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ABSTRACT: In this paper, we compute a number of cross sections for the production
of multiple particles at mid-rapidity in the semi-dilute / dense regime of the color-glass
condensate (CGC) effective field theory. In particular, we present new results for the
production of two quark-antiquark pairs (whether the same or different flavors) and for the
production of one quark-antiquark pair and a gluon. We also demonstrate the existence of
a simple mapping which transforms the cross section to produce a quark-antiquark pair into
the corresponding cross section to produce a gluon, which we use to obtain various results
and to cross-check them against the literature. We also discuss hadronization effects in the
heavy flavor sector, writing explicit expressions for the production of various combinations
of D and D mesons, J/t¢ mesons, and light hadrons. The various multiparticle cross
sections presented here contain a wealth of information and can be used to study heavy
flavor production, charge-dependent correlations, and “collective” flow phenomena arising
from initial-state dynamics.
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1 Introduction

Correlations in the production of multiple soft or semi-hard particles in the mid-rapidity
region of hadronic collisions are important probes of novel phenomena in quantum chro-
modynamics (QCD). Whether in proton-proton (pp), proton-nucleus (pA), or heavy-
ion (AA) collisions, multiparticle production reflects the many-body correlations gener-
ated by QCD. In pp collisions, such correlations may be produced by quantum evolu-
tion through Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) evolution [1-3] or by
a range of higher-order corrections to the hard part (see, e.g. [4, 5]) or small-z evolu-
tion, including linear Balitsky-Fadin-Kuraev-Lipatov (BFKL) evolution [6, 7], nonlinear
Balitsky-Kovchegov (BK) evolution [8, 9] and Jalilian-Marian-Iancu-McLerran-Weigert-
Leonidov-Kovner (JIMWLK) evolution [10-12]. The resulting correlations are sensitive
probes of the perturbative hard vertex and of the strongly-ordered emission structure of
the evolution equations. In pA collisions, these higher-order and evolution corrections are
augmented by a new set of dynamical correlations arising from the enhancement of mul-
tiple scattering in the high charge densities of the heavy nucleus, characterized by the



color-glass condensate (CGC) effective field theory (see e.g. [13] and references therein).
The resulting correlations are sensitive probes of the multiple scattering dynamics, includ-
ing the significant effects of Bose enhancement in the strong gluon fields [14, 15]. Finally,
in AA collisions (as well as potentially in high-multiplicity pp and pA collisions), all these
initial state correlations are modified and complemented by the final-state dynamics of a
strongly-coupled quark-gluon plasma (QGP) phase.

A detailed characterization of multiparticle production in the strong color fields of the
CGC is especially important in trying to differentiate intial-state effects from the final-
state dynamics of the QGP, where strongly-coupled interactions lead to substantial many-
body correlations among soft and semi-hard particles. The canonical measures of this
collective flow are the cumulants of azimuthal anisotropies v,{m} [16], with correlations
among increasing numbers of particles reflected in higher values m of the cumulants. Other
landmark properties believed to be possible in the QGP phase include the onset of novel
transport mechanisms associated with the axial anomaly: the chiral magnetic effect, the
chiral separation effect, the chiral vortical effect, and the chiral magnetic wave.! Signatures
for all of these novel chiral dynamics are encoded in multiparticle correlations, often charge
dependent, such as the same-sign and opposite-sign correlators 112 and 7123 [18]. For
all of these critical signatures of the quark-gluon plasma, it is essential to disentangle
the “background” contributions coming from initial-state mechanisms to better quantify
the properties of the QGP and improve the chances of discovering such novel anomalous
dynamics. Accordingly, a substantial effort has been made in recent years to compute
multiparticle production in the CGC framework.

The purest realization of the CGC formalism is in the “dilute / dense” framework,
in which density-enhanced effects of the “dilute projectile” are kept only to lowest order,
while density-enhanced corrections in the “dense target” are resummed to all orders. Few-
particle production has been studied in the dilute / dense framework from the earliest days
of the CGC formalism, starting with the inclusive single-gluon production cross section
do® [19-24] at mid-rapidity and followed shortly thereafter by the inclusive cross section
do? of a single ¢q pair via gluon pair production [25-33]. Corrections to these production
channels were also considered in the form of small-z evolution corrections [27, 29]. However,
a detailed computation of higher multiparticle production cross sections in the dilute /
dense framework becomes increasingly difficult due to the proliferation of ways another
soft particle could be radiated from a pre-existing one.

A significant step toward overcoming this barrier was made through the development of
the “semi-dilute / dense” framework [34]. This regime is designed to fill the gap between
the dilute / dense regime, in which the projectile charge density is kept only to lowest
order, and the dense / dense regime, where both projectile and target densities must be
simultaneously resummed to all orders. The semi-dilute / dense framework is appropriate
for “heavy-light ion collisions” intermediate to, say, pPb and PbPb collisions. For a collision
between one light ion and one heavy ion, such as CuAu collisions, it is possible to construct
a regime in which the large target density is resummed to all orders while corrections from

'For a review on chiral magnetic and vortical effects in high-energy nuclear collisions we refer to the
reader to ref. [17].



the projectile density are calculated order by order in perturbation theory. In the semi-
dilute / dense framework, higher-order corrections which are enhanced by the projectile
density are more important than genuine quantum corrections. Formally, for a dense target
nucleus with A nucleons and a semi-dilute projectile nucleus with a nucleons, the semi-
dilute / dense regime can be quantified by the hierarchy of scales

?AV3 ~ 0 (1) (1.1a)
as < ala? <« 1, (1.1b)

or equivalently, in term of the saturation momenta ()5, and Q5 ¢ of the projectile and target
respectively,

Adep < @2, < Q3 (12)

With the help of the semi-dilute / dense framework, a number of significant steps have
been taken in recent years toward the calculation of genuine multiparticle production in
the CGC framework. The key simplification that makes this possible in the semi-dilute
/ dense framework is that the independent emission of new soft particles from the high-
density projectile becomes dominant over emission from the pre-existing system of soft
particles. As such, the first observable computed in the semi-dilute / dense framework was
the production cross section do® for two soft gluons [34, 35]. A similar effort was made
toward determining the production cross section do?? for two quarks coming from separate
qq pairs, with a partial calculation having been performed in ref. [36] emphasizing the new
role played by Fermi-Dirac quantum statistics among the two pairs. This calculation later
formed the basis of the partial calculation of the cross section do%9¢ for two quark / anti-
quark pairs plus a gluon, with the intent of studying the CGC contribution to the same-sign
correlators y112, Y123 [37]. It should be emphasized that in this important calculation [37],
only correlations generated at the level of the wave functions were taken into account,
without including the effects of multiple scattering that translate these wave functions into
actual production cross sections. And very recently, a new attempt has been made to
extend these calculations to the third order in the projectile charge density through the
computation of the triple-gluon production cross section do@¢¢ [38]. Other notable devel-
opments in soft multiparticle production include the identification of Bose enhancement as
a driving mechanism of the Ridge [14] in double-gluon production [14, 15], the calculation
of the soft double-photon cross section do?” [39], and the realization that soft double-pair
production can be used to probe the gluon Wigner distribution with Weizsacker-Williams
gauge structure [40]. A variant of the semi-dilute / dense power counting can be found in
the form of the lowest-order “glasma graph” calculations, which have been used to calculate
multiparticle correlations such as the triple-gluon cross section [41].

Other important developments in the calculation of multiparticle production in the
CGC formalism have emphasized production in the forward regime, where the “hybrid fac-
torization” framework makes it possible to rigorously relate the particle production cross
sections to collinear parton distribution functions in the (semi-)dilute projectile, dressed
with the effects of multiple scattering in the dense target [42—45]. In this approach, observ-
ables such as forward double valence-quark production cross sections do9% [46], forward



triple valence-quark production cross sections do%%% [47], and forward valence-quark +
photon + gluon production [48] have been calculated. Similar studies of quadruple valence-
quark production cross sections do? %9 % have also been considered in a “parton model”
description [49, 50] without the benefit of an underlying hybrid factorization. Other recent
work on the subject also includes the demonstration [51] that two-gluon correlations can
break the “accidental” back-to-back symmetry which occurs at lowest order and related
phenomenology [52, 53]. And finally, in a recent work [54], we have considered single- and
double-pair production do%? and do(4@(49 in coordinate space as a means of initializing
spatial corrections of conserved charges in the quark-gluon plasma.

In this paper, our primary goal is to systematically extend the calculation of multipar-
ticle production at mid-rapidity in the semi-dilute / dense framework to higher orders. One
of the key results we will derive here for the first time is the complete expression at exact
N, for the double-pair production cross section do 4?9 in momentum space, as written in
egs. (4.5), (4.11), and (4.16). This expression significantly generalizes the result obtained
in ref. [36] by including contributions that were intentionally omitted there, by working
with exact N., and by keeping the multiple scattering corrections to all orders. In a key
conceptual development, we show in eq. (2.19) that it is possible to map the amplitude
(and therefore, the cross section) for producing ¢g pairs into the corresponding quantities
for producing gluons. Thus, we are able to directly map the double-pair cross section into
the corresponding cross section do(?9C to produce a quark / antiquark pair and a gluon.
This expression, as written in eq. (4.19), is also a new result. We also perform a number
of validations of this gluonic mapping, verifying explicitly that it correctly reproduces the
known results for single- and double-gluon production from the literature.

While the preceding results all reflect the final-state production of multiple partons,
they also open the door to a substantial program of computing hadronic-level observables
derived from them. By convoluting the partonic-level results with the appropriate frag-
mentation functions or projection operators and long-distance matrix elements, we can
translate these partonic-level cross sections to full hadronic cross sections. The resulting
hadronic observables can be used to rigorously study the correlations among same-sign
and opposite-sign charged hadrons, open and hidden heavy-flavor hadrons, heavy-flavor
vs light hadrons, and more. The phenomenology based on these hadronic obserables will
provide critical new insight into initial-state mechanisms for collective flow, quarkonium
correlations, and charge-dependent correlations which form the background to anomalous
chiral dynamics in the QGP.

This paper is organized as follows. In section 2 we construct the scattering amplitudes
for the production of soft particles in momentum space, starting with the quark/antiquark
production amplitude in section 2.1 and deriving the mapping to the gluon production
amplitude in section 2.2. Then in section 3 we compute the production cross section for a
single qq pair in section 3.1 and map it in section 3.2 to the well-known gluon production
cross section to validate the gluonic mapping. Then in section 4 we proceed to calculate
the new cross sections for the production of two sets of soft particles: double ¢g pair
production in section 4.1, mixed ¢¢gG production in section 4.2, and double gluon production
in section 4.3. The successful cross-check against the double-gluon production cross section
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Figure 1. The light-front wave functions to radiate a soft ¢q pair at mid-rapidity from a valence
source, shown here as a quark.

in section 4.3 represents another validation of the gluonic mapping derived in section 3.2.
In section 5 we utilize the techniques enumerated in ref. [55] to translate our partonic-
level cross sections into hadronic cross sections for the production of open and hidden
heavy flavor as an illustration of how to straightforwardly apply the results derived here
to hadronic observables. Finally, we conclude in section 6 by reiterating the primary
new results and exploring the many opportunities for phenomenological applications and
further theoretical development which this work provides. In appendix A we provide details
of the Gaussian color averaging used for the (semi-)dilute projectile, in appendix B we
formulate some useful algebraic properties of Wilson lines in momentum space, and in
appendix C we point out the differences in the normalization of the double-gluon cross
section against ref. [38].

Throughout this paper, we denote longitudinal momenta in light-front coordinates
vt = WT_(UO + %) and transverse vectors by v = (v!,v?) with magnitudes vy = |v].
Different authors use different conventions for the light-front metric g™~ ; we will use g*— =
1, but it is also common to encounter g7~ = 2.

2 Production amplitudes for (anti)quark pairs and gluons

2.1 Quark / antiquark pair production amplitude

The amplitude to radiate a soft quark/antiquark pair at mid-rapidity has been derived
many times in the literature [26, 27]. In the notation of our previous work [54] as illustrated
in figure 1, we denote the light-front wave functions [56, 57] to radiate a soft g pair as
W1, Vs, 13 corresponding to the various time orderings of the scattering in the target fields.
The term 1 corresponds to scattering after the pair is created, 1o to scattering after the
gluon is emitted but before the pair is created, and w3 to scattering before the pair is
created. The three wave functions are not all independent, but satisfy ¥ + 19 + 93 = 0,
and the explicit expressions are given by

a(l—a)

k) =—2
¥1(g k) gn%%—m%—a(l—a)q%
1 2
K XK q
R - [2(1—a)+(1—2a)(12—w’q?] —mo’ 6y | =5 —i0’ = (2.1a)
qr qr T ar



1

a(l-a) QK . 9XE oo ld L d
Yo(q,5) = —29~ 53— 0o, ot [—(1—2a)+w ] mo’ 6,0 [ L i L
= K%+m? 2 72 el

(2.1b)

¥3(g, k) = —1(q, k) —2(q, K), (2.1c)

where a = is the fraction of the pair longitudinal momentum carried by the quark,

kt
Et+kT
q is the center-of-mass transverse momentum of the ¢g pair (i.e., the gluon), and & is the
intrinsic transverse momentum of the quark splitting. In (2.1), we have omitted the explicit
dependence of the wave functions on the momentum fraction « for brevity. Note also that,
in comparison to egs. (21) of [54], we have removed a factor of the coupling g from the
definition of the wave functions. This corresponds to absorbing this coupling constant into

the scale p? defined in (A.3) characterizing the sources of soft gluons.

In terms of these wave functions, the single-pair amplitude summed over all time
orderings is given in coordinate space by (see egs. (30 - 31) of [54])

Alz, y,b) = (Vpt®) [(VJLVJ - Vgt“VJ) Ui(u—b,z—y)

+ (Vyt“VJ - VH“K;) Po(u — b,z — g)] , (2.2)

where, as labeled in figure 1, z, y, and b are the final-state positions of the quark, antiquark,
and valence quark, respectively, and u = ax + (1 — a)y is the center-of-mass position of
the ¢q pair (equal to the gluon position). The scattering of partons in the color fields of
the target are described by Wilson lines in the fundamental or adjoint representations,

Vy = Pexp [ig/daﬁ' A_(CL‘+,O_,$):| (2.3a)

ab
Uzb = (Pexp [z’g/alafr A;dj(a:J“,O,CU)]) ) (2.3b)

where we work in the AT = 0 light cone gauge. With (2.2) written this way, the Wilson
line Vj, associated with the valence quark will always cancel against a corresponding one in
the complex-conjugate amplitude.

It is convenient to translate the specific model of the projectile as a distribution of
valence quarks into a generic continuous charge density. This can be accomplished by
introducing the quantity p®(b), which loosely corresponds to the wave function of a color
source in the projectile at position b which radiates a soft gluon with color a. We can
translate from the valence quark model of the projectile to the continuous color charge
density by effectively replacing (Vjt*) — p®(b). (For another discussion of the translation
between discrete and continuous charge distributions, see e.g. [51].) With this change of



notation, we can Fourier transform the buildling block (2.2) into momentum space to obtain
Ak, k) = /dzx a2y d%b e~z o~k (b)
x [(vzlf,avgT . Vg“VJ) Yi(w—bz—y)+ (Vgt“vgT - vgtavg) Walu — b,z — g)] . (2.4)

where the momenta of the final-state quark and antiquark are k and k, respectively. Note
that the Fourier factor for the valence quark cancels because its position b is the same in
the initial and final states under the eikonal approximation.?

Inserting the inverse transformation of the wave functions (2.1), Wilson lines, and

source density

tlu bz —y) = [ 5 e we ) g ) (25)
V, = / (;i’; BTV (k) (2.5b)

Vi [ v 259

o0) = [ sz el (2.50)

1. del d2/ / /\ 1a / !/ / / /
Al R = [ 65 553 @) V=KD V(= k = g+)] 1 (¢ )

2/£ 2 1
+/(C2i7r)2 ; 120" [V(ﬁ)taw(ﬁ—ﬁg’)} (¢ k—aq) (2.6)

2k A%k
- / 2 (2r)? p*(q—E+E) [V(@) vl (i’)] (v1(g. k—aq)+i2(q,k—ag)),

with ¢ = k + k for brevity. We can combine all three diagrams by redefining the dummy
integration variables, obtaining the compact form

271./ 27
AR = [ G555 G AW E) [V e VI - D] B ERE),  (20)

where the differences among the three diagrams are all encoded in the combined wave
function

Uk, kK ) = 91 (K + E (1= ) — k) + v (K + K, (1 - a)k - ak)

— i (k+k, (1—a)k—ak) —ts(k+k, (1-a)k—ak).  (28)

2At first glance, the amplitude (2.4) may appear to be problematic, because it contains an impact over
impact parameters b of the source at the amplitude level, leading to two such impact parameter integrals
in the cross section. This is true; however, when averaged over color states of the projectile as in (A.3), the
correlator of two p’s possesses a delta function which sets these two positions equal. Thus the continuous
charge distribution leads to one integral over d2b per source at the cross section level, as with the model of
discrete valence quarks.



Figure 2. The light-front wave function to radiate a soft gluon at mid-rapidity from a valence
source, shown here as a quark.

With this expression, it is easy to do the manipulations over all diagrams at once and
particularly to study their color structure, since the Wilson lines enter in exactly the same
form for all diagrams. As such, when we construct cross sections for the production of
multiple pairs, we will only have to perform one calculation per diagrammatic topology,
rather than having to repeat the calculation for many possible time orderings. These
various topologies will correspond to different ways to contract the diagrams, including
both the color matrix V¢V T and the wave function ¥, which is a matrix in the 2 x 2 spin
space of the pair.

2.2 Gluon production amplitude

In comparison with (2.2) for the production amplitude of a soft ¢¢ pair in coordinate space,
the corresponding amplitude to emit a soft gluon is illustrated in figure 2 and is given by

Ao (2,0) = (V5 1) (U)™ d(z — b) — (" Vp) ¢z — b), (2.9)

where ¢ is the light-front wave function

¢(q)==2§5§géavg; (2.10a)
q 2
i€ (z—0)

¢z —b) = (2.10D)

T @B
to radiate a soft gluon from a valence quark projectile. Here o, and o), are the spin states
of the valence quark before and after gluon emission, and A is the spin of the emitted gluon.
When we write the trace over the square of these wave functions, we mean the averaging
over the quantum numbers of the initial state, together with a sum over the quantum
numbers of the final state:

trplé(qr) 6' ()] = 5 Z $(q1)6"(q2) = 42 2 (2.11a)
)\0'1,0 q TqQT
T — 1 * _ i -y
trple(x) ¢f ()] —-21£§;;¢%x)¢ W=, (2.11b)

The first term of (2.9) corresponds to the shockwave passing through the gluon, the second
term corresponds to the shockwave passing through the valence quark before the gluon is



emitted, and we have used the fact that the wave functions for the two time orderings differ
by a minus sign (similar to ¥ + 12 + 103 = 0 for the quark pair case (2.1)).

As we did in section 2.1, we can rewrite the second time ordering so that the valence
quark scattering looks the same as the first one, and we can convert to the continuous
charge density to write

2 / 21./
gme(q)—/(gﬂ) éﬂ]; p'(q) 2tr, V(E)tbvf(ﬁ—g+g)ta} [6(¢) — o

Comparing the gluon amplitude (2.12) with the pair amplitude (2.7), we note that the

9] (212)

gluon has a specified color a in the final state, resulting in the pair-like structure Ve®V'T
being contracted with 2t® to form a trace. Squaring the gluon amplitude gives

(1420") = [ 525 (s otz (P,
x 4trp [ (6(¢) — 9(@)) (¢'(a") — 6(@)] (2.13)

X <trc {V(E) VI —q+4q) ta] tre [ta VI —g+d)t VWLH)} >tgt ’

where we denote the averaging over color fields of the projectile and target by (- - - )proj and
(- )tat, respectively. By tr. we denote a trace over color indices and by trp we denote a
trace over the 2 x 2 spin states of the wave function which averages over spins in the initial
state and sums over spins in the final state.

If we use the Fierz identity over the repeated color index a, we can combine the two
traces into one, with the N.-suppressed term in the Fierz identity vanishing exactly by the
Wilson line identity (B.5). This gives

(A0l = [ S B8 CC 8 (@),
< 2up [ (6(d) ~ (@) (61(¢") ~ 0 ()]

x (i [V O VIR — g +¢) VE —g+¢)eViEn]) o 21a)
tgt

which has the same Wilson line structure as we would obtain by squaring the pair am-
plitude (2.7). Thus we can, without loss of generality, replace the gluon amplitude (2.12)
with the equivalent expression

2 21/
Aaaet) = [ G553 Gz o) [VE) £ VI — 0+ )] VE[ol) — o

that has the same form as the pair amplitude (2.7).

q)], (2.15)

This similar structure appears to suggest a possible mapping between the pair ampli-
tude (2.7) and the gluon amplitude (2.15). Comparing the two expressions, we see that in
the limit k = k = %q, the Wilson line structure of the pair amplitude (2.7) can be cast in
the same form as the gluon amplitude (2.15):

A(lg, Lg) = R Pk +K) V(g — )t VIE — Lq)| ¥(dq, iq: K K)
2% 39) = (27)2 (27)2 29 L 262 ELE )




The change of variables E = q! — K followed by k' — —k' + %g makes the comparison
with (2.15) explicit,

A(zq 1q):/d2q’ TE @) VYV —g+q)| U(3a. 3~ +3a.4 +K ~ 1g).
24> 3 (2m)2 (2m)2" L ~ ~—4Td 2dr o~ T 944 Th 754
(2.17)
Thus we see that by mapping the pair wave function
Uk, kK K = ®(k+ kK +E)=v2 [¢(k’ + &) — ok + 15)} (2.18)

and setting the final-state quark and antiquark to have equal momenta, k = k = %q, we
can map the pair amplitude (2.7) onto the gluon amplitude (2.15):

Aglue(Q) = A(%q’ %Q)}q}%@ (219)

Thus any cross section calculated for the production of multiple ¢¢ pairs via (2.7) can
be mapped onto the cross section to instead produce gluons via (2.18) and (2.19). The
existence of this mapping allows us to efficiently compute multiparticle production at mid
rapidity, by first computing the production of various ¢¢ pairs and then mapping them
systematically back to gluons. Aside from (2.19), the only other modifications to the cross
section will be a change in the prefactor of 2(2%)3 to reflect the changed number of final-
state particles and the exclusion of quark entanglement in the pair which has been mapped
to a gluon. We will use this strategy in section 3.2 to obtain the single-inclusive gluon cross
section from the pair cross section and in sections 4.2 and 4.3 to obtain the ¢¢gG and GG

cross sections from the double-pair cross section.

3 Cross sections for single pairs and gluons

3.1 Cross section for single-pair production

The inclusive cross section to produce a single soft ¢g pair with quark (antiquark) transverse

momentum k (k) and rapidity y () is simply related to the square of the amplitude (2.7):

qq 2 -
kojy Phdy {2(21#)3] <‘A(k’ k)‘2>’ (3.1)

7.+
where dy = CZ“—Jr and dy = %. To help keep the notation compact let us introduce the

following notation for the differentials:

a’k
A’k = 3.2
(2m)? (3.2a)
d2{x1 Ty - Tpt = P’z Pxy - dPay (3.2b)
d*{ky kg - kn} = d%ky A%k - - - 2k, (3.2¢)

We will also often exclude the underlines for the many transverse vectors when it is clear
from context that they refer to 2-vectors rather than 4-vectors. Then squaring (2.7) and

~10 -
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Figure 3. The cross section for producing a ¢g pair as written in eq. (3.3). The vertical dotted lines
denote the effective positions of the Wilson lines, which shift the quark and antiquark momenta
from k, k in the final state to k', k' in the amplitude and k", k" in the complex-conjugate amplitude.
Note that the form of the amplitude (2.7) makes it possible to write all time orderings as if the ¢g
pair passed through the shockwave as illustrated here.

performing the averaging as in appendix A, we straightforwardly obtain
<’A(k‘,%)‘2> _ /dQ{k‘/ B K /_-CH} <pa(k‘/ + /2,) pb*(k‘// + E//)>

X trp [\I/(k, T kR W (ke B K E”)}

proj

x <trc [V(k — Y eVIE - R VE R Vi - k")} >tgt . (3.3)

as illustrated in figure 3. Using the Gaussian averaging of the projectile with the assumption
of Locality from (A.3), we obtain

(Jam By = [0 FE ) 2+ F - - Fo)
X trp [\Ii(k, T kLK) O (ke R K /2;”)}
X <trc [V(k e VIE — R VE R e vk — k)]> , (3.4)

where the second argument of y? vanishes in this case because the eikonal Wilson lines
preserve the plus momentum. This feature will in general be violated when producing
multiple pairs. The color trace is straightforward to simplify using the Fierz identity,
yielding the compact expression

_ 2 2 _ _ _ _ _ _ _ _
<’A(k:,k:)’ >:]\;C/dQ{k’k’k”k”}u2(l<:’+k'—k”—k",0+)trD [\Iz(k;,k;;k’,k’)w(k,k;k”,k”)]

1
— 77

% [(Da (K"~ K — k) Dy (k=K k— "))

where the fundamental dipole and quadrupole operators are defined in (A.1).

Comparing this expression with the corresponding ones (32) and (37) from ref. [54] in
coordinate space, we see that eq. (3.5) is far more compact. This is largely because the
condensed amplitude (2.7) in momentum space combines the two time orderings “1” and
“2”7 into a single form, allowing us to perform a single calculation for all time orderings,
rather than requiring a sum over all the distinct time orderings for the pair emission. The
single-pair cross section is then immediately given by combing egs. (3.5) and (3.1).
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3.2 Cross section for single-gluon production

As a cross-check and to illustrate the “gluonic mapping” of a ¢q pair (2.19), let us map (3.5)
onto the cross section for single-inclusive gluon production. Applying (2.19) to (3.5) gives

do® B N2
d2qdy — 4(27)3
X [<152(k"—§q,k'—éq)ﬁz(éq—k’,%q—k”)>

1
-

C

/ LR KR 2 (K E K E07) trp [ @(g: K+ F) 81 (g4 K]

Dy(3q—K K —L1q,k"~1q,1q~ k”)], (3.6)

s=—3 to reflect the fact that there is now
(r,m

where we changed the prefactor from (3.1) to 2(2 )

only one particle tagged in the final state. Changing variables to ¢U-") = k(»") + k
and ok = i (k(' ) U )> gives

do® N2 Q¢ 1 el sl oA+ Al Z
Zqdy :4(277) d*{q'¢" 5K 5K} 1i* (¢ —¢",0M) trp | @(q;¢) @' (¢3¢ )}
% |:<b2(1 " q (5k” 1 q 5/<?>D2(% %q’—ék',%q—%q”—ék”)>

— ]\%Dzl(%q—%q'—&k', %q'— %q—ék', 2q - 2q 5k, L 54— iq 5k")} . (3.7
At first glance, the mapping (2.19) doesn’t seem to have accomplished very much. Even
more alarmingly, this expression contains a quadrupole contribution, whereas the explicit
gluon production cross section has only double-dipoles. The resolution is that there are hid-
den cancellations among the Wilson lines in momentum space, as described in appendix B.
These cancellations in momentum space occur after integration over the dummy variables
0k’ and 6k”, which do not couple to the wave functions or to u?.

Consider first the problematic quadrupole term:
/d2{5k/5k//} D4(% —%q/—(Sk/,% /_%q_(;k/,% /I_%q_5k/17% _%q/l_ék//)
— (271')4 52(g/ _Q) 52(g_g//)’ (38)

where we’ve used (B.5) to integrate over dk’ in the first two arguments and 0k” in the
last two. The quadrupole term therefore sets ¢’ = ¢’ = ¢, but we immediately see
from (2.18) that

®(q;9) =0, (3.9)

so the quadrupole term vanishes identically in the “gluonic limit,” as it must. This can-
cellation in the wave function is just a reflection of the fact that the sum of time orderings
must vanish by the definition of the T-matrix. For the double-dipole term of (3.7), the
situation is more subtle, since the shared momenta §k’, 5k” live in opposite traces and

- 12 —



cannot simply cancel each other. To see clearly what is going on, it is useful to transform
momentarily back to coordinate space:

/d2{5k’ Sk} <f?2(%q” —tq—0k" 1 — 3q— 0k Da(3q—Ld — oK. 3q - 1q" — 5k")>

(1 1 " (1, 1 f
— / P {zyzw) / d?{oK’ 5k”}e*2(§q;§z*5’“ ) i(a¢-3a-0K)y

N

(11, ool 1 . S
Xe—z(2g 54 M)éel(zg pL M)Q<D2(£,Q)D2(§aﬂ)

~_

.y 0 ~ 2
= /d2x d?y e 4Dz ild—0)y <‘D2($a y))

= D2 (¢" — ¢,4' — 9)- (3.10)

This quantity, after integration over 0k’, 6k”, is just the Fourier transform to momentum
space of a squared dipole amplitude. (Note that this is NOT the same thing as the square
of the momentum-space dipole amplitude!) Using these results, the single-inclusive gluon

cross section (3.7) becomes
do® N?
— d2 ’on 200 N 0+ t [(I) v <I>T v/
d2qdy 4(2@3/ {0431 (d —47,07) trp|®(g;4) 2(¢:¢")
X ‘DQ‘Q (Q”_Q?Q/_Q)a (311)

which is again an incredibly compact expression in momentum space.

To complete the cross-check, let us insert the Fourier transform back to coordinate
space, obtaining
do€ N?

Pqdy ~ 12r? / ey y b} e @ V) @) irwb 25 ot

. 2
X trp [Cb(x — bz’ —b) Bl (y — b3y — b)] <‘D2(x’,y')’ > : (3.12)
From (2.18), it’s straightforward to see that the Fourier transform of the wave function is
®(z — b2’ —b) = V2[6*(z - b) p(a’ — b) — 6*(z' — b) P(z — b)], (3.13)
giving
do® N?

2qdy 2(2;)3 /dQ{xyb} e~ @) 2 0F) tr [gﬁ(@ —~b) oty - b)}
D]’ ) - {

< {[penf)

where we have dropped the primes on any remaining integration variables in a given term.

ﬁQ(b,y)’2> + 1}, (3.14)

The last step is to insert the explicit gluon-emission wave functions (2.11), obtaining

do® _a asN, 20 e (@—y) LJVC 9 T (E—Q)(Q_b)
dzqdy‘<2w>2<2w2 >/d{ ybye [gza“”’o >] @02y D3

x {1 ~(|oate ) - (et + {|Patew|) } .15
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which agrees perfectly with eq. (38) of [54] and, after employing (B.6), with eq. (8.18)
of [13]. This confirmation validates the cross-check of the “gluonic limit” (2.19) of a ¢q
pair, as well as the dictionary (A.4) between the langauge of continous color charge densities
and discrete valence quarks, since

2N. 1
p?(b,07) — - /d2B Toroj(b — B) = 1, (3.16)

g*a

where a = [ d’B Tproj(B) is the number of nucleons in the projectile. In the same way,
we can next calculate the double-pair cross section and then use the mapping (2.19) to
convert it into the ¢gG cross section and then into the GG cross section.

4 Double-inclusive cross sections for pairs and gluons

4.1 Cross section for double-pair production

For double-pair production, we consider a final state with two quarks ki, ko and two anti-
quarks k1, ka. As emphasized in ref. [36], if the produced (anti)quarks have the same flavor,
then we need to take care to explicitly antisymmetrize the full amplitude Ag under the
interchange of identical quarks and antiquarks to satisfy Fermi-Dirac statistics:

Agan(k1, k1, ko, ko) = —Asan (K1, k2, k2, k1) = —Apn (ka, k1, k1, k2). (4.1)

Moreover, since in our case the two pairs are radiated independently, the amplitude is
automatically symmetric under the interchange of both pairs:

Agan (1, k1, ko, ko) = +Apan (ka2, ko, k1, k1), (4.2)

which can be seen because of the sum over color sources a in (2.7). As such, it is sufficient
to only antisymmetrize the amplitude under the exchange of the antiquarks:

Asan(k1, k1, ko, ko) = A(k1, k1, ko, k2) — (k1 > ko)
= .A(/ﬁ, E‘l) &® .A(k‘Q, 12‘2) — (%1 <~ 7?2) (4.3)

with the elementary single-pair amplitudes being given by (2.7). Written explicitly, the
(unsymmetrized) double-pair amplitude A(k1, k1, ko, ko) = A(k1, k1) ® A(ko, ko) is

Ak, o Fi o) = / Q2R R Ry Ry} o (K + ) o (K + B
x {\P(kl,fn; EL) [V = k) VI — R)]
® U (ka, ka; Ky, ) [V(@—k’z)t"V*(i’c’r%z)} } (4.4)

Note that, as claimed, the amplitude is automatically symmetric under the exchange of the
pairs (k1,k1) < (kg, ko) if one also relabels the dummy momenta (k,k}) < (kb, k5) and
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K+ R

Ky + Ry

Figure 4. Double-pair production topologies without fermion entanglement, as calculated in
eq. (4.6).

dummy color indices a <+ b. Squaring the full symmetrized amplitude (4.3) and converting
to the cross section yields

do(ad) (a9) 1 14
5] (45)

Phy dyr d?k; dyj; Pk dys ko dgy 2027
_ — |2 - = 7 7 7. 7.
X [<)A(k1,k1,k2, kzg)‘ > = <A(kz1, kv, ko, ko) At (ky, ko, k27k1)> + (k1 < kQ)]v

where the notation +(k1 <+ kg) applies to both preceding terms. The task has now been
reduced to calculating the two contributions in brackets: the case without fermion entan-
glement in the first term and the case with fermion entanglement in the second term. Both
exercises are straightforward, and we calculate them in the following subsections. For max-
imum generality, we have considered here the case in which both produced pairs have the
same flavor; if the flavor of the quark pairs is different, then all particles are distinguishable
and only the first term of eq. (4.5) contributes.

4.1.1 Case 1: no fermion entanglement
Squaring (4.4) for topologies with no fermion entanglement, as in figure 4, leads directly to
(At aba )| ) = [ 20 1 b B R
x (K4 R o (R ) o7 (R R o (R
xtrp W (ke ks kK W Gk s ) b [ ko, o, ) W (ko s 5, )|
X <trc [V(kzl—k’l)t“ VI k) VK —E) VT (ky —k’l’)}

e [V(kg—kg)tb V) — ko) V (k) —Fa) VT(kg—ké’)} >tgt. (4.6)
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There are now 3 possible “contractions” of the source colors, obtained in terms of (A.3):

(o (kR o (k) R) o (K RD) (Y 4 ) =
= 0% 2 (K + iy + Ky + Ky, KT+ RS+ kR )
X u? (<K — B~ kg — Ky, —kf — B —kf — k7))
sy (K Ry - - R 07) g (R Ry - - R 07)
o6y (K + Ky~ Ky — Ky, kR -k~ k)
xu? (Ko + Ky — K — By, K + K5 — kT — ). (4.7)
Note that only in the second term do the plus momenta combine to give 0T, even for this
topology with no fermion entanglement. For a given set of color contractions, we will need

to Fierz reduce the Wilson line traces of (4.6) twice. The algebra is straightforward, but
it is convenient to define the following abbreviated notation:

Vi =V(k — k) Vs = V(ky — k)
V) = Vi — k) V) = VI, — ko)
Vs = V(ki — k1) Vi = V(ky — ko)
Vi = Vil - k) Vi = Vi — K). (4.8)

With this shorthand, the Wilson line tensor entering (4.6) is
el — e, [Vi e Vi Ve eVl e [V vl vt vl (4.9)
and we can straightforwardly compute the various contraction of (4.7):

2 A A
prbged qgbed = Ne <D4(1674) D4(5238)> — 1 Ds(16785234)

— 1 Ds(12385674) + | <f)4(1234) 154(5678)> : (4.10a)
gacgbd qyabed _ N{ <D2(32) Ds(14) Do(76) D2(58)> - ]\f <D2(32) Dy(14) [)4(5678)>
. ]\f <f)4(1234) Do (76) D2(58)> +3 <b4(1234) D4(5678)> . (4.10b)

2 A A
pudghe Qgbed = 2e <D4(1854) D4(7236)> — 1 Ds(34185672)

— 1 Ds(12367854) + 1 <I)4(1234) D4(5678)> , (4.10¢)
with the numbers in parentheses denoting the arguments of the corresponding Wilson lines
in (4.8). These various traces are ilustrated in figure 5. Fantastically, we only have to

do one calculation per topology (i.e., source contraction) because all of the different time
orderings enter on the same footing. Combining all these terms back into (4.6) yields the
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(Dy Dy Dy Ds) (Dy Dy Dy) (Dy Dg)
L
L
L
L

<D4 b4) DS

Figure 5. Illustration of the Wilson line traces <ﬁ2 Dy Ds .D2>, <b2 D, b4>, <ﬁ2 ﬁ6>, <ﬁ4 ﬁ4>, and
Dg contributing to double-pair production in eqs. (4.11) and (4.16).

complete result for topologies with no fermion entanglement:
_ _ 12 4 _ _ _ _
<]A(k1,k1,k2,k2)\ >= ]i /@F{kg Kk ke kYK K o }

xtrp {‘I/(/ﬁ,/?n; WAL UGN '1',75/1/)} trp {‘I/(kz,kz; '2775/2)‘1”(’*?27’52;795775/2/)}

x {ug(ki+k1+ké+k;7kf+kf+k§+k§)u2(—k’{—k’{—ké’—l~c;’, —ki =k —ky —k3)
X |:]\}2 <D4(k‘1— i,1_6/2—]2‘2,/%,2/—]_{2,k)l—k’ll)154(/@—]{/2,]_fll—lzil,l_ﬂlll—l_ﬁl,kg—kg)>
— i Dslhr =3 Ry — Ko, Ky — ko, k= K. ly— Kip Ky — o K — o ey — kY
—N%Dg(kl—k’l,12’1—121,/%’1’—1?:1,kg—kl;,/@—k;,12;’2—/%2,12’2’—122,k1—k1’)

+

Nlé <D4(k1—kiakll—k1,k’ll—/ﬂ,/<:1—k’l’)f?4(k2—k:’2,klg—kg,kg—kg,kg—ké’)ﬂ
2 (k4 Ky — R — Ky, 07) (K by =k — k3, 07)
X [<1A)2(];‘/1,—/%1,]_€/1—]_fl)f)g(kl—ki,k‘l—ki/) bg(%g—]_m,1_6/2—];72)152(]{2—]{/2,]{2—]{/2/)>

A~

- <D2(12;’—12;1,12’1—151)D2(k1—k;,kl—k’l’)D4(k2—k’2,/2;—12:2,12;’—152,k2—k’2’)>

— 7 { Dk =3 By~ Ry By Ry ey = ) Doy — Ko, Ry — ko) Da(ka — ., ko — k) )
+2 <D4(k1—/c;,l‘c’l—z:l,lz’{—iél,kl—k’l’)D4(k2—k’2,E;—EQ,E’Q’—%Q,@—%’M

R R kR R Ry By Rk R )
X |:]\][é <D4(k‘1—/{71,/{72—143,2/,/432—]{/2,kl—klll)ﬁ4(l_€/2/—]2‘2,]%,1—/;71,]_{/1/—];71,]_{/2—];32)>
1 T 7 Zi 12 17i ;7! 7 T/ 7 7/ 7
—vaDs(ky—ki ki —ky, ki —ky Ry =Ky, ko — ko, ky =k, ko —ka, by — k1)

]éng(kl—k’l,15’1—121,/%’1’—1?:1,12’2—1%2,/%’2’—1?:2,k2—kg,k2—k’2,k1—k’l’)

1 N _ — _ _ A _ _ — _
+ 37 <D4(l<:1—ki,k'l—kl,k'{—kl,kl—k’l’)D4(k2—k'2,k’z—kg,kg—kg,kg—kg’)ﬂ }
(4.11)
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kY + kY K + Kb

Figure 6. Double-pair production “Pac Man” topologies with fermion entanglement, as calculated
in eq. (4.12).

4.1.2 Case 2: fermion entanglement

The interference term in (4.5) contains the topologies with the fermions being entangled,
such that the pairs in the amplitude “swap ownership” of one of the fermions in going to
the complex-conjugate amplitude. This contribution arises from the Fermi-Dirac statistics
of identical particles and therefore does not contribute if the pairs have different flavors.
Taking the interference of (4.4) as shown in the “Pac Man” type diagram of figure 6 we
have directly

<A(k1,/;?1,k27 ko) Al (K1, ko, ks, E1)> = /dZ{kll Ry Kb Ky kYR K By}
x (o (K K (ks K)o+ ) 0 Y 4 B

X trp [\If(kl,lél; R U (e, s KR W (R, oo K, )W (K, B '1’,12:’2’)}

x (tre [V (ky = k) £ VIEY = Fo) VR = Fa) ¢V (ks — B)

X Vky — k) P V(Y — ko) VRS — ko)t VT (kg — k;;’)] >tgt. (4.12)
In the same way as (4.7), we form the 3 contractions of the projectile sources:
(o (k1 R o (k) R) o (6 - R) Y 4 ) = (413)

= 0°05% P (kY + By + Ky + By, K+ + kS + k)
x pP(—ky — Ky — K — k5, —kf — R —k — k)
+ 0 P (b + Ky — K3 — By, K — k) i (K + Ky — K — Ky, K — k)
0 A (R A Ry — K — Ky R — k) Pk Ry — K — K Ry — k).
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Using the same shorthand notation as (4.8), the Wilson line tensor entering (4.12) is
Qgbed — tr V1 12 V) Vet VIV tP Vi vz 14 v, (4.14)
and we can compute the various color contractions in the same way:

505et Qghed = Ne Dy (16785234) — X <D4(3852) D4(1674)>

1

NT <D (5678) D4(1234)> - Ds(12385674). (4.15a)

gacgbd qyabed _ <f) (32) Do (76) D4 (1854) > ik < 2(32) Dg 185674)>
< (76) D6(123854)> + g Ds(12385674). (4.15b)

gadgbe qabed <[) (58) Do (14) D4(7236) > i <D2 (14) Dg( 385672)>
Ne < (58) D6(123674)> - Ds(12385674). (4.15¢)

Combining these back into (4.12) yields the complete result for topologies with fermion

entanglement:

<A(k1,751,k2,E2)AT(k17E2,k2J;?1)>

/d2{kz’k Ky ko kR kY kS

xtrp [ Wk Fas kA, Ry) W (ko s R, ) W (ko o g, )W (s b )|

><{/,L2(l<:i+l<:/1+k:§+l<:'2,kf+kf+kj+k;)u2(—k§’—k/{—k:’1’—kg,—k:;—k:f—k:{r—k:;)
[132 s (k1 — K, By —Foo, K —Foa ko — K o — Ky R — o B — T ey — k)

~ 7 <D4(k’1'—151,k2—k§’,k2—k§,/2'1—151)154(k1—k’1,l_c'2—152,I}'Q'—l_@,kl—k’l’)>

— 7 ( Dalhz — K, Ty~ o, K — o, ko — kY) Da(ky — k4, By K B — o Ky — KY) )
+NL§D8(k1—k/1,]%;—I;'l,l%,ll—]_fl,kQ—kg,kQ—k/Q,]_flz_]%Q,]gg—]_ﬂQ,kl—k‘/1,>:|

o+ (K Ry~ Ky — Ry R — k) (K by — K kg, k3 — k)
X |:<ﬁ2(]25/1,—];31,Ell—lzil)ﬁg(z/‘g—];?g,]%é—%g)ﬁ4(k51—k’l,kg—/{?g,kg—ké,kjl—klll)>

— 7 { DRy Ry, Ty~ Fr) Doy — K by~ g by — K, Ky — oo, By — oo, oy — KY) )
—Ni2<152(’%g—’52,’5,2—752)156(/€1— ia’%;—7;?1,’?5/1,—1517k2—k/2/,k2—k§,k1—k'f)>
+N%Ds<k1—k’l,fc’l—151,15’1’—121,kz—kg,kg—kg,12’2—/22,12’2/—/52,/{1_%)}

P (K Ry =R =Ky, By =k ) p® (Ky+Fy— kg —FY ks —K)
x [<ﬁ2(k2_k;,k2_k;’)b2<kl_ g,kl_kg)m(/;g_@,;;;_/51,/;'1’_1;1,/;;_152)>

— 7 { Dalkes = ki ks —KY) Do (ki — ko, k= § ko — K, Ky — o, Ky — o, By — K ) )
— 7 { Dalka— K, ko —Kg) Dk — ki, Ky — R B — Ry, Ky — oo, Ry — oo, oy — KY) )

L Dy — Ty — o Ty o g,kz_k;,k;_kg,kg_kg,kl_k';)}} (4.16)
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The expression for the cross section (4.5), together with the two classes of topologies (4.11)
and (4.16) constitute the first complete and exact solution to the 4-particle inclusive
(qq) (qq) cross section at this order. These expressions are one of the primary results
of this paper.

4.2 Cross section for quark 4+ antiquark + gluon production

In the same way as in section 3.2, we can now take the “gluonic limit” of the ¢g pair
ko, ko — %QQ in the double-pair expression (4.11). Note that, once we replace one of the
pairs with a gluon, there are no longer any possible fermion entanglement topologies, since
all three final state particles ¢gG are now distinguishable. Thus we need only take the limit
of the topologies in (4.11), immediately obtaining:

(¢0) G 4
o = (o) [P OR T KR g

d?kq dy1 d?k, dgl dQQQ dyz 2m)3

xtrp | Wk, Ko R W (s k) e [<I><qz;q;>q>*<q2;qg>}
x{u2<k1+k’1+qg,k1++kf ) K —F — gl —kF —FF —q})
]_ A
XLVCQ<D4(7€1—7€I17§QQ—§Q2—5klg,§qg Tqo—0kY k1 —kY)

XD4(%Q2-%Q§—5/€§77_€/1—7;717/5,1/—751,%CI2—%CI§/—57€§/)>
1
— v Ds(k1 =K1, 505 — 502~ 0k, 505 — 502 — 0k3, 502 — 55 — Ok3,
%%-%QQ—(S%,M—M,M—l_fl,lﬁ—k”)

1 — — — —
i Ds(k1— Kk}, k1 — k1, k] —Fk1, Tq0— a5 — 0k,

-
%QQ—%Qé_ékIQ,;QQ 2‘]2—5]5/27;(15/ 2q2_5 lzl,kl_klll)
1 A — —
+N—C4<D4(k1—k’1,k'1—k1,k1—kl,kl—k’l’)
al 1.7 11 1 r1on 1 1 "
x Da(3q0—505—0kh, 3ab—Sq2—0kh, 345 —Lan— kY, S0 — 305 — 57@2)”
+M2(7/1+E7/1_k7/1/_]11,50+)u2( QQ70+)
><[<D2(EY—E‘LE’;—’_fl)Dz(kl—ki,kl—ki')D2(§(1§'—%CI2—5’<?'2',%(Jé 39— 06k5)
x Dy(Lgo—Lah—okh, Lgo— L5 — 5k‘§')>
1 A —_ — — — A
—N—3<D2(k/1’—k1,k:'1—kl)Dg(kl—k'l,kl—k’{)

x Da(5as—3ah— 0k, 35— Sar— 0k, S — 3o —0kY, San— S —ok3) )

1 ~ — — — — ~
N3<D4(k1— K =k k) — kR —K]) Da($qb — zqz—akg’,gqg a2 — k)

N

x Do(3q2—5ab— kY, 3q2— 545 — 5ké’)>

7 { Dl =K, By —Fy By —Fy o = )

_l’_

x Da(3qo— 505 —0kh, 3qh—Sq2—0kh, 3q5 —Lqo— kY, S0 — 305 — 5’?5)”
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(R Ry —gg K Ry —ad) (g~ li’f,q;—kr—féb
1 ~
Xva<D4<’ﬁ—k’néqz b0 —0K3, §a2— hah— Ok, b —KY)
Xb4(%Qg 2612—5%,]_?/1—/_?1,/;7/1/—1_{1,%qé—%q2—6k§)>

1 — —
Dy (Y — k1, k1 — K} k1 — ’1,%q2 Lq—okf,

N
Yao—Lah—0kh, Sgh—Lqo—0kh, S — Laa— kY Ky ki)
(kl_k/hl%,l_%l,kl_k1,§QQ_§Q2_5k2a
505 — 502 — 0Ky, 5q2— 505 — Ok}, 5q2 — 5q5— Okt k1 — k)
377 Dalkr =K By~ B — oy By — K
O L R TR RV T R VR V)]
(4.17)

where as before we have changed variables into g5 = kb + ky and 0k} = 1(k, — k5), and
similarly for ¢5 and 0k.

After int%ratiomer dkh, 0kY, most of these terms vanish. These integrals act only on
the interaction terms, and as we saw in egs. (3.8) and (3.9), any time the same momentum
6k§/ 1 appears in adjacent arguments of the same trace, those Wilson lines will cancel. In
canceling, they lead to delta functions of the momentum difference following (B.5), which
is always either 52(q2 q2) or 52( —q2), and these terms drop out due to the vanishing of
the wave function as in (3.9). The only interaction terms which do not vanish correspond
to lines 1, 5, 7, and 9 out of the 12 terms in braces. As in (3.10), these terms instead
simplify the Wilson line traces by causing some of the coordinate-space arguments to be
repeated, with the composite object being Fourier transformed to momentum space. One
of the two surviving operators was already calculated in (3.10): the square of the dipole
amplitude. The other nonvanishing operator is a partial reduction of the double quadrupole

(see figure 7):
d2 {5k sk ﬁ Lo Lo skl Lol — Lo Sk
{0k3 0ky } ( Da(p1, 365 — 592 — 6ky, 542 — 302 — Ok3, p2)
x Dy(3qo — $gb — 0k, p3, pa, Sao — b — 5k’2’)>
:/d2{$1 Y1 T2 Y2 21 W1 22 Wa} /d2{5k‘/25 5}
y o—ivray (3% -g@2-0k) v ~i( 5055020k )22 ipy -y

1 11
% e”(?‘?? 20~ &) ZL pip3 W1 o —iPa-R2 o (5%*§£*5i5> w2

~_—

X <D4(£1,y1722,y2)D4(§1,w1,§2,w2)

. oV . _ (Al . - . N . —a .
- /d2{:761 Y1 T2 Y2 w1 22}6_17’—1'&62(‘1—2 @) Y1 (05 —02) 22 ipay2 pipsw o —ipa-z

X <D4(£1,y17£2,g2)D4(y1,w1,§2,£2)>

= Dy 4(p1,45 — 2,95 — 42,P2 ; P3DPa)- (4.18)
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(D2 Do | Do) (Dy |Dof) Dy

Figure 7. Tllustration of the Wilson line traces (Dy Dy |Dy|2), (D4 |Dy|?) and Dy 4 contributing to
qdG production in eq. (4.19).

The result is the complete expression for the ggGG cross section in momentum space, with
the corresponding operators illustrated in figure 7:

dol1D & 1 3 N2 2c, 7/ =1
_ — c d k; k; k// k N
a2k, dyy d2k; di, d2qz dys (2(27r)3> 4 { 1R1 R R1 4292

X trp [‘I’(kljﬂ; 1k Ul (K, K 3/7]%/1,)} trp [‘I’(Q2;q/2) ‘I)T((D;qg)]

(P Byt gy, b+ ) K~ B - b )
% [z Dok = Koah — 2,6 — aa b — K 5 oy — = B — )|
AR R - R R 0) i2(gh — b 0F)
X [<D2(7_f/1/ — k1, Ky — k1) Da(k1 — K,k — KY) ‘152’2 (g5 — q2, 45 — CJ2)>
— s (Palhy — KR~ R B = Rk = K) | D] (6~ 02,8 q2>>]
PR R = d kR =) pPah— R - KL o — k= k)

1 — — — —
X [NCQ Dy 4(k1 — k1,92 — g5, G2 — g5, k1 — kY ; ky — ki k) — kl):| } (4.19)

To our knowledge, eq. (4.19) represents the first complete calculation of ¢ggG production
in the CGC framework, and this compact form in momentum space comprises an exact
solution at this order, at finite N.. We emphasize, however, that this cross section applies
only for the production of a quark and antiquark of the same flavor. This new expression
is the second primary result of this paper.

—99 _



4.3 Double-gluon production

As a final cross-check of the preceding calculations, let us use the mapping (2.19) on the
remaining ¢q¢ pair in (4.19) to obtain the double-gluon production cross section, which we
can compare with explicit results in the literature. As before, we take the limit kq, k1 — %ql

(4 19), adjust the count of 2(2 @7 in the prefactor, and change integration variables to
=k} + k) and 0k = 1(k’ K, k1), and similarly for ¢i' and Jk{. This gives

do“ _ 1 2N4 20 1 M 1 M)
Pqrdyid?q2 dy: (2(277)3) 4 /d (¢ a1 a2 45 9K Ok} (4.20)
xXtrp [@(QHQE)@T(%;Q{/)] trp [‘I’(Q2;QQ)¢’T(Q2;CJ§’)}
X{uQ(q’lJrqé,ql*Jrq;)uz(—Q’{—qé’, ¢ —q3)

1
XL\TgD4,4(%QI_%qll_(;k,hCIIQ_QZ:q,Q/_QQa%QI sd —6k; 3di— a1 — oK) g —Laq1 —SKY)
+u* (g1 =i, 07 ) P (gy— 5, 07)

[<D2( — a1 =0k, Sqi — $a1—0K}) Da(3aq1 — Sy — 0K, La1 — L af — oK)

A |2 " /
X‘Dz‘ (QQ_QQaQ2_QQ)>
1 A
N—3<D4(%q1—%qi—5k’1,§% 301 — 0Ky, 501 — 501 — 0K, 51 — 547 —OKY)

2 /! /
Dg‘ (Q2_Q2aQ2_QZ)>

+u (g5, 4 —a3 ) (e~ a5 —ay)

X

1
><[@D4,4(%q1—%q’l—ék’l,qz—qé’,qz—qé,%q1 1q —6k; 3di—2aq1 — oK) Sqf — q—(”f’{)”-

Of the four interaction terms remaining in the braces, the third one (quadrupole trace)
vanishes after integration over 0k} dk{ due to repeated adjacent arguments; the second one
(double dipole) is the same as (3.10); and the first and last ones are further reductions of
the double-quadrupole (4.18):

/d2{5k/1 k1Y Dy, 4(301— 505 — 6K, p1,p2, 301 — 501 —Ok1s 3 — 301 —0k1 541 — 5q1—OKY)
1 1 1 11 "
/d {z1y1 2290w 22}/d2{5k’ oki}e ~i(3a-pd-0) o ePLYL o= iP2 T2 (52_521_5&)‘&2

1 1
e . il = -5
><€Z<2q*1 24t %) e Z<2q1 20 k) <D4($1ay17$2a312)D4(y1>w1722a$2)>

, 2
‘11 q1)T1 ip1- —ipa-xa i(q1—4)
/d {T1y1 02 ypwy 2o} " BTI L pipr o ~ipras Hlaal) <‘D4 Zy, Z/lal’za%)‘ >

= |Du* (@1 =1, 1,02, 01 =), (4.21)
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which is just the square of the quadrupole. Thus the double-gluon cross section takes the
especially compact form in momentum space

do ¢ 1 \2N? 9
d2q dy1 2qo dys = (2(2#)3) 4/d {Qi Qi/qg qg} (4'22)

xtrp [q’(ql;qi)@(quqi’)} trp [‘P(qz;qé)@(qz;qé’)}

1 2
x{u2<q’1+q5,qf+q§>u2<—q¥—q;’,—qf—qzﬂ 5z 1Dif (01— 0h 2.6~ @201~ )|

2 2
+u? (g~ , 07 P (gh—g5,0™) [<‘D2’ (q/f—qwli—lh)’DQ (qg—Q27QQ—QQ)>]

(¢~ a3 af —aD it ah—ai - 0 — ) |57 1Dl (1= dh 42— 08 42— a1 — 1) }

At this point, we can directly compare the cross section (4.22) against the known
expressions in the literature; ref. [38] gives the GG cross section in momentum space, and
ref. [34] gives the cross section in coordinate space. Here we will perform the transformation
to coordinate space to demonstrate exact agreement with ref. [34], and in appendix C we
present the additional comparison with ref. [38] in momentum space.

Most of the work in performing the cross-check against ref. [34] comes from unfolding
the compact expression (4.22) back into coordinate space. Inserting the Fourier transforms

of the various quantities gives

dUGG 1 2N4 2 I
d2q, dy, d2qz dys = (2(2#)3> 40/(1 {z1y122y2 2 Y1 75 Y5 b1 b2} (4.23)

X {tI"D [q)(:m—bl;x/l—b1)¢T(y1—b1;y/1—b1)] trp {‘1)(952—b2§95/2—b2)‘1ﬂ(y2_b2?yé_b2)
N P L
><<‘D2’ (ﬁ,&)‘lb’ (ﬁ71/72)>

i) e ) 2, 072 by, 0F)

+ I:trD {‘I)(%—blswﬁ—51)¢T(y2—b2;y§—b2)] trp {‘5(952—132;90’2—52)@@1—51;3/’1—bl)

1
—iq1- (2] —yh+r1—y2—bi+b2) —iga-(xh—y|+x2—y1—ba+b1) 2 + 4,2 +  +
X[e AT AR e A TR R (b, g — g )i (b2 g —ay)

i@t a—ya—bithe) igy (wh -yt tza—yitb—ba) 20 by, ai +a ) i (by, —af — q;)} } _

In arriving at (4.23), we have used symmetry properties of the squared dipole and the gluon
wave functions (2.11). Inserting (3.13) in the four wave functions generates 16 terms, each
containing 4 delta functions. As before, after integrating over those delta functions, we
drop any remaining primes on the integration variables; this leads to all of the various wave
functions in a given set of terms having the same arguments, with the differences residing
in the Wilson line interactions.
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For the first term, the dependences on coordinates with subscript 1 and subscript 2
completely factorize:

. / ’ ~ ]2
/d2{$1y1$,1Z/’ﬁfzqr(ml_%er_yl)trD [‘I)(iﬂl—bl;l"i—bl)‘l)T(yl—bl;yi—bl)] )D2‘ (#1,1)
=2 U el (21 —b1) T (11— b1)]

X{’ﬁz )Q(Qaﬁ)_

so that we can just multiply this result by the same expression under the exchange 1 <> 2.

2 ~
(z1,91)—| D2 Dy

2
(bhyl)H}, (4.24)

For the second and third terms which share a set of “crossed” wave functions, the ex-
pressions do not cleanly factorize, but the delta functions generated do possess the follow-
ing symmetry:

{001 = ) %00 = o)l b0) 6105~ )

— 6% (1 — b1) 8 (yh — ba) tr[g(a) — b1) @ (y2 — ba)]
— 8% (2 — b1) 8 (y2 — ba) tr[g(w1 — b1) &' (5 — b2)]

+ 52(LU11 — bl) 52(y§ — bg) tI‘[(Z)(JZl — bl) ¢T(y2 — bz)]} X {1 > 2}. (4.25)

The result of these delta functions, after dropping all primes, is to sum over all possible
ways to take the squared quadrupole |Dy|?(x1,y1,22,y2) and map x; — b; or y; — b,
generating a minus sign for each such replacement. Note that some of these permutations
will cancel pairs of Wilson lines to generate squared dipoles and, in the last term, the unit
operator. The result is

dO,GG

d?q1 dy1 d?q2 dy2

= N g bib
= 2@n) P {z1y1 229201 b2}
X{e_wr@”w”e‘WT@Tﬁ”qulxﬁvu2w%o+>

xtrp 6w —b1)! (v —b1) | trp [ #(wa—b2) ' (v2—bo))

><<<1—‘l52 2(951791))
I )

e~ tunve) emie (e2mu) 12 by g —g57) P (be, 45 —ai)

2 2 R
(21:60) = | Da| (b1, 92)+| D

2
(b2, y2)+

Do

~ 12
| D

Dy| (w2,b2)—

_l’_

e ) gl (2o 2 by g a3) % (ba, —ai —d5 )]

Xtrp [¢($1 —b1) o' (y2 —bz)] trp [¢($2 —b2) ¢! (11 —bl)]
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1
w2 <D42 (21,91, 22,92) ~ | Dal” (21, by, 22, 92) — | Dl (1, 91, b2,y2) + | Dal* (21, by, ba 2)

—|Daf? (w1, y1,22,b2) + | Dal® (21, b1, w2, b2) + [ Da|* (1,31) = [ Da|* (1, b1)

—[Dal? (b1, y1, 2, y2) +|Da* (22, y2) + | Dal® (br,y1, b2, y2) — | Da|* (b, y2)

+!D4!2(bl7y17$27b2)—|D2|2(932,52)—1172!2(61791)+1> } (4.26)

The last step is to insert the explicit form of the gluon emission wave function (2.10) and
to convert the squared fundamental dipole and quadrupole into the adjoint dipole and
quadrupole using (B.6). The final expression for the double-gluon cross section is

dO-GG 1 /dQ{ b b }
- T1Y1T
d?q1 dy1 d?qa dys [2(%)3}2 1Y122Y20102

2
9 o 9 o

(Z1=b1)-(y1—b1) (z2—b2) (y2—b2)
%(yl_bl)%’ @2—@2)%(%_@2)%

—
1=
—
|
|
=
S~—

< (1—15;“” (z1,b1) — D3Y (b1, y1)+ D3Y (m,y1>>
~adj ~adj ~adj
X (1—172 (22,b2) =Dy (b2, y2) +Ds (:vz,yz)>>
+ Ao ’ @
T 2N,
+e (T i (22w [92u2(fh,qf+ﬂ)] [ Al —er—q;)H

(z1—=b1)-(y2—b2)  (z2—b2)-(yr—b1)
(ll—bl)gr(gz—@)% (@2—92)%@1—91)%

. 4 2N, 2N,
eatesi o) |25 20, g gf) | | 225 120, 0f )|

+ DY (b, y1, 22, by) — DSV (9, @)—Dsdj@l,yl)ﬂ) } (4.27)

in exact agreement with egs. (33) and (38) of [34]. This matching again employs the
dictionary (A.4) to the discrete valence quark model. We also note that ref. [34] has no
dependence on the plus momentum off-forwardness: u%(b, Aq™) = p?(b), such that all
three terms of (4.27) add together with the same densities T'(by — B) T (b — B). This
assumption that ,u2(q71 - g2, q —q) = ,u2(q71 — q2) corresponds in coordinate space to
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Figure 8. A few examples of how the partonic cross sections calculated in this paper can hadronize
into the heavy flavor sector. The partonic (c¢) (¢¢) cross section could hadronize into the open
heavy flavor sector such as (DD) (DD) (left panel, eq. (5.2)) or may include heavy quarkonia such
as (DD) (J/v) (center panel, eq. (5.6)). The partonic (c¢) G cross section could hadronize similarly,
but include a light hadron h produced by the gluon, as in (J/v) h (right panel, eq. (5.7)).

p?(x,27) = p?(x) 6(z7), so that the projectile is infinitely Lorentz-contracted into a delta
function pancake at = = 0. Our calculation here relaxes that assumption and is therefore
sensitive to the 3D structure of the projectile. The successful cross-check (4.27) against
ref. [34] serves as a validation of the preceding calculations based on the double-pair ex-
pressions (4.11) and (4.16).

5 Hadronization in the heavy flavor sector

To connect with the experimental measurements of interest, the partonic cross sections
calculated above need to be convoluted with appropriate nonperturbative descriptions of
hadronization. While there is an abundance of hadronic observables which are of interest,
one of the cleanest analogs between the partonic and hadronic cross sections is in the heavy
flavor sector. While for light hadron production, many partonic channels can all contribute
with comparable weights, heavy flavor production is dominated by the production of heavy
quark pairs [58, 59]. We can characterize heavy flavor production in either the open or
hidden heavy flavor sectors; here for specificity we will consider the production of D and D
mesons in the open sector or J/1) mesons in the hidden sector as illustrated in figure 8, and
we will generally follow the methods of augmenting CGC calculations with hadronization
prescribed in ref. [55]. The various hadronic cross sections presented in this section are the
final primary result of this paper.

For production of open D mesons, we need to convolute the partonic cross sections
with fragmentation functions following the standard techniques [60]. Thus from the single-
cc cross section expressed in eqgs. (3.1) and (3.5) we can directly compute the DD cross
section via the convolution

1 1
do® dz dz do<®
— — |—5——1| D Dp (2 5.1
dQPDdyd%Ddy / 22 /22 [d%dyd%dy] p/e(2) DpelZ), (5.1)
pD pD
P /a Pl /a
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where the final-state momenta of the D and D are given by p% = zk" and p’Z—) = zk",
respectively in the limit where the hadrons can be considered massless. In this limit, the
rapidities of the hadrons are equal to the rapidities of the quarks: yp = y and yp = 7,
and the factors of 1/22, 1/2? arise from the change of variables d?pp = 22 dk and d*pp =
z%2 d%k. The fragmentation functions Dpc and Dp/z can be taken from e.g. ref. [61]. The
lower limits of integration in (5.1) come from the eikonal approximation for the emission of
the soft gluon from the projectile: kT, k" < 1pF, where 2P is the average momentum
per nucleon of a projectile with a nucleons whose total momentum is P;".

In principle the ¢ production mechanism calculated in eq. (3.5) is only one partonic
channel that can contribute to final-state DD production, and one should generalize (5.1)
by summing over all such partonic channels. However, as argued above, in the heavy flavor
sector we expect the ¢é channel to make the dominant contribution to DD production. It
is also important to note that the assumption of independent fragmentation of the ¢ and ¢
quarks relies on the partons being well-separated in phase space (either in transverse mo-
mentum or in rapidity) such that nonperturbative interference effects in hadronization can
be neglected. Studies of the boundaries of independent fragmentation have been performed
in the context of distinguishing target vs. current fragmentation regions in electron-proton
collisions [62].

In the same way, we can convolute the (c¢) (¢¢) cross section expressed in egs. (4.5),
(4.11), and (4.16) with fragmentation functions to obtain the four-particle hadronic cross
section for DD DD production (left panel of figure 8):

do'(DD) (DD) / d21 / le / dZQ / %
Ppp1 dy1 @pp, dijy Pppa dys Pppydyy

le pDQ
P+/a P+/a P+/a P+/a

do(ce) (co)
d?ky din d2];71 dy, d?ko dyo d2];'2 dy,

] Dpye(21) Dpje(21) Dpje(22) Dpje(22).  (5.2)

Here the final-state hadron momenta are related to the partonic ones by pf, = z1 kY,
P, = 21 Ky, pipy = 22 kY, and P, = Z2 k5. Again, implicit in (5.2) is an assumption
that the hadrons are well-separated in phase space, such that there is no interference
during hadronization which mixes the pairs. This can be accomplished, for instance, by
a rapidity gap® between the pairs y1,¥; > y2, % and a large relative momentum between
each corresponding D and D meson: Ppy —Ppy|T s [Py —PpylT > Aqep. Such kinematics
are, in fact, appropriate for exploring the long-range correlations which may exist among
the produced hadrons.

Likewise, we can also convolute the (c¢) G cross section given in (4.19) with fragmen-
tation functions to describe the three-particle correlations between a D meson, a D meson,

#Note, however, that if the rapidity gap between any two particles becomes sufficiently large Ay;; > a%,
small-x evolution between the produced particles can become important. Such considerations are beyond
the scope of this paper, and we presently restrict ourselves to smaller rapidity separations Ay;; < o%
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and a light hadron h. That expression is given by

1
dgPD)h / dz / dz / dz, do(d ¢
d?pp dy d?pp, dy d?py, dyh 22 22 22 | d2k dy d2k dy d2q dyj,

P
P+/a, P+/a Pj/a
X Dpye(2) Dpja(2) Dhyc(zn)- (5.3)

Again, the final-state hadronic momenta are related to the partonic ones by pp = zk,
pp = Zk, and pj, = zj, ¢, and the usual caveats for independent fragmentation apply.

For the production of heavy quarkonia such as the J/v¢, we will follow the proce-
dure of [55] and employ the Improved Color Evaporation Model (ICEM) [63] to treat the
hadronization of a partonic ¢¢ pair into a final-state J/v. For the hadronization of a single
pair, we obtain the hidden heavy flavor analogue of (5.1):

M22

Ao’ 2deM M\ d(Ak de
2PdYy W/ <mJ/w> O/ ( )0/ ¢

M/
(Ak) \/M? + P2 [ doce ] 5.4)

M\/(’mg 1 k2) (m2 + F2) | sinh(y — )| L@k dy *kdy

X

with M = (k + k)? the invariant mass of the c¢ pair, Ak the relative momentum between
the cc pair in its rest frame, and ¢ the corresponding angle. The ratio ]‘JJ/ ; is a conversion
factor allowing the momentum P of the final J/v¢ to differ from the c¢ center-of-mass
momentum, and the other factors correspond to the Jacobian from the change of variables.
The single nonperturbative parameter F;,, describes the probability for the cc pair to
hadronize to the J/¢ by randomly emitting soft particles.

Similarly, we can translate the perturbative (c¢)(cc) cross section from egs. (4.5), (4.11),

and (4.16) into a production cross section for two J/1) mesons, writing the analogous ex-

pression
ﬁ,mZ %gme
dr I g 2mDdM angy (M M Y 27Td d\/ 4 d Ak;\/ 4 d CAk
d2P1dY1d2P2dY2_ J/ / 1 2<mJ m; ) / ¢1 ¢2/ ( 1)/ ( 2)
[ T/
™/ 0 0 0
(Aky)\/ M2+ P2 (Ako) /M3 + P2

M/ (m2+k3) (m2+Kir) | sinh(ys —51)] May/ (m2+3p) (m2 -+ k3r) | sinb(y~5)|

dor (o) (o)
X — — . (5.5)
Py dy, &2, A, Phy dys A 7

Now M; is the invariant mass of the pair (ki, El) and Mo is the invariant mass of the pair
(k2, k2), with the relative momenta Aky, Aky and angles ¢1, ¢2, respectively. Again, this
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expression assumes a sufficient kinematic separation in phase space such that we do not
have to consider interferences during hadronization.

Last, we can consider hadronic cross sections which involve both the formation of a
quarkonium state via the ICEM and fragmentation. The partonic (c¢) (c¢) cross section
can hadronize into a .J/1 as well as an open DD pair (center panel of figure 8), which we

write as
M3,
> 2mp 4 —myg 20t
do(DD) (J/4) M, 2
=F dM: d(Aks) [ d
Epp dy Ppp dy 2PdY — Y / 2 <mJ/¢> O/ ( 2)0/ P2
my/y

dz, dz (Ak) /M3 + P7
/2 / L Dpje(21) Diyjalz1)
1 M.

o/ (2 + K3) (m2 + F3y) | sinh(y2 — )

P+/a P+/a

(c?) (c2)
x [ _do S ] . (5.6)

d2]{71 dy1 d2k‘1 dy1 d2k‘2 dy2 d2k‘2 dy2

Similarly, we can write the cross section for the hadronization of the partonic (c¢) G state
into a J/v meson in association with a light hadron A (right panel of figure 8):

2 MTf*mQ 2 1
do (/)R i M \2 f dzy,
= F dM d(Aky) [ d “hp
oy~ [ o (o) [ e fan [ S ouc
mJ/w 0 0 p+

P;’/(L

(A]ﬁ) \/M12 + P% [ do(c©) G ] ‘ (57)
)l

M1\/(mg +k2p) (m2 + kyr)| sinh(y; — d?ky dyy d*ky dyjy d?qz dyj,

X

The above hadronic cross sections represent all possible ways for the partonic production of
a (c€) (ce) state to hadronize into open DD pairs or J/1 quarkonia, as well as all possible
ways for a (c¢) G state to hadronize into DD or J/v along with a light hadron h. These
hadronic cross sections open the door to study a wealth of multi-hadron final states in pA
and heavy-light ion collisions.

Before concluding, a few comments are in order about the models and assumptions
used for hadronization above. In the inclusive hadronization of a charm quark into a D
meson or a gluon into a light hadron, we have employed collinear fragmentation functions.
The use of collinear nonperturbative functions for fragmentation stands in contrast to the
description of the initial state, which includes the effects of intrinsic transverse momentum
arising from the nonperturbative wave functions of the projectile and target. This asym-
metric treatment of the intrinsic transverse momentum scales is justified by the asymmetric
nature of the semi-dilute/dense regime. The intrinsic transverse momentum of the dense
target is characterized by the target saturation scale ()s; and is resummed to all orders;
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the intrinsic transverse momentum of the pojectile is characterized by the projectile satu-
ration scale Q,;, and is computed order by order in perturbation theory; and the intrinsic
transverse momentum of hadronization is simply of order Aqcp and is not enhanced by
any high density scales. Thus for the semi-dilute / dense regime, we have the hierarchy of
scales (1.2), for which we can neglect the intrinsic transverse momentum characterized by
the fragmentation functions. This hierarchy of scales is in the same spirit as the framework
of hybrid factorization, in which the production of two distinguishable heavy quarkonia
has recently been calculated [40].

One potential drawback to the asymmetric treatment of the projectile, target, and
fragmentation sectors is that the fragmentation functions employed above do not possess
an unambiguous factorization scale pp. This feature also applies to the description of
fragmentation employed in ref. [55]. While the particular fragmentation functions given
in ref. [61] do not explicitly refer to a factorization scale pp, fragmentation functions in
general — and the available fragmentation functions for light hadrons in particular —
carry such a dependence on an arbitrary scale. This arbitrary scale dependence in the
fragmentation sector is compensated by the scale dependence of the parton distribution
functions of the projectile and target, such that the observable cross section is overall in-
variant under the renormalization-group evolution of its various nonperturbative pieces. In
our case, the projectile, target, and fragmentation sectors have all been treated very differ-
ently, such that the scale dependence coming from the projectile and target distributions is
ambiguous.* In a more complete treatment which puts the nonperturbative projectile, tar-
get, and fragmentation sectors on comparable footing, the cancellation of this factorization
scale dependence would become explicit. This is what is seen explicitly in the standard
hybrid factorization framework of the dilute / dense regime [64, 65], and we expect that
the same would be true for the semi-dilute / dense regime in a treatment such as that of
ref. [40], which formulates hybrid factorization in terms of double parton distributions of
the projectile.

Finally, let us note that while the ICEM is a particularly simple and convenient model
for describing the hadronization of a quarkonium state from a ¢g pair, it is by no means
unique. A variety of other descriptions of this hadronization process exist, in particular
the effective field theory of Non-Relativistic Quantum Chromodynamics (NRQCD) [66].
While different hadronization formalisms have their own advantages and disadvantages,
NRQCD has the particular advantage of being a self-consistent effective field theory of
QCD. Employing it requires a more detailed treatment than just a simple convolution of
the partonic c¢ cross section as done above, using a series of projection operators to select
out the quantum numbers of the c¢ state appropriate for a given hadronization channel. Of
these projection operators, the color projections onto singlet and octet cc states will require
a more detailed implementation because they will modify the Wilson lines which enter the
multipole traces. These various projections are in principle straightforward, but they are
beyond the scope of this paper; we leave the incorporation of an NRQCD-based approach

4This is not to be confused with the scale dependence on a rapidity regulator; the RG evolution in
rapidity is contained within the rapidity dependence of the Wilson line traces. This dependence is generally
characterized by the JIMWLK functional evolution equation.
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to quarkonium production for future work. It is interesting to note, however, that inclu-
sive J/1 production at small  in the CGC framework was studied in ref. [55] using both
NRQCD and the ICEM for hadronization, concluding that the ICEM is a good approxi-
mation to the NRQCD approach due to the dominance of the 3S£8] production channel.

6 Conclusions

In this paper, we have computed a number of cross sections for the production of multiple
particles at mid-rapidity in the semi-dilute / dense regime of the color-glass condensate
effective field theory. At the partonic level, we have computed for the first time the produc-
tion cross sections for two quark/antiquark pairs (¢q) (¢q) (egs. (4.5), (4.11), and (4.16))
and for one quark/antiquark pair plus a gluon (¢q) G (eq. (4.19)). The double-pair ex-
pression significantly extends previous work [36] in that it is fully differential in all four
particles, includes all time orderings and all orders of multiple rescattering in the target
fields, and is evaluated with exact N.. These new partonic cross sections are one of the
primary new results of this paper.

Additionally, we proved a simple mapping (2.19) between the production amplitude
for a gg pair and the production amplitude for a gluon, which we used to obtain the
(qq) G cross section from the (qq) (qq) cross section, and which we validated by cross-
checking the single-gluon (3.11) and double-gluon (4.22) production cross sections against
the literature [13, 34, 38]. The mapping (2.19) and its application to derive whole classes of
cross sections from the multi-pair cross section is the second primary result of this paper.

Finally, in section 5 we discussed how to translate the partonic cross sections computed
here into hadronic ones in the heavy flavor sector through the use of collinear fragmen-
tation functions for open heavy flavor and the Improved Color Evaporation Model [63]
for heavy quarkonia. This procedure translates each of the partonic cross sections into a
range of hadronic observables, allowing us to write down expressions for the production
of: (DD) (DD) — eq. (5.2); (DD) (J/) — eq. (5.6): (J/1) (J/1) — eq. (5.5); (DD) h—
eq. (5.3); and (J/¢) h — eq. (5.7), where h is any light hadron. These expressions open the
door for a wide range of phenomenology to study the production and correlations of many
particles in the heavy flavor sector, and they are the third primary result of this paper.

The ability to perform a small number of ab initio calculations in the CGC formalism at
the partonic level to simultaneously predict the production cross sections and correlations
of a wide variety of hadronic observables has the potential to broadly test the initial-state
mechanisms as an explanation for the observed correlations in heavy- and heavy-light ion
collisions. Genuine multiparticle production computed within the CGC framework makes it
possible to self-consistently compute higher cumulants such as v2{4} and charge-dependent
correlations like 112 from purely initial-state mechanisms. Similarly, the coordinate-space
program begun in ref. [54] aspires to take partonic correlations such as these as inputs to
the initial conditions of subsequent hydrodynamic evolution, including contributions from
conserved charges due to quark production. As we continue to extend this program of
genuine multiparticle production, beyond simple approximations like the so-called “dilute
/ dilute glasma graphs” or the large-N. approximation, we anticipate that it will open up
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broad opportunities to test the effects of initial-state correlations, with and without the
impact of strongly-coupled final-state interactions.

One potential barrier to such a comprehensive program of multi-hadron phenomenology
in the CGC approach is that multiparticle cross sections, like the ones calculated here,
invoke higher and higher n-point correlators of Wilson lines, up to the octupole Dg for
double-pair production. These operators become increasingly difficult to evaluate, even
in simple models like the MV model, for which analytic expressions are only available for
the 4-point functions [67]. However, a compelling argument summarized in ref. [38] and
attributed to ref. [47] suggests that, up to corrections suppressed by the large area of the
target, n-point correlators can in general be factorized into products of 2-point correlators
(dipoles), which are well-constrained in theory and phenomenology. If this argument holds,
then the increasingly complex Wilson line structure is no obstacle to the pursuit of multi-
hadron phenomenology.

Aside from the applications already discussed above, there are a number of other direct
extensions of this method we can pursue in future work. One is to repeat the double-pair
calculation of section 4.1 in coordinate space to study the spatial correlations among quarks
and antiquarks; as discussed in ref. [54], these double-pair correlations are the dominant
effect for same-sign charged particles and for opposite-sign charged particles at distances
larger than the inverse quark mass 1/m. Another is to extend the calculations performed
here for double-pair production to triple-pair production: (¢q) (¢q) (¢q). The number of
permutations will increase substantially in going to triple-pair production, but the funda-
mental mechanics of the calculation will not change, and the compact expression (2.7) in
momentum space makes such an extension tractable. Moreover, the gluonic mapping (2.19)
will make it possible to immediately translate the triple-pair cross section into a whole fam-
ily of related cross sections:(¢q) (¢q) (¢9); (¢q) (¢q) G; (¢q) G G; and G G G.

Last, we note that the expressions for hadronization in the heavy flavor sector we
explore in section 5 can be significantly improved and extended. The heavy flavor sector is
convenient as a justification for the assumption that a given hadron (like a D meson) in the
final state is dominated by fragmentation from a given parton (like a ¢ quark). In principle,
a sum over all partonic channels with appropriate fragmentation functions will relax this
assumption and make it possible to study fragmentation into several identified hadrons.
As we extend the program to compute multiparticle production in the CGC framework,
we will include more and more of these partonic channels, allowing a complete calculation
of correlations in inclusive hadron production. In particular, the CGC contribution to the
charge-dependent correlations 7112 and 7123 which form the background to the signal for the
chiral magnetic effect is of special importance. While some exploratory work on this subject
was done in ref. [37], it includes neither scattering in the target fields nor hadronization,
both of which are likely to strongly modify the charge-dependent correlations. However,
with the calculation of a range of partonic channels and appropriate charge-dependent
fragmentation functions, a robust computation of the hadronic charge correlations becomes
possible. For all of these reasons, we believe that the theoretical advancements presented
in this paper represent a significant step toward implementing a comprehensive program
of phenomenology to study multi-hadron correlations from the initial state.
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A Color averaging in the projectile and target

In calculating cross sections, we will need to compute squares and interferences of the
elementary building block (2.7) and average them over various fluctuating quantities. Aside
from the averaging over the quantum numbers of the produced particles, which is performed
in the usual way, the event averaging covers three distinct types of fluctuations. These are
fluctuations in the color fields of the projectile, fluctuations in the color fields of the target,
and fluctuations over the global collision geometry. These three types of averaging factorize
from one another, such that we can average the sources p in the color fields of the projectile,
which we denote (- - - )proj, separately from the averaging of the Wilson lines over the color
fields in the target, which we denote (- - - )¢t or simply (- - - ) when there is no ambiguity. The
collision geometry is characterized by an impact parameter B between the centers of the
projectile and target, which can be either held fixed at the cross section level or integrated
out at the end of the calculation. Similarly, there may be other parameters describing the
overall collision geometry, such as the angular orientation of a non-spherical nucleus like
uranium; these global parameters will also be integrated out at the cross section level.

In this paper, we make no particular assumption about the nature of the averaging
in the color fields of the target; our final expressions for the cross sections will involve
various traces of Wilson lines (2.3) corresponding to color dipole, quadrupole, sextupole,
and octupole operators. We denote those corresponding operators by

Dy(z, y) = ]\1fctr :VQVJ} (A.1a)

Dy(z,y, 2, w) = ]\1fctr :VﬁvgT ngﬂ (A.1b)

156@, Yy 2, W, U, V) = ]\1[Ctr :VQVJVQ/&TVEVJ] (A.1c)
ﬁg@,y,g, W, U, v, T,S) = Nitr :VQVJVéViVHVJVEVJ} . (A.1d)

c
For quantities that have already been averaged we drop the hat over the operator, writing
e.g. Da(z,y) = (Do(z, y)). When computing similar traces with adjoint Wilson lines, we
will denote the operator with the superscript “adj”, writing e.g.

~ adi 1 a ba
D2 ](Q,g) = WUQb (UET) .
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And we will maintain the same notation whether invoking Wilson lines in coordinate space
or momentum space, writing e.g. DQ(B, q) = N%tr[V(p)VT(q)] in momentum space.

It is also important to note that the (averaged) Wilson line traces from egs. (A.1)
implicitly depend on a rapidity scale Y. This rapidity scale regulates the light-cone diver-
gences associated with higher-order corrections to these operators, and there are a range
of different schemes available to regulate these divergences. Physically, we can think of
this scale as being set by the total rapidity interval ¥ oc In % of the collision, and the
quantum evolution with the running of this scale is given by the JIMWLK evolution equa-
tions [10-12] (or the large- N, analogue, the BK equation [8, 9]). This evolution is triggered
when the rapidity interval is parametrically large, ¥ ~ a% On the other hand, we restrict
ourselves here to the case when the produced particles are close enough in rapidity that we
do not need to consider quantum evolution in the rapidity interval between the particles.
Formally, this means Ay;; < a% for the rapidity interval Ay;; between any two particles
1,7 tagged at mid-rapidity.

For the average (---)proj Over projectile color fields, we’ll use a Gaussian averaging
procedure inspired by the McLerran-Venugopalan (MV) model [68]. Gaussian averaging
corresponds to limiting the interaction of a source particle to two gluons, which is the
lowest order in perturbation theory that preserves color neutrality. For Gaussian color
averaging, the expectation value of products of several p’s factorizes into a sum over all
possible pairwise “contractions,” such that it is only necessary to specify the two-point
function (p p) to fully specify the result of the averaging procedure:

(0(2) () £ (2) " () ros = (" (@) ') (0 () 0™ () (A2)
@) P (D oy (P0) ™))+ (@) p™ () () (2))

The original MV model [68] has been generalized in a number of different ways in the

proj proj proj

literature; for our purposes, it is useful to enumerate three distinct physical assumptions
about the two-point function:

5 2z — y) bz~ —y~) pi(z,z”) Locality

<,0a(fl7) Pb*(y)> =8%5(z™ —y) gz —ylk 27) 2D Transl. Inv. (A.3a)
\5‘”’ Pz —y)d(z™ —y ) p?(z7) Both

59 MZ(@ —q2, er - qJ) Locality
<Pa(ql) Pb*(Q2>>prOj = {69 (27)26% (1 — qo) p2(¢%pr g — qf) 2D Tramsl. Tnv.  (A.3b)
kéab (27)252 (1 —q2) MQ(qu — q;) Both.

For averages with both of the color fields in the amplitude (pp), the momentum of the
second source is reversed: ¢o — —qo, and for averages with both of the color fields in
the complex conjugate amplitude (p* p*), the momentum of the first source is reversed:
a1 — —q1-

The first case in egs. (A.3), “Locality,” is the one we will employ throughout this paper.
This assumption describes color fluctuations characterized by Gaussian random noise: they
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are only correlated locally at the same point, with different points in space having totally
uncorrelated random fluctuations. The second case, “2D Translational Invariance,” does
not require locality, but does assume that the average distribution of source charges is
uniform in the transverse plane; this assumption is employed in references such as [14]
and [36]. The simplest case uses “Both” locality and 2D translational invariance; this
assumption is the one employed by the original MV model [68] and generalized somewhat
in ref. [69]. An interesting argument about the general structure of the two-point function
requiring only very weak assumptions about color neutrality was recently given in ref. [46];
for additional discussion about the properties of the two-point function see e.g. refs. [69]
and [38].

Whatever physical assumptions are made about the two-point function in the Gaussian
averaging, the color charge density fluctuations are characterized by the scale 2, which is
related to the saturation scale of the projectile Qiproj oc p? [13, 70]. As defined in (A.3),
the scale p? effectively contains a factor of the coupling g2 associated with radiating a
soft gluon from the color sources; some references prefer to write this factor explicitly,
but we will use the conventions of (A.3) in which that coupling is contained within z2.
Note also that the dimensions of y? as written in (A.3) are different among the different
physical assumptions.

It should also be emphasized that the averaging performed here for the projectile,
denoted (---)proj, refers only to averaging over color configurations at a fixed collision
geometry. The scale p? in (A.3) is written with a dependence on the transverse position
x, which implicitly keeps fixed the global impact parameter B between the projectile and
target. In translating back from the continuous color charge densities used in (A.3) to
the discrete valence quark distributions used for example in ref. [54], the corresponding
dictionary is

p2(by) - - 12 (bn) — /d2B [;];Tpmj(bl —B)] [;];Tpmj@—l?) , (A.4)

where the factor of g% accounts for the coupling constant in the emission of the soft gluon

from the valence quark source and the ﬁ arises from averaging over the color states of
c

the valence quark: N%trc[tatb} = %Ncé“b.

B Wilson line color algebra in momentum space

The cancellation of Wilson lines which is trivial in coordinate space takes on a more subtle
form in momentum space:

d’p d*q
1=V, V] = -z y(p)vi B.1
zVyg / (27_‘_)2 (27r)2 e (p) <Q) ( )
Clearly we can’t just cancel momentum-space Wilson lines of equal argument on the right-
hand side: V(p)V1(p) # 1. In fact, there are two actions taking place on the momentum-
space Wilson lines resulting in the cancellation: a Fourier transform over the relative

momentum (p — ¢) and integral over the center-of-mass momentum %. The only way
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for these two integrals to lead to unity on the left-hand is if one of these actions results
in a delta function, which the other one picks up. But at this level it is not clear which
operation should generate the delta function.

On the other hand, we can engineer a cancellation of Wilson lines in momentum space
by explicitly generating Wilson lines in coordinate space with the same argument:

Vp)Vip+aq) = / A’z d*ye 220DV Y VT (B.2)
Clearly if we integrate over the shared momentum p, we generate a delta function that sets

z = y and cancels the Wilson lines. The remaining integral over d?y then generates a new
delta function:

2
/ (;lﬂl))zv(p)VT(er q) = /dzy PRI VEVJ = (2%)252(@. (B.3)

This condition is necessary, and as it turns out, it is also sufficient to guarantee (B.1).
Using (B.3) in (B.1) we obtain

Pp d’q i,
V£V£ - / (2m)? (2m)? e Vi) VT(p ta)

2

=1, (B.4)

so we can conclude that the two conditions are in fact equivalent:

d’p
[ / GV @OV 0 +a0) = (271')2(52(q)] o vl =1). (B.5)

Another important feature is the conversion between Wilson line traces in the fun-
damental and adjoint representations. In coordinate space, the squares of fundamental
dipoles and quadrupoles can be directly converted into adjoint dipoles and quadrupoles,
plus a constant term which is N, suppressed:

o~ . 1 ba N ~ 2 1
D3 (z,y) = Uab(UT) =< |p ‘— B.6
2 (2,Y) nz—1Uz Uy 20, | P2(@y) N1 (B.6a)
N g 1 be da N A 2 1
adj _ b t d t . c
D4 (Ly,z,w)zm%‘l (Ug> Ugc (UQ> —20F D4(Ly,z,w) —m- (B-6b)
In going to momentum space, that additive constant becomes instead proportional to delta
functions:
L N. |~ |2 1
DSy o)) - 27) 62 (p) 62 B.7
5" (P, q) 20, [P2 (p,q) N3—1( ™) 0%(p) 6°(q) (B.7a)
Aadj /o Nc A2 i 1 8 ¢2 2 2/ I\ §2/ 1
Dy (p,q,0"q) = 57 |Da| (p,0,0,4q) — 75— (27)°6°(p) 6°(q) 6°(p") 6°(¢'). (B.7hb)
2CE NZ2 -1
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C Comparison with ref. [38]

Given the successful cross-check in section 4.3 of our double-gluon cross section (4.22)
against ref. [34] in coordinate space, it is also desirable to compare against the expressions
given in egs. (11 - 13) of [38] in momentum space. There, they keep maximally general
u? = p?(q1, g2) for the projectile, the Lipatov vertex in their eq. (14) corresponds to our
wave functions (2.18) and (2.11)

tr[®(q; ¢") @' (q:¢")] = 8L (¢,9 — ¢) L' (¢,9 — ¢"), (C.1)

and they use the expressions for the adjoint dipole and quadrupole traces from (B.7).
When used in (4.22), the delta function terms of (B.7) always vanish, because they lead to
a vanishing wave function ®(q;¢) = 0. Using this in (4.22) gives

do 16
= d? I
d2qy dyy d2qo dyo [2(277)3]2 / {andi a2}

x L' (q1,q1 — q1) L' (q1, 1 — a7) I/ (@2, @2 — &b) I, (g2, 42 — ¢
.
x {(Nc2 —1) 1*(q) + 65) 12 (—f — ¢5) Dy (1 — i, 65 — @2, 45 — @201 — ¢)

o o
+ (N2 = 1)2 12 (g} — ¢) 1% (dh — ) <DS N — a1, 4y — @)DV (4 — g2, dh — qz)>

.
+ (N2 = 1) p*(q1 — &) 1*(gh — ¢) D§¥ (q1 — gl g2 — qé’,qz—qé,m—fﬁ’)}, (C.2)

which can be compared with their egs. (11-13). The three lines of (C.2) are referred to
as A, B, and C, and are given in eqgs. (11), (12), and (13) of [38], respectively. A direct
comparison is obtained by changing variables to correspond to the arguments of the Wilson
line traces, and the final result is

dCf 16
= (dmos 2/@12 NN,
d?q1 dyy d*q2 dys ( ) [2(27)3)2 {1 b2 0304}
2 2
DY te—b+ly) (- —gp—ls+l
x{(N3—1) U (0 09,03, 04) 2 (@1 qu2 1+4) P (—a gg 54Ly)

x L' (q1,01) L' (q1,2) ') (g2, —€3) L, (2, —4)

ly—ty) p*(ba—13)
| ‘ 7 7

X L' (q1,01) L' (q1,¢2) I’ (q2,43) L) (g2, 4)

) " 2
F V212 (D5 (61, 62) DY (63,00) 2

1 (q1— g2 — 1 +Ls) p?(q2—q1+la—03)
g* g°

+(N2-1)D§%¥ (41,02, 03,04)

><Li(ch,fl)Li(m,@)Li(Qz,fe;)Li(%,&) }7 (C.3)

where we have used various symmetry properties of the momentum-space adjoint traces.
Eq. (C.3) agrees perfectly with eqs. (11-13) of ref. [38], except for the prefactor. The
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conversion factor (47;#)2 is just a trivial difference of convention: we take our p? to include

the gluon-emission coupling g2, while they insert the coupling explicitly. We do, however,
differ by the numerically significant prefactor W ~ 6.5 x 107° which arises from the
invariant phase space of the two-gluon final state. While the precise value of the prefactor is
largely unimportant for the physical content of the calculation, we note that including this
prefactor is necessary to obtain absolute agreement with ref. [34]. Numerically, inserting
this prefactor suppresses the cross section by more than 4 orders of magnitude, which will
surely be important for the phenomenology of multiparticle production.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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