)

1.25% of total

Figure 10: (a) The total energy added to the granular solid and the elastic energy stored
in the granular solid at each load step. (b) The change in added energy, ∆E, and stored
energy, ∆U , between each load step and the prior load step. (c) The total dissipated
energy, determined from U , and the energy dissipated by creation of primary fracture
surfaces, ED.

the energy dissipated by the creation of new fracture surfaces. Nevertheless,
our results serve as a reasonable approximation.

Figure 10(a) shows the total energy added to the granular solid, computed
at each step by summing the contributions from Eqn. (10) for all prior load
steps and the current elastic energy in the granular solid, computed by sum-
ming U from Eqn. (8) for all grains at each load step. Energy is clearly
added to the granular solid for all steps except step 4, during which the sam-
ple was unloaded as described in section 2. The energy stored in the granular
solid, however, remains relatively constant between steps 1-2 and 6-7, and
decreases between steps 3-4 and 8-9. The one-step change in these energies
is shown in Fig. 10(b). Figure 10(c) shows the total dissipated energy, which
is the difference between the two curves in Fig. 10(b). Figure 10(c) also
shows ED, the approximate energy dissipated by the creation of the primary
fracture surfaces during grain fracture. It is clear that ED is responsible
for a very small portion of the total energy dissipated by the granular solid
during compaction. This finding is in agreement with past research [54] and
suggests that the true contribution of fracture to energy dissipation during
compaction of granular solids may be in the the generation of new internal
degrees of freedom that facilitate additional frictional dissipation.
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3.2. Compaction of Sapphire and Copper

For brevity, we report only select measurements from sample 2, in order
to examine the behavior of samples containing phases with difference compli-
ances and ductilities. Sample 2 featured uniaxial compaction of 205 spherical
single-crystal sapphire grains, 95 with diameter 193±2 µm and 110 with di-
ameter 158±4 µm and 28 copper grains to nearly 30% strain, as described in
section 2. During compaction, 66 of the 205 grains fractured between load
steps 10 and 19. Figure 11 contains two renderings of the sample at load
step 0, one showing all grains and one highlighting grains that fractured. A
separate snapshot, taken in the x-y plane, is also shown for each grain at the
first step in which fracture was observed.

3.2.1. The influence of intra-granular stress on fracture

As in the first sample, we computed σh and σm in the steps immediately
prior to fracture and superimposed those states on a density plot of the
maximum σh and σm experienced by all grains. The result in Fig. 12(a)
conveys the wide range of stress states experienced by grains that fracture,
relative to all grains in the solid. We omitted trajectories of fractured grains
in (σh, σm) space for visual clarity.

Sample 2 differs from sample 1 in the following ways. For grains that
fracture, σh in the step prior to fracture is less than σh in grains that do not
fracture (mean of 82.4 MPa versus 166.5 MPa) at >99.9% confidence level
according to a two-sided Welch’s t-test (d.o.f. = 194.0, t = −8.92). This
trend was observed but found not to be statistically significant in sample 1.
Grains that fracture have σm values in the step prior to fracture that are less
than those in grains that do not fracture (206.8 MPa versus 301.2 MPa) at
the >99.9% confidence level (d.o.f. = 197.0, t = −4.89). This last result is
in contrast to the findings from sample 1, which found σm higher in grains
that fractured than the general population of grains. This motivated us to
investigate whether the presence of copper in sample 2 affected the fracture
response of individual grains, which we discuss in section 3.2.4.

We again used σij for each grain with ñi, t
(1)
i , and t̃

(2)
i to estimate σn

and σt on each grain’s primary fracture surface. Density maps of (σ3, σs)
and (σ1, σs) are illustrated on the same plot in Fig. 12 and superimposed
with the (σn, σt) state of grains in the step before they were first observed
to fracture. As with sample one, no clear distinctions between the small and
large grain populations can be observed. Similarly, the only observable trend
is that a majority of grains that fracture do so on planes with σn closer to the
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Figure 11: Two renderings of sample 2 at load step 0, one showing all grains and one
highlighting those that fracture during sample compaction. A separate figure of each
fractured grain, shown in the x-y plane, is also presented with a green line to guide the

reader toward identifying the approximate location of the projection of t̃
(2)
i into the x-y

plane. Figures are labeled by a grain index and load step (in parentheses) indicating the
first load step in which fracture was observed. Lines crossing the entire figures are ring
artifacts generated during image reconstruction.
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(a) (b)

(c)

Figure 12: (a) A density map of the minimum and maximum (σh, σm) states for all grains
across all load steps, with symbols for grains that fracture representing their state in the
step prior to fracture. (b) Density maps of (σ3, σs) and (σ1, σs) for each grain, where σ3 is
the minimum value achieved at any load step during compaction and σ1 is the maximum
value achieved at any load step. Also shown are (σn, σt) states of primary grain fracture
surfaces in the step immediately prior to the observation of fracture. (c) Normalized
Mohr’s circle showing normalized values of σn and σt on the planar fracture surface in
each grain that fractures, in the step prior to fracture.
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Figure 13: Dip angles of fracture surfaces relative to σ3 (a), σ1, (b), and F1 (c) directions
in the step prior to fracture. Insets illustrate conditions at 0◦ and 90◦.

maximum tensile stress than the maximum compressive stress in the grain.
To corroborate this observation, we again normalized σn and σt and present
them on a single Mohr’s circle in Fig. 12c. We observe 48 of the 62 grains
with a stress state known in the step prior to fracture to have fractured on
planes closer to σ1 than σ3. The mean normalized σn in Fig. 12c is 0.28. This
is smaller than the mean normalized σn from sample 1, which may reflect a
change in the nature of fracture due to the change in sample aspect ratio or
the presence of a ductile copper phase.

3.2.2. Fracture orientations relative to stresses and contact fabric

We computed dip angles between fracture plane normals and σ3 and σ1
directions. Figure 13(a) shows that fractures exhibit high dip angles relative
to σ3 directions, similar to sample 1. Also as in sample 1, fractures do not
necessarily align with the σ1 direction and exhibit a 52.6◦ mean dip angle
relative to this direction, as shown in Fig. 13(b). In Fig. 13(c) we show
that fractures also exhibit high dip angles relative to the principal eigenvalue
of the fabric tensor, F1, as shown for the first sample in Fig. 8. The three
findings conveyed in Fig. 13 agree with those found for sample 1.

The initial Z of grains that eventually fractured was 4.94 and was not
significantly lower than that of grains that did not fracture (4.92). Although
this contrasts with findings from sample 1 and [10], this result may indicate
that sapphire-copper contacts, which were included in the calculation of Z,
fundamentally change the fracture mechanics of the sapphire grains. This
point is further explored in section 3.2.4.
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(a) c-plane (b) m-plane

(c) a-plane (d) r-plane

Figure 14: Observed dip angles between fracture planes and the nearest crystal plane,
for the c- (a), m- (d), a- (c), and r-planes (d). Dot-dashed lines indicate the average dip
angles (Avg. Obs.) and the dashed lines indicate the dip angles expected (Avg. Exp.)
from randomly oriented fractures.

3.2.3. Fracture orientations relative to lattice planes

Our data for sample 2 confirm our claim, from analysis of sample 1, that
the orientation of intra-grain crystal planes does not play a dominant role
in determining the orientation of primary fracture surfaces in grains. Figure
14 shows the count of dip angles relative to each major crystal plane in the
sapphire grains, analogous to Fig. 9 for sample 1. As in that sample, a
student’s t-test confirms that dip angles do not differ from those expected
from a random distribution at the 80% confidence level. This further lends
evidence to the claim that anisotropic fracture models may not be needed
for single-crystal grains (in a granular solid) that possess a similar fracture
toughness anisotropy to sapphire.

3.2.4. The influence of ductile grains on fracture

Motivated by the difference in fracture behavior as a function of σh and
σm observed in Fig. 4(a) for sample 1 and Fig. 12(a) for sample 2, we inves-
tigated whether the presence of copper, a ductile phase relative to sapphire,
affected grain fracture. Copper has a Young’s modulus of 125 GPa and is
known to be ductile [55] while sapphire has a Young’s modulus of 380 GPa
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Figure 15: (a) Fraction of grains touching copper in sample 2 as a function of load step.
(b) Mean fraction of each grain’s surface in contact with copper as a function of load step.
(c) Probability distribution of the fraction of each grain’s surface in contact with copper
at 5 load steps, 0, 4, 9, 14, and 19. (d) The fraction of grains in the population of grains
touching, and not touching, copper that are fractured at each load step. (e) Probability
distributions for the fraction of copper surface coverage for the populations of grains that
are fractured and not fractured.

and is known to exhibit brittle fracture [45]. In fact, during compaction to
30% sample strain, copper is observed to flow through the void space in the
sapphire, almost fully enveloping several grains.

Figure 15(a) shows the fraction of sapphire grains that are in contact with
copper at each load step, as determined from XRCT images. More than half
of the grains are contacting copper prior to the onset of compaction. Figure.
15(b) shows the mean fraction of each grain’s surface that is in contact with
copper at each load step. This calculation includes both grains touching
copper and those not touching copper. A monotonic increase is observed in
Fig. 15(b), with a slow increase in upward slope after grains begin fracturing
in load step 10. Figure 15(c) shows the distribution of the fraction of each
grain’s surface in contact with copper at load steps 0, 4, 9, 14. and 19.
At load step 0, the distribution is sharply skewed toward 0, with almost no
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grains having more than 30% of their surface in contact with copper. The
distribution widens with load step and at the highest load, nearly a third
of all sapphire grains have more than 20% of their surface in contact with
copper, with several having more than 60% of their surface in contact with
copper.

In Fig. 15(d) we consider two populations of grains: one containing grains
touching copper and one containing grains not touching copper. These pop-
ulations change with load, as indicated in Fig. 15(a). The fraction of grains
that fracture is clearly higher in the population of grains not touching copper,
suggesting that contact with copper affects a grain’s likelihood of fracture.
More striking evidence for this claim can be found by instead considering
the population of grains that is fractured by the end of the experiment and
the population of grains that is not fractured. In Fig. 15(e) we show the
probability distributions for the fraction of copper surface coverage for these
two populations. For the population of grains that is fractured during com-
paction, only the fraction of copper coverage in the load step immediately
prior to fracture is considered for each grain. For the population of grains
that is not fractured during compaction, the fraction of copper coverage con-
sidered when calculating the distribution is taken as the maximum copper
coverage at any time during the experiment. Grains that are fractured dur-
ing sample compaction tend to have very little of their surface in contact
with copper in the step prior to fracture. In fact, no grains that fracture
have more than 40% of their surface in contact with copper in the step prior
to fracture. In contrast, nearly 20% of the population of grains that are
not fractured during sample compaction feature surface coverages in excess
of 40%. The mean fraction of surface coverage in grains that are fractured,
in the step before fracture was first observed, is 0.065. The mean fraction
of maximum surface coverage for grains that are not fractured is 0.23. This
difference is statistically significant at a >99.9% confidence level according to
a Welch’s t-test (d.o.f. = 121.8, t = −11.48). This finding strongly suggests
that a ductile secondary phase can alter the fracture mechanics of brittle
grains in a granular solid.

4. Discussion

Our results underscore the complex nature of in situ grain fracture me-
chanics during uniaxial compaction of granular solids. A broad range of frac-
ture criteria have been proposed in the literature (e.g., [25, 26, 49]), including
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those based on intra-granular stresses and inter-particle forces. We explored
the applicability of stress-based fracture criteria during compaction of sap-
phire spheres by examining the range of average intra-granular stress states
that precede grain fracture in both samples. We found the results based on
von Mises and hydrostatic stresses to vary between samples which have a
diverse compositions. In sample 1 (sapphire only), grains that fractured had
above average von Mises stresses, σm, and approximately average hydrostatic
stresses, σh, in the step before fracture. In contrast, in sample 2 (sapphire
and copper), grains that fractured had below-average von Mises stresses, σm.
These results suggest that average intra-granular stresses alone may be in-
sufficient for predicting fracture within individual grains of a granular solid,
and that principal stress directions, forces, and contact fabric may also need
to be considered. The results based on resolved shear and normal stresses
were in agreement across both samples: grains tend to fracture along planes
experiencing tensile stress that are more closely aligned with their principal
tensile stress, σ1, than σ3. These calculations in samples undergoing more
significant compaction and fracture may permit assessing the applicability
of Weibull’s survival probabilility by associating σ3 with the characteristic
tensile stress, σ (e.g., see [15]). However, the presence of only 27 fracturing
grains in sample 1 and less than one-third of grains fracturing in sample 2,
makes it challenging to do this with the present data. Future research should
focus on assessing Weibull’s survival probability using data similar to that
presented here.

We explored the applicability of force-based fracture criteria by exam-
ining inter-particle forces that precede grain fracture in the first sample.
We found that maximum inter-particle forces, and elastic stored energies
computed from these forces, were higher during compaction for grains that
fractured than those that did not. This supports the claim that maximum
inter-particle force may be used as grain fracture criterion in some granular
materials [25, 26, 49]. Since stresses tend to be highest immediately below
the surface of inter-particle contacts [25], this criterion is one that consid-
ers the maximum local intra-granular stress in samples containing roughly
equally-sized spheres. Inter-particle forces tended to drop in the grains that
fractured in the steps immediately prior to fracture, possibly indicating the
presence of micro-fractures below the resolution limits of XRCT. That sev-
eral grains also fell below the 3DXRD retention limit in these steps may
confirm this possibility. More research should be directed toward determin-
ing the range of applicability of an inter-particle force fracture criterion and
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more fully understanding the error in the forces inferred by the techniques
described in [28, 33].

We explored the nature of fracture orientation by studying the inclination
of fracture surfaces to principal intra-granular stresses, contact fabric, force-
weighted contact fabric, and lattice planes. This analysis generally showed
that a combination of intra-granular stresses and contact fabric control the
orientation of primary fracture surfaces. Fracture surfaces within grains in
both samples tended to align more closely with σ3 than σ1, and featured
steep dip angles from principal fabric directions (the direction of the eigen-
vector corresponding to the largest eigenvalue of the fabric tensor). Lattice
orientation did not appear to control the orientation of primary fracture
surfaces. We therefore can conclude that intra-granular stress and contact
fabric are the primary quantities governing the orientation of fracture paths
in conditions similar to those tested here. This finding suggests that:

1. grain fracture in geologic soil and rock formations may be used to assess
stress histories [6];

2. anisotropic fracture models may not be needed to model single-crystal
grains undergoing compaction in a granular solid;

3. there is likely a transition from stress- and contact-dominated fracture
orientations to orientations dominated by crystal planes as granular
solids become cemented or significantly comminuted, since fractures
dominated by crystal orientation are often observed in polycrystalline
materials [45].

Point (1) deserves further research, particularly since intra-granular stress
and contact fabric appear to be equally important in prescribing fracture
surfaces in spheres, but may not be equally important for angular grains, as
suggested in [7]. Points (2) and (3) also warrant further investigation since
both have important implications for developing and using material models.
For point (2), it would be useful for future research to investigate the nature
of fracture surfaces on finer length scales, since it is possible that fractures
move along preferred cleavage planes in a step-like manner on scales finer
than those resolved by XRCT.

We explored the role of grain fracture in in situ energy dissipation by
computing the amount of energy dissipated by the granular solid due to
the creation of the primary fracture surfaces. This energy was found to
be very small, approximately 1% of the total dissipated energy, although
it may have been underestimated by excluding consideration of secondary

32



fracture surfaces. Nevertheless, this result is in agreement with past work
[54] and suggests that the more important contribution of grain breakage to
energy dissipation in granular solids is the unlocking of internal degrees of
freedom that enhance frictional dissipation. A specific consideration of this
phenomena should therefore be considered in the formulation of breakage
models [12].

Finally, we showed through analysis of sample 2 that the presence of a
ductile secondary phase can alter the fracture behavior of a granular solid
under compaction. It was observed that increased contact with a ductile
secondary phase decreased a grain’s likelihood of fracture. This suggests a
means for tailoring the microstructure response of a granular solid by mod-
ifying the relative ratio of brittle and ductile phases. More research should
be performed to understand this result in additional samples and to frame it
in the context of effective medium theory.

In the present work, we have not made an attempt to characterize fracture
types. Future research should focus on characterizing the various types of
fractures as, for instance: cleavage of spherical caps near contacts, fracture
through the grain center, planar versus non-planar fracture surfaces, fracture
in modes I, II, and III.

5. Conclusions

We have presented new experimental insight into the grain-scale aspects
of in situ grain fracture using XRCT and 3DXRD. This work highlights a
new application for these combined x-ray measurements and provides de-
tails about grain fracture that have important implications for theory and
modeling. Our analyses underscored the complex nature of grain fracture
and motivated further research on a broader collection of samples. The re-
sults showed that, for granular solids composed of spheres undergoing com-
paction: (1) average stress states in fracturing grains vary widely compared
with grains that do not fracture; (2) fracturing grains experience higher forces
and stored elastic energies than intact grains, confirming the applicability of
maximum inter-particle force fracture criterion; (3) fracture plane orienta-
tions are dominated by intra-granular stress and contact fabric, not crystal
plane orientations, making anisotropic grain-fracture models unimportant
in un-cemented granular solids under compaction; (4) the creation of new
surfaces during fracture has a negligible effect on dissipated energy, and pri-
marily contributes by enhancing frictional dissipation; (5) mixing brittle and
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ductile grains may alter which grains are likely to fracture during compaction.
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[27] Z. Karatza, E. Andò, S.-A. Papanicolopulos, G. Viggiani, J. Y. Ooi,
Evolution of particle breakage studied using x-ray tomography and the
discrete element method, in: EPJ Web of Conferences, Vol. 140, EDP
Sciences, 2017, p. 07013.

[28] R. Hurley, S. Hall, J. Andrade, J. Wright, Quantifying interparticle
forces and heterogeneity in 3d granular materials, Physical review letters
117 (9) (2016) 098005.

[29] B. Zhao, J. Wang, M. Coop, G. Viggiani, M. Jiang, An investiga-
tion of single sand particle fracture using x-ray micro-tomography,
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