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Multiscale two-stage solver for Biots poroelasticity equations in subsurface media

Nicola Castelletto1,2 · Sergey Klevtsov1 · Hadi Hajibeygi3 · Hamdi A.
Tchelepi1

Abstract We propose a two-stage preconditioner for accelerating the iterative solution by a Krylov subspace method of
Biot’s poroelasticity equations based on a displacement-pressure formulation. The spatial discretization combines a finite-
element method for mechanics and a finite-volume approach for flow. The fully-implicit backward Euler scheme is used
for time integration. The result is a 2× 2 block linear system for each timestep. The preconditioning operator is obtained
by applying a two-stage scheme. The first stage is a global preconditioner that employs multiscale basis functions to con-
struct coarse-scale coupled systems using a Galerkin projection. This global stage is effective at damping low-frequency
error modes associated with long-range coupling of the unknowns. The second stage is a local block-triangular smoothing
preconditioner, which is aimed at high-frequency error modes associated with short-range coupling of the variables. Various
numerical experiments are used to demonstrate the robustness of the proposed solver.

Keywords Poromechanics ·Multiscale methods · Preconditioners · Iterative methods

1 Introduction

Understanding the poromechanical response of subsurface formations is essential for making predictions, quantifying the
uncertainty, and assessing risk. In real-field applications, it is challenging to employ the fine-scale characterization (geometry
and properties) of the subsurface system. This is largely due to the multiscale nature of the properties—e.g., permeability,
mechanical moduli—and the topologic and geometric complexities of the geological structures. Here, we employ multiscale
formulations and solution algorithms that are especially designed for accurate modeling of the dynamics in highly heteroge-
neous subsurface formations. Different up- and downscaling techniques are used in each multiscale approach to account for
the connection between scales—for a review on existing multiscale methods the reader is referred to [40]. In this paper, we
focus on the porolasticity problem in heterogeneous domains.

A two-field displacement-pressure formulation based on the continuous Finite Element (FE) method—i.e. the most pop-
ular technique used in consolidation modeling, e.g. [55, 65, 73, 88]—has been traditionally used for the numerical solution
of the Biot poroelasticity equations. When strong contrasts in permeability are present, discontinuous pressure interpo-
lation may be more appropriate. Moreover, local (element-wise) mass conservation is often an essential requirement in
the geoscience context—for example, in applications involving complex multiphase flow [47] or thermal convection [17].
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Hence, formulations that utilize finite elements for mechanics and finite volumes (FVs) for fluid flow are typically em-
ployed by modelers [50, 72, 78]. Motivated by the necessity of accounting for mechanical effects in applications where flow
processes are of predominant importance, some authors have recently started investigating face-centered and cell-centered
finite-volume methods for mechanics as well [27, 49, 66, 67]. Also, alternative approaches have been established focus-
ing on displacement-velocity-pressure (three-field) or stress tensor-displacement-velocity-pressure (four-field) formulations,
respectively—e.g., [4, 9, 10, 32, 33, 38, 42, 46, 58, 70, 71, 74, 83, 90].

Irrespective of the selected spatial discretization techniques, the solution of fully-implicit linear systems produced by
any formulation cannot rely on sparse direct solvers for large-size practical applications, therefore the availability of rapidly
convergent iterative methods is key. Intense research concerning the design of efficient iterative solvers has been carried out
in particular for the displacement-pressure formulation of Biot’s problem. Most of the efforts have been targeting precondi-
tioned Krylov solvers [1,7,8,37,54,87,89] and multigrid methods [35,36,60,61]. The analysis of block preconditioners for
the displacement-velocity-pressure formulation has been given increasing attention during recent years [20, 32, 83].

In this work, the focus is on the fully-implicit solution of linear systems arising from the discretization of Biot’s equations
using the classic displacement-pressure formulation based on a mixed FE-FV approach. We combine multiscale methods,
which were originally developed for the pressure equations and the linear momentum balance, to construct an effective
preconditioner for the displacement-pressure linear system. Specifically, our approach is founded on the multiscale finite
element method (MSFE) originally proposed in [41] for elliptic problems arising from composite materials and flows in
porous media, and its conservative reformulation as a multiscale finite volume method (MSFV) for subsurface flow and
transport developed in [44, 45].

Based on a two-grid approach, multiscale methods construct accurate coarse-scale systems using locally computed sets
of base functions. Once the coarse-scale solution is obtained, it is mapped onto the original fine-scale resolution—again using
the basis functions. To provide control on the accuracy of the multiscale solution to a desired level, iterative strategies may
be used [39, 68], which have proved particularly useful in porous media characterized by correlated permeability fields with
high contrasts [81, 85, 92]. Most of the multiscale developments have focused on fluid flow, which allowed for establishing
an advanced simulation framework for flow in heterogeneous reservoirs with complex nonlinear fluid physics—e.g., [24,
25, 53, 56, 57, 64, 80, 86]. Multiscale formulations for geomechanics have appeared only recently. However, the increasing
demand for accurate and efficient simulation of coupled poromechanical effects in the geoscience community provides
a strong motive to develop a multiscale approach that models coupled fluid flow and geomechanical deformation. The
Multiscale Finite-Element (MSFE) method has been applied to the vector partial differential equations for the elasticity
problem [29]. Recent applications to linear elasticity—both as an approximate, non-iterative solver, and a preconditioner—
include [14, 15, 19, 79]. Applications to consolidation of heterogeneous porous media is presented by [2, 12, 13, 26, 91].

The proposed preconditioner combines the two key ingredients of a classic two-level technique [75]: (i) construction and
solution of an accurate coarse-scale system to resolve low-frequency errors in a global stage, and (ii) a fine-scale smoothing
operator, which is used to rapidly damp the high-frequency error components, in a local stage. For the global stage, following
an approach similar to that used in [48] for the mixed formulation of Darcy’s flow problem, we combine the multiscale basis
functions used for interpolating the coarse-scale displacement and pressure fields on the fine-scale grid in a global block-
diagonal multiscale operator that is used to compute the coarse (upscaled) coupled systems using a Galerkin projection.
Building on the extensive research carried out in the context of block-partitioned solvers for coupled poromechanics, e.g.,
[7, 20, 36, 37, 87, 89], the local stage relies on a block triangular operator as the smoother.

The paper is organized as follows. In Section 2, after reviewing Biot’s porelasticity equations, the fine-scale finite-
element, finite-volume formulation is presented. In Section 3, the two-stage preconditioner for the fully-implicit solution of
the algebraic linear system arising from the spatial and temporal discretization is derived in detail and analyzed. Numerical
results, including a synthetic two-material heterogeneous porous medium and realistic subsurface reservoirs, are presented
in Section 4. A few final remarks close the paper in Section 5.

2 Problem formulation

2.1 Governing equations

We focus on a widely used displacement-pressure formulation for linear poroelasticity assuming incompressible solid and
fluid constituents. The set of governing equations for saturated single-phase flow, through a deformable medium consists
of a conservation law of quasi-static linear momentum and a conservation law of mass [23, 84]. Let Ω denote the open
region occupied by the porous medium. The domain boundary is decomposed as Γ = ΓD

u ∪Γ
N
u = ΓD

p ∪Γ
N
p , where ΓD

u ∩Γ
N
u =

ΓD
p ∩Γ

N
p = ∅. Let n and ξ denote the outer normal-vector for Γ and the position vector, respectively. The problem is time-

dependent in the interval I = (0,T ].
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The solution of the quasi-static poroelastic initial boundary value problem (IBVP) are the functions u(ξ, t) and p(ξ, t)
that satisfy:

−∇ ·
(
Cdr : ∇su− p1

)
= 0 on Ω× I (1a)

∇ · u̇−∇ · (λ · ∇p) = s on Ω× I (1b)

subject to the following boundary

u = ū on ΓD
u × I (1c)(

Cdr : ∇su− p1
)
·n = t̄ on ΓN

u × I (1d)

p = p̄ on ΓD
p × I (1e)

− (λ · ∇p) ·n = w̄ on ΓN
p × I (1f)

and initial conditions

u(ξ,0) = u0(ξ) ξ ∈ Ω (1g)

p(ξ,0) = p0(ξ) ξ ∈ Ω (1h)

where u and p are the displacement vector and the pore-pressure increment relative to an initial reference state; Cdr is the
drained rank-4 elasticity tensor, 1 is the rank-2 identity tensor. Moreover, λ = (κ/µ) is the rank-2 mobility tensor, with κ the
intrinsic permeability tensor and µ the fluid viscosity, that is assumed constant; s is a volumetric source term; ∇·, ∇ and ∇s are
the divergence, the gradient and the symmetric gradient operator, respectively. The superposed dot, (̇), denotes a derivative
with respect to time t, and ū, t̄, p̄, w̄ are known functions. The subscript 0 is used to denote the initial state.

2.2 Discrete formulation

The discrete weak form of the poroelastic IBVP is obtained by combining a finite-element, finite volume approach for the
spatial discretization with a fully-implicit backward Euler time marching scheme.

Let us introduce a conforming triangulation of the domain T h consisting of nn nodes and ne elements K such that
Ω ≈ Ωh =

⋃ne
i=1 Ki. Segments of the discrete domain boundary Γh subject Dirichlet or a Neumann condition are denoted by

ΓD,h
i and ΓN,h

i , respectively, i = {u, p}. The boundary of an element is denoted by ∂K and consists of interfaces—i.e., edges
or faces—that are shared by at most two elements. Every interface δ is assigned with a unit normal vector nδ that determines
its global orientation. For an internal interface δ shared by elements K1 and K2, nδ points outside of K1 into K2, namely
in the direction of increasing global element indices. For a boundary interface nδ is oriented outside of Ωh. The spatial
discretization relies on the following approximation spaces for the displacement and pressure field, respectively, associated
with the computational mesh

U
h := {v | v ∈ [C0(Ω)]nsd ,v = ū on ΓD

u ,v|K ∈ [Q1(K)]nsd ∀K ∈ T h}, (2)

Ph := {q | q ∈ L2(Ω),q|K ∈ P0(K)∀K ∈ T h}, (3)

with C0(Ω) and L2(Ω) the space of continuous and square Lebesgue-integrable functions on Ω, and nsd the spatial dimension
of the problem. Precisely, on each K a piecewise bilinear (nsd = 2) or trilinear (nsd = 3) interpolation is used for the dis-
placement vector, whereas the approximate pressure is piecewise constant. An appropriate approximation for inter-element
Darcy’s flux is also needed to complete the formulation. Let FK,δ denote the approximation to the following flux through
interface δ ∈ ∂K

FK,δ(ph, p̄) ≈
∫
δ
(λ · ∇p) ·nK dA, (4)

with nK the unit outward normal vector to ∂K. Flux FK,δ is expressed based on a suitable functional dependence on element
pressure ph ∈ Ph and prescribed boundary pressure p̄. Local conservation constraints the flux through an internal interface δ
shared by elements K1 and K2 to satisfy the relationship
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FK1,δ(ph, p̄) + FK2,δ(ph, p̄) = 0. (5)

We use a linear two-point flux approximation (TPFA) scheme [3], which is the industry standard for reservoir simulation
because of its robustness and ease of implementation. Because the problem is linear, FK,δ can be written as a sum of two
terms

FK,δ(ph, p̄) = F̊K,δ(ph) + F̄K,δ( p̄), (6)

to emphasize the contribution to the flux that depends on ph and p̄, respectively. Note that F̄K,δ is nonzero only for non
homogeneous prescribed boundary pressure values. Due to the lack of consistency of the scheme [28, 30], we recognize
that a linear TPFA approach may lead to inaccurate results for highly distorted grid or full-permeability tensors. In such
cases more sophisticated discretization methods like multipoint and/or nonlinear schemes are needed. For details on recent
developments for heterogeneous anisotropic diffusion problems see [28, 77, 82] and references therein. Convergence results
of the mixed FEM-FV formulation for the Biot problem were reported in [21].

Time integration is carried out by partitioning the time interval I into n∆t subintervals In = (tn−1, tn], n = 1, . . . ,n∆t, where
∆tn = (tn − tn−1). The displacement time derivative in (1b), which accounts for the change in fluid storage volume due to
mechanical dilation of the pore space, is discretized using a simple incremental ratio. The remaining terms are approximated
at time tn.

Given uh,vh ∈Uh and ph,qh ∈ Ph, it is convenient to define for each K ∈ T h the following bilinear forms

aK(vh,uh) :=
∫

K
∇svh : Cdr : ∇suh dV, (7a)

bK(vh, ph) :=
∫

K
∇ ·vh ph dV, (7b)

cK(qh, ph) := −qh
|K

∑
δ∈∂K\∂KN

p

F̊K,δ(ph), (7c)

and functionals

fK(vh) :=
∫
∂KN

u

vh · t̄dA, (7d)

gK(qh) := qh
|K

∑
δ∈∂K\∂KN

p

F̄K,δ( p̄) +

∫
K

qhsdV −
∫
∂KN

p

qhw̄dA, (7e)

where ∂KN
u = ∂K∩ΓN,h

u and ∂KN
p = ∂K∩ΓN,h

p . The above forms and functionals can be defined on Ω as:

a(vh,uh) :=
∑

K∈T h

aK(vh,uh), (8a)

b(vh, ph) :=
∑

K∈T h

bK(vh, ph), (8b)

c(qh, ph) :=
∑

K∈T h

cK(qh, ph), (8c)

f (vh) :=
∑

K∈T h

fK(vh), (8d)

g(qh) :=
∑

K∈T h

gK(qh). (8e)

Finally, the mesh-dependent fully discrete weak form of Biot’s poroelasticity equations can be stated as follows [31, 43]:
given u0, and p0, find {uh

n, p
h
n} ∈U

h ×Ph such that for n = {1, . . . ,n∆t}

a(vh,uh
n)−b(vh, ph

n) = fn(vh) ∀vh ∈Uh
0, (9a)
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b

uh
n −uh

n−1

∆tn
,qh

+ c(qh, ph
n) = gn(qh) ∀qh ∈ Ph, (9b)

withUh
0 the subspace of the trial functions belonging toUh satisfying homogeneous boundary displacement on ΓD,h

u .

2.3 Matrix form

Problems such as (9) produce a sequence of 2×2 block linear systems of the form

Anxn = bn, n = {1, . . . ,n∆t} (10)

with

An =

[
A −B

BT ∆tnC

]
, xn =

{
dn
pn

}
, bn =

{
fn

∆tngn −BT dn−1

}
. (11)

Vectors dn ∈ R
nu and pn ∈ R

np collect the nu nodal displacement and np cell-centered pressure degrees of freedom (DOFs),
respectively, with nu = nsdnn and np = ne, that are used to approximate uh

n and ph
n as

uh
n(ξ) = Nu(ξ)dn, (12a)

ph
n(ξ) = Np(ξ)pn, (12b)

where columns of matrices Nu ∈ R
nsd×nu and Np ∈ R

1×np contain the basis functions for spaces Uh and Ph. Since the
displacement Dirichlet boundary conditions (1c) are not used in the definition (12a), matrices A and B are generated ignoring
the essential boundary conditions, which are then prescribed in a strong sense. Prescribed boundary pressure values (1e) are
weakly imposed in this formulation. The matrix A is the stiffness matrix of a ‘pure’ mechanics problem. Because we assume
a linear elastic constitutive law in this work, A is symmetric positive definite (SPD). The matrix C represents the standard
Darcy-flow problem, and it is also SPD given the assumptions of fluid incompressibility and constant viscosity—note that
for compressible fluid flow C is in general non-symmetric and indefinite [3]. The off-diagonal matrix B is the stress-flow
coupling matrix.

3 Numerical solution algorithm

Solving the sequence of fully-implicit linear systems (10) represents the most expensive computation kernel in coupled
poromechanics simulation. As the problem size (number of computational cells) increases, global iterative solution strategies
are the method of choice—typically non-symmetric Krylov solvers, such as the generalized minimal residual (GMRES)
method [76]. Because of the severe ill-conditioning of An, preconditioning is essential to solve such systems efficiently. The
design of a robust and efficient preconditioner is based on a trade-off between two competing objectives [5]: (i) reducing
the number of iterations needed by the preconditioned solver to achieve convergence (robustness), and (ii) limiting the
time required to construct and apply the preconditioner (efficiency). In this work, we devise a two-stage (or two-level)
preconditioning strategy for (10) that combines a global (M−1

G ) and a local preconditioner (M−1
L ). In particular, M−1

G is based
on multiscale methods aimed at damping low-frequency error modes associated with long-range coupling of the unknowns.
The second stage, M−1

L , complements M−1
G by tackling high-frequency error modes associated with short-range coupling of

the variables. The overall preconditioner is then used in conjunction with GMRES using its right-preconditioned version.

3.1 Global multiscale preconditioner (M−1
G )

The original idea of multiscale finite-element (MSFE) and finite-volume (MSFV) methods is to provide approximate solu-
tions of high-resolution fine-scale problems at low computational cost. Based on a two-grid approach, these methods compute
sets of basis functions that are used to construct coarse-scale global operators that are significantly less expensive to solve
than the original fine-scale system. The solution of the coarse-scale problem is mapped to the fine-scale using the basis
functions. Let T H be the coarse grid superimposed on the given fine-scale grid T h, where the hydro-mechanical properties
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are provided. A coarse element in T H is an aggregate of fine-scale elements. In addition to T H , the MSFV method requires
the definition of an overlapping dual-coarse grid. Once coarse grids are defined, basis functions are computed independently
solving local problems subject to Dirichlet boundary conditions derived by a localization assumption [41, 44]. Each basis
function is associated with a coarse scale DOF. In particular, we denote by nH

u = nsdnH
n and nH

p = nH
e the number of coarse

scale displacement and pressure DOFs, with nH
n and nH

e the number of nodes and elements in T H .
In this work independent sets of basis functions are derived for the displacement and the pressure field, respectively, as

suggested in [18]. The multiscale approximation to the fine-scale fields (12) is expressed as:

uh
n(ξ) ≈ uh,MS

n (ξ) = NH
u (ξ)dH

n = Nu(ξ)Pu︸    ︷︷    ︸
=NH

u (ξ)

dH
n , (13a)

ph
n(ξ) ≈ ph,MS

n (ξ) = NH
p (ξ)pH

n = Np(ξ)Pp︸    ︷︷    ︸
=NH

p (ξ)

pH
n , (13b)

where dH
n ∈ R

nH
u , pH

n ∈ R
nH

p , NH
u ∈ R

nsd×nH
u , and NH

p ∈ R
1×nH

p are the multiscale counterparts relative to the coarse grid T H of
dn, pn, Nu and Np. Displacement coarse scale basis functions are computed solving local linear momentum balance problems
assuming drained conditions [14,15,19], while pressure multiscale basis functions are constructed computing local solutions
to incompressible flow problems [44]. Note that in (13) matrices containing the multiscale basis functions are expressed
as linear combination of the fine scale basis functions contained in Nu and Np, with the discrete values at fine scale nodes
and elements stored in the two sparse linear operators Pu ∈ R

nu×nH
u and Pp ∈ R

np×nH
p , respectively. The basis functions are

computed in a preprocessing phase and remain constant during the entire time-dependent simulation. From (13) it is clear
that Pu and Pp serve as prolongation (interpolation) operators transfering vectors associated with the coarse grid T H to the
fine grid T h, i.e.

Pu : RnH
u → Rnu ,dH 7→ dMS = PudH , (14a)

Pp : RnH
p → Rnp ,pH 7→ pMS = PppH . (14b)

The multiscale formulation allows for approximating the fine-scale solution of the linear system (10) as the expansion of
a coarse-scale solution. If Pu and Pp are combined together in a global separate displacement-pressure block diagonal
prolongation operator P, we have:

xn ≈ xMS
n =

{
dMS

n
pMS

n

}
=

[
Pu

Pp

]{
dH

n
pH

n

}
= PxH

n . (15)

Since P is assembled in a setup stage, it is sufficient to calculate xH
n ∈ R

nH
u +nH

p to obtain the fine scale approximation
xMS

n ∈ Rnu+np . To compute xH
n , first xn is replaced by xMS

n in (10), then the resulting residual, i.e. rMS
n = (bn −APxH

n ), is
orthogonalized against (nH

u + nH
p ) vectors in Rnu+np , which form the rows of the operator R. Hence, xH

n is the solution to the
linear system

AH
n xH

n = bH
n , (16)

with AH
n = RAnP, and bH

n = Rbn. We refer to R as the restriction operator that is used to map vectors from fine- to coarse
scale. Different options may be considered for R. In this work, we focus on a Galerkin orthogonalization approach, i.e. the
one used in the MSFE method, therefore R = PT . We observe that in the MSFV method a Petrov-Galerkin strategy is used
for the pressure restriction sub-operator [44].

The multiscale approximate solution xMS
n to (10) can be formally written as:

xMS
n = PxH

n = P(AH
n )−1bH

n = P(PT AnP)−1PT bn, (17)

which provides the expression of the global multiscale preconditioner M−1
G , i.e.,

M−1
G = P(PT AnP)−1PT . (18)
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Efficient solution of the coarse-scale system is key for the performance of M−1
G . As opposed to two-grid methods in the

multigrid context, the multiscale basis functions, combined with proper coarsening ratios, are capable of accurately capturing
fine-scale features at the coarse level, thus making the two-level strategy a competitive option. In our implementation, the
coarse system is solved using a direct solver. Having the multiscale preconditioner rank (nH

u + nH
p ) < (nu + np), the use

of M−1
G alone would not allow to expand the Krylov subspace beyond (nH

u + nH
p ). Indeed, M−1

G is responsible for tackling
low-frequency error components only and must be complemented by a local smoothing preconditioner removing the high
frequency errors.

Remark 1 The appealing feature of the MSFV method (Petrov-Galerkin orthogonalization) is that it warrants mass conserva-
tion on the primal coarse grid [44]. This is also the case when MSFV is used as an iterative solver [59]. However, the iterative
performance of MSFV is typically overcome by an iterative MSFE-based approach (Galerkin orthogonalization)—see, for
instance, [85]. If a relatively loose tolerance is used to control the convergence, the lack of mass conservation in MSFE can
be rectified by applying MSFV once to the residual in a final step [85].

3.2 Local block-triangular smoothing preconditioner (M−1
L )

When dealing with linear systems arising from the discretization of coupled PDEs, an often used approach is to design
preconditioners starting from a block LDU-factorization of the system matrix [6, 11], namely,

An = LDU =

[
Iu

BT A−1 Ip

] [
A

S

] [
Iu −A−1B

Ip

]
, (19)

where Iu and Ip are identity operators in Rnu and Rnp , respectively, and S = (∆tnC + BT A−1B) is the Schur complement of A
in An. Using a block-upper triangular approximation for the system matrix, i.e. An ≈DU, we consider the following operator
as a local preconditioner for An:

M−1
L =

[
Ã −B

S̃

]−1

=

[
Ã−1

Ip

] [
Iu B

Ip

] [
Iu

S̃ −1

]
, (20)

where Ã−1 and S̃ −1 denote cheap local preconditioners for A and S —i.e., inexact solvers for linear system involving A
and S . Several software packages offer off-the-shelf local preconditioners that can be readily used for the mechanical sub-
problem and also for the Schur complement, provided that a good sparse approximation for S —which is quite dense given
the term A−1—is available. Here, we follow the well-established approach that relies on the so-called fixed-stress solution
scheme of two-way coupled poromechanics. Originally introduced as an operator split method in the context of uncondi-
tionally stable sequential methods for flow and geomechanics [34, 50, 51, 63, 78], the method was later reinterpreted as a
block-preconditioned Richardson iteration [89]. In essence, the fixed-stress is the argument supporting a physically-based
approximation to the Schur complement that replaces the triple product BT A−1B in S with a pressure space mass matrix
Mp (possibly lumped) scaled by a weighting factor, which depends element-wise on the bulk modulus of the medium and
Biot’s coefficient [21, 89], i.e. S ≈ S FS = ∆tnC + Mp with Mp ≈ BT A−1B. Note that in the present work, the Biot coefficient
is always equal to unity, since incompressible grains are assumed. Here, given the piecewise constant interpolation used for
the pressure, Mp is diagonal. Fully algebraic generalizations of the fixed-stress approximation based on probing [52] and
element-by-element [20] techniques have also been proposed.

Remark 2 Block triangular operators have proved to be effective, scalable preconditioners for Krylov subspace methods
applied to linear systems arising in poromechanics based on a wide range of formulations. When used as preconditioners, the
effort is on designing good sparse Schur complement approximations. Later, the action of subproblem and Schur complement
inverses are typically applied using high quality preconditioners based on multigrid, domain decomposition or approximate
inverses methods. Here, we pursue a different approach and propose the use of a block triangular operator as smoothing
operator that complements the global multiscale preconditioner. The objective is to keep subproblem preconditioners Ã−1

and S̃ −1 as cheap as possible—typically relaxation preconditioners (e.g. Jacobi, Gauss-Seidel) or incomplete factorizations—
while an accurate solution is computed for the (much smaller) coarse system.
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3.3 Multiscale-based two-stage preconditioner (M−1
n )

The overall two-stage preconditioner is obtained combining M−1
G and M−1

L in a multiplicative fashion. Given a matrix K in
Rn×n, a general form for a multiplicative multi-stage preconditioner K̃−1 can be written as [16]

K̃−1 = K̃−1
1 +

n∑̀
i=2

K̃−1
i

i−1∏
j=1

[
I−KK̃−1

j

]
(21)

with n` the number of stages, K̃−1
k , k ∈ {1, . . . ,n`}, the n` preconditioners for K, and I the identity matrix in Rn×n. The

multiscale-based two-stage preconditioner M−1
n is obtained by specializing equation (21) with M−1

G and M−1
L serving as first-

and second-stage preconditioner, respectively. In operator form, the action of M−1
n on a vector w ∈Rnu+np can be summarized

as follows:

M−1
n : Rnu+np → Rnu+np ,w 7→ z =

[
M−1

G + M−1
L

(
I−AnM−1

G

)]
w, (22)

with I the identity matrix in R(nu+np)×(nu+np).
We focus on a linear poroelastic model problem; therefore, blocks in system matrix An do not depend on the solution

vector xn. The time step size is the only term that may change between consecutive system solves. Hence, the construction of
the two-stage preconditioner may be split in two phases. First, the preconditioner components that can be reused throughout
the transient simulation are computed in a setup phase. Then, the remaining tasks required for the computation of M−1

n are
accomplished during an update phase, which has to be performed whenever ∆tn varies. The two phases are summarized
in Algorithms 1 and 2. Overall, the preconditioner requires one solve for AH

n , one solve for Ã, one solve for S̃ , and four
matrix-vector products with PT , P, An, and B, respectively. The sequence of operations needed to apply M−1

n are given in
Algorithms 3 to 5.

Remark 3 The second-stage local preconditioner, namely steps 2 to 5 in Algorithm 3, can be regarded as the first iteration
of the following relaxation scheme:

zk = zk−1 +ωM−1
L rk−1 (23)

with k = {1,2, . . .} the iteration counter, ω a scalar relaxation parameter (equal to 1 in Algorithm 3), and rk−1 = (w−Anzk−1)
the residual vector. The preconditioner performance can be improved by performing several iterations of the relaxation
scheme (23) at each preconditioning step.

The robustness and efficiency of M−1
n depend on the ability of the global and local stages to deal with the full error

spectrum. The proposed operator M−1
n is used to precondition system (10) from the right, which is the typical strategy when

residual minimization methods, such as GMRES, are used. Assuming that the preconditioned matrix can be diagonalized, the
convergence behavior of GMRES is controlled by the spectral properties of the preconditioned matrix, including condition
number as well as the distribution of the eigenvalues [75]. However, computational experience shows that a preconditioned
matrix with clustered eigenvalues away from 0 usually denote a favorable condition for fast convergence. It is therefore
useful to gain some insight on the eigenvalues on the preconditioned matrix for a better assessment of the preconditioning
operator. Proceeding as in [69], the right preconditioned system matrix can be rewritten as

AnM−1
n = AnM−1

G + AnM−1
L −AnM−1

L AnM−1
G = I−RLRG, (24)

where RL = (I−AnM−1
L ) and RG = I−AnM−1

G are residual matrices that quantify the quality of the local and global precon-
ditioners in approximating the action of A−1

n . Using (24), the right-preconditioned matrix eigenvalues are expressed as

λ(AnM−1
n ) = 1−λ(RLRG). (25)

Hence, we can bound their distance from the unity as follows:

∣∣∣λ(AnM−1
n )−1

∣∣∣ = |λ(RLRG)| ≤ ‖RL‖‖RG‖ , (26)
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where ‖·‖ denotes any compatible matrix norm. Given that rank(AnM−1
G ) = rank(M−1

G ) = (nH
u +nH

p )< (nu +np), the eigenvalues
of RG can be expressed as

|λ(RG)| =

1 with multiplicity (nu + np)− (nH
u + nH

p ),
εi i = 1, . . . , (nH

u + nH
p ).

(27)

Assuming that the matrix M−1
G is a good (low-rank) approximation of the inverse of the fine scale matrix, nonzero eigenvalues

of AnM−1
G are expected to be close to 1; therefore, εi ≈ 0. If this holds true, ‖RG‖ = 1, and so (26) becomes

∣∣∣λ(AnM−1
n )−1

∣∣∣ ≤ ‖RL‖ . (28)

To conclude, Eq. (28) tells us that the spectral properties of AnM−1
n are not worse than AnM−1

L .

Algorithm 1 Preconditioner computation: Setup phase
1: Compute P
2: Compute Ã−1 as a local preconditioner of A
3: Compute Mp

Algorithm 2 Preconditioner computation: Update phase

1: AH
n = PT AnP

2: Factorize AH
n = LAH

n
UAH

n
with a direct solver

3: S FS = ∆tnC + Mp

4: Compute S̃ −1 as a local preconditioner of S FS

Algorithm 3 Application of preconditioner M−1
n

Require: w
Ensure: z = M−1

n w
1: Apply M−1

G to w to get z0
2: r0 = Anz0
3: r0← w− r0
4: Apply M−1

L to r0 to get z
5: z← z0 + z

Algorithm 4 Application of preconditioner M−1
G

Require: w
Ensure: z = M−1

G w
1: wH = PT w
2: Apply L−1

AH
n

to wH to get zH

3: Apply U−1
AH

n
to zH to get wH

4: z = PwH
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Algorithm 5 Application of preconditioner M−1
L

Require: w = {wT
u ,wT

p }
T

Ensure: z = {zT
u ,zT

p }
T = M−1

L w
1: Apply S̃ −1 to wp to get zp
2: y = Bzp
3: y← wu + y
4: Apply Ã−1 to y to get zu

4 Numerical results

Two sets of numerical experiments are presented. The first set considers a synthetic two-material heterogeneous porous
medium [12]. This first set is intended to evaluate the performance of the proposed preconditioner in a sequence of re-
fined domains for different types of mesh and stiffness contrast. Then, the robustness of the two-stage method is assessed
considering flow in a heterogeneous deforming synthetic reservoir.

In all the test cases, the inverse of the coarse-scale system is always applied by means of a direct solve in the global
preconditioning stage. That is, the factorization AH

n = LAH
n

UAH
n

is computed and followed by a forward/backward substi-
tution. In the local preconditioning stage, incomplete Cholesky (IC) factorizations are used as local preconditioners for
both the stiffness matrix and Schur complement. Thus, we have Ã−1 = L̃−T

A L̃−1
A and S̃ −1 = L̃−T

S L̃−1
S . The zero-fill in vari-

ant (IC(0))—i.e., Ã−1 = A−1
IC(0) and S̃ −1 = S −1

FS,IC(0)—is always selected as default option [75]. If a breakdown occurs in the
computation of AIC(0) because zero, or negative, pivots are encountered, we switch to the variant with threshold dropping
(ICT)—i.e., Ã−1 = A−1

ICT(τA), with τA the desired dropping tolerance [75]. Note that the TPFA formulation ensures that C is
a SPD M-matrix and so is S FS, hence the Cholesky decomposition S FS,IC(0) is guaranteed to be stable [62]. However, for
highly heterogeneous permeability fields it proves beneficial to employ the ICT variant S FS,ICT(τS ) for the Schur complement.

In all tests, a simple block-row scaling is introduced to warrant that mechanics and flow discrete equations have com-
parable magnitude prior to the solution stage. Precisely, the coefficient α = ∆tn

||C||F
||A||F

is introduced to scale the mechanics
equations, with || · ||F denoting the Frobenius norm of a matrix. For every linear solve, the null vector is always chosen as the
initial guess x(0). The stopping criterion is based on the reduction of the Euclidean norm of the iterative residual r(k) below a
specified tolerance τ, i.e., ||r(k)||2 ≤ τ||r(0)||2, with k the iteration number. The numerical tests discussed in this section always
use τ = 1×10−6. The computational performance is evaluated in terms of average iteration count niter per timestep required
by right preconditioned GMRES to converge to the desiderd accuracy. Wall clock time for the preconditioner computation
(Tp) and average wall clock time for the solver to converge (T̄s) are also provided, with the average total time denoted by
T̄t = Tp + T̄s. The following densities for the global

ρG =
2×nnz(P) +nnz(LAH

n
) +nnz(UAH

n
)

nnz(An)
(29a)

and the local preconditioner

ρL =
2×nnz(L̃A) + 2×nnz(L̃S ) +nnz(B)

nnz(An)
(29b)

are also reported, where nnz is the function returning the number of nonzero matrix elements. The density of the overall
preconditioner is given by ρt = (1 + ρG + ρL). All the numerical experiments were carried out using Matlab on an Intel(R)
Core(TM) i7-6560U processor at 2.20GHz with 16-GB of memory.

Test 1: Synthetic two-material heterogeneous porous medium

The first synthetic example, denoted as Test 1, focuses on a two-material heterogeneous problem. It makes use of the
same simulation setup defined in [12]. We use the unit square as the domain, i.e. L = W = 1 m (Fig. 2). At time t = 0 we have
u = 0 and p = 0 everywhere. The domain is subject to a roller boundary condition over the left (ξ1 = 0) and bottom (ξ2 = 0)
boundaries while the right (ξ1 = L) and top (ξ2 = W) boundaries are traction free. As to the flow, left and right boundaries are
impervious, a constant overpressure p̄ = 1 Pa is prescribed at the top boundary, and the bottom boundary is kept at the initial
condition. The domain consists of two materials as shown in Fig. 2. The poromechanical parameters are provided in Table 1.
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Table 1: Test 1: simulation parameters. Fluid viscosity has a constant value µ = 1×10−3 Pa·s.

Material 2

Symbol Quantity Material 1 Test 1a Test 1b Unit

E Young’s modulus 1×101 1×100 1×10−3 [Pa]
ν Poisson’s ratio 0.25 0.25 0.25 [-]
κ isotropic permeability 1×10−3 1×100 1×100 [m2]

Table 2: Test 1: Size and numbers of non-zero elements in the system matrix blocks as a function of mesh refinement level
(`). The total number of fine scale DOFs is nt = nu + np.

` ne nt nu np nnz(A) nnz(B) nnz(C)

0 100×100 30,402 20,402 10,000 362,404 80,000 49,600
1 200×200 120,802 80,802 40,000 1,444,804 320,000 199,200
2 400×400 481,602 321,602 160,000 5,769,604 1,280,000 798,400
3 800×800 1,923,202 1,283,202 640,000 23,059,204 5,120,000 3,196,800

Note that two scenarios are considered that are characterized by one (Test 1a) and four order of magnitude (Test 1b) contrast
in Young’s modulus between material 1 (stiff) and 2 (soft), respectively. We define the following characteristic consolidation
time t(T1)

c associated with the consolidation process [84]:

t(T1)
c =

L2

λ(κ1)
(1 + ν)(1−2ν)

E(1− ν)
, (30)

where the mobility is evaluated using the permeability of material 1.

The domain is discretized using three different mesh types, which are labeled as: cart, rand 1, and rand 2. The base mesh
for each family are shown in Fig. 2 and consist of 100× 100 quadrilateral elements. Three refined meshes generated by
dyadic subdivision are considered for each family, with ` ∈ {0,1,2,3} indicating the refinement level. The notation (`) is used
to denote the refinement level of a given mesh. As an example, cart(2) is the mesh belonging to family cart obtained
after two levels of refinement. Table 2 provides dimensions and non-zeros of the fine scale system matrix blocks for each
refinement level. Note that for a given refinement level sparsity patterns are the same for any mesh family. The coarse problem
is always constructed based on a coarsening ratio (C.R.)—namely, the ratio between number of fine grid elements and coarse
grid elements—equal to 100. Practically, the coarse-grid is constructed agglomerating evenly 10 fine-scale elements in both
ξ1- and ξ2-direction. Table 3 reports the dimensions of the coarse system AH

n . IC(0) factorizations are used for both Ã and S̃ .
We consider two different timestep values, i.e. ∆t1/t

(T1)
c = 1×10−1 and ∆t2/t

(T1)
c = 1×10−2.

Fig. 1: Test 1: Physical domain.
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(a) Cartesian grid (cart(0)). (b) Random mesh (rand 1(0)) obtained by:
(i) moving vertices positions of a 10 × 10
Cartesian mesh in ξ1- and ξ2-direction by
∆ξ1 = (Ψ1L)/10 and ∆ξ2 = (Ψ2W)/10, with
Ψ1 and Ψ2 uniformly distributed random vari-
ables ranging between -0.3 and 0.3; and (ii)
uniformly refining each element by a factor
10×10.

(c) Random mesh (rand 2(0)) obtained by
moving vertices positions of grid cart(0) by
∆ξ1 = (Ψ1L)/100 and ∆ξ2 = (Ψ2W)/100, with
Ψ1 and Ψ2 uniformly distributed random vari-
ables ranging between -0.3 and 0.3.

Fig. 2: Test 1: Physical domain (a) and different base meshes in thin gray lines (b,c,d) used in the numerical tests. Each
mesh consists 100×100 quadrilateral elements (` = 0 in Table 2). The bold black lines identify fine-scale element aggregates
that define coarse-scale elements using a coarsening ratio C.R. = 10× 10. The blue color in (b,c,d) denotes fine-scale cell
belonging to the material 2 region [12].

Table 3: Test 1: Size of the coarse grid problem assuming a coarsening ratio C.R.=10×10 as a function of mesh refinement
level (`). The total number of fine scale DOFs is nH

t = nH
u + nH

p .

` nH
e nH

t nH
u nH

p

0 10×10 342 242 100
1 20×20 1,282 882 400
2 40×40 4,962 3,362 1,600
3 80×80 19,522 13,122 6,400
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Fig. 3: Test 1a: M−1
n -preconditioned GMRES convergence profile as a function of the refinement level ` for mesh family

cart(`), ` = {0,1,2,3}, using two different timestep sizes. The no-fill IC(0) preconditioner is used for both Ã−1 and S̃ −1.
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Fig. 4: Test 1a: Same as Fig. 3 for M−1
L -preconditioned GMRES.
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Fig. 5: Test 1b: Same as Fig. 3.

The benefits from the proposed multiscale-based two-stage preconditioner are first demonstrated by comparing the per-
formance of M−1

n -preconditioned GMRES with that of GMRES preconditioned by the local preconditioner M−1
L only for

the first timestep of the simulation. Full GMRES (no restart) is used with maximum number of iterations nmax
iter = 200. We

focus on mesh family cart. Figs. 3-4 display the convergence profile for the relative residual norm in Test 1a. The two-stage
preconditioning approach (Fig. 3) allows for convergence in a number of iteration varying between 17 and 19 and exhibits
practically no dependence on the mesh and timestep size. For the most refined mesh cart(3), the overall time (preconditioner
setup + solution time) to compute the solution is about 20 seconds for both timestep sizes, the global and local preconditioner
densities being ρG = 0.782 and ρL = 0.896. Conversely, the only use of the local preconditioner (Fig. 4) does not reduce the
residual to the requested tolerance, with a convergence profile that tends to stagnate for both meshes cart(2) and cart(3).
A similar behavior is observed for Test 1b (See Figs. 5a-5b). As observed in Remark 2, an alternative approach consists
of using better quality local preconditioners for the elasticity stiffness matrix and the Schur complement to improve the
convergence behavior of ML-preconditioned GMRES. As theoretical reference we provide the best performance in terms of
iteration count that is obtained when A−1 and S −1

FS in (20) are applied exactly using inner solvers: (i) in Test 1a, convergence
is always obtained within 5 to 7 iterations; (ii) in Test 1b, up to about 70 iterations may be required to achieve the requested
tolerance, the iteration counts being higher for the smaller timestep size. This confirms that a multiscale two-stage approach
is particularly effective in complementing the action of the diagonal fixed-stress Schur complement approximation for media
characterized by high stiffness contrasts.
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Fig. 6: Test 1b: Same as Fig. 4.

Table 4: Test 1a: preconditioner densities, average number of iterations and timings as a function of the refinement level for
the three mesh families using two different timestep sizes. The total number of timesteps is 10 in all cases. The coarse grid
problem is constructed assuming a coarsening ratio C.R. = 10×10. No-fill IC(0) preconditioners are used for Ã−1 and S̃ −1.

∆t1/t
(T1)
c = 1×10−1 ∆t2/t

(T1)
c = 1×10−2

mesh ρG ρL ρt niter Tp [s] T̄s [s] T̄t [s] niter Tp [s] T̄s [s] T̄t [s]

cart(0) 0.668 0.897 2.565 19.0 0.3 0.1 0.4 18.1 0.3 0.1 0.4
cart(1) 0.702 0.896 2.598 19.0 0.7 0.5 1.1 18.5 0.7 0.4 1.1
cart(2) 0.738 0.896 2.634 19.0 2.7 2.1 4.8 18.5 2.7 2.0 4.7
cart(3) 0.782 0.896 2.678 17.7 11.8 8.4 20.1 17.0 11.8 8.2 20.0

rand 1(0) 0.672 0.913 2.585 17.1 0.3 0.1 0.4 17.1 0.3 0.1 0.4
rand 1(1) 0.704 0.913 2.617 18.2 0.7 0.4 1.1 19.0 0.7 0.5 1.1
rand 1(2) 0.740 0.913 2.652 18.7 2.8 2.1 4.9 18.0 2.8 2.0 4.8
rand 1(3) 0.775 0.912 2.688 17.3 12.1 8.5 20.5 17.0 12.0 8.3 20.3

rand 2(0) 0.672 0.913 2.585 18.0 0.3 0.1 0.4 17.2 0.3 0.1 0.4
rand 2(1) 0.705 0.913 2.617 18.0 0.7 0.4 1.1 17.7 0.7 0.4 1.1
rand 2(2) 0.740 0.913 2.652 18.0 2.8 2.0 4.8 17.5 2.8 1.9 4.7
rand 2(3) 0.775 0.912 2.688 16.7 12.1 7.8 19.9 16.0 12.1 7.8 19.9

Table 5: Test 1b:same as Table 4.

∆t1/t
(T1)
c = 1×10−1 ∆t2/t

(T1)
c = 1×10−2

mesh ρG ρL ρt niter Tp [s] T̄s [s] T̄t [s] niter Tp [s] T̄s [s] T̄t [s]

cart(0) 0.668 0.897 2.565 21.7 0.3 0.2 0.5 19.5 0.3 0.1 0.4
cart(1) 0.702 0.896 2.598 24.1 0.7 0.6 1.3 20.6 0.7 0.5 1.2
cart(2) 0.738 0.896 2.634 22.1 2.8 2.4 5.2 18.5 2.8 2.0 4.8
cart(3) 0.782 0.896 2.678 23.1 11.7 11.4 23.1 19.7 11.7 9.6 21.3

rand 1(0) 0.672 0.913 2.585 21.3 0.3 0.1 0.5 19.0 0.3 0.1 0.5
rand 1(1) 0.704 0.913 2.617 23.3 0.7 0.4 1.3 19.7 0.7 0.5 1.2
rand 1(2) 0.740 0.913 2.652 22.2 2.9 2.4 5.3 18.1 2.9 2.0 4.9
rand 1(3) 0.775 0.912 2.688 25.0 12.1 12.7 24.8 21.1 12.1 9.3 21.4

rand 2(0) 0.672 0.913 2.585 20.6 0.3 0.1 0.4 18.5 0.3 0.1 0.4
rand 2(1) 0.705 0.913 2.617 23.1 0.7 0.6 1.3 19.7 0.7 0.5 1.2
rand 2(2) 0.740 0.913 2.652 21.0 2.9 2.4 5.3 17.6 2.9 2.0 4.9
rand 2(3) 0.775 0.912 2.688 21.9 12.1 11.1 23.2 18.6 12.1 7.8 20.0
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Table 6: Test 2: simulation parameters. Fluid viscosity has a constant value µ = 1×10−3 Pa·s.

Symbol Quantity Underburden Reservoir Overburden Unit

E Young’s modulus 5×1010 (see Eq. (31)) 5×1010 [Pa]
ν Poisson’s ratio 0.25 0.25 0.25 [-]
κ isotropic permeability — (see Fig. 7b) — [m2]

L region size in ξ1-direction 762.0 762.0 762.0 [m]
Wi region size in ξ2-direction, i ∈ {U,R,O} 30.48 15.24 30.48 [m]
H region size in ξ3-direction 30.48 15.24 30.48 [m]

p̄ prescribed pressure (see Figs. 7a) — 1×106 — [Pa]

Table 7: Test 2: Size and numbers of non-zero elements in the system matrix blocks as a function of mesh refinement level
(`). The number of fine scale elements ne refers to the mechanical problem. Flow is allowed for only in the reservoir region
(see Fig. 7) that includes one fifth of the cells in the ξ2-direction. The total number of fine scale DOFs is nt = nu + np.

` ne nt nu np nnz(A) nnz(B) nnz(C)

0 100×100 22,402 20,402 2,000 362,404 16,000 9,760
1 200×200 88,802 80,802 8,000 1,444,804 64,000 39,520
2 400×400 353,602 321,602 32,000 5,769,604 256,000 159,040
3 800×800 1,411,202 1,283,202 128,000 23,059,204 1,024,000 638,080

The behavior observed for mesh family cart is representative of the performance of the two-stage preconditioner also
for the other mesh families. Tables 4–5 report preconditioner densities, number of iterations and timings averaged over 10
timesteps as a function of the refinement level `. GMRES always exhibits robust convergence.

Test 2: Heterogeneous synthetic reservoir

Here, flow in a highly heterogeneous deforming reservoirs is modeled. We focus on a two-dimensional domain, for which
plane-strain conditions are assumed. The setup is based on model one in the 10th SPE Comparative Solution Project [22]
but equipped with poroelastic mechanical behavior. Incompressible fluid and solid constituents are assumed. In particular,
Young’s modulus is correlated to the permeability according to the following relationship:

E = Emax +γ · {log10(κ)−min[log10(κ)]}, (31)

with

γ =
Ē−Emax

mean[log10(κ)]−min[log10(κ)]
(32)

where mean is the operator returning the average value, Ē = 5×109 Pa, and Emax = 1.5Ē the largest Young’s modulus value,
which is assigned to elements having the lowest permeability. The Poisson ratio is set to 0.25 everywhere. Based on Eq.(30),
we define a characteristic consolidation time t(T2)

c that is computed using Ē and an appropriate permeability value κ̄, i.e.
setting λ = κ̄/µ. Here, the permeability is cell-wise isotropic and we set κ̄ = max(κ), which leads to t(T2)

c = 1.14 days. The
simulation parameters are summarized in Table 6.

The computational domain consists of two nested regions as shown in Figs.7c-7d. The pressure field is computed only
in the reservoir region, i.e., domain ΩF , assuming impermeable over-burden and under-burden units. The displacement field
is simulated over the domain ΩM that includes reservoir, overburden and underburden. Practically, on ΩM \ΩF drained
conditions are assumed, i.e. the pressure term in Eq.(1a) vanishes. The reservoir region is 762 m long and 15.24 m thick.
Overburden and underburden are twice as thick as the reservoir. Roller support and zero flux conditions are prescribed at the
entire boundary except for the two segments highlighted in red and blue in Figure 6a where Dirichlet pressure conditions
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(a) Sketch of the setup. (b) Fine-scale isotropic permeability field assigned to the reservoir
region taken from model one in the 10th SPE Comparative Solution
Project [22]. Both overburden and underburden are assumed impervi-
ous.

(c) Computational domain ΩM for the displacement field simulation.
The entire domain boundary is subject to roller support except for the
top one that is traction free. Base fine-scale mesh (` = 0) and corre-
sponding coarse-scale mesh using a coarsening ratio C.R.=10×10 are
plot in gray and black, respectively.

(d) Computational domainΩF for the pressure field simulation. Dirich-
let pressure conditions are prescribed over boundary segments high-
lighted in red and blue in (a). A no flow condition is considered over
top (ξ2 = WU + WR) and bottom (ξ2 = WU) boundaries.

Fig. 7: Test 2: Two-dimensional heterogeneous synthetic reservoir.

Table 8: Test 2: Size of the coarse grid problem assuming a coarsening ratio C.R.=10×10 as a function of mesh refinement
level (`). The total number of fine scale DOFs is nH

t = nH
u + nH

p .

` nH
e nH

t nH
u nH

p

0 10×10 262 242 20
1 20×20 962 882 80
2 40×40 3,682 3,362 320
3 80×80 14,402 13,122 1,280

Table 9: Test 2: Preconditioner densities, average number of iterations and timings as a function of the refinement level (`)
using two different timestep sizes. The total number of timesteps is 10 in all cases. The coarse grid problem is constructed
assuming a coarsening ratio C.R. = 10×10. The local preconditioners are Ã−1 = A−1

IC(0) and S̃ −1 = S −1
FS,IC(0).

∆t1/t
(T2a)
c = 1×10−1 ∆t2/t

(T2a)
c = 1×10−3

` ρG ρL ρt niter Tp [s] T̄s [s] T̄t [s] niter Tp [s] T̄s [s] T̄t [s]

0 0.834 1.039 2.873 28.3 0.3 0.1 0.5 18.9 0.3 0.1 0.5
1 0.857 1.040 2.897 35.4 0.6 0.6 1.2 25.3 0.6 0.4 1.0
2 0.885 1.040 2.925 29.3 2.5 2.2 4.7 31.3 2.5 2.4 5.0
3 0.921 1.040 2.961 28.5 10.5 9.8 20.3 35.2 10.5 12.8 23.3

apply. The simulation parameters are indicated in Table 6. Proceeding as in Test 1, we consider a base regular grid consisting
of 100×100 regular quadrilateral elements with an aspect ratio of 10, i.e. the same grid element defined in [22]. Then, three
refinement levels are considered. Again, the coarse mesh is always obtained using a coarsening ratio of 10× 10. Size and
number of non-zeroes elements characterizing the fine-scale and the coarse-scale matrices are given in Tables 7-8.

Table 9 presents the behavior of the preconditioner as a function of the grid-refinement level ` and timestep size. The
average number of iterations and timings are obtained using 10 timesteps. Despite the milder stiffness contrast compared to
Test 1, the combination of unfavorable aspect ratio of the elements and highly heterogeneous distributions of the permeability
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Table 10: Test 2: Preconditioner densities, average number of iterations and timings as a function of the refinement level (`)
for GMRES preconditioned using different strategies. The smaller timestep size ∆t2 of Table 9 is selected. The total number
of timesteps is 10 in all cases. The coarse grid problem is constructed assuming a coarsening ratio C.R. = 10×10. The local
preconditioners are Ã−1 = A−1

IC(0) and S̃ −1 = S −1
FS,ICT(τS ), with τS = 1×10−3.

Block-triangular
preconditioner with inner
solvers for A−1 and S −1

FS

Two-stage
multiscale preconditioner

Block-triangular
preconditioner with incomplete
factorizations for A−1 and S −1

FS

` ρG ρL niter ρt niter Tp [s] T̄s [s] T̄t [s] niter Tp [s] T̄s [s] T̄t [s]

0 0.834 1.054 8.0 2.887 16.0 0.2 0.1 0.3 46.3 0.0 0.2 0.2
1 0.857 1.056 7.9 2.913 14.2 0.6 0.2 0.8 73.6 0.0 1.0 1.0
2 0.885 1.060 6.7 2.945 13.1 2.5 1.0 3.5 97.3 0.1 6.6 6.6
3 0.921 1.057 5.0 2.978 15.2 10.4 4.9 15.3 172.8 0.2 75.1 75.3

field makes the solution of this problem much more challenging than the one addressed in Test 1. Even though the solver
does exhibit mild dependence on `, in particular for the smaller timestep value, the average number of iterations remains
well bounded. Given the severe jumps in permeability, improving the Schur complement local preconditioner usign an ICT-
based factorization proves beneficial. In Table 10 the performance of GMRES preconditioned by the multiscale two-stage
preconditioner is compared with that of GMRES combined with the local preconditioner only. Again, the iteration count
obtained applying Ã−1 and S̃ −1

FS exactly in a block triangular preconditioner is provided as theoretical reference. Note the
reduction by 50% of the number of iterations required at every mesh level by GMRES preconditioned by the multiscale two-
stage strategy, hence the practical advantage of a much lower-dimensional basis for the Krylov space that has to be stored
as the iteration progresses. Despite the higher cost per iteration, the gain in iteration count is such that the average solution
time T̄s is also essentially halved. Although the local preconditioner M−1

L allows for achieving the desired convergence, it is
not competitive with the two-stage approach and exhibits mesh dependent behavior.

5 Conclusions

We described a two-stage preconditioner for the displacement-pressure formulation of the Biot poroelasticity equations. The
preconditioner is used to accelerate a non-symmetric Krylov solver. The preconditioner features are: (i) the construction of
accurate coarse-scale coupled systems based on multiscale formulations; and (ii) a local smoothing preconditioner that takes
the form a block triangular operator. Based on a two-grid approach—where a much coarser grid is superimposed on the
original fine-scale one—, distinct sets of multiscale basis functions are computed for the displacement and pressure fields
solving local Dirichlet problems. By assembling such basis functions in a global block diagonal multiscale prolongation
operator, a Galerkin projection is used to construct upscaled (coarse-scale) coupled systems that are much simpler to solve
for. When applied as a right preconditioner for GMRES, the proposed two-stage solver shows robust performance for prob-
lems involving highly heterogeneous material property fields. Mild mesh-dependent convergence is observed in a sequence
of refined problems for the heterogeneous case. Overall, the analysis builds confidence in the proposed multiscale-based
two-stage preconditioning strategy as a sound basis for the design of reliable and efficient solvers. Current work is focused
on the extensions to three-dimensional problems and general unstructured grids.
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8. Bergamaschi, L., Martı́nez, Á.: RMCP: Relaxed Mixed Constraint Preconditioners for saddle point linear systems arising in geomechanics.

Comp. Meth. Appl. Mech. Eng. 221-222, 54–62 (2012). DOI 10.1016/j.cma.2012.02.004
9. Both, J.W., Borregales, M., Nordbotten, J.M., Kumar, K., Radu, F.A.: Robust fixed stress splitting for Biot’s equations in heterogeneous media.

Appl. Math. Lett. 68, 101–108 (2017). DOI 10.1016/j.aml.2016.12.019
10. Both, J.W., Kumar, K., Nordbotten, J.M., Radu, F.A.: Anderson accelerated fixed-stress splitting schemes for consolidation of unsaturated

porous media (2018)
11. Bramble, J.H., Pasciak, J.E.: A preconditioning technique for indefinite systems resulting from mixed approximations of elliptic problems.

Math. Comput. 50(181), 1–17 (1988). DOI 10.1090/S0025-5718-1988-0917816-8
12. Brown, D.L., Vasilyeva, M.: A Generalized Multiscale Finite Element Method for poroelasticity problems I: Linear problems. J. Comput.

Appl. Math. 294, 372–388 (2016). DOI 10.1016/j.cam.2015.08.007
13. Brown, D.L., Vasilyeva, M.: A Generalized Multiscale Finite Element Method for poroelasticity problems II: Nonlinear coupling. J. Comput.

Appl. Math. 297, 132–146 (2016). DOI 10.1016/j.cam.2015.11.007
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