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Abstract: We present the transverse momentum spectrum for a heavy hadron at thresh-

old in a groomed jet initiated by a heavy quark. The cross section is doubly differential in

the energy fraction of an identified heavy hadron in the jet and its transverse momentum

measured with respect to the groomed (recoil free) jet axis. The grooming is implemented

using a soft-drop grooming algorithm and helps us in mitigating the effects of Non-Global

logarithms and pile up. For the particular case of a B meson, we identify two distinct

regimes of the transverse momentum spectrum and develop an EFT within the formalisms

of Soft Collinear Effective Theory (SCET) and Heavy Quark Effective Theory (HQET) for

each of these regions. We show how each region can be matched smoothly into the other

to provide a prediction for the perturbative transverse momentum spectrum. The EFT

also predicts the scaling behavior of the leading non-perturbative power corrections and

implements a simple shape function to account for hadronization. We work in the threshold

region where the heavy hadron carries most of the energy of the jet since in this regime,

we have a very good discriminating power between heavy quark and gluon initiated jets.

We observe that the shape of the spectrum is independent of the energy of the jet over

a large range of transverse momentum. We propose that this spectrum can be used as a

probe of evolution for heavy quark TMD fragmentation function. At the same time, it can

be treated as a jet substructure observable for probing Quark-Gluon Plasma (QGP).
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1 Introduction

The transverse momentum spectrum with respect to a chosen jet axis of an energetic or

massive color-singlet state has been widely studied in literature and is frequently used

in probing quantum chromodynamics (QCD) as well as the factorization theorems that

separate the long distance physics from ultraviolet hard processes. Hadron-hadron or

hadron-lepton collisions (that is, Drell-Yan like spectra and semi-inclusive production of a

hadron in deep inelastic scattering) are often used as a tool to study the three dimensional

structure of partons inside a hadron. The infrared physics is usually encoded into distribu-

tion functions sensitive to the produced transverse momentum and the energy of the hard

color singlet state [1–3] with appropriate soft factors and subtractions [4]. This extends

the traditional factorization of hadronic structure in terms of collinear Parton Distribution

– 1 –



J
H
E
P
1
0
(
2
0
1
8
)
0
1
9

Functions (PDFs) [5–8] to what are referred to as Transverse Momentum Dependent PDF’s

or TMDPDF’s. When the color-singlet state is within a final state jet not aligned with the

beam (for example, observing the transverse momentum spectrum of a final state hadron

within an e+e−-collision using hemispherical jets [9]), we can likewise extend the notion of

collinear Fragmentation Functions (FFs) to include the relative motion of the hadron with

respect to all of the other jet constituents in the form of TMDFF’s.

Such fragmentation processes are often studied within a jet identified with specific jet

algorithms such as anti-kT.1 Since jets are simply a pattern of radiation that is most likely

to occur, there is some arbitrariness in the definition of the jet that can be used. While

all reasonable jet definitions usually group together the same energetic radiation into the

jet region, the soft radiation that is included inside the jet varies between the different

jet algorithms used and this can spoil the equivalence of the TMD-evolution between final

state (TMD-FF’s) and initial state processes (TMD-PDF’s).

There are issues related to soft correlations that span the whole event, entangling

the pattern of soft radiation within the jet to either the underlying event with multiple

parton interactions within the colliding hadrons [27–32], or non-global color correlations

arising from out-of-jet radiation radiating back into the measured jet, all of which are color

connected back to the hard process [33, 34]. Indeed, both effects could potentially spoil

the factorization predictions for TMD-spectra found in [24, 26]. Thus naively, one suspects

that only the TMD-evolution of fragmentation processes within hemisphere jets at an e+e−

machine could be tied to the TMD-evolution of the Z-boson spectrum.

Developments in jet substructure2 have shown that the modified mass drop tagging

algorithm (mMDT) or soft-drop grooming procedure robustly removes contamination from

both underlying event and non-global color-correlations, see refs. [36–38], and have been

applied to study a wide variety of QCD phenomenology within jets [39–47]. Exploiting

this fact, we will give a concrete proposal as to how one can observe the TMD spectrum

of heavy quarks within these groomed jets, where we specify that we study the transverse

momentum of a hadron within the jet with respect to the total momentum of the groomed

jet, that is, all particles that pass the mMDT or soft-drop procedure.

Jet substructure observables are playing a significant role in various experiments both

at high (LHC) and low energy (e.g. RHIC). The focus is on precision standard model

measurements [48–50] as well as searches for new physics [51–54]. At the same time, jet

substructure measurements are being used as a probe of the Quark-Gluon Plasma (QGP)

medium. QCD jets produced from early stage collisions of beam quarks and gluons from

two nuclei play a central role in studying the transport properties of QGP. During their

propagation through the hot and dense medium, the interaction between the hard jets and

the colored medium will lead to parton energy loss (jet quenching) [55–57]. There have

been several experimental signatures of jet energy loss observed at RHIC and the LHC such

as modification of reconstructed jets [58–61] and jet substructure [62–64] as compared to

the expectations from proton proton (pp) collisions. Continued progress relies on achieving

1See refs. [10–26] for recent work on fragmentation processes both generating and within jets.
2See ref. [35] for a comprehensive review.

– 2 –



J
H
E
P
1
0
(
2
0
1
8
)
0
1
9

a deeper understanding of the dynamics of jets, allowing for subtle features in a jet to be

exploited. This understanding has progressed rapidly in recent years, both due to advances

in explicit calculations [37, 38, 65–68] as well as due to the development of techniques for

understanding dominant properties of substructure observables using analytic [69–71] and

machine learning [72–78] approaches.

While the phenomenology of jets initiated by light/massless partons has been stud-

ied extensively ([37, 38, 65–68], little attention has been paid to the case of jets initiated

by massive quarks. For recent work on jet substructure calculations on top quark jets,

see [40, 79] while the issue of heavy quark jet fragmentation has been addressed in [80].

The focus of this paper will be to develop a factorization theorem to study the transverse

momentum spectrum of a heavy hadron inside a groomed jet initiated by a heavy quark.

We are interested in the regime where the heavy hadron carries most of the energy of the jet.

The introduction of mass as a relevant perturbative scale radically changes the structure

of radiation and hence the transverse momentum spectrum of a hadron. The form of the

factorization now involves a TMD Heavy Quark Fragmentation function (written with the

formalism of Heavy Quark Effective Theory (HQET)), whose evolution bears little resem-

blance to the corresponding massless object. Indeed, one of the most startling predictions

we make in this paper is that the shape of transverse momentum spectrum at low (with

respect to the hard process) q⊥ is essentially independent of the hard scattering scale.

The outline of this paper is as follows. In section 2 we develop the factorization

theorems in two distinct regimes of transverse momenta within the SCET [81–85] and

HQET [86] formalisms. The anomalous dimension (given in appendix A) are then used to

resum large logarithms in the transverse momentum in section 3. The parton and hadron

level spectrum that we obtain is compared against Pythia (section 4). We then provide

an analysis of the scaling behavior of the leading non-perturbative effects in section 5. We

conclude in section 6. The definitions of the operators that appear in our factorization

theorem along with the one loop results are provided in appendix A. In appendix B we

show some details on the factorization of the cross section.

2 Factorization

Consider the simple case of e+e− collisions where the hard annihilation creates a heavy

quark, anti-quark pair. The center of mass energy is much larger than the mass of the quark

so that we get two highly boosted partons moving back to back. We isolate a hemisphere

jet initiated by heavy quark using a suitable jet algorithm. The heavy quark showers and

eventually hadronizes. The jet is groomed with a soft-drop grooming algorithm. The heavy

hadron is identified and we measure the energy fraction, z, of the hadron with respect to the

jet energy. At the same time, we also measure its transverse momentum (q⊥) with respect

to the axis of the groomed jet (which is recoil free). We are interested in the regime where

the heavy hadron carries most of the jet energy (z ∼ 0.8).

– 3 –
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2.1 Soft-drop grooming algorithm

Soft-drop grooming [36] removes contaminating soft radiation from the jet by constructing

an angular ordered tree of the jet, and removing the branches at the widest angles which

fail an energy requirement. The angular ordering of the jet is constructed through the

Cambridge/Aachen (C/A) clustering algorithm [87–91]. As soon as a branch is found that

passes the test, it is declared the groomed jet, and all the constituents of the branch are

the groomed constituents. At the end of the grooming procedure only the narrow energetic

core remains from the original jet. Since at large angles, all collinear energetic radiation is

to be found at the center of the jet, no cone is actually imposed to enclose this core. One

simply finds the branch whose daughters are sufficiently energetic. Formally the daughters

could have any opening angle, though their most likely configuration is collinear.

The strict definition of the algorithm is as follows. Given an ungroomed jet, first we

build the clustering history by starting with a list of particles in the jet. At each stage

we merge the two particles within the list that are closest in angle.3 This gives a pseudo-

particle, and we remove the two daughters from the current list of particles, replacing

them with the merged pseudo-particle. This is repeated until all particles are merged into

a single parent. Then we open the tree back up. At each stage of the declustering, we have

two branches available, label them i and j. We require:

min{Ei, Ej}
Ei + Ej

> zcut

(
θij
R

)β
, (2.1)

where zcut is the modified mass drop parameter, β is the parameter which controls the

angularities, θij is the angle between ith and jth particle, R is the jet radius and Ei is the

energy of the branch i. If the two branches fail this requirement, the softer branch is re-

moved from the jet, and we decluster the harder branch, once again testing eq. (2.1) within

the hard branch. The pruning continues until we have a branch that when declustered

passes the condition eq. (2.1). All particles contained within this branch whose daughters

are sufficiently energetic constitute the groomed jet. Intuitively we have identified the first

genuine collinear splitting.

For a hadron-hadron collision, one uses the transverse momentum (pT ) with respect

to the beam for the condition of eq. (2.1),

min{pT i, pTj}
pT i + pTj

> zcut

(
θij
R

)β
. (2.2)

We formally adopt the power counting zcut � 1, though typically one chooses zcut ∼
0.1. See [41] for a study on the magnitude of the power corrections with respect to zcut for

jet mass distributions. Also for the example we considering here we take β = 0.

2.2 Momentum modes

A constrain on the collinearity of the relevant modes is imposed by the fact that we wish

to avoid the effects of non-global logs. These will appear if any of our modes contributing

3This merging is usually taken to be summing the momenta of the particles, though one could use

winner-take-all schemes [92–94].
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to the measurement become sensitive to the boundary of the jet. Since we assume large

jet radius of order 1, the only modes that can be sensitive to the boundary are wide angle

modes, i.e., modes for which θ ∼ 1.Thus to nullify the effect of non-global logs, we need

q⊥/(EJ(1− z))� 1, where EJ is the energy of the jet, so that all our modes(contributing

to the measurement) are collinear and cannot resolve the boundary.

In our current hierarchy, any large angle (θ ∼ 1) mode which hopes to pass soft-

drop would scale (in light cone co-ordinates) as EJzcut(1, 1, 1). However since this mode

have parametrically large transverse momentum, it must necessarily fail soft-drop. So any

correction to the cross section from this region of phase space, will only be a zcut(we will

assume β = 0 for this paper) dependent normalizing factor, but will not influence the shape

of the transverse momentum distribution. We left the details of factorization in appendix B

and in this section we only show the final result. The cross section can be factorized in the

following way:

dσ

d2~q⊥dz
= σ0(EJ , zcut)SG(EJzcut)× J(q⊥, (1− z), EJ , zcut,m) (2.3)

where SG is the global soft function defined and evaluated at NLO in A.1, and σ0(EJ , zcut)

is an overall factor describing the hard process and contribution from non-global emis-

sions. The jet function, J , describes the TMD fragmentation within the hemisphere and

is sensitive to the collinear radiation within the hemisphere and contains all the transverse

momentum and energy fraction dependence.

All the radiation modes that contribute to the measurement must necessarily pass

soft-drop. Hence they must have atleast zcutEJ amount of energy. At the same time, all

the modes have an upper bound on the energy scaling ∼ EJ(1−z) set by the energy carried

by the heavy quark. Since we are working in the regime zcut ∼ 1 − z, this uniquely fixes

the energy scaling of all modes to be zcutEJ ∼ (1− z)EJ .

We have one more measurement which is the transverse momentum q⊥ with respect

to the groomed jet axis. For a mode to contribute to this measurement, we require that

the angle it makes with the jet axis scale as θ ∼ q⊥/((1− z)EJ). At the same time, Heavy

Quark Effective theory (HQET) tells us that at leading power in the 1/m expansion (m

being the mass of the heavy quark), there is a limit on the angle of any radiation mode with

respect to the heavy quark given by θmin = m/EJ . Any radiation off the heavy quark at

parametrically lower angles is highly suppressed. We can now consider two cases depending

on how θ compares with θmin.

• Region 1, θ ∼ θmin: this directly tells us that q⊥ ∼ m(1 − z) so that transverse

momentum q⊥ of the heavy hadron is much smaller than its mass. At the partonic

level, we then see that q⊥ � m. We then have a single radiation mode that scales as

pµ ∼ (Q(1− z), q2
⊥/(Q(1− z)), q⊥) which contributes to both measurements. Equiva-

lently, we can write the scaling of this mode as pµ ∼ m(1− z) (Q/m,m/Q, 1), which

can be identified as the boosted soft mode of HQET [79] (referred to as the ultra-

collinear or u-c mode). For convenience we have defined Q = 2EJ . The jet function

is then matched onto boosted HQET and further factorizes as follows:

J(q⊥, (1− z), EJ , zcut,m) = H(m)×B(⊥)
+ (q⊥, EJ(1− z), EJzcut,mzcut) (2.4)

– 5 –
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Matched to SCET

Matched to HQET
Jet axis

Heavy quark

ultra-collinear (u-c) radiation

J(zcut, q
+, q?,m)
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<latexit sha1_base64="L8m3Z+n5NXxcsQNpkMA0tOlZksA=">AAACDXicbVC7TsMwFHV4lvIKMLJEFFCrVlWCkGCsYGEsEn1IbRo5rtNadZzUdpBKlB9g4VdYGECIlZ2Nv8FNM0DLka50fM698r3HDSkR0jS/taXlldW19dxGfnNre2dX39tviiDiCDdQQAPedqHAlDDckERS3A45hr5LccsdXU/91j3mggTsTk5CbPtwwIhHEJRKcvTjK6fci4vdEPOwlBTHvXJl7MTpM6k8ODGKZFJy9IJZNVMYi8TKSAFkqDv6V7cfoMjHTCIKhehYZijtGHJJEMVJvhsJHEI0ggPcUZRBHws7Tq9JjBOl9A0v4KqYNFL190QMfSEmvqs6fSiHYt6biv95nUh6l3ZMWBhJzNDsIy+ihgyMaTRGn3CMJJ0oAhEnalcDDSGHSKoA8yoEa/7kRdI8q1pm1bo9L9ROszhy4BAcgSKwwAWogRtQBw2AwCN4Bq/gTXvSXrR37WPWuqRlMwfgD7TPH3S5mxg=</latexit><latexit sha1_base64="L8m3Z+n5NXxcsQNpkMA0tOlZksA=">AAACDXicbVC7TsMwFHV4lvIKMLJEFFCrVlWCkGCsYGEsEn1IbRo5rtNadZzUdpBKlB9g4VdYGECIlZ2Nv8FNM0DLka50fM698r3HDSkR0jS/taXlldW19dxGfnNre2dX39tviiDiCDdQQAPedqHAlDDckERS3A45hr5LccsdXU/91j3mggTsTk5CbPtwwIhHEJRKcvTjK6fci4vdEPOwlBTHvXJl7MTpM6k8ODGKZFJy9IJZNVMYi8TKSAFkqDv6V7cfoMjHTCIKhehYZijtGHJJEMVJvhsJHEI0ggPcUZRBHws7Tq9JjBOl9A0v4KqYNFL190QMfSEmvqs6fSiHYt6biv95nUh6l3ZMWBhJzNDsIy+ihgyMaTRGn3CMJJ0oAhEnalcDDSGHSKoA8yoEa/7kRdI8q1pm1bo9L9ROszhy4BAcgSKwwAWogRtQBw2AwCN4Bq/gTXvSXrR37WPWuqRlMwfgD7TPH3S5mxg=</latexit><latexit sha1_base64="L8m3Z+n5NXxcsQNpkMA0tOlZksA=">AAACDXicbVC7TsMwFHV4lvIKMLJEFFCrVlWCkGCsYGEsEn1IbRo5rtNadZzUdpBKlB9g4VdYGECIlZ2Nv8FNM0DLka50fM698r3HDSkR0jS/taXlldW19dxGfnNre2dX39tviiDiCDdQQAPedqHAlDDckERS3A45hr5LccsdXU/91j3mggTsTk5CbPtwwIhHEJRKcvTjK6fci4vdEPOwlBTHvXJl7MTpM6k8ODGKZFJy9IJZNVMYi8TKSAFkqDv6V7cfoMjHTCIKhehYZijtGHJJEMVJvhsJHEI0ggPcUZRBHws7Tq9JjBOl9A0v4KqYNFL190QMfSEmvqs6fSiHYt6biv95nUh6l3ZMWBhJzNDsIy+ihgyMaTRGn3CMJJ0oAhEnalcDDSGHSKoA8yoEa/7kRdI8q1pm1bo9L9ROszhy4BAcgSKwwAWogRtQBw2AwCN4Bq/gTXvSXrR37WPWuqRlMwfgD7TPH3S5mxg=</latexit><latexit sha1_base64="L8m3Z+n5NXxcsQNpkMA0tOlZksA=">AAACDXicbVC7TsMwFHV4lvIKMLJEFFCrVlWCkGCsYGEsEn1IbRo5rtNadZzUdpBKlB9g4VdYGECIlZ2Nv8FNM0DLka50fM698r3HDSkR0jS/taXlldW19dxGfnNre2dX39tviiDiCDdQQAPedqHAlDDckERS3A45hr5LccsdXU/91j3mggTsTk5CbPtwwIhHEJRKcvTjK6fci4vdEPOwlBTHvXJl7MTpM6k8ODGKZFJy9IJZNVMYi8TKSAFkqDv6V7cfoMjHTCIKhehYZijtGHJJEMVJvhsJHEI0ggPcUZRBHws7Tq9JjBOl9A0v4KqYNFL190QMfSEmvqs6fSiHYt6biv95nUh6l3ZMWBhJzNDsIy+ihgyMaTRGn3CMJJ0oAhEnalcDDSGHSKoA8yoEa/7kRdI8q1pm1bo9L9ROszhy4BAcgSKwwAWogRtQBw2AwCN4Bq/gTXvSXrR37WPWuqRlMwfgD7TPH3S5mxg=</latexit>

SG(EJ , zcut)
<latexit sha1_base64="PDIdQhG8+PRzlnP8N1RsAmNEK0M=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBalgpREBD0WRBRPFe0HtCFsttt26WYTdieFGvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMvCAWXIPjfFu5peWV1bX8emFjc2t7x97dq+soUZTVaCQi1QyIZoJLVgMOgjVjxUgYCNYIBlcTvzFkSvNIPsIoZl5IepJ3OSVgJN+2H/yb0rV/d/rkpzSB8YlvF52yMwVeJG5GiihD1be/2p2IJiGTQAXRuuU6MXgpUcCpYONCO9EsJnRAeqxlqCQh0146vXyMj4zSwd1ImZKAp+rviZSEWo/CwHSGBPp63puI/3mtBLqXXsplnACTdLaomwgMEZ7EgDtcMQpiZAihiptbMe0TRSiYsAomBHf+5UVSPyu7Ttm9Py9WjrM48ugAHaISctEFqqBbVEU1RNEQPaNX9Gal1ov1bn3MWnNWNrOP/sD6/AFIkJKw</latexit><latexit sha1_base64="PDIdQhG8+PRzlnP8N1RsAmNEK0M=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBalgpREBD0WRBRPFe0HtCFsttt26WYTdieFGvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMvCAWXIPjfFu5peWV1bX8emFjc2t7x97dq+soUZTVaCQi1QyIZoJLVgMOgjVjxUgYCNYIBlcTvzFkSvNIPsIoZl5IepJ3OSVgJN+2H/yb0rV/d/rkpzSB8YlvF52yMwVeJG5GiihD1be/2p2IJiGTQAXRuuU6MXgpUcCpYONCO9EsJnRAeqxlqCQh0146vXyMj4zSwd1ImZKAp+rviZSEWo/CwHSGBPp63puI/3mtBLqXXsplnACTdLaomwgMEZ7EgDtcMQpiZAihiptbMe0TRSiYsAomBHf+5UVSPyu7Ttm9Py9WjrM48ugAHaISctEFqqBbVEU1RNEQPaNX9Gal1ov1bn3MWnNWNrOP/sD6/AFIkJKw</latexit><latexit sha1_base64="PDIdQhG8+PRzlnP8N1RsAmNEK0M=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBalgpREBD0WRBRPFe0HtCFsttt26WYTdieFGvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMvCAWXIPjfFu5peWV1bX8emFjc2t7x97dq+soUZTVaCQi1QyIZoJLVgMOgjVjxUgYCNYIBlcTvzFkSvNIPsIoZl5IepJ3OSVgJN+2H/yb0rV/d/rkpzSB8YlvF52yMwVeJG5GiihD1be/2p2IJiGTQAXRuuU6MXgpUcCpYONCO9EsJnRAeqxlqCQh0146vXyMj4zSwd1ImZKAp+rviZSEWo/CwHSGBPp63puI/3mtBLqXXsplnACTdLaomwgMEZ7EgDtcMQpiZAihiptbMe0TRSiYsAomBHf+5UVSPyu7Ttm9Py9WjrM48ugAHaISctEFqqBbVEU1RNEQPaNX9Gal1ov1bn3MWnNWNrOP/sD6/AFIkJKw</latexit><latexit sha1_base64="PDIdQhG8+PRzlnP8N1RsAmNEK0M=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBalgpREBD0WRBRPFe0HtCFsttt26WYTdieFGvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMvCAWXIPjfFu5peWV1bX8emFjc2t7x97dq+soUZTVaCQi1QyIZoJLVgMOgjVjxUgYCNYIBlcTvzFkSvNIPsIoZl5IepJ3OSVgJN+2H/yb0rV/d/rkpzSB8YlvF52yMwVeJG5GiihD1be/2p2IJiGTQAXRuuU6MXgpUcCpYONCO9EsJnRAeqxlqCQh0146vXyMj4zSwd1ImZKAp+rviZSEWo/CwHSGBPp63puI/3mtBLqXXsplnACTdLaomwgMEZ7EgDtcMQpiZAihiptbMe0TRSiYsAomBHf+5UVSPyu7Ttm9Py9WjrM48ugAHaISctEFqqBbVEU1RNEQPaNX9Gal1ov1bn3MWnNWNrOP/sD6/AFIkJKw</latexit>

H(EJ)
<latexit sha1_base64="HpDMyv4Ekquh4lV7ItaVG5EtaHs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRalXspuEfRYEKF4qmA/oF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZya+sbm1v57cLO7t7+QfHwqKVloghtEsml6gRYU84EbRpmOO3EiuIo4LQdjG9mfvuJKs2keDCTmPoRHgoWMoKNlVr18m3/7qJfLLkVdw60SryMlCBDo1/86g0kSSIqDOFY667nxsZPsTKMcDot9BJNY0zGeEi7lgocUe2n82un6MwqAxRKZUsYNFd/T6Q40noSBbYzwmakl72Z+J/XTUx47adMxImhgiwWhQlHRqLZ62jAFCWGTyzBRDF7KyIjrDAxNqCCDcFbfnmVtKoVz61495el2nkWRx5O4BTK4MEV1KAODWgCgUd4hld4c6Tz4rw7H4vWnJPNHMMfOJ8/NR2OIQ==</latexit><latexit sha1_base64="HpDMyv4Ekquh4lV7ItaVG5EtaHs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRalXspuEfRYEKF4qmA/oF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZya+sbm1v57cLO7t7+QfHwqKVloghtEsml6gRYU84EbRpmOO3EiuIo4LQdjG9mfvuJKs2keDCTmPoRHgoWMoKNlVr18m3/7qJfLLkVdw60SryMlCBDo1/86g0kSSIqDOFY667nxsZPsTKMcDot9BJNY0zGeEi7lgocUe2n82un6MwqAxRKZUsYNFd/T6Q40noSBbYzwmakl72Z+J/XTUx47adMxImhgiwWhQlHRqLZ62jAFCWGTyzBRDF7KyIjrDAxNqCCDcFbfnmVtKoVz61495el2nkWRx5O4BTK4MEV1KAODWgCgUd4hld4c6Tz4rw7H4vWnJPNHMMfOJ8/NR2OIQ==</latexit><latexit sha1_base64="HpDMyv4Ekquh4lV7ItaVG5EtaHs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRalXspuEfRYEKF4qmA/oF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZya+sbm1v57cLO7t7+QfHwqKVloghtEsml6gRYU84EbRpmOO3EiuIo4LQdjG9mfvuJKs2keDCTmPoRHgoWMoKNlVr18m3/7qJfLLkVdw60SryMlCBDo1/86g0kSSIqDOFY667nxsZPsTKMcDot9BJNY0zGeEi7lgocUe2n82un6MwqAxRKZUsYNFd/T6Q40noSBbYzwmakl72Z+J/XTUx47adMxImhgiwWhQlHRqLZ62jAFCWGTyzBRDF7KyIjrDAxNqCCDcFbfnmVtKoVz61495el2nkWRx5O4BTK4MEV1KAODWgCgUd4hld4c6Tz4rw7H4vWnJPNHMMfOJ8/NR2OIQ==</latexit><latexit sha1_base64="HpDMyv4Ekquh4lV7ItaVG5EtaHs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRalXspuEfRYEKF4qmA/oF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZya+sbm1v57cLO7t7+QfHwqKVloghtEsml6gRYU84EbRpmOO3EiuIo4LQdjG9mfvuJKs2keDCTmPoRHgoWMoKNlVr18m3/7qJfLLkVdw60SryMlCBDo1/86g0kSSIqDOFY667nxsZPsTKMcDot9BJNY0zGeEi7lgocUe2n82un6MwqAxRKZUsYNFd/T6Q40noSBbYzwmakl72Z+J/XTUx47adMxImhgiwWhQlHRqLZ62jAFCWGTyzBRDF7KyIjrDAxNqCCDcFbfnmVtKoVz61495el2nkWRx5O4BTK4MEV1KAODWgCgUd4hld4c6Tz4rw7H4vWnJPNHMMfOJ8/NR2OIQ==</latexit>

µ ⇠ EJ
<latexit sha1_base64="GqSlYM/ktTGEFMAJXD3mIFUmsiQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPiKeyKoMeACOIpgjGB7BJmJ7PJkJnZZR5CWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dccaZNr7/7ZVWVtfWN8qbla3tnd296v7Bo06tIrRFUp6qTow15UzSlmGG006mKBYxp+14dD31209UaZbKBzPOaCTwQLKEEWycFIbColAzgW56d71qza/7M6BlEhSkBgWavepX2E+JFVQawrHW3cDPTJRjZRjhdFIJraYZJiM8oF1HJRZUR/ns5gk6cUofJalyJQ2aqb8nciy0HovYdQpshnrRm4r/eV1rkqsoZzKzhkoyX5RYjkyKpgGgPlOUGD52BBPF3K2IDLHCxLiYKi6EYPHlZfJ4Xg/8enB/UWucFnGU4QiO4QwCuIQG3EITWkAgg2d4hTfPei/eu/cxby15xcwh/IH3+QP/55Dn</latexit><latexit sha1_base64="GqSlYM/ktTGEFMAJXD3mIFUmsiQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPiKeyKoMeACOIpgjGB7BJmJ7PJkJnZZR5CWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dccaZNr7/7ZVWVtfWN8qbla3tnd296v7Bo06tIrRFUp6qTow15UzSlmGG006mKBYxp+14dD31209UaZbKBzPOaCTwQLKEEWycFIbColAzgW56d71qza/7M6BlEhSkBgWavepX2E+JFVQawrHW3cDPTJRjZRjhdFIJraYZJiM8oF1HJRZUR/ns5gk6cUofJalyJQ2aqb8nciy0HovYdQpshnrRm4r/eV1rkqsoZzKzhkoyX5RYjkyKpgGgPlOUGD52BBPF3K2IDLHCxLiYKi6EYPHlZfJ4Xg/8enB/UWucFnGU4QiO4QwCuIQG3EITWkAgg2d4hTfPei/eu/cxby15xcwh/IH3+QP/55Dn</latexit><latexit sha1_base64="GqSlYM/ktTGEFMAJXD3mIFUmsiQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPiKeyKoMeACOIpgjGB7BJmJ7PJkJnZZR5CWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dccaZNr7/7ZVWVtfWN8qbla3tnd296v7Bo06tIrRFUp6qTow15UzSlmGG006mKBYxp+14dD31209UaZbKBzPOaCTwQLKEEWycFIbColAzgW56d71qza/7M6BlEhSkBgWavepX2E+JFVQawrHW3cDPTJRjZRjhdFIJraYZJiM8oF1HJRZUR/ns5gk6cUofJalyJQ2aqb8nciy0HovYdQpshnrRm4r/eV1rkqsoZzKzhkoyX5RYjkyKpgGgPlOUGD52BBPF3K2IDLHCxLiYKi6EYPHlZfJ4Xg/8enB/UWucFnGU4QiO4QwCuIQG3EITWkAgg2d4hTfPei/eu/cxby15xcwh/IH3+QP/55Dn</latexit><latexit sha1_base64="GqSlYM/ktTGEFMAJXD3mIFUmsiQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPiKeyKoMeACOIpgjGB7BJmJ7PJkJnZZR5CWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dccaZNr7/7ZVWVtfWN8qbla3tnd296v7Bo06tIrRFUp6qTow15UzSlmGG006mKBYxp+14dD31209UaZbKBzPOaCTwQLKEEWycFIbColAzgW56d71qza/7M6BlEhSkBgWavepX2E+JFVQawrHW3cDPTJRjZRjhdFIJraYZJiM8oF1HJRZUR/ns5gk6cUofJalyJQ2aqb8nciy0HovYdQpshnrRm4r/eV1rkqsoZzKzhkoyX5RYjkyKpgGgPlOUGD52BBPF3K2IDLHCxLiYKi6EYPHlZfJ4Xg/8enB/UWucFnGU4QiO4QwCuIQG3EITWkAgg2d4hTfPei/eu/cxby15xcwh/IH3+QP/55Dn</latexit>

µ ⇠ m
<latexit sha1_base64="K4wNDqTAFHvvYEF088gi5D0Ym0w=">AAAB8XicbVBNSwMxEJ3Ur1q/qh69BIviqeyKoMeCF48V7Ad2l5JNs21okl2SrFCW/gsvHhTx6r/x5r8xbfegrQ8GHu/NMDMvSgU31vO+UWltfWNzq7xd2dnd2z+oHh61TZJpylo0EYnuRsQwwRVrWW4F66aaERkJ1onGtzO/88S04Yl6sJOUhZIMFY85JdZJj4HMcGC4xLJfrXl1bw68SvyC1KBAs1/9CgYJzSRTlgpiTM/3UhvmRFtOBZtWgsywlNAxGbKeo4pIZsJ8fvEUnzllgONEu1IWz9XfEzmRxkxk5DolsSOz7M3E/7xeZuObMOcqzSxTdLEozgS2CZ69jwdcM2rFxBFCNXe3YjoimlDrQqq4EPzll1dJ+7Lue3X//qrWOC/iKMMJnMIF+HANDbiDJrSAgoJneIU3ZNALekcfi9YSKmaO4Q/Q5w/rN5BS</latexit><latexit sha1_base64="K4wNDqTAFHvvYEF088gi5D0Ym0w=">AAAB8XicbVBNSwMxEJ3Ur1q/qh69BIviqeyKoMeCF48V7Ad2l5JNs21okl2SrFCW/gsvHhTx6r/x5r8xbfegrQ8GHu/NMDMvSgU31vO+UWltfWNzq7xd2dnd2z+oHh61TZJpylo0EYnuRsQwwRVrWW4F66aaERkJ1onGtzO/88S04Yl6sJOUhZIMFY85JdZJj4HMcGC4xLJfrXl1bw68SvyC1KBAs1/9CgYJzSRTlgpiTM/3UhvmRFtOBZtWgsywlNAxGbKeo4pIZsJ8fvEUnzllgONEu1IWz9XfEzmRxkxk5DolsSOz7M3E/7xeZuObMOcqzSxTdLEozgS2CZ69jwdcM2rFxBFCNXe3YjoimlDrQqq4EPzll1dJ+7Lue3X//qrWOC/iKMMJnMIF+HANDbiDJrSAgoJneIU3ZNALekcfi9YSKmaO4Q/Q5w/rN5BS</latexit><latexit sha1_base64="K4wNDqTAFHvvYEF088gi5D0Ym0w=">AAAB8XicbVBNSwMxEJ3Ur1q/qh69BIviqeyKoMeCF48V7Ad2l5JNs21okl2SrFCW/gsvHhTx6r/x5r8xbfegrQ8GHu/NMDMvSgU31vO+UWltfWNzq7xd2dnd2z+oHh61TZJpylo0EYnuRsQwwRVrWW4F66aaERkJ1onGtzO/88S04Yl6sJOUhZIMFY85JdZJj4HMcGC4xLJfrXl1bw68SvyC1KBAs1/9CgYJzSRTlgpiTM/3UhvmRFtOBZtWgsywlNAxGbKeo4pIZsJ8fvEUnzllgONEu1IWz9XfEzmRxkxk5DolsSOz7M3E/7xeZuObMOcqzSxTdLEozgS2CZ69jwdcM2rFxBFCNXe3YjoimlDrQqq4EPzll1dJ+7Lue3X//qrWOC/iKMMJnMIF+HANDbiDJrSAgoJneIU3ZNALekcfi9YSKmaO4Q/Q5w/rN5BS</latexit><latexit sha1_base64="K4wNDqTAFHvvYEF088gi5D0Ym0w=">AAAB8XicbVBNSwMxEJ3Ur1q/qh69BIviqeyKoMeCF48V7Ad2l5JNs21okl2SrFCW/gsvHhTx6r/x5r8xbfegrQ8GHu/NMDMvSgU31vO+UWltfWNzq7xd2dnd2z+oHh61TZJpylo0EYnuRsQwwRVrWW4F66aaERkJ1onGtzO/88S04Yl6sJOUhZIMFY85JdZJj4HMcGC4xLJfrXl1bw68SvyC1KBAs1/9CgYJzSRTlgpiTM/3UhvmRFtOBZtWgsywlNAxGbKeo4pIZsJ8fvEUnzllgONEu1IWz9XfEzmRxkxk5DolsSOz7M3E/7xeZuObMOcqzSxTdLEozgS2CZ69jwdcM2rFxBFCNXe3YjoimlDrQqq4EPzll1dJ+7Lue3X//qrWOC/iKMMJnMIF+HANDbiDJrSAgoJneIU3ZNALekcfi9YSKmaO4Q/Q5w/rN5BS</latexit>

µ ⇠ mzcut ⇠ m(1� z) ⇠ q?
<latexit sha1_base64="qNlwrSfEfGYt3oRu/MiUZABmvDc=">AAACFnicbZDLSsNAFIYn9VbrLerSzWBR6qIlEUGXBTcuK9gLNCFMptN26EwS5yK0IU/hxldx40IRt+LOt3HaZqGtPwx8859zmDl/mDAqleN8W4WV1bX1jeJmaWt7Z3fP3j9oyVgLTJo4ZrHohEgSRiPSVFQx0kkEQTxkpB2Orqf19gMRksbRnRonxOdoENE+xUgZK7CrHtfQk5RDDidBirXK8mvFrU7O5nwfpF5CRJIFdtmpOTPBZXBzKINcjcD+8nox1pxECjMkZdd1EuWnSCiKGclKnpYkQXiEBqRrMEKcSD+drZXBE+P0YD8W5kQKztzfEyniUo55aDo5UkO5WJua/9W6WvWv/JRGiVYkwvOH+ppBFcNpRrBHBcGKjQ0gLKj5K8RDJBBWJsmSCcFdXHkZWuc116m5txfl+mkeRxEcgWNQAS64BHVwAxqgCTB4BM/gFbxZT9aL9W59zFsLVj5zCP7I+vwBq4+eWQ==</latexit><latexit sha1_base64="qNlwrSfEfGYt3oRu/MiUZABmvDc=">AAACFnicbZDLSsNAFIYn9VbrLerSzWBR6qIlEUGXBTcuK9gLNCFMptN26EwS5yK0IU/hxldx40IRt+LOt3HaZqGtPwx8859zmDl/mDAqleN8W4WV1bX1jeJmaWt7Z3fP3j9oyVgLTJo4ZrHohEgSRiPSVFQx0kkEQTxkpB2Orqf19gMRksbRnRonxOdoENE+xUgZK7CrHtfQk5RDDidBirXK8mvFrU7O5nwfpF5CRJIFdtmpOTPBZXBzKINcjcD+8nox1pxECjMkZdd1EuWnSCiKGclKnpYkQXiEBqRrMEKcSD+drZXBE+P0YD8W5kQKztzfEyniUo55aDo5UkO5WJua/9W6WvWv/JRGiVYkwvOH+ppBFcNpRrBHBcGKjQ0gLKj5K8RDJBBWJsmSCcFdXHkZWuc116m5txfl+mkeRxEcgWNQAS64BHVwAxqgCTB4BM/gFbxZT9aL9W59zFsLVj5zCP7I+vwBq4+eWQ==</latexit><latexit sha1_base64="qNlwrSfEfGYt3oRu/MiUZABmvDc=">AAACFnicbZDLSsNAFIYn9VbrLerSzWBR6qIlEUGXBTcuK9gLNCFMptN26EwS5yK0IU/hxldx40IRt+LOt3HaZqGtPwx8859zmDl/mDAqleN8W4WV1bX1jeJmaWt7Z3fP3j9oyVgLTJo4ZrHohEgSRiPSVFQx0kkEQTxkpB2Orqf19gMRksbRnRonxOdoENE+xUgZK7CrHtfQk5RDDidBirXK8mvFrU7O5nwfpF5CRJIFdtmpOTPBZXBzKINcjcD+8nox1pxECjMkZdd1EuWnSCiKGclKnpYkQXiEBqRrMEKcSD+drZXBE+P0YD8W5kQKztzfEyniUo55aDo5UkO5WJua/9W6WvWv/JRGiVYkwvOH+ppBFcNpRrBHBcGKjQ0gLKj5K8RDJBBWJsmSCcFdXHkZWuc116m5txfl+mkeRxEcgWNQAS64BHVwAxqgCTB4BM/gFbxZT9aL9W59zFsLVj5zCP7I+vwBq4+eWQ==</latexit><latexit sha1_base64="qNlwrSfEfGYt3oRu/MiUZABmvDc=">AAACFnicbZDLSsNAFIYn9VbrLerSzWBR6qIlEUGXBTcuK9gLNCFMptN26EwS5yK0IU/hxldx40IRt+LOt3HaZqGtPwx8859zmDl/mDAqleN8W4WV1bX1jeJmaWt7Z3fP3j9oyVgLTJo4ZrHohEgSRiPSVFQx0kkEQTxkpB2Orqf19gMRksbRnRonxOdoENE+xUgZK7CrHtfQk5RDDidBirXK8mvFrU7O5nwfpF5CRJIFdtmpOTPBZXBzKINcjcD+8nox1pxECjMkZdd1EuWnSCiKGclKnpYkQXiEBqRrMEKcSD+drZXBE+P0YD8W5kQKztzfEyniUo55aDo5UkO5WJua/9W6WvWv/JRGiVYkwvOH+ppBFcNpRrBHBcGKjQ0gLKj5K8RDJBBWJsmSCcFdXHkZWuc116m5txfl+mkeRxEcgWNQAS64BHVwAxqgCTB4BM/gFbxZT9aL9W59zFsLVj5zCP7I+vwBq4+eWQ==</latexit>

µ ⇠ EJzcut
<latexit sha1_base64="dWwtbGwlWDzSNva5Kcz45j/nbqU=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gUVyURQZcFEcRVBfuAJoTJdNIOnZmEeQg1FPwVNy4Ucet3uPNvnLZZaOuBC4dz7uXee+KMUaU979spLS2vrK6V1ysbm1vbO+7uXkulRmLSxClLZSdGijAqSFNTzUgnkwTxmJF2PLya+O0HIhVNxb0eZSTkqC9oQjHSVorcg4AbGCjK4XV0Cx+jHBs9hpFb9WreFHCR+AWpggKNyP0Keik2nAiNGVKq63uZDnMkNcWMjCuBUSRDeIj6pGupQJyoMJ+eP4bHVunBJJW2hIZT9fdEjrhSIx7bTo70QM17E/E/r2t0chnmVGRGE4FnixLDoE7hJAvYo5JgzUaWICypvRXiAZIIa5tYxYbgz7+8SFpnNd+r+Xfn1fpJEUcZHIIjcAp8cAHq4AY0QBNgkINn8ArenCfnxXl3PmatJaeY2Qd/4Hz+ABC0lM8=</latexit><latexit sha1_base64="dWwtbGwlWDzSNva5Kcz45j/nbqU=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gUVyURQZcFEcRVBfuAJoTJdNIOnZmEeQg1FPwVNy4Ucet3uPNvnLZZaOuBC4dz7uXee+KMUaU979spLS2vrK6V1ysbm1vbO+7uXkulRmLSxClLZSdGijAqSFNTzUgnkwTxmJF2PLya+O0HIhVNxb0eZSTkqC9oQjHSVorcg4AbGCjK4XV0Cx+jHBs9hpFb9WreFHCR+AWpggKNyP0Keik2nAiNGVKq63uZDnMkNcWMjCuBUSRDeIj6pGupQJyoMJ+eP4bHVunBJJW2hIZT9fdEjrhSIx7bTo70QM17E/E/r2t0chnmVGRGE4FnixLDoE7hJAvYo5JgzUaWICypvRXiAZIIa5tYxYbgz7+8SFpnNd+r+Xfn1fpJEUcZHIIjcAp8cAHq4AY0QBNgkINn8ArenCfnxXl3PmatJaeY2Qd/4Hz+ABC0lM8=</latexit><latexit sha1_base64="dWwtbGwlWDzSNva5Kcz45j/nbqU=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gUVyURQZcFEcRVBfuAJoTJdNIOnZmEeQg1FPwVNy4Ucet3uPNvnLZZaOuBC4dz7uXee+KMUaU979spLS2vrK6V1ysbm1vbO+7uXkulRmLSxClLZSdGijAqSFNTzUgnkwTxmJF2PLya+O0HIhVNxb0eZSTkqC9oQjHSVorcg4AbGCjK4XV0Cx+jHBs9hpFb9WreFHCR+AWpggKNyP0Keik2nAiNGVKq63uZDnMkNcWMjCuBUSRDeIj6pGupQJyoMJ+eP4bHVunBJJW2hIZT9fdEjrhSIx7bTo70QM17E/E/r2t0chnmVGRGE4FnixLDoE7hJAvYo5JgzUaWICypvRXiAZIIa5tYxYbgz7+8SFpnNd+r+Xfn1fpJEUcZHIIjcAp8cAHq4AY0QBNgkINn8ArenCfnxXl3PmatJaeY2Qd/4Hz+ABC0lM8=</latexit><latexit sha1_base64="dWwtbGwlWDzSNva5Kcz45j/nbqU=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gUVyURQZcFEcRVBfuAJoTJdNIOnZmEeQg1FPwVNy4Ucet3uPNvnLZZaOuBC4dz7uXee+KMUaU979spLS2vrK6V1ysbm1vbO+7uXkulRmLSxClLZSdGijAqSFNTzUgnkwTxmJF2PLya+O0HIhVNxb0eZSTkqC9oQjHSVorcg4AbGCjK4XV0Cx+jHBs9hpFb9WreFHCR+AWpggKNyP0Keik2nAiNGVKq63uZDnMkNcWMjCuBUSRDeIj6pGupQJyoMJ+eP4bHVunBJJW2hIZT9fdEjrhSIx7bTo70QM17E/E/r2t0chnmVGRGE4FnixLDoE7hJAvYo5JgzUaWICypvRXiAZIIa5tYxYbgz7+8SFpnNd+r+Xfn1fpJEUcZHIIjcAp8cAHq4AY0QBNgkINn8ArenCfnxXl3PmatJaeY2Qd/4Hz+ABC0lM8=</latexit>

✓ ⇠ m

EJ
⇠ q?

EJ(1� z)
<latexit sha1_base64="OrkHf7ftnYggukivg41De5VB12s=">AAACI3icbVBNS8NAEN34WetX1aOXxaLowZKIoHgqiCCeFKwtNCVsthO7uJvE3YlQQ/6LF/+KFw9K8eLB/+K29uDXg4HHezPMzAtTKQy67rszMTk1PTNbmivPLywuLVdWVq9MkmkODZ7IRLdCZkCKGBooUEIr1cBUKKEZ3hwP/eYdaCOS+BL7KXQUu45FJDhDKwWVIx97gIz6RijqR5rxXBX5SXBWfJdug9xPQafFyKLb3u79ThFUqm7NHYH+Jd6YVMkY50Fl4HcTnimIkUtmTNtzU+zkTKPgEoqynxlIGb9h19C2NGYKTCcf/VjQTat0aZRoWzHSkfp9ImfKmL4Kbadi2DO/vaH4n9fOMDrs5CJOM4SYfy2KMkkxocPAaFdo4Cj7ljCuhb2V8h6zqaCNtWxD8H6//Jdc7dU8t+Zd7FfrW+M4SmSdbJBt4pEDUien5Jw0CCcP5Im8kFfn0Xl2Bs7bV+uEM55ZIz/gfHwC6GikTA==</latexit><latexit sha1_base64="OrkHf7ftnYggukivg41De5VB12s=">AAACI3icbVBNS8NAEN34WetX1aOXxaLowZKIoHgqiCCeFKwtNCVsthO7uJvE3YlQQ/6LF/+KFw9K8eLB/+K29uDXg4HHezPMzAtTKQy67rszMTk1PTNbmivPLywuLVdWVq9MkmkODZ7IRLdCZkCKGBooUEIr1cBUKKEZ3hwP/eYdaCOS+BL7KXQUu45FJDhDKwWVIx97gIz6RijqR5rxXBX5SXBWfJdug9xPQafFyKLb3u79ThFUqm7NHYH+Jd6YVMkY50Fl4HcTnimIkUtmTNtzU+zkTKPgEoqynxlIGb9h19C2NGYKTCcf/VjQTat0aZRoWzHSkfp9ImfKmL4Kbadi2DO/vaH4n9fOMDrs5CJOM4SYfy2KMkkxocPAaFdo4Cj7ljCuhb2V8h6zqaCNtWxD8H6//Jdc7dU8t+Zd7FfrW+M4SmSdbJBt4pEDUien5Jw0CCcP5Im8kFfn0Xl2Bs7bV+uEM55ZIz/gfHwC6GikTA==</latexit><latexit sha1_base64="OrkHf7ftnYggukivg41De5VB12s=">AAACI3icbVBNS8NAEN34WetX1aOXxaLowZKIoHgqiCCeFKwtNCVsthO7uJvE3YlQQ/6LF/+KFw9K8eLB/+K29uDXg4HHezPMzAtTKQy67rszMTk1PTNbmivPLywuLVdWVq9MkmkODZ7IRLdCZkCKGBooUEIr1cBUKKEZ3hwP/eYdaCOS+BL7KXQUu45FJDhDKwWVIx97gIz6RijqR5rxXBX5SXBWfJdug9xPQafFyKLb3u79ThFUqm7NHYH+Jd6YVMkY50Fl4HcTnimIkUtmTNtzU+zkTKPgEoqynxlIGb9h19C2NGYKTCcf/VjQTat0aZRoWzHSkfp9ImfKmL4Kbadi2DO/vaH4n9fOMDrs5CJOM4SYfy2KMkkxocPAaFdo4Cj7ljCuhb2V8h6zqaCNtWxD8H6//Jdc7dU8t+Zd7FfrW+M4SmSdbJBt4pEDUien5Jw0CCcP5Im8kFfn0Xl2Bs7bV+uEM55ZIz/gfHwC6GikTA==</latexit><latexit sha1_base64="OrkHf7ftnYggukivg41De5VB12s=">AAACI3icbVBNS8NAEN34WetX1aOXxaLowZKIoHgqiCCeFKwtNCVsthO7uJvE3YlQQ/6LF/+KFw9K8eLB/+K29uDXg4HHezPMzAtTKQy67rszMTk1PTNbmivPLywuLVdWVq9MkmkODZ7IRLdCZkCKGBooUEIr1cBUKKEZ3hwP/eYdaCOS+BL7KXQUu45FJDhDKwWVIx97gIz6RijqR5rxXBX5SXBWfJdug9xPQafFyKLb3u79ThFUqm7NHYH+Jd6YVMkY50Fl4HcTnimIkUtmTNtzU+zkTKPgEoqynxlIGb9h19C2NGYKTCcf/VjQTat0aZRoWzHSkfp9ImfKmL4Kbadi2DO/vaH4n9fOMDrs5CJOM4SYfy2KMkkxocPAaFdo4Cj7ljCuhb2V8h6zqaCNtWxD8H6//Jdc7dU8t+Zd7FfrW+M4SmSdbJBt4pEDUien5Jw0CCcP5Im8kFfn0Xl2Bs7bV+uEM55ZIz/gfHwC6GikTA==</latexit>

Figure 1. Hierarchy of scales in region 1 factorization (q⊥ ∼ m(1 − z)). There is only a single

radiation mode which contributes to both the z and q⊥ measurement which can be identified as the

boosted soft mode of HQET (referred to as the ultra-collinear or u-c mode).

where B
(⊥)
+ is the boosted HQET jet function (A.2.1) with additional transverse

momentum measurement and H(m) is the matching coefficient from massive SCET

to HQET (A.3). The details for the matching procedure are illustrated in appendix B.

• Region 2, θ � θmin: in this case we define two radiation modes, one that con-

tributes to the transverse momentum of the hadron, and another, which does not.

The collinear-soft scales as pµ ∼ (Q(1−z), q2
⊥/(Q(1−z)), q⊥) and contributes to both

measurements. Our condition on θ implies that q⊥ � m(1 − z). The other mode

which we refer to as the ultra-collinear(u-c), scales as pµ ∼ m(1 − z) (Q/m,m/Q, 1)

and only contributes to the z measurement. The transverse momentum of this mode

p⊥ ∼ m(1−z) is parametrically smaller than q⊥ and hence does not contribute to the

transverse momentum of the heavy hadron. The jet function is then further factorizes

as follows:

J(q⊥, (1− z), EJ , zcut,m) = H(m)× SC(EJzcut, q
+, q⊥)⊗z B+(q+, EJzcut,mzcut)

(2.5)

where B+ is the boosted HQET jet function (A.2.2) and SC is the collinear soft

function (A.4). (For the refactorization of the bHQET jet function see discussion in

appendix B.) The convolution ⊗z is defined as follows:

f(q+)⊗z g(q+) =

∫ ∞
0

dq+ f(q+)g(2EJ(1− z)− q+) (2.6)

For a jet energy ∼ 100 GeV, we are therefore in the range q⊥ ∼ (0,mb). However,

the range of q⊥ that can be probed by this EFT can be arbitrarily increased as long as

the collinearity condition is maintained. Obviously, for a fixed z, this can be achieved by

increasing the jet energy EJ . We demonstrate this in figure 5.
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✓ ⇠ q?
EJ(1� z)

<latexit sha1_base64="m88r5cnHuJt/D6mi2iNIDRwfeHM=">AAACEXicbVBNS8NAEN34WetX1KOXxaLUgyURQY8FEcSTglWhCWGznbSLmw93J0IN+Qte/CtePCji1Zs3/43b2oNWHww83pthZl6YSaHRcT6ticmp6ZnZylx1fmFxadleWb3Qaa44tHgqU3UVMg1SJNBCgRKuMgUsDiVchteHA//yFpQWaXKO/Qz8mHUTEQnO0EiBXfewB8go9bSIqRcpxouboPAyUFlZFkfBCa27O3fbZWDXnIYzBP1L3BGpkRFOA/vD66Q8jyFBLpnWbdfJ0C+YQsEllFUv15Axfs260DY0YTFovxh+VNJNo3RolCpTCdKh+nOiYLHW/Tg0nTHDnh73BuJ/XjvH6MAvRJLlCAn/XhTlkmJKB/HQjlDAUfYNYVwJcyvlPWZSQRNi1YTgjr/8l1zsNlyn4Z7t1ZpbozgqZJ1skDpxyT5pkmNySlqEk3vySJ7Ji/VgPVmv1tt364Q1mlkjv2C9fwFNd5yQ</latexit><latexit sha1_base64="m88r5cnHuJt/D6mi2iNIDRwfeHM=">AAACEXicbVBNS8NAEN34WetX1KOXxaLUgyURQY8FEcSTglWhCWGznbSLmw93J0IN+Qte/CtePCji1Zs3/43b2oNWHww83pthZl6YSaHRcT6ticmp6ZnZylx1fmFxadleWb3Qaa44tHgqU3UVMg1SJNBCgRKuMgUsDiVchteHA//yFpQWaXKO/Qz8mHUTEQnO0EiBXfewB8go9bSIqRcpxouboPAyUFlZFkfBCa27O3fbZWDXnIYzBP1L3BGpkRFOA/vD66Q8jyFBLpnWbdfJ0C+YQsEllFUv15Axfs260DY0YTFovxh+VNJNo3RolCpTCdKh+nOiYLHW/Tg0nTHDnh73BuJ/XjvH6MAvRJLlCAn/XhTlkmJKB/HQjlDAUfYNYVwJcyvlPWZSQRNi1YTgjr/8l1zsNlyn4Z7t1ZpbozgqZJ1skDpxyT5pkmNySlqEk3vySJ7Ji/VgPVmv1tt364Q1mlkjv2C9fwFNd5yQ</latexit><latexit sha1_base64="m88r5cnHuJt/D6mi2iNIDRwfeHM=">AAACEXicbVBNS8NAEN34WetX1KOXxaLUgyURQY8FEcSTglWhCWGznbSLmw93J0IN+Qte/CtePCji1Zs3/43b2oNWHww83pthZl6YSaHRcT6ticmp6ZnZylx1fmFxadleWb3Qaa44tHgqU3UVMg1SJNBCgRKuMgUsDiVchteHA//yFpQWaXKO/Qz8mHUTEQnO0EiBXfewB8go9bSIqRcpxouboPAyUFlZFkfBCa27O3fbZWDXnIYzBP1L3BGpkRFOA/vD66Q8jyFBLpnWbdfJ0C+YQsEllFUv15Axfs260DY0YTFovxh+VNJNo3RolCpTCdKh+nOiYLHW/Tg0nTHDnh73BuJ/XjvH6MAvRJLlCAn/XhTlkmJKB/HQjlDAUfYNYVwJcyvlPWZSQRNi1YTgjr/8l1zsNlyn4Z7t1ZpbozgqZJ1skDpxyT5pkmNySlqEk3vySJ7Ji/VgPVmv1tt364Q1mlkjv2C9fwFNd5yQ</latexit><latexit sha1_base64="m88r5cnHuJt/D6mi2iNIDRwfeHM=">AAACEXicbVBNS8NAEN34WetX1KOXxaLUgyURQY8FEcSTglWhCWGznbSLmw93J0IN+Qte/CtePCji1Zs3/43b2oNWHww83pthZl6YSaHRcT6ticmp6ZnZylx1fmFxadleWb3Qaa44tHgqU3UVMg1SJNBCgRKuMgUsDiVchteHA//yFpQWaXKO/Qz8mHUTEQnO0EiBXfewB8go9bSIqRcpxouboPAyUFlZFkfBCa27O3fbZWDXnIYzBP1L3BGpkRFOA/vD66Q8jyFBLpnWbdfJ0C+YQsEllFUv15Axfs260DY0YTFovxh+VNJNo3RolCpTCdKh+nOiYLHW/Tg0nTHDnh73BuJ/XjvH6MAvRJLlCAn/XhTlkmJKB/HQjlDAUfYNYVwJcyvlPWZSQRNi1YTgjr/8l1zsNlyn4Z7t1ZpbozgqZJ1skDpxyT5pkmNySlqEk3vySJ7Ji/VgPVmv1tt364Q1mlkjv2C9fwFNd5yQ</latexit>

H(EJ)
<latexit sha1_base64="HpDMyv4Ekquh4lV7ItaVG5EtaHs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRalXspuEfRYEKF4qmA/oF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZya+sbm1v57cLO7t7+QfHwqKVloghtEsml6gRYU84EbRpmOO3EiuIo4LQdjG9mfvuJKs2keDCTmPoRHgoWMoKNlVr18m3/7qJfLLkVdw60SryMlCBDo1/86g0kSSIqDOFY667nxsZPsTKMcDot9BJNY0zGeEi7lgocUe2n82un6MwqAxRKZUsYNFd/T6Q40noSBbYzwmakl72Z+J/XTUx47adMxImhgiwWhQlHRqLZ62jAFCWGTyzBRDF7KyIjrDAxNqCCDcFbfnmVtKoVz61495el2nkWRx5O4BTK4MEV1KAODWgCgUd4hld4c6Tz4rw7H4vWnJPNHMMfOJ8/NR2OIQ==</latexit><latexit sha1_base64="HpDMyv4Ekquh4lV7ItaVG5EtaHs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRalXspuEfRYEKF4qmA/oF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZya+sbm1v57cLO7t7+QfHwqKVloghtEsml6gRYU84EbRpmOO3EiuIo4LQdjG9mfvuJKs2keDCTmPoRHgoWMoKNlVr18m3/7qJfLLkVdw60SryMlCBDo1/86g0kSSIqDOFY667nxsZPsTKMcDot9BJNY0zGeEi7lgocUe2n82un6MwqAxRKZUsYNFd/T6Q40noSBbYzwmakl72Z+J/XTUx47adMxImhgiwWhQlHRqLZ62jAFCWGTyzBRDF7KyIjrDAxNqCCDcFbfnmVtKoVz61495el2nkWRx5O4BTK4MEV1KAODWgCgUd4hld4c6Tz4rw7H4vWnJPNHMMfOJ8/NR2OIQ==</latexit><latexit sha1_base64="HpDMyv4Ekquh4lV7ItaVG5EtaHs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRalXspuEfRYEKF4qmA/oF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZya+sbm1v57cLO7t7+QfHwqKVloghtEsml6gRYU84EbRpmOO3EiuIo4LQdjG9mfvuJKs2keDCTmPoRHgoWMoKNlVr18m3/7qJfLLkVdw60SryMlCBDo1/86g0kSSIqDOFY667nxsZPsTKMcDot9BJNY0zGeEi7lgocUe2n82un6MwqAxRKZUsYNFd/T6Q40noSBbYzwmakl72Z+J/XTUx47adMxImhgiwWhQlHRqLZ62jAFCWGTyzBRDF7KyIjrDAxNqCCDcFbfnmVtKoVz61495el2nkWRx5O4BTK4MEV1KAODWgCgUd4hld4c6Tz4rw7H4vWnJPNHMMfOJ8/NR2OIQ==</latexit><latexit sha1_base64="HpDMyv4Ekquh4lV7ItaVG5EtaHs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRalXspuEfRYEKF4qmA/oF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZya+sbm1v57cLO7t7+QfHwqKVloghtEsml6gRYU84EbRpmOO3EiuIo4LQdjG9mfvuJKs2keDCTmPoRHgoWMoKNlVr18m3/7qJfLLkVdw60SryMlCBDo1/86g0kSSIqDOFY667nxsZPsTKMcDot9BJNY0zGeEi7lgocUe2n82un6MwqAxRKZUsYNFd/T6Q40noSBbYzwmakl72Z+J/XTUx47adMxImhgiwWhQlHRqLZ62jAFCWGTyzBRDF7KyIjrDAxNqCCDcFbfnmVtKoVz61495el2nkWRx5O4BTK4MEV1KAODWgCgUd4hld4c6Tz4rw7H4vWnJPNHMMfOJ8/NR2OIQ==</latexit>

SG(zcutEJ)
<latexit sha1_base64="+KBX2u68I2izxycn9LkxK18gUlc=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEo9VISEfRYEFE8VbQf0Iaw2W7bpZtN2N0Ibegv8eJBEa/+FG/+G7dtDtr6YODx3gwz84KYM6Ud59vKrayurW/kNwtb2zu7RXtvv6GiRBJaJxGPZCvAinImaF0zzWkrlhSHAafNYHg19ZtPVCoWiUc9iqkX4r5gPUawNpJvFx/8m/LYT0miJ9f+3alvl5yKMwNaJm5GSpCh5ttfnW5EkpAKTThWqu06sfZSLDUjnE4KnUTRGJMh7tO2oQKHVHnp7PAJOjZKF/UiaUpoNFN/T6Q4VGoUBqYzxHqgFr2p+J/XTnTv0kuZiBNNBZkv6iUc6QhNU0BdJinRfGQIJpKZWxEZYImJNlkVTAju4svLpHFWcZ2Ke39eqp5kceThEI6gDC5cQBVuoQZ1IJDAM7zCmzW2Xqx362PemrOymQP4A+vzB+AYkno=</latexit><latexit sha1_base64="+KBX2u68I2izxycn9LkxK18gUlc=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEo9VISEfRYEFE8VbQf0Iaw2W7bpZtN2N0Ibegv8eJBEa/+FG/+G7dtDtr6YODx3gwz84KYM6Ud59vKrayurW/kNwtb2zu7RXtvv6GiRBJaJxGPZCvAinImaF0zzWkrlhSHAafNYHg19ZtPVCoWiUc9iqkX4r5gPUawNpJvFx/8m/LYT0miJ9f+3alvl5yKMwNaJm5GSpCh5ttfnW5EkpAKTThWqu06sfZSLDUjnE4KnUTRGJMh7tO2oQKHVHnp7PAJOjZKF/UiaUpoNFN/T6Q4VGoUBqYzxHqgFr2p+J/XTnTv0kuZiBNNBZkv6iUc6QhNU0BdJinRfGQIJpKZWxEZYImJNlkVTAju4svLpHFWcZ2Ke39eqp5kceThEI6gDC5cQBVuoQZ1IJDAM7zCmzW2Xqx362PemrOymQP4A+vzB+AYkno=</latexit><latexit sha1_base64="+KBX2u68I2izxycn9LkxK18gUlc=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEo9VISEfRYEFE8VbQf0Iaw2W7bpZtN2N0Ibegv8eJBEa/+FG/+G7dtDtr6YODx3gwz84KYM6Ud59vKrayurW/kNwtb2zu7RXtvv6GiRBJaJxGPZCvAinImaF0zzWkrlhSHAafNYHg19ZtPVCoWiUc9iqkX4r5gPUawNpJvFx/8m/LYT0miJ9f+3alvl5yKMwNaJm5GSpCh5ttfnW5EkpAKTThWqu06sfZSLDUjnE4KnUTRGJMh7tO2oQKHVHnp7PAJOjZKF/UiaUpoNFN/T6Q4VGoUBqYzxHqgFr2p+J/XTnTv0kuZiBNNBZkv6iUc6QhNU0BdJinRfGQIJpKZWxEZYImJNlkVTAju4svLpHFWcZ2Ke39eqp5kceThEI6gDC5cQBVuoQZ1IJDAM7zCmzW2Xqx362PemrOymQP4A+vzB+AYkno=</latexit><latexit sha1_base64="+KBX2u68I2izxycn9LkxK18gUlc=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEo9VISEfRYEFE8VbQf0Iaw2W7bpZtN2N0Ibegv8eJBEa/+FG/+G7dtDtr6YODx3gwz84KYM6Ud59vKrayurW/kNwtb2zu7RXtvv6GiRBJaJxGPZCvAinImaF0zzWkrlhSHAafNYHg19ZtPVCoWiUc9iqkX4r5gPUawNpJvFx/8m/LYT0miJ9f+3alvl5yKMwNaJm5GSpCh5ttfnW5EkpAKTThWqu06sfZSLDUjnE4KnUTRGJMh7tO2oQKHVHnp7PAJOjZKF/UiaUpoNFN/T6Q4VGoUBqYzxHqgFr2p+J/XTnTv0kuZiBNNBZkv6iUc6QhNU0BdJinRfGQIJpKZWxEZYImJNlkVTAju4svLpHFWcZ2Ke39eqp5kceThEI6gDC5cQBVuoQZ1IJDAM7zCmzW2Xqx362PemrOymQP4A+vzB+AYkno=</latexit>

µ ⇠ q?
<latexit sha1_base64="S9S4S4PYxp+h8pkXnLTiKDpJo+4=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIviqsyIoMuCG5cV7AM6w5BJM21okolJRizD/IobF4q49Ufc+Tem7Sy09cCFwzn3cu89sWRUG8/7dipr6xubW9Xt2s7u3v6Be1jv6jRTmHRwylLVj5EmjArSMdQw0peKIB4z0osnNzO/90iUpqm4N1NJQo5GgiYUI2OlyK0HPIOBphw+RHkgiZJF5Da8pjcHXCV+SRqgRDtyv4JhijNOhMEMaT3wPWnCHClDMSNFLcg0kQhP0IgMLBWIEx3m89sLeGqVIUxSZUsYOFd/T+SIaz3lse3kyIz1sjcT//MGmUmuw5wKmRki8GJRkjFoUjgLAg6pItiwqSUIK2pvhXiMFMLGxlWzIfjLL6+S7kXT95r+3WWjdVbGUQXH4AScAx9cgRa4BW3QARg8gWfwCt6cwnlx3p2PRWvFKWeOwB84nz/mfJRB</latexit><latexit sha1_base64="S9S4S4PYxp+h8pkXnLTiKDpJo+4=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIviqsyIoMuCG5cV7AM6w5BJM21okolJRizD/IobF4q49Ufc+Tem7Sy09cCFwzn3cu89sWRUG8/7dipr6xubW9Xt2s7u3v6Be1jv6jRTmHRwylLVj5EmjArSMdQw0peKIB4z0osnNzO/90iUpqm4N1NJQo5GgiYUI2OlyK0HPIOBphw+RHkgiZJF5Da8pjcHXCV+SRqgRDtyv4JhijNOhMEMaT3wPWnCHClDMSNFLcg0kQhP0IgMLBWIEx3m89sLeGqVIUxSZUsYOFd/T+SIaz3lse3kyIz1sjcT//MGmUmuw5wKmRki8GJRkjFoUjgLAg6pItiwqSUIK2pvhXiMFMLGxlWzIfjLL6+S7kXT95r+3WWjdVbGUQXH4AScAx9cgRa4BW3QARg8gWfwCt6cwnlx3p2PRWvFKWeOwB84nz/mfJRB</latexit><latexit sha1_base64="S9S4S4PYxp+h8pkXnLTiKDpJo+4=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIviqsyIoMuCG5cV7AM6w5BJM21okolJRizD/IobF4q49Ufc+Tem7Sy09cCFwzn3cu89sWRUG8/7dipr6xubW9Xt2s7u3v6Be1jv6jRTmHRwylLVj5EmjArSMdQw0peKIB4z0osnNzO/90iUpqm4N1NJQo5GgiYUI2OlyK0HPIOBphw+RHkgiZJF5Da8pjcHXCV+SRqgRDtyv4JhijNOhMEMaT3wPWnCHClDMSNFLcg0kQhP0IgMLBWIEx3m89sLeGqVIUxSZUsYOFd/T+SIaz3lse3kyIz1sjcT//MGmUmuw5wKmRki8GJRkjFoUjgLAg6pItiwqSUIK2pvhXiMFMLGxlWzIfjLL6+S7kXT95r+3WWjdVbGUQXH4AScAx9cgRa4BW3QARg8gWfwCt6cwnlx3p2PRWvFKWeOwB84nz/mfJRB</latexit><latexit sha1_base64="S9S4S4PYxp+h8pkXnLTiKDpJo+4=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIviqsyIoMuCG5cV7AM6w5BJM21okolJRizD/IobF4q49Ufc+Tem7Sy09cCFwzn3cu89sWRUG8/7dipr6xubW9Xt2s7u3v6Be1jv6jRTmHRwylLVj5EmjArSMdQw0peKIB4z0osnNzO/90iUpqm4N1NJQo5GgiYUI2OlyK0HPIOBphw+RHkgiZJF5Da8pjcHXCV+SRqgRDtyv4JhijNOhMEMaT3wPWnCHClDMSNFLcg0kQhP0IgMLBWIEx3m89sLeGqVIUxSZUsYOFd/T+SIaz3lse3kyIz1sjcT//MGmUmuw5wKmRki8GJRkjFoUjgLAg6pItiwqSUIK2pvhXiMFMLGxlWzIfjLL6+S7kXT95r+3WWjdVbGUQXH4AScAx9cgRa4BW3QARg8gWfwCt6cwnlx3p2PRWvFKWeOwB84nz/mfJRB</latexit>

µ ⇠ mzcut ⇠ m(1� z)
<latexit sha1_base64="6y1eUqQPz1gjDmtcKYYWBBazpZU=">AAACCHicbVC7SgNBFJ2Nrxhfq5YWDgYlFoZdEbQM2FhGMA/ILsvsZJIMmZld5iEkS0obf8XGQhFbP8HOv3GSbKHRAxfOnHMvc++JU0aV9rwvp7C0vLK6VlwvbWxube+4u3tNlRiJSQMnLJHtGCnCqCANTTUj7VQSxGNGWvHweuq37olUNBF3epSSkKO+oD2KkbZS5B4G3MBAUQ45HEcZNnqSPyv+2fgURm7Zq3ozwL/Ez0kZ5KhH7mfQTbDhRGjMkFId30t1mCGpKWZkUgqMIinCQ9QnHUsF4kSF2eyQCTy2Shf2EmlLaDhTf05kiCs14rHt5EgP1KI3Ff/zOkb3rsKMitRoIvD8o55hUCdwmgrsUkmwZiNLEJbU7grxAEmEtc2uZEPwF0/+S5rnVd+r+rcX5dpJHkcRHIAjUAE+uAQ1cAPqoAEweABP4AW8Oo/Os/PmvM9bC04+sw9+wfn4BmWLmC0=</latexit><latexit sha1_base64="6y1eUqQPz1gjDmtcKYYWBBazpZU=">AAACCHicbVC7SgNBFJ2Nrxhfq5YWDgYlFoZdEbQM2FhGMA/ILsvsZJIMmZld5iEkS0obf8XGQhFbP8HOv3GSbKHRAxfOnHMvc++JU0aV9rwvp7C0vLK6VlwvbWxube+4u3tNlRiJSQMnLJHtGCnCqCANTTUj7VQSxGNGWvHweuq37olUNBF3epSSkKO+oD2KkbZS5B4G3MBAUQ45HEcZNnqSPyv+2fgURm7Zq3ozwL/Ez0kZ5KhH7mfQTbDhRGjMkFId30t1mCGpKWZkUgqMIinCQ9QnHUsF4kSF2eyQCTy2Shf2EmlLaDhTf05kiCs14rHt5EgP1KI3Ff/zOkb3rsKMitRoIvD8o55hUCdwmgrsUkmwZiNLEJbU7grxAEmEtc2uZEPwF0/+S5rnVd+r+rcX5dpJHkcRHIAjUAE+uAQ1cAPqoAEweABP4AW8Oo/Os/PmvM9bC04+sw9+wfn4BmWLmC0=</latexit><latexit sha1_base64="6y1eUqQPz1gjDmtcKYYWBBazpZU=">AAACCHicbVC7SgNBFJ2Nrxhfq5YWDgYlFoZdEbQM2FhGMA/ILsvsZJIMmZld5iEkS0obf8XGQhFbP8HOv3GSbKHRAxfOnHMvc++JU0aV9rwvp7C0vLK6VlwvbWxube+4u3tNlRiJSQMnLJHtGCnCqCANTTUj7VQSxGNGWvHweuq37olUNBF3epSSkKO+oD2KkbZS5B4G3MBAUQ45HEcZNnqSPyv+2fgURm7Zq3ozwL/Ez0kZ5KhH7mfQTbDhRGjMkFId30t1mCGpKWZkUgqMIinCQ9QnHUsF4kSF2eyQCTy2Shf2EmlLaDhTf05kiCs14rHt5EgP1KI3Ff/zOkb3rsKMitRoIvD8o55hUCdwmgrsUkmwZiNLEJbU7grxAEmEtc2uZEPwF0/+S5rnVd+r+rcX5dpJHkcRHIAjUAE+uAQ1cAPqoAEweABP4AW8Oo/Os/PmvM9bC04+sw9+wfn4BmWLmC0=</latexit><latexit sha1_base64="6y1eUqQPz1gjDmtcKYYWBBazpZU=">AAACCHicbVC7SgNBFJ2Nrxhfq5YWDgYlFoZdEbQM2FhGMA/ILsvsZJIMmZld5iEkS0obf8XGQhFbP8HOv3GSbKHRAxfOnHMvc++JU0aV9rwvp7C0vLK6VlwvbWxube+4u3tNlRiJSQMnLJHtGCnCqCANTTUj7VQSxGNGWvHweuq37olUNBF3epSSkKO+oD2KkbZS5B4G3MBAUQ45HEcZNnqSPyv+2fgURm7Zq3ozwL/Ez0kZ5KhH7mfQTbDhRGjMkFId30t1mCGpKWZkUgqMIinCQ9QnHUsF4kSF2eyQCTy2Shf2EmlLaDhTf05kiCs14rHt5EgP1KI3Ff/zOkb3rsKMitRoIvD8o55hUCdwmgrsUkmwZiNLEJbU7grxAEmEtc2uZEPwF0/+S5rnVd+r+rcX5dpJHkcRHIAjUAE+uAQ1cAPqoAEweABP4AW8Oo/Os/PmvM9bC04+sw9+wfn4BmWLmC0=</latexit>

µ ⇠ EJzcut
<latexit sha1_base64="dWwtbGwlWDzSNva5Kcz45j/nbqU=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gUVyURQZcFEcRVBfuAJoTJdNIOnZmEeQg1FPwVNy4Ucet3uPNvnLZZaOuBC4dz7uXee+KMUaU979spLS2vrK6V1ysbm1vbO+7uXkulRmLSxClLZSdGijAqSFNTzUgnkwTxmJF2PLya+O0HIhVNxb0eZSTkqC9oQjHSVorcg4AbGCjK4XV0Cx+jHBs9hpFb9WreFHCR+AWpggKNyP0Keik2nAiNGVKq63uZDnMkNcWMjCuBUSRDeIj6pGupQJyoMJ+eP4bHVunBJJW2hIZT9fdEjrhSIx7bTo70QM17E/E/r2t0chnmVGRGE4FnixLDoE7hJAvYo5JgzUaWICypvRXiAZIIa5tYxYbgz7+8SFpnNd+r+Xfn1fpJEUcZHIIjcAp8cAHq4AY0QBNgkINn8ArenCfnxXl3PmatJaeY2Qd/4Hz+ABC0lM8=</latexit><latexit sha1_base64="dWwtbGwlWDzSNva5Kcz45j/nbqU=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gUVyURQZcFEcRVBfuAJoTJdNIOnZmEeQg1FPwVNy4Ucet3uPNvnLZZaOuBC4dz7uXee+KMUaU979spLS2vrK6V1ysbm1vbO+7uXkulRmLSxClLZSdGijAqSFNTzUgnkwTxmJF2PLya+O0HIhVNxb0eZSTkqC9oQjHSVorcg4AbGCjK4XV0Cx+jHBs9hpFb9WreFHCR+AWpggKNyP0Keik2nAiNGVKq63uZDnMkNcWMjCuBUSRDeIj6pGupQJyoMJ+eP4bHVunBJJW2hIZT9fdEjrhSIx7bTo70QM17E/E/r2t0chnmVGRGE4FnixLDoE7hJAvYo5JgzUaWICypvRXiAZIIa5tYxYbgz7+8SFpnNd+r+Xfn1fpJEUcZHIIjcAp8cAHq4AY0QBNgkINn8ArenCfnxXl3PmatJaeY2Qd/4Hz+ABC0lM8=</latexit><latexit sha1_base64="dWwtbGwlWDzSNva5Kcz45j/nbqU=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gUVyURQZcFEcRVBfuAJoTJdNIOnZmEeQg1FPwVNy4Ucet3uPNvnLZZaOuBC4dz7uXee+KMUaU979spLS2vrK6V1ysbm1vbO+7uXkulRmLSxClLZSdGijAqSFNTzUgnkwTxmJF2PLya+O0HIhVNxb0eZSTkqC9oQjHSVorcg4AbGCjK4XV0Cx+jHBs9hpFb9WreFHCR+AWpggKNyP0Keik2nAiNGVKq63uZDnMkNcWMjCuBUSRDeIj6pGupQJyoMJ+eP4bHVunBJJW2hIZT9fdEjrhSIx7bTo70QM17E/E/r2t0chnmVGRGE4FnixLDoE7hJAvYo5JgzUaWICypvRXiAZIIa5tYxYbgz7+8SFpnNd+r+Xfn1fpJEUcZHIIjcAp8cAHq4AY0QBNgkINn8ArenCfnxXl3PmatJaeY2Qd/4Hz+ABC0lM8=</latexit><latexit sha1_base64="dWwtbGwlWDzSNva5Kcz45j/nbqU=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gUVyURQZcFEcRVBfuAJoTJdNIOnZmEeQg1FPwVNy4Ucet3uPNvnLZZaOuBC4dz7uXee+KMUaU979spLS2vrK6V1ysbm1vbO+7uXkulRmLSxClLZSdGijAqSFNTzUgnkwTxmJF2PLya+O0HIhVNxb0eZSTkqC9oQjHSVorcg4AbGCjK4XV0Cx+jHBs9hpFb9WreFHCR+AWpggKNyP0Keik2nAiNGVKq63uZDnMkNcWMjCuBUSRDeIj6pGupQJyoMJ+eP4bHVunBJJW2hIZT9fdEjrhSIx7bTo70QM17E/E/r2t0chnmVGRGE4FnixLDoE7hJAvYo5JgzUaWICypvRXiAZIIa5tYxYbgz7+8SFpnNd+r+Xfn1fpJEUcZHIIjcAp8cAHq4AY0QBNgkINn8ArenCfnxXl3PmatJaeY2Qd/4Hz+ABC0lM8=</latexit>

µ ⇠ m
<latexit sha1_base64="K4wNDqTAFHvvYEF088gi5D0Ym0w=">AAAB8XicbVBNSwMxEJ3Ur1q/qh69BIviqeyKoMeCF48V7Ad2l5JNs21okl2SrFCW/gsvHhTx6r/x5r8xbfegrQ8GHu/NMDMvSgU31vO+UWltfWNzq7xd2dnd2z+oHh61TZJpylo0EYnuRsQwwRVrWW4F66aaERkJ1onGtzO/88S04Yl6sJOUhZIMFY85JdZJj4HMcGC4xLJfrXl1bw68SvyC1KBAs1/9CgYJzSRTlgpiTM/3UhvmRFtOBZtWgsywlNAxGbKeo4pIZsJ8fvEUnzllgONEu1IWz9XfEzmRxkxk5DolsSOz7M3E/7xeZuObMOcqzSxTdLEozgS2CZ69jwdcM2rFxBFCNXe3YjoimlDrQqq4EPzll1dJ+7Lue3X//qrWOC/iKMMJnMIF+HANDbiDJrSAgoJneIU3ZNALekcfi9YSKmaO4Q/Q5w/rN5BS</latexit><latexit sha1_base64="K4wNDqTAFHvvYEF088gi5D0Ym0w=">AAAB8XicbVBNSwMxEJ3Ur1q/qh69BIviqeyKoMeCF48V7Ad2l5JNs21okl2SrFCW/gsvHhTx6r/x5r8xbfegrQ8GHu/NMDMvSgU31vO+UWltfWNzq7xd2dnd2z+oHh61TZJpylo0EYnuRsQwwRVrWW4F66aaERkJ1onGtzO/88S04Yl6sJOUhZIMFY85JdZJj4HMcGC4xLJfrXl1bw68SvyC1KBAs1/9CgYJzSRTlgpiTM/3UhvmRFtOBZtWgsywlNAxGbKeo4pIZsJ8fvEUnzllgONEu1IWz9XfEzmRxkxk5DolsSOz7M3E/7xeZuObMOcqzSxTdLEozgS2CZ69jwdcM2rFxBFCNXe3YjoimlDrQqq4EPzll1dJ+7Lue3X//qrWOC/iKMMJnMIF+HANDbiDJrSAgoJneIU3ZNALekcfi9YSKmaO4Q/Q5w/rN5BS</latexit><latexit sha1_base64="K4wNDqTAFHvvYEF088gi5D0Ym0w=">AAAB8XicbVBNSwMxEJ3Ur1q/qh69BIviqeyKoMeCF48V7Ad2l5JNs21okl2SrFCW/gsvHhTx6r/x5r8xbfegrQ8GHu/NMDMvSgU31vO+UWltfWNzq7xd2dnd2z+oHh61TZJpylo0EYnuRsQwwRVrWW4F66aaERkJ1onGtzO/88S04Yl6sJOUhZIMFY85JdZJj4HMcGC4xLJfrXl1bw68SvyC1KBAs1/9CgYJzSRTlgpiTM/3UhvmRFtOBZtWgsywlNAxGbKeo4pIZsJ8fvEUnzllgONEu1IWz9XfEzmRxkxk5DolsSOz7M3E/7xeZuObMOcqzSxTdLEozgS2CZ69jwdcM2rFxBFCNXe3YjoimlDrQqq4EPzll1dJ+7Lue3X//qrWOC/iKMMJnMIF+HANDbiDJrSAgoJneIU3ZNALekcfi9YSKmaO4Q/Q5w/rN5BS</latexit><latexit sha1_base64="K4wNDqTAFHvvYEF088gi5D0Ym0w=">AAAB8XicbVBNSwMxEJ3Ur1q/qh69BIviqeyKoMeCF48V7Ad2l5JNs21okl2SrFCW/gsvHhTx6r/x5r8xbfegrQ8GHu/NMDMvSgU31vO+UWltfWNzq7xd2dnd2z+oHh61TZJpylo0EYnuRsQwwRVrWW4F66aaERkJ1onGtzO/88S04Yl6sJOUhZIMFY85JdZJj4HMcGC4xLJfrXl1bw68SvyC1KBAs1/9CgYJzSRTlgpiTM/3UhvmRFtOBZtWgsywlNAxGbKeo4pIZsJ8fvEUnzllgONEu1IWz9XfEzmRxkxk5DolsSOz7M3E/7xeZuObMOcqzSxTdLEozgS2CZ69jwdcM2rFxBFCNXe3YjoimlDrQqq4EPzll1dJ+7Lue3X//qrWOC/iKMMJnMIF+HANDbiDJrSAgoJneIU3ZNALekcfi9YSKmaO4Q/Q5w/rN5BS</latexit>

µ ⇠ EJ
<latexit sha1_base64="GqSlYM/ktTGEFMAJXD3mIFUmsiQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPiKeyKoMeACOIpgjGB7BJmJ7PJkJnZZR5CWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dccaZNr7/7ZVWVtfWN8qbla3tnd296v7Bo06tIrRFUp6qTow15UzSlmGG006mKBYxp+14dD31209UaZbKBzPOaCTwQLKEEWycFIbColAzgW56d71qza/7M6BlEhSkBgWavepX2E+JFVQawrHW3cDPTJRjZRjhdFIJraYZJiM8oF1HJRZUR/ns5gk6cUofJalyJQ2aqb8nciy0HovYdQpshnrRm4r/eV1rkqsoZzKzhkoyX5RYjkyKpgGgPlOUGD52BBPF3K2IDLHCxLiYKi6EYPHlZfJ4Xg/8enB/UWucFnGU4QiO4QwCuIQG3EITWkAgg2d4hTfPei/eu/cxby15xcwh/IH3+QP/55Dn</latexit><latexit sha1_base64="GqSlYM/ktTGEFMAJXD3mIFUmsiQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPiKeyKoMeACOIpgjGB7BJmJ7PJkJnZZR5CWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dccaZNr7/7ZVWVtfWN8qbla3tnd296v7Bo06tIrRFUp6qTow15UzSlmGG006mKBYxp+14dD31209UaZbKBzPOaCTwQLKEEWycFIbColAzgW56d71qza/7M6BlEhSkBgWavepX2E+JFVQawrHW3cDPTJRjZRjhdFIJraYZJiM8oF1HJRZUR/ns5gk6cUofJalyJQ2aqb8nciy0HovYdQpshnrRm4r/eV1rkqsoZzKzhkoyX5RYjkyKpgGgPlOUGD52BBPF3K2IDLHCxLiYKi6EYPHlZfJ4Xg/8enB/UWucFnGU4QiO4QwCuIQG3EITWkAgg2d4hTfPei/eu/cxby15xcwh/IH3+QP/55Dn</latexit><latexit sha1_base64="GqSlYM/ktTGEFMAJXD3mIFUmsiQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPiKeyKoMeACOIpgjGB7BJmJ7PJkJnZZR5CWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dccaZNr7/7ZVWVtfWN8qbla3tnd296v7Bo06tIrRFUp6qTow15UzSlmGG006mKBYxp+14dD31209UaZbKBzPOaCTwQLKEEWycFIbColAzgW56d71qza/7M6BlEhSkBgWavepX2E+JFVQawrHW3cDPTJRjZRjhdFIJraYZJiM8oF1HJRZUR/ns5gk6cUofJalyJQ2aqb8nciy0HovYdQpshnrRm4r/eV1rkqsoZzKzhkoyX5RYjkyKpgGgPlOUGD52BBPF3K2IDLHCxLiYKi6EYPHlZfJ4Xg/8enB/UWucFnGU4QiO4QwCuIQG3EITWkAgg2d4hTfPei/eu/cxby15xcwh/IH3+QP/55Dn</latexit><latexit sha1_base64="GqSlYM/ktTGEFMAJXD3mIFUmsiQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPiKeyKoMeACOIpgjGB7BJmJ7PJkJnZZR5CWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dccaZNr7/7ZVWVtfWN8qbla3tnd296v7Bo06tIrRFUp6qTow15UzSlmGG006mKBYxp+14dD31209UaZbKBzPOaCTwQLKEEWycFIbColAzgW56d71qza/7M6BlEhSkBgWavepX2E+JFVQawrHW3cDPTJRjZRjhdFIJraYZJiM8oF1HJRZUR/ns5gk6cUofJalyJQ2aqb8nciy0HovYdQpshnrRm4r/eV1rkqsoZzKzhkoyX5RYjkyKpgGgPlOUGD52BBPF3K2IDLHCxLiYKi6EYPHlZfJ4Xg/8enB/UWucFnGU4QiO4QwCuIQG3EITWkAgg2d4hTfPei/eu/cxby15xcwh/IH3+QP/55Dn</latexit>

B+(q
+, zcut)

<latexit sha1_base64="/xDsKQMsusXzSxQy05PhH4fgH0Q=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0WpVEoigi6LblxWsA9oY5hMJ+3QySTO3BRq6J+4caGIW//EnX/j9LHQ6oELh3Pu5d57gkRwDY7zZeWWlldW1/LrhY3Nre0de3evoeNUUVansYhVKyCaCS5ZHTgI1koUI1EgWDMYXE/85pApzWN5B6OEeRHpSR5ySsBIvm1f+eXSw3359NHPaArjE98uOhVnCvyXuHNSRHPUfPuz041pGjEJVBCt266TgJcRBZwKNi50Us0SQgekx9qGShIx7WXTy8f4yChdHMbKlAQ8VX9OZCTSehQFpjMi0NeL3kT8z2unEF56GZdJCkzS2aIwFRhiPIkBd7liFMTIEEIVN7di2ieKUDBhFUwI7uLLf0njrOI6Fff2vFg9nseRRwfoEJWQiy5QFd2gGqojioboCb2gVyuznq03633WmrPmM/voF6yPbxTkko8=</latexit><latexit sha1_base64="/xDsKQMsusXzSxQy05PhH4fgH0Q=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0WpVEoigi6LblxWsA9oY5hMJ+3QySTO3BRq6J+4caGIW//EnX/j9LHQ6oELh3Pu5d57gkRwDY7zZeWWlldW1/LrhY3Nre0de3evoeNUUVansYhVKyCaCS5ZHTgI1koUI1EgWDMYXE/85pApzWN5B6OEeRHpSR5ySsBIvm1f+eXSw3359NHPaArjE98uOhVnCvyXuHNSRHPUfPuz041pGjEJVBCt266TgJcRBZwKNi50Us0SQgekx9qGShIx7WXTy8f4yChdHMbKlAQ8VX9OZCTSehQFpjMi0NeL3kT8z2unEF56GZdJCkzS2aIwFRhiPIkBd7liFMTIEEIVN7di2ieKUDBhFUwI7uLLf0njrOI6Fff2vFg9nseRRwfoEJWQiy5QFd2gGqojioboCb2gVyuznq03633WmrPmM/voF6yPbxTkko8=</latexit><latexit sha1_base64="/xDsKQMsusXzSxQy05PhH4fgH0Q=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0WpVEoigi6LblxWsA9oY5hMJ+3QySTO3BRq6J+4caGIW//EnX/j9LHQ6oELh3Pu5d57gkRwDY7zZeWWlldW1/LrhY3Nre0de3evoeNUUVansYhVKyCaCS5ZHTgI1koUI1EgWDMYXE/85pApzWN5B6OEeRHpSR5ySsBIvm1f+eXSw3359NHPaArjE98uOhVnCvyXuHNSRHPUfPuz041pGjEJVBCt266TgJcRBZwKNi50Us0SQgekx9qGShIx7WXTy8f4yChdHMbKlAQ8VX9OZCTSehQFpjMi0NeL3kT8z2unEF56GZdJCkzS2aIwFRhiPIkBd7liFMTIEEIVN7di2ieKUDBhFUwI7uLLf0njrOI6Fff2vFg9nseRRwfoEJWQiy5QFd2gGqojioboCb2gVyuznq03633WmrPmM/voF6yPbxTkko8=</latexit><latexit sha1_base64="/xDsKQMsusXzSxQy05PhH4fgH0Q=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0WpVEoigi6LblxWsA9oY5hMJ+3QySTO3BRq6J+4caGIW//EnX/j9LHQ6oELh3Pu5d57gkRwDY7zZeWWlldW1/LrhY3Nre0de3evoeNUUVansYhVKyCaCS5ZHTgI1koUI1EgWDMYXE/85pApzWN5B6OEeRHpSR5ySsBIvm1f+eXSw3359NHPaArjE98uOhVnCvyXuHNSRHPUfPuz041pGjEJVBCt266TgJcRBZwKNi50Us0SQgekx9qGShIx7WXTy8f4yChdHMbKlAQ8VX9OZCTSehQFpjMi0NeL3kT8z2unEF56GZdJCkzS2aIwFRhiPIkBd7liFMTIEEIVN7di2ieKUDBhFUwI7uLLf0njrOI6Fff2vFg9nseRRwfoEJWQiy5QFd2gGqojioboCb2gVyuznq03633WmrPmM/voF6yPbxTkko8=</latexit>

H+(m)
<latexit sha1_base64="p/nB+M1H6f22N8dbpnYeKEG7lCg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMSEcKuCHoMeMkxgnlAsoTZyWwyZh7LzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSjgz1ve/vdza+sbmVn67sLO7t39QPDxqGpVqQhtEcaXbETaUM0kblllO24mmWESctqLR3cxvPVFtmJIPdpzQUOCBZDEj2DqpWetdlsVFr1jyK/4caJUEGSlBhnqv+NXtK5IKKi3h2JhO4Cc2nGBtGeF0WuimhiaYjPCAdhyVWFATTubXTtGZU/ooVtqVtGiu/p6YYGHMWESuU2A7NMveTPzP66Q2vg0nTCappZIsFsUpR1ah2euozzQllo8dwUQzdysiQ6wxsS6gggshWH55lTSvKoFfCe6vS9XzLI48nMAplCGAG6hCDerQAAKP8Ayv8OYp78V79z4WrTkvmzmGP/A+fwBDBI4q</latexit><latexit sha1_base64="p/nB+M1H6f22N8dbpnYeKEG7lCg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMSEcKuCHoMeMkxgnlAsoTZyWwyZh7LzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSjgz1ve/vdza+sbmVn67sLO7t39QPDxqGpVqQhtEcaXbETaUM0kblllO24mmWESctqLR3cxvPVFtmJIPdpzQUOCBZDEj2DqpWetdlsVFr1jyK/4caJUEGSlBhnqv+NXtK5IKKi3h2JhO4Cc2nGBtGeF0WuimhiaYjPCAdhyVWFATTubXTtGZU/ooVtqVtGiu/p6YYGHMWESuU2A7NMveTPzP66Q2vg0nTCappZIsFsUpR1ah2euozzQllo8dwUQzdysiQ6wxsS6gggshWH55lTSvKoFfCe6vS9XzLI48nMAplCGAG6hCDerQAAKP8Ayv8OYp78V79z4WrTkvmzmGP/A+fwBDBI4q</latexit><latexit sha1_base64="p/nB+M1H6f22N8dbpnYeKEG7lCg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMSEcKuCHoMeMkxgnlAsoTZyWwyZh7LzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSjgz1ve/vdza+sbmVn67sLO7t39QPDxqGpVqQhtEcaXbETaUM0kblllO24mmWESctqLR3cxvPVFtmJIPdpzQUOCBZDEj2DqpWetdlsVFr1jyK/4caJUEGSlBhnqv+NXtK5IKKi3h2JhO4Cc2nGBtGeF0WuimhiaYjPCAdhyVWFATTubXTtGZU/ooVtqVtGiu/p6YYGHMWESuU2A7NMveTPzP66Q2vg0nTCappZIsFsUpR1ah2euozzQllo8dwUQzdysiQ6wxsS6gggshWH55lTSvKoFfCe6vS9XzLI48nMAplCGAG6hCDerQAAKP8Ayv8OYp78V79z4WrTkvmzmGP/A+fwBDBI4q</latexit><latexit sha1_base64="p/nB+M1H6f22N8dbpnYeKEG7lCg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMSEcKuCHoMeMkxgnlAsoTZyWwyZh7LzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSjgz1ve/vdza+sbmVn67sLO7t39QPDxqGpVqQhtEcaXbETaUM0kblllO24mmWESctqLR3cxvPVFtmJIPdpzQUOCBZDEj2DqpWetdlsVFr1jyK/4caJUEGSlBhnqv+NXtK5IKKi3h2JhO4Cc2nGBtGeF0WuimhiaYjPCAdhyVWFATTubXTtGZU/ooVtqVtGiu/p6YYGHMWESuU2A7NMveTPzP66Q2vg0nTCappZIsFsUpR1ah2euozzQllo8dwUQzdysiQ6wxsS6gggshWH55lTSvKoFfCe6vS9XzLI48nMAplCGAG6hCDerQAAKP8Ayv8OYp78V79z4WrTkvmzmGP/A+fwBDBI4q</latexit>

J(zcut, q
+, q?,m)

<latexit sha1_base64="XUa2ntLgu+ftdpPGNcJepoLvq78=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItSsZREBF0W3IirCvYBbQyT6aQdOjNJZyZCDQE3/oobF4q49Sfc+TdO2yy09cCFwzn3cu89fkSJVLb9beQWFpeWV/KrhbX1jc0tc3unIcNYIFxHIQ1Fy4cSU8JxXRFFcSsSGDKf4qY/uBz7zXssJAn5rRpF2GWwx0lAEFRa8sy969KDl6BYpeXh3Ul56CWdCIsoLbNjzyzaFXsCa544GSmCDDXP/Op0QxQzzBWiUMq2Y0fKTaBQBFGcFjqxxBFEA9jDbU05ZFi6yeSH1DrUStcKQqGLK2ui/p5IIJNyxHzdyaDqy1lvLP7ntWMVXLgJ4VGsMEfTRUFMLRVa40CsLhEYKTrSBCJB9K0W6kMBkdKxFXQIzuzL86RxWnHsinNzVqweZXHkwT44ACXggHNQBVegBuoAgUfwDF7Bm/FkvBjvxse0NWdkM7vgD4zPHxjjlxE=</latexit><latexit sha1_base64="XUa2ntLgu+ftdpPGNcJepoLvq78=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItSsZREBF0W3IirCvYBbQyT6aQdOjNJZyZCDQE3/oobF4q49Sfc+TdO2yy09cCFwzn3cu89fkSJVLb9beQWFpeWV/KrhbX1jc0tc3unIcNYIFxHIQ1Fy4cSU8JxXRFFcSsSGDKf4qY/uBz7zXssJAn5rRpF2GWwx0lAEFRa8sy969KDl6BYpeXh3Ul56CWdCIsoLbNjzyzaFXsCa544GSmCDDXP/Op0QxQzzBWiUMq2Y0fKTaBQBFGcFjqxxBFEA9jDbU05ZFi6yeSH1DrUStcKQqGLK2ui/p5IIJNyxHzdyaDqy1lvLP7ntWMVXLgJ4VGsMEfTRUFMLRVa40CsLhEYKTrSBCJB9K0W6kMBkdKxFXQIzuzL86RxWnHsinNzVqweZXHkwT44ACXggHNQBVegBuoAgUfwDF7Bm/FkvBjvxse0NWdkM7vgD4zPHxjjlxE=</latexit><latexit sha1_base64="XUa2ntLgu+ftdpPGNcJepoLvq78=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItSsZREBF0W3IirCvYBbQyT6aQdOjNJZyZCDQE3/oobF4q49Sfc+TdO2yy09cCFwzn3cu89fkSJVLb9beQWFpeWV/KrhbX1jc0tc3unIcNYIFxHIQ1Fy4cSU8JxXRFFcSsSGDKf4qY/uBz7zXssJAn5rRpF2GWwx0lAEFRa8sy969KDl6BYpeXh3Ul56CWdCIsoLbNjzyzaFXsCa544GSmCDDXP/Op0QxQzzBWiUMq2Y0fKTaBQBFGcFjqxxBFEA9jDbU05ZFi6yeSH1DrUStcKQqGLK2ui/p5IIJNyxHzdyaDqy1lvLP7ntWMVXLgJ4VGsMEfTRUFMLRVa40CsLhEYKTrSBCJB9K0W6kMBkdKxFXQIzuzL86RxWnHsinNzVqweZXHkwT44ACXggHNQBVegBuoAgUfwDF7Bm/FkvBjvxse0NWdkM7vgD4zPHxjjlxE=</latexit><latexit sha1_base64="XUa2ntLgu+ftdpPGNcJepoLvq78=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItSsZREBF0W3IirCvYBbQyT6aQdOjNJZyZCDQE3/oobF4q49Sfc+TdO2yy09cCFwzn3cu89fkSJVLb9beQWFpeWV/KrhbX1jc0tc3unIcNYIFxHIQ1Fy4cSU8JxXRFFcSsSGDKf4qY/uBz7zXssJAn5rRpF2GWwx0lAEFRa8sy969KDl6BYpeXh3Ul56CWdCIsoLbNjzyzaFXsCa544GSmCDDXP/Op0QxQzzBWiUMq2Y0fKTaBQBFGcFjqxxBFEA9jDbU05ZFi6yeSH1DrUStcKQqGLK2ui/p5IIJNyxHzdyaDqy1lvLP7ntWMVXLgJ4VGsMEfTRUFMLRVa40CsLhEYKTrSBCJB9K0W6kMBkdKxFXQIzuzL86RxWnHsinNzVqweZXHkwT44ACXggHNQBVegBuoAgUfwDF7Bm/FkvBjvxse0NWdkM7vgD4zPHxjjlxE=</latexit>

SC(q?, zcut)
<latexit sha1_base64="v+RCTrgbkh9s29Hr+Zis/PoxBm4=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWBRKkhJRNBloRuXFe0D2hAm00k7dDIZZyZCjVn4K25cKOLW33Dn3zhts9DqgQuHc+7l3nsCwajSjvNlFRYWl5ZXiqultfWNzS17e6el4kRi0sQxi2UnQIowyklTU81IR0iCooCRdjCqT/z2HZGKxvxGjwXxIjTgNKQYaSP59t61X6/c+mlPECmyk3s/xYnOjn277FSdKeBf4uakDHI0fPuz149xEhGuMUNKdV1HaC9FUlPMSFbqJYoIhEdoQLqGchQR5aXT+zN4aJQ+DGNpims4VX9OpChSahwFpjNCeqjmvYn4n9dNdHjhpZSLRBOOZ4vChEEdw0kYsE8lwZqNDUFYUnMrxEMkEdYmspIJwZ1/+S9pnVZdp+penZVrR3kcRbAPDkAFuOAc1MAlaIAmwOABPIEX8Go9Ws/Wm/U+ay1Y+cwu+AXr4xu/25XV</latexit><latexit sha1_base64="v+RCTrgbkh9s29Hr+Zis/PoxBm4=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWBRKkhJRNBloRuXFe0D2hAm00k7dDIZZyZCjVn4K25cKOLW33Dn3zhts9DqgQuHc+7l3nsCwajSjvNlFRYWl5ZXiqultfWNzS17e6el4kRi0sQxi2UnQIowyklTU81IR0iCooCRdjCqT/z2HZGKxvxGjwXxIjTgNKQYaSP59t61X6/c+mlPECmyk3s/xYnOjn277FSdKeBf4uakDHI0fPuz149xEhGuMUNKdV1HaC9FUlPMSFbqJYoIhEdoQLqGchQR5aXT+zN4aJQ+DGNpims4VX9OpChSahwFpjNCeqjmvYn4n9dNdHjhpZSLRBOOZ4vChEEdw0kYsE8lwZqNDUFYUnMrxEMkEdYmspIJwZ1/+S9pnVZdp+penZVrR3kcRbAPDkAFuOAc1MAlaIAmwOABPIEX8Go9Ws/Wm/U+ay1Y+cwu+AXr4xu/25XV</latexit><latexit sha1_base64="v+RCTrgbkh9s29Hr+Zis/PoxBm4=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWBRKkhJRNBloRuXFe0D2hAm00k7dDIZZyZCjVn4K25cKOLW33Dn3zhts9DqgQuHc+7l3nsCwajSjvNlFRYWl5ZXiqultfWNzS17e6el4kRi0sQxi2UnQIowyklTU81IR0iCooCRdjCqT/z2HZGKxvxGjwXxIjTgNKQYaSP59t61X6/c+mlPECmyk3s/xYnOjn277FSdKeBf4uakDHI0fPuz149xEhGuMUNKdV1HaC9FUlPMSFbqJYoIhEdoQLqGchQR5aXT+zN4aJQ+DGNpims4VX9OpChSahwFpjNCeqjmvYn4n9dNdHjhpZSLRBOOZ4vChEEdw0kYsE8lwZqNDUFYUnMrxEMkEdYmspIJwZ1/+S9pnVZdp+penZVrR3kcRbAPDkAFuOAc1MAlaIAmwOABPIEX8Go9Ws/Wm/U+ay1Y+cwu+AXr4xu/25XV</latexit><latexit sha1_base64="v+RCTrgbkh9s29Hr+Zis/PoxBm4=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWBRKkhJRNBloRuXFe0D2hAm00k7dDIZZyZCjVn4K25cKOLW33Dn3zhts9DqgQuHc+7l3nsCwajSjvNlFRYWl5ZXiqultfWNzS17e6el4kRi0sQxi2UnQIowyklTU81IR0iCooCRdjCqT/z2HZGKxvxGjwXxIjTgNKQYaSP59t61X6/c+mlPECmyk3s/xYnOjn277FSdKeBf4uakDHI0fPuz149xEhGuMUNKdV1HaC9FUlPMSFbqJYoIhEdoQLqGchQR5aXT+zN4aJQ+DGNpims4VX9OpChSahwFpjNCeqjmvYn4n9dNdHjhpZSLRBOOZ4vChEEdw0kYsE8lwZqNDUFYUnMrxEMkEdYmspIJwZ1/+S9pnVZdp+penZVrR3kcRbAPDkAFuOAc1MAlaIAmwOABPIEX8Go9Ws/Wm/U+ay1Y+cwu+AXr4xu/25XV</latexit>

Jm(q+,m)
<latexit sha1_base64="uX8oZ0mXoxxZ50PeI/rj2zkeSDE=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRalopRdEfRY8CKeKtgPaNeSTdM2NMluk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXhBxpo3rfjuZldW19Y3sZm5re2d3L79/UNNhrAitkpCHqhFgTTmTtGqY4bQRKYpFwGk9GNxO/fqIKs1C+WjGEfUF7knWZQQbK/n37URMUHH4dH4hztr5gltyZ0DLxEtJAVJU2vmvVicksaDSEI61bnpuZPwEK8MIp5NcK9Y0wmSAe7RpqcSCaj+ZHT1BJ1bpoG6obEmDZurviQQLrccisJ0Cm75e9Kbif14zNt0bP2Eyig2VZL6oG3NkQjRNAHWYosTwsSWYKGZvRaSPFSbG5pSzIXiLLy+T2mXJc0vew1WhfJrGkYUjOIYieHANZbiDClSBwBCe4RXenJHz4rw7H/PWjJPOHMIfOJ8/KbyQ8g==</latexit><latexit sha1_base64="uX8oZ0mXoxxZ50PeI/rj2zkeSDE=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRalopRdEfRY8CKeKtgPaNeSTdM2NMluk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXhBxpo3rfjuZldW19Y3sZm5re2d3L79/UNNhrAitkpCHqhFgTTmTtGqY4bQRKYpFwGk9GNxO/fqIKs1C+WjGEfUF7knWZQQbK/n37URMUHH4dH4hztr5gltyZ0DLxEtJAVJU2vmvVicksaDSEI61bnpuZPwEK8MIp5NcK9Y0wmSAe7RpqcSCaj+ZHT1BJ1bpoG6obEmDZurviQQLrccisJ0Cm75e9Kbif14zNt0bP2Eyig2VZL6oG3NkQjRNAHWYosTwsSWYKGZvRaSPFSbG5pSzIXiLLy+T2mXJc0vew1WhfJrGkYUjOIYieHANZbiDClSBwBCe4RXenJHz4rw7H/PWjJPOHMIfOJ8/KbyQ8g==</latexit><latexit sha1_base64="uX8oZ0mXoxxZ50PeI/rj2zkeSDE=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRalopRdEfRY8CKeKtgPaNeSTdM2NMluk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXhBxpo3rfjuZldW19Y3sZm5re2d3L79/UNNhrAitkpCHqhFgTTmTtGqY4bQRKYpFwGk9GNxO/fqIKs1C+WjGEfUF7knWZQQbK/n37URMUHH4dH4hztr5gltyZ0DLxEtJAVJU2vmvVicksaDSEI61bnpuZPwEK8MIp5NcK9Y0wmSAe7RpqcSCaj+ZHT1BJ1bpoG6obEmDZurviQQLrccisJ0Cm75e9Kbif14zNt0bP2Eyig2VZL6oG3NkQjRNAHWYosTwsSWYKGZvRaSPFSbG5pSzIXiLLy+T2mXJc0vew1WhfJrGkYUjOIYieHANZbiDClSBwBCe4RXenJHz4rw7H/PWjJPOHMIfOJ8/KbyQ8g==</latexit><latexit sha1_base64="uX8oZ0mXoxxZ50PeI/rj2zkeSDE=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRalopRdEfRY8CKeKtgPaNeSTdM2NMluk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXhBxpo3rfjuZldW19Y3sZm5re2d3L79/UNNhrAitkpCHqhFgTTmTtGqY4bQRKYpFwGk9GNxO/fqIKs1C+WjGEfUF7knWZQQbK/n37URMUHH4dH4hztr5gltyZ0DLxEtJAVJU2vmvVicksaDSEI61bnpuZPwEK8MIp5NcK9Y0wmSAe7RpqcSCaj+ZHT1BJ1bpoG6obEmDZurviQQLrccisJ0Cm75e9Kbif14zNt0bP2Eyig2VZL6oG3NkQjRNAHWYosTwsSWYKGZvRaSPFSbG5pSzIXiLLy+T2mXJc0vew1WhfJrGkYUjOIYieHANZbiDClSBwBCe4RXenJHz4rw7H/PWjJPOHMIfOJ8/KbyQ8g==</latexit>
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Figure 2. Hierarchy of scales in region 2 factorization (q⊥ � m(1−z)). We now have an Collinear-

soft mode that contributes to both z and q⊥ measurements, while the u-c mode only contributes to

the z measurement.

3 Resummation

We have two distinct regimes of q⊥ and hence two separate factorization theorems. We

now proceed to resum large logarithms(if any) in each region and match them to obtain

the transverse momentum spectrum over the full range of q⊥.

3.1 Region 2: q⊥ � m(1 − z)

In both regions of phase-space we consider here, the jet function involves the HQET hard

coefficient H+(m). Although this function does satisfy renormalization group equations

(RGEs) we will not consider its the evolution since it only contributes to an overall nor-

malization factor and does not influence the shape of the transverse momentum or the

energy fraction spectrum. Therefore here we focus on the RG properties of the collinear-

soft function and the HQET jet function which satisfy the following RGE:

d

d lnµ
F (EJ(1− z)) =

∫ ∞
0

dq+γF (q+)F (2EJ(1− z)− q+) (3.1)

where F stands for either SC or B+ and γF is the corresponding anomalous dimension. We

drop the dependence on any other kinematic variables such as m, zcut and q⊥ to improve

readability. In momentum space the anomalous dimensions read

γcs(q
+, EJzcut;µ) = −2

αs(µ)CF
π

Θ(q+ − 2EJzcut)

q+

γB(q+, EJzcut;µ) =
αsCF
π

{
−2 ln

(
µ

mzcut

)
+ 1 + 2

θ(q+ − 2EJzcut)

q+

}
= (γJ − γ+)δ(q+)− γcs(q+, EJzcut;µ) (3.2)
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where γJ is the groomed jet anomalous dimension (see eq. (4.16) in ref. [95]) and γ+ the

anomalous dimension of the HQET matching coefficient, H+(m) (see eq. (A.19)). We

emphasize that the non trivial part of the anomalous dimension for the HQET jet function

is the same and opposite sign as the one of the collinear-soft function. This is required

from the consistency of anomalous dimensions: since the cross section is independent of

the factorization scale, the sum of anomalous dimensions should vanish and therefore the

non trivial q+ terms in γcs should cancel against the corresponding terms in γB. This

statement is true for all orders in perturbation theory and here we confirm it at one-loop.

To solve the RG equation, it is easier to work in Laplace space where

d

d lnµ
F̃ (s) = γ̃F (s)F̃ (s) (3.3)

where F̃ denotes the Laplace transform quantity with respect to q+ and s is the Laplace

conjugate. The Laplace transform of the collinear-soft anomalous dimension can be written

in terms of the incomplete gamma function,

γ̃cs(s, EJzcut) = −2
αs(µ)CF

π
Γ(0, sQzcut) (3.4)

where Q = 2EJ . The solution to the RGE is,

SC(s, EJzcut, q⊥;µ) = Ucs(s;µsc, µ)SC(s, EJzcut, q⊥;µsc) (3.5)

where the evolution kernel Ucs is given by

Ucs(s;µcs, µ) = exp

[
−2

CF
π

Γ[0, sQzcut]

∫ µ

µcs

d lnµ′αs(µ
′)

]
(3.6)

Similarly for the HQET jet function we have

B+(s, EJzcut;µ) = Ucs(s;µ, µB) exp

[∫ µ

µB

d lnµ′(γJ − γ+)

]
B+(s, EJzcut;µB) (3.7)

The scales µcs and µB are chosen to be the canonical scales for which the logarithms in

the fixed order expansion are minimized. As discussed in appendix A those are,

µcs = q⊥, µB = mzcut (3.8)

Substituting the fixed order result from eq. (A.23)4 and keeping only the non-trivial con-

tributions we have for the LL + LO cross section,

dσ(2)

dzd2~q⊥
= N (EJ , zcut,m)× L−1

[
Ucs(s;µcs, µB)

αsCF
π2

1

q2
⊥

Γ(0, sQzcut)

]
(3.9)

where we absorbed all functions independent of s and q⊥ into a single overall normalization

factor N . Here L−1 is the inverse Laplace transform with respect to s. For LL accuracy

4Note that the HQET jet function at this order only contributes trivial terms proportional to δ(2)(~q⊥).
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we may keep the first term in the QCD β-function and thus for our final result for the

differential cross section in region 2 we get the following,

dσ(2)

dzd2~q⊥
= N (EJ , zcut,m)× L−1

[
1

q2
⊥

Γ(0, sQzcut)(r(µcs, µB))
− 4CF

β0
Γ(0,sQzcut)

]
(3.10)

where r(µ, µ0) = αs(µ)/αs(µ0) = 1/(1 + αs(µ0)β0/(2π) ln(µ/µ0)). Note that 1/s ∼ Q(1−
z) ∼ Qzcut which prevents us from expanding out the incomplete Γ function in any small

parameter. Also, defining s̃ = sQ, we can write the cross section as

dσ(2)

dzd2~q⊥
= Ñ (EJ , zcut,m)× L−1

[
1

q2
⊥

Γ(0, s̃zcut)(r(µsc, µB))
− 4CF

β0
Γ(0,s̃zcut)

]
(3.11)

where Ñ = N/Q. The conjugate variable to s̃ is just (1 − z), so that the shape of the q⊥
distribution is independent of the hard scale Q = 2EJ . To proceed further, we need to

implement the inverse Laplace transform numerically. For future reference, we define the

fixed order cross section in this region ( with the resummation turned off) as

dσ(2-FO)

dzd2~q⊥
= Ñ (EJ , zcut,m)

αsCF
π2

1

q2
⊥

θ((1− z)− zcut)

(1− z)
(3.12)

3.2 Region 1: q⊥ ∼ m(1 − z)

In this region the collinear-soft and HQET jet function merge into a single function. The

corresponding anomalous dimension is given by the sum of γsc and γB. The relevant RGE,

d

d lnµ
B

(⊥)
+ (µ) = γ

(⊥)
B ×B(⊥)

+ (µ) (3.13)

where

γ
(⊥)
B = γJ − γ+ =

αsCF
π

{
−2 ln

(
µ

mzcut

)
+ 1

}
(3.14)

Since the anomalous dimension does not depend on either of the measured quantities, there

are no convolutions involved and thus the solution can be easily written in momentum

space,

B
(⊥)
+ (µ) = exp

[∫ µ

µB

d lnµ′(γJ − γ+)

]
B

(⊥)
+ (µB) . (3.15)

This allow us to write the resummed cross section as follows:

dσ(1)

dzd2~q⊥
= N (EJ , zcut,m)×

[
αsCF
π2

q2
⊥
q+

θ(q+ −Qzcut)

((q+)2m2/Q2 + q2
⊥)2

]
(3.16)

where the normalization factor that appears here, N , is the same as in eq. (3.10). Notice

that there are no large logarithms (involving the measurement scales) to be resummed so

the shape is given by the fixed order result. We can also observe that the cross-section goes

to zero smoothly as q⊥ goes to 0. As in large q⊥ region, we can express our cross section

factoring out the scale Q

dσ(1)

dzd2~q⊥
= Ñ (EJ , zcut,m)×

[
αsCF
π2

q2
⊥

(1− z)

θ((1− z)− zcut)

((1− z)2m2 + q2
⊥)2

]
(3.17)

So that once again, the shape of the q⊥ distribution is independent of the hard scale.
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Figure 3. Profiles in the collinear soft scale µS , which smoothly turn off the resummation going

from region 2 to region 1. The variation in the profiles probes the error band due to missing higher

order corrections.

3.3 The transverse momentum spectrum

The two regimes of our resummed cross section must smoothly match into the other. It

is clear that the only difference between the two regimes is that the ln(mzcut/q⊥) will be

resummed in one (q⊥ � m(1 − z)) and not in the other. On the other hand the power

corrections in q⊥/(m/Qq
+) are important in the low q⊥ regimes. So in order to obtain

a reliable spectrum in both regions while smoothly interpolating between the two regions

we need to turn off the resummation of the ln(mzcut/q⊥) as we approach intermediate

q⊥ ∼ 2.5 GeV and match the result to the fixed order (which does not involve any q⊥ or

(1− z) resummation) cross section. The merging between the two regions can be achieved

through multiplicative matching

dσ(1+2)

dzd2~q⊥
=

dσ(1)

dzd2~q⊥
× dσ(2)

dzd2~q⊥

/dσ(2-FO)

dzd2~q⊥
(3.18)

where dσ(2-FO) (eq. (3.12)) is the fixed order result in region 2. When the resummation in

dσ(2) is turned off at small q⊥ then is easy to show the following asymptotic behavior for

dσ(1+2)

dσ(1+2)

dzd2~q⊥
(q⊥ ∼ mzcut) '

dσ(1)

dzd2~q⊥
(q⊥)

dσ(1+2)

dzd2~q⊥
(q⊥ � mzcut) '

dσ(2)

dzd2~q⊥
(q⊥) (3.19)

Both these regimes have a common resummation factor (resumming double and single

logarithms of Q/mzcut) which we can be ignored since it does not affect the shape of the

distribution. Turning off of the resummation in region 2 is achieved using profile scales in

µcs as shown in figure 3. At the same time we probe for higher order corrections using

scale variations about the central profile by a factor of two and one half.
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4 Comparison with simulation

In this section we compare our LL+LO result against monte-carlo simulations. For simplic-

ity we consider the process e+e− → b+X, where we groom with soft-drop the hemisphere

which the b-quark is found. The two hemispheres are identified by the plane perpendicular

to the thrust axis [96]. We measure the energy fraction, z, and the transverse momentum,

q⊥, of the heavy-quark with respect to the groomed-jet axis.5

For the simulations we used Madgraph [97] for generating the LO hard process e+e− →
b+ b̄ and then the partonic shower is implemented in Pythia 8 [98, 99]. For the analysis,

FastJet [100] is used along with the corresponding add-ons from FastJet-contrib for

imposing soft-drop grooming.

The kinematic variables we choose for the comparison are for center of mass energy√
s = 100 GeV and for the grooming parameter zcut = 0.1. In figure 4 we compare the

LL+LO results against the simulation for four different values of the energy fraction: z =

0.75, 0.80, 0.85, 0.89. We find good agreement with the simulation for most of the range

of q⊥ and within the theoretical uncertainty. The uncertainty for the analytic result is

obtain by varying the jet and soft scales, µB and µcs by a factor of 1/2 and 2 around

their canonical values. We note that for small transverse momenta, q⊥ < 2 GeV, the scale

variation results in a large uncertainty. This is a result of the small scale mzcut ∼ 0.5 GeV

that dominates the uncertainty band in that region.

Although according to our result, the shape of the transverse momentum distribution

does not explicitly depend on the hard scale Q, at larger values of q⊥ ∼ Q(1 − z) power

corrections of the form q⊥/Q(1 − z) become important. These terms are not captured

by the EFTs used here. To test these observation we compare our analytic result against

the simulation for
√
s = 100 and 200 GeV. The results are shown in figure 5 for the cases

z = 0.75 and z = 0.85. We find that indeed the partonic transverse momentum spectrum is

independent of the value of Q and in agreement with our predictions away from the region

q⊥ ∼ Q(1− z).

The simulation results eventually vanish at qmax
⊥ = EJ(1− z). In this region the heavy

meson recoils against soft radiation close to the hemisphere boundary. To describe the

cross section in this region one can construct an EFT with the following hierarchy:

Q� Q(1− z) ∼ q⊥ � m. (4.1)

In this region the cross section is mostly insensitive to the grooming procedure and there are

two relevant modes that contribute to the measurements. The global soft mode, pµs ∼ Q(1−
z)(1, 1, 1) ∼ q⊥(1, 1, 1) which now contribute both to the energy and transverse momentum

and the ultra-collinear mode, puc ∼ m(1− z)(Q/m,m/Q, 1) which only contributes to the

energy measurement. Note that the naive fixed order EFT result diverge in that region.

The correct behavior of the cross section can be reproduced within the EFT only at NLL’

(or higher logarithmic accuracy) as described in ref. [101]. However, we do not investigate

this region further in this paper since we do not go beyond a one loop calculation. At

5In this case the groomed-jet axis is defined as the direction of the total three-momenta of all particles

in the corresponding hemisphere that pass the grooming procedure.
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Figure 4. Comparison of the analytical result(with error bands) at LL+LO accuracy with parton

level Pythia with a jet energy EJ = Q/2 ∼ 50GeV .
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Figure 5. Comparison with parton level Pythia for different values of jet energy EJ = Q/2. As

the jet energy increases, the EFT is valid till a higher value of q⊥. This plot vividly demonstrates

the Q independence of the shape at low q⊥.

the same time, this far tail region will be very hard to measure and hence will not be of

significant phenomenological importance.
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5 Non-perturbative corrections

In order to probe the non-perturbative corrections, we lower the virtuality of the modes

from q⊥ to ΛQCD. Since the HQET ultra-collinear mode has the lowest virtuality in our

scale hierarchy, this function will contribute to the dominant non-perturbative effects. The

HQET jet operator in region 1 is defined as eq. (A.4)

B
(⊥)
+ = 〈0|h̄v+Wnδ(q

+−(1−Θ̂SD)P−X)δ2(q⊥−(1−Θ̂SD)P⊥)|B+X〉〈B+X|W †nHv+ |0〉 (5.1)

Taking the Laplace and Fourier transform with respect to q+ and ~q⊥ we can write

B
(⊥)
+ = 〈0|h̄v+Wne

−s(1−Θ̂SD)p−Xe
~b·~q⊥(1−Θ̂SD)|B +X〉〈B +X|W †nhv+ |0〉 (5.2)

We consider the case when p−X , q⊥ ∼ ΛQCD, which then induces power corrections of the

form sΛQCD, bΛQCD. Expanding out and keeping the leading order term, we have

B
(0)
+ = 〈0|h̄v+Wn|B +X〉〈B +X|W †nhv+ |0〉 (5.3)

which is simply a normalization factor. Lets look at the first non trivial power correction.

We have two contributions, one of which is from the expansion in sΛQCD.

P1 = −sp−X〈0|h̄v+Wn|B +XSD〉〈B +XSD|W †nhv+ |0〉 (5.4)

where XSD indicates that this operator exists only for the radiation that passes soft-drop.

To establish some type of scaling universality, we do a Lorentz transformation to the rest

frame of the heavy quark. The Wilson line remains unchanged while the velocity of the

heavy quark now becomes v ∼ (1, 0, 0, 0) This simply gives us

P1 = −sQ/m〈0|h̄vWnP−X |B +XSD〉〈B +XSD|W †nhv|0〉 (5.5)

The matrix element 〈0|h̄vWnP−|B+XSD〉〈B+XSD|W †nhv|0〉 is independent of the energy

of the jet or the mass of the heavy quark and has dimensions of energy. It is however,

dependent on the soft-drop condition and hence is sensitive to the value of zcut. Typically

we would expect this object to have value ∼ ΛQCD. In order to go deep into the non-

perturbative region Q(1−z) < ΛQCD, in principle, we need to have an all orders description

of the non-perturbative corrections. The usual way to deal with this is to put in some type

of a model shape function that captures the dominant non-perturbative physics. Any such

model would also have the constraint that the leading power correction should be of the

form eq. (5.5). Here we consider a simple exponential model which correctly recovers the

leading power correction.

f̃np(s) = e−sQΛ/m (5.6)

Taking the inverse Laplace transform we get

fnp(q+) = δ

(
q+ −QΛ

m

)
(5.7)
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which depends on a single parameter Λ that needs to be fitted from simulation/experiment.

The differential spectrum at the hadronic level can then be given as a convolution of this

shape function with the partonic jet function.

B
(⊥)
+ (EJ(1− z))

∣∣∣
had.

= B
(⊥)
+ (q+)⊗z f(q+) = B

(⊥)
+ (EJ(1− z − Λ/m)) (5.8)

which implements a simple shift in z, so that the hadronized spectrum is same as the

partonic one at a lower value of z. More sophisticated models exist in literature [102, 103]

which smoothen out the delta function about its central value of y = Λ/m, but have

essentially have the same effect.

Figure 6 shows the comparison of hadronized Pythia with this simple shift model. The

blue curves are the parton level distributions, while the red ones are hadron level. We have

set the value of Λ ∼ 0.2 GeV, in order to have a good match with Pythia at lower values

of z (z ∼ 0.75). Note that the parameter Λ found here is smaller than the corresponding

λ found in ref. [102]. This is due to the fact that, in our analysis Λ depends on soft-drop

which suppresses contribution from the wide angle radiation. We see that the agreement

with Pythia worsens in at higher z for very low q⊥. This is mainly because of the fact

that the process of grooming and hadronization do not commute. Looking the z spectrum

we see that the number of events at the parton level which just fail soft-drop is very large

(This is to be contrasted with a gluon initiate jet where the cross section drops to zero at

such high z values). On hadronization, many of these partons acquire enough energy to

pass soft-drop, thus increasing the total number of events at low q⊥ at the hadronized level.

All of these events are, of course, missed by the analytical calculation, which implements

hadronization corrections only on those events that pass soft-drop at the partonic level.

We can do a similar boost for the power correction from q⊥ which gives us

− b2〈0|h̄vWnP2
X⊥|B +X〉〈B +X|W †nhv|0〉 (5.9)

where we have used rotational invariance. In the same vein as the power corrections in z,

we can implement an exponential( in this case a Gaussian) model to implement the non-

perturbative corrections. We do not explicitly implement these correction in this paper,

since the perturbative error bands in the very low q⊥ region are large and we are not yet

sensitive enough to the non-perturbative effects to extract out a meaningful parameter.

6 Conclusion

We present the transverse momentum spectrum for a heavy hadron identified in a groomed

jet. We work in a regime where the heavy hadron carries most of the energy of the jet. The

grooming is implemented with a soft-drop grooming procedure. The results presented are

for the case of a b quark initiated jet in e+e− collision, although this can be easily extended

to the case of pp collisions. The grooming gives us a significant advantage in that we are

insensitive to corrections due to non-global logarithms or pile-up.

We work in a hierarchy EJ � EJ(1 − z) ∼ EJzcut � m � ΛQCD, where EJ is the

energy of the jet, z, the fraction of the jet energy carried by the heavy hadron, while zcut

– 14 –
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Figure 6. Hadronization effects in Pythia versus the simplified prescription of eq. (5.8).

The results are shown for various values of the momentum fraction, particularly we choose

z = 0.7, 0.75, 0.8, and 0.85. We find that, as expected, the simple shift works better for values

away from the energy threshold, 1 − zcut.

is the grooming parameter. m is the mass of the heavy quark. We identify two distinct

regimes for the transverse momentum q⊥ ∼ m(1−z)� m and EJ(1−z)� q⊥ � m(1−z).

We formulate two separate factorization theorems in these two regimes to capture the

dominant contribution to the cross section at leading power in this hierarchy. We resum the

large logarithms in q⊥ at Leading Log accuracy and smoothly match the cross section in the

two regimes of transverse momentum. For the low q⊥ regime, the shape of the distribution

is given entirely by the fixed order coross section and there are no large logarithms (in q⊥
or (1− z)) that require resummation.

Comparing with partonic Pythia, we obtain an excellent agreement in the regime

where the EFT is valid. There is deviation in the far tail region q⊥ ∼ EJ(1− z), where the

cross section becomes sensitive to the boundary of the jet. From our analytic calculation,

we observe that the shape of the q⊥ spectrum is independent of the energy of the jet over

most of the q⊥ range, again, deviation from this behavior is in the far tail where the angle

q⊥/(EJ(1− z)) of the radiation recoiling against the heavy quark nears the edge of the jet.

– 15 –



J
H
E
P
1
0
(
2
0
1
8
)
0
1
9

We obtain analytical expressions for the scaling behavior of the leading non-

perturbative power corrections to the cross section. These leading power corrections are

incorporated in a model implementing a simple shift in z. Comparing the q⊥ region, we

again obtain good agreement with Pythia except for the very low q⊥ region. As explained

in section 5, this discrepancy, especially at high values of z is due to the large number

of events that pass soft-drop after hadronization, which are missing from the analytical

calculation.

While our calculation only captures the leading-logarithmic (LL) behavior of the cross

section, uncertainty reduction can be obtained by a higher order computation. This will

require a two loop computation of the HQET jet functions in each regime of q⊥. Especially

in the low q⊥ region, the error band is large since the fixed order cross section evaluated at

the scale mzcut ∼ 0.5 GeV is essentially dictating the shape of the transverse momentum

distribution.

We propose that this observable can be used as a probe of heavy quark TMD fragmen-

tation function. At the same time, we can also use this measurement as a jet substructure

observable since it is sensitive to the radiation pattern in the jet.
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A One loop results

A.1 GSoft

The global soft function is defined as the following matrix element of Wilson lines

SG(zcut) =
1

NC
Tr〈0|T{YnYn̄}Θ̂SDΘRT̄{YnYn̄}|0〉 (A.1)

Θ̂SD denotes the soft drop groomer. ΘR imposes the hemisphere jet constraint. We require

that the global soft modes fail soft drop. From literature [44], we can write down the result

for the one loop singular piece

SG = 1 +
αsCF
π

ln2

(
µ

Qzcut

)
(A.2)

So the natural scale for this function is µgs = Qzcut.

A.2 BHQET

A.2.1 Region 1: q⊥ ∼ m(1 − z)

The residual momentum that make up the modes of this region (known as ultra collinear

modes) scales as

kµ ∼ Γ (m/Q,Q/m, 1) (A.3)
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Figure 7. One loop diagrams for the HQET jet function.

where Γ = m(1− z) is the IR scale for this EFT (m being the hard scale). In this regime

q⊥ ∼ m(1 − z) so that the jet function contributes to both measurements. Therefore the

boosted HQET jet function is defined as

B
(⊥)
+ =

1

N 〈0|h̄v+WnMSD(q+, ~q⊥) W †nhv+ |0〉. (A.4)

where v+ = (m/Q,Q/m, 0⊥) is the velocity of the boosted heavy quark and MSD the

measurement operator

MSD(q+, ~q⊥) = δ
(
q+ − (1− Θ̂SD)P−

)
δ2
(
~q⊥ − (1− Θ̂SD)~P⊥

)
(A.5)

At one loop there are two real emission diagrams (diagrams (a) and (b) in figure 7).

B
(⊥)
+, a = 2g2CF µ̃

2ε

∫
ddk

(2π)d−1

δ+(k2)δ(n̄ · k − q+)δ2(~q⊥ − ~k⊥)

v+ · kn̄ · k
θ(n̄ · k −Qzcut)

+2g2CF µ̃
2εδ(q+)δ2(~q⊥)

∫
ddk

(2π)d−1

δ+(k2)

v+ · kn̄ · k
θ(Qzcut − n̄ · k)

≡ B
(⊥)
+, a-1 +B

(⊥)
+, a-2 (A.6)

B
(⊥)
+, a-1 =

2g2CF
(2π)3

1

q+

1

(q+)2m2/Q2 + q2
⊥
θ(q+ −Qzcut) (A.7)

B
(⊥)
+, a-2 = 2g2CF µ̃

2εδ(q+)δ2(~q⊥)

∫
ddk

(2π)d−1

δ+(k2)

v+ · kn̄ · k
θ(Qzcut − n̄ · k)

= −g
2CF
8π2

(
µ̃

mzcut

)2ε

δ(q+)δ2(~q⊥)
Γ[ε]

ε
(A.8)

Expanding out all the pieces and keeping the singular terms, we get

B
(⊥)
+, a =

αsCF
π2

1

q+

1

(q+)2m2/Q2 + q2
⊥
θ(q+ −Qzcut)−

αsCF
π

ln2

(
µ

mzcut

)
(A.9)
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which reproduces the correct cusp anomalous dimension. We have one more diagram

B
(⊥)
+, b = −g2CF

∫
ddk

δ(k2)(v+)2δ(q+ − n̄ · k)δ2(~q⊥ − ~k⊥)

(v+ · k)2
θ(n̄ · k −Qzcut)

−g2CF δ(q
+)δ2(~q⊥)

∫
ddk

δ(k2)(v+)2

(v+ · k)2
θ(Qzcut − n̄ · k)

= −2g2CF
(2π)3

m2

Q2
q+

(
1

m2/Q2(q+)2 + q2
⊥

)2

θ(Qzcut − n̄ · k)

+
g2CF
8π2

(
µ̃

mzcut

)2ε 1

ε
(A.10)

The two corresponding virtual contributions from diagrams (c) and (d) in figure 7), are

scaleless and disappear in dimensional regularization. If we combine all the finite terms we

have,

B
(⊥)
+ = δ(q+)δ(2)(~q⊥) +

αsCF
π

{
1

π

q2
⊥
q+

θ(q+ −Qzcut)

((q+)2m2/Q2 + q2
⊥)2
− ln2

(
µ

mzcut

)
+ ln

(
µ

mzcut

)}
(A.11)

which tells us the natural scale for this function µB = µzcut. The corresponding

anomalous dimension as defined in eq. (3.13) is,

γ
(⊥)
B =

αsCF
π

{
−2 ln

(
µ

mzcut

)
+ 1

}
(A.12)

A.2.2 Region 2: q⊥ � m(1 − z)

In this case, the HQET mode does not contribute to the measurement of the transverse

momentum but otherwise has an identical definition to the previous case.

B+ =
1

N 〈0|h̄v+Wnδ(q
+ − (1− Θ̂SD)P−)W †nhv+ |0〉. (A.13)

The real and virtual diagrams remain the same as before. The result for diagram (a) is

B+, a = 2g2CF µ̃
2ε

∫
ddk

(2π)d−1

δ+(k2)δ(n̄ · k − q+)n̄ · v+

v+ · kn̄ · k
θ(n̄ · k −Qzcut)

+2g2CF µ̃
2εδ(q+)

∫
ddk

(2π)d−1

δ+(k2)n̄ · v+

v+ · kn̄ · k
θ(Qzcut − n̄ · k)

= 2g2CF

(
µ̃

(m/Q)q+

)2ε π

(2π)3

θ(q+ −Qzcut)

q+
Γ[ε]

−g
2CF
8π2

δ(q+)

(
µ̃

mzcut

)2ε Γ[ε]

ε
(A.14)

and for diagram (b)

B+, b = −g2CF

∫
ddk

δ(k2)(v+)2δ(q+ − n̄ · k)θ(n̄ · k −Qzcut)

(v+ · k)2

−g2CF δ(q
+)

∫
ddk

δ(k2)(v+)2

(v+ · k)2
θ(Qzcut − n̄ · k)

= −g
2CF

(2π)3

πθ(q+ −Qzcut)

q+
+
g2CF
8π2

(
µ̃

mzcut

)2ε 1

ε
(A.15)
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As before the virtual contributions are scale-less and thus vanish in pure dimensional

regularization. The sum of all finite terms from the real diagrams is

B+ = δ(q+) +
αsCF
π

{[
2 ln

(
µQ

mq+

)
− 1

]
θ(q+ −Qzcut)

q+

+

[
− ln2

(
µ

mzcut

)
+ ln

(
µ

mzcut

)]
δ(q+)

}
(A.16)

The corresponding anomalous dimension as defined in eq. (3.1) is

γB =
αsCF
π

{
−2 ln

(
µ

mzcut

)
+ 1 + 2

θ(q+ −Qzcut)

q+

}
(A.17)

which dictates the natural scale of this function to be again µB = zcut.

A.3 HQETm

We can borrow the HQET matching coefficient from literature [104]. The result is known

to two loops but we only require the one loop calculation in our paper.

H+(m) =
αsCF
π

(
ln2
( µ
m

)
+

1

2
ln
( µ
m

))
(A.18)

which gives AD

γ+ = 2
αsCF
π

ln
( µ
m

)
+
αsCF

2π
(A.19)

This function obviously lives at the scale µm = m.

A.4 CSoft

The collinear-soft function is not affected by the mass of the heavy quark. Hence it is the

same as in a massless jet. The collinear-soft function is defined by the matrix element

SC(zcut, q⊥) =
1

NC
Tr〈0|T

(
U †nWt

)
MSD(q+, ~q⊥)T̄

(
W †t Un

)
|0〉 (A.20)

The collinear-soft modes only contribute to the measurement if they pass soft-drop, which

is implemented by the Θ̂SD term. Then the one-loop colinear-soft function is,

SC, a = 4g2CF µ̃
2ε

∫
ddk

(2π)d−1

δ+(k2)δ(n̄ · k − q+)δ2(~q⊥ − ~k⊥)

n · kn̄ · k θ(n̄ · k −Qzcut)

+4g2CF µ̃
2εδ(q+)δ2(~q⊥)

∫
ddk

(2π)d−1

δ+(k2)

n · kn̄ · kθ(Qzcut − n̄ · k)

≡ SC,a−1 + SC,a−2 (A.21)

SC,a−2 is scaleless and disappears in dimensional regularization.

SC, a-1 = 2g2CF
1

q2
⊥

(
µ̃

q⊥

)2ε 1

(2π)3

θ(q+ −Qzcut)

q+
(A.22)
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Expanding in ε and keeping only the finite contributions we get the renormalized collinear-

soft function in MS

SC = δ(q+)δ(2)(~q⊥) +
2αsCF
π
L0(q⊥, µ)

θ(q+ −Qzcut)

q+
(A.23)

where L0 is a distribution function defined as

L0(q⊥, µ) =
1

2π

1

µ2

[
µ2

q2
⊥

]
+

(A.24)

The properties of these functions are collected in [3]. For our purposes, we need the relation

µ
d

dµ
L0(q⊥, µ) = −δ2(~q⊥) (A.25)

and the corresponding anomalous dimension defined by eq. (3.1) (in impact parameter

space) is

γcs = −2
αsCF
π

θ(q+ −Qzcut)

q+
(A.26)

B Outline of factorization

In this appendix we briefly discuss the factorization formulae in the presence of soft-drop

grooming. We first discuss the generic result of eq. (2.3) and later we focus on the sub-

sequent refactorizations of the jet function in eqs. (2.4) and (2.5) for regions 1 and 2

respectively. Here we only give the outline of the relevant proof for factorization. For the

reader interested in a more rigorous approach we suggest reading first section 3 of ref. [105]

and section 4 of ref. [106]. We start from the full theory cross section,

dσ

dzd2~q⊥
=

1

N

∫
dxd2ph⊥

∣∣∣
p2h=m2

∑
X

∣∣∣〈0|jµMSD(q+, ~q⊥)|Xh(x, ~ph⊥)〉Lµ
∣∣∣2δ(4)(Qµ − pµXh) .

(B.1)

jµ is the electromagnetic current for quarks, MSD implements the Soft-drop groomed

measurement. Lµ is the wavefunction term for e+e− initial state. Since we are interested

in the generic kinematic region Q� Q(1−z) ∼ Qzcut � |~q⊥| only soft and collinear modes

will contribute to the final state radiation. We thus match to SCET which is the appropriate

EFT in this region of phase space. The matching process consists of two major steps:

• Match the full theory currents jµ onto the SCET current operators,

jµ(x) =
∑
i

Cµi · χ̄n̄Γiχn(x) (B.2)

where Ci are the Wilson short distance matching coefficients.

• factorize the Hilbert final states onto the subspace of relevant kinematics,

|X + h(z, ~ph⊥)〉 → |Xreco.〉|Xcoll. + h(z, ~ph⊥)〉|Xsoft〉 (B.3)
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where Xrecol. is the radiation recoiling to the hemisphere jet of interest while h is

the final state meson that is identified in the jet. Also since we are considering only

the threshold region the heavy meson is also collinear and hence inhabits the same

Hilbert space as Xcoll..

It is important to note that soft radiation has transverse momentum parametrically

larger than the heavy meson and thus, from the kinetic constraints, doomed to fail the soft-

drop grooming. Also important, the recoil radiation, which is collinear along the opposite

hemisphere axis, is decoupled from collinear modes in the SCET Lagrangian. In addition,

the soft modes can be decoupled from collinear radiation through the BPS field redefinition,

χn(x) = Y †n (x)χ(0)
n (x) ,

χ̄n(x) = χ̄(0)
n (x)Yn(x) , (B.4)

where χ
(0)
n is the uncoupled quark field. Pushing all of he normalization constants, leptonic

tensors, Wilson matching coefficients, and recoiling radiation matrix elements into one

factor, σ0(EJ) we can write the cross section as follows:

dσ

dzd2~q⊥
= σ0(EJ)× 1

NC
Tr〈0|T{YnYn̄}Θ̂SDΘRT̄{YnYn̄}|0〉 (B.5)

×
∫
dxd2ph⊥

∣∣∣
p2h=m2

∑
Xcoll.

∣∣∣〈0|χnMSD(q+,~q⊥)|Xcollh(x,~ph⊥)〉
∣∣∣2δ(4)(pµjet−p

µ
Xcoll.h

) .

defining then the second term in the first line as the global soft function and the second

line as the jet function we retrieve eq. (2.3).

For further refactorization of the jet function we need to match the collinear fields of

SCET onto SCETM and subsequently onto bHQET. This processes is discussed in detail

in ref. [107] and is effectively achieved through the following replacement,

χn → C+W
†
nhv+ (B.6)

Here C+ is the amplitude level matching cofficient from SCETM to bHQET. W †n is the

Wilson line obtained by decoupling the ultra-collinear mode (which describes the IR fluc-

tuations around a boosted heavy quark) of bHQET from all the other sectors. Defining

H+ = C+C
∗
+ we have the refactorization of the jet function to the hard function H+ and

the bHQET jet function as described in eq. (2.4)

If a hierarchy exist be the scales q⊥ and m(1− z) then we are in region 2 and a second

collinear mode (referred to as the collinear-soft mode) is relevant to measurement which

need to be included in the effective theory. The collinear-soft mode has the following scaling,

pµsc ∼ (Q(1− z), q2
⊥/Q(1− z), q⊥) (B.7)

The matching from SCET onto the new effective theory may achieved with the following

replacement,

χn → C+W
†
tW

†
nhv+ (B.8)
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where the collinear Wilson line Wt consist of collinear-soft fields and the matching

coefficients C+ are the same as in matching onto bHQET. At this stage the heavy quark

field and the collinear-soft modes are still coupled at the level of the Lagrangian. One

needs to perform a BPS-like field redefinition to achieve further refactorization. This is

similar to what is done in SCET+ in ref. [106], i.e.,

W †nhv+ = UnW
(0)†
n h(0)

v+ (B.9)

where W
(0)†
n and h

(0)
v+ are decoupled from the collinear-soft fields. To proceed we need to

apply power-counting to the measurement operator MSD and more particularly to the

operators P− and P⊥. While the contribution of ultra-collinear and collinear-soft modes

to the energy fraction is similar the contribution of the ultra-collinear in perpendicular

component is suppressed,

P− ∼ P−cs + P−uc
P⊥ ∼ P⊥cs (B.10)

With these modifications is then trivial to show the refactorization of the bHQET jet func-

tion into an ultra-collinear component and the collinear soft function as shown in eq. (2.5).

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.

References

[1] J. Collins, Foundations of perturbative QCD, Cambridge University Press, Cambridge,

U.K., (2013).

[2] M.G. Echevarria, A. Idilbi and I. Scimemi, Factorization theorem for Drell-Yan at low qT
and transverse momentum distributions on-the-light-cone, JHEP 07 (2012) 002

[arXiv:1111.4996] [INSPIRE].

[3] J.-Y. Chiu, A. Jain, D. Neill and I.Z. Rothstein, A formalism for the systematic treatment

of rapidity logarithms in quantum field theory, JHEP 05 (2012) 084 [arXiv:1202.0814]

[INSPIRE].

[4] A.V. Manohar and I.W. Stewart, The zero-bin and mode factorization in quantum field

theory, Phys. Rev. D 76 (2007) 074002 [hep-ph/0605001] [INSPIRE].

[5] H. Georgi and H.D. Politzer, Quark decay functions and heavy hadron production in QCD,

Nucl. Phys. B 136 (1978) 445 [INSPIRE].

[6] R.K. Ellis, H. Georgi, M. Machacek, H.D. Politzer and G.G. Ross, Perturbation theory and

the parton model in QCD, Nucl. Phys. B 152 (1979) 285 [INSPIRE].

[7] J.C. Collins and D.E. Soper, Parton distribution and decay functions, Nucl. Phys. B 194

(1982) 445 [INSPIRE].

[8] J.C. Collins, D.E. Soper and G.F. Sterman, Factorization of hard processes in QCD, Adv.

Ser. Direct. High Energy Phys. 5 (1989) 1 [hep-ph/0409313] [INSPIRE].

– 22 –

https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1017/cbo9780511975592
https://doi.org/10.1007/JHEP07(2012)002
https://arxiv.org/abs/1111.4996
https://inspirehep.net/search?p=find+EPRINT+arXiv:1111.4996
https://doi.org/10.1007/JHEP05(2012)084
https://arxiv.org/abs/1202.0814
https://inspirehep.net/search?p=find+EPRINT+arXiv:1202.0814
https://doi.org/10.1103/PhysRevD.76.074002
https://arxiv.org/abs/hep-ph/0605001
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0605001
https://doi.org/10.1016/0550-3213(78)90269-9
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B136,445%22
https://doi.org/10.1016/0550-3213(79)90105-6
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B152,285%22
https://doi.org/10.1016/0550-3213(82)90021-9
https://doi.org/10.1016/0550-3213(82)90021-9
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B194,445%22
https://doi.org/10.1142/9789814503266_0001
https://doi.org/10.1142/9789814503266_0001
https://arxiv.org/abs/hep-ph/0409313
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0409313


J
H
E
P
1
0
(
2
0
1
8
)
0
1
9

[9] J.C. Collins and D.E. Soper, Back-to-back jets in QCD, Nucl. Phys. B 193 (1981) 381

[Erratum ibid. B 213 (1983) 545] [INSPIRE].

[10] R. Bain, L. Dai, A. Hornig, A.K. Leibovich, Y. Makris and T. Mehen, Analytic and Monte

Carlo studies of jets with heavy mesons and quarkonia, JHEP 06 (2016) 121

[arXiv:1603.06981] [INSPIRE].

[11] M. Procura and I.W. Stewart, Quark fragmentation within an identified jet, Phys. Rev. D

81 (2010) 074009 [Erratum ibid. D 83 (2011) 039902] [arXiv:0911.4980] [INSPIRE].

[12] A. Jain, M. Procura and W.J. Waalewijn, Parton fragmentation within an identified jet at

NNLL, JHEP 05 (2011) 035 [arXiv:1101.4953] [INSPIRE].

[13] A. Jain, M. Procura, B. Shotwell and W.J. Waalewijn, Fragmentation with a cut on thrust:

predictions for B-factories, Phys. Rev. D 87 (2013) 074013 [arXiv:1207.4788] [INSPIRE].

[14] C.W. Bauer and E. Mereghetti, Heavy quark fragmenting jet functions, JHEP 04 (2014)

051 [arXiv:1312.5605] [INSPIRE].

[15] M. Dasgupta, F. Dreyer, G.P. Salam and G. Soyez, Small-radius jets to all orders in QCD,

JHEP 04 (2015) 039 [arXiv:1411.5182] [INSPIRE].

[16] M. Baumgart, A.K. Leibovich, T. Mehen and I.Z. Rothstein, Probing quarkonium

production mechanisms with jet substructure, JHEP 11 (2014) 003 [arXiv:1406.2295]

[INSPIRE].

[17] T. Kaufmann, A. Mukherjee and W. Vogelsang, Hadron fragmentation inside jets in

hadronic collisions, Phys. Rev. D 92 (2015) 054015 [arXiv:1506.01415] [INSPIRE].

[18] Z.-B. Kang, F. Ringer and I. Vitev, Jet substructure using semi-inclusive jet functions in

SCET, JHEP 11 (2016) 155 [arXiv:1606.07063] [INSPIRE].

[19] Z.-B. Kang, F. Ringer and I. Vitev, The semi-inclusive jet function in SCET and small

radius resummation for inclusive jet production, JHEP 10 (2016) 125 [arXiv:1606.06732]

[INSPIRE].

[20] Y.-T. Chien, Z.-B. Kang, F. Ringer, I. Vitev and H. Xing, Jet fragmentation functions in

proton-proton collisions using soft-collinear effective theory, JHEP 05 (2016) 125

[arXiv:1512.06851] [INSPIRE].

[21] R. Bain, Y. Makris and T. Mehen, Transverse momentum dependent fragmenting jet

functions with applications to quarkonium production, JHEP 11 (2016) 144

[arXiv:1610.06508] [INSPIRE].

[22] L. Dai, C. Kim and A.K. Leibovich, Fragmentation of a jet with small radius, Phys. Rev. D

94 (2016) 114023 [arXiv:1606.07411] [INSPIRE].

[23] L. Dai, C. Kim and A.K. Leibovich, Fragmentation to a jet in the large z limit, Phys. Rev.

D 95 (2017) 074003 [arXiv:1701.05660] [INSPIRE].

[24] Z.-B. Kang, X. Liu, F. Ringer and H. Xing, The transverse momentum distribution of

hadrons within jets, JHEP 11 (2017) 068 [arXiv:1705.08443] [INSPIRE].

[25] Z.-B. Kang, A. Prokudin, F. Ringer and F. Yuan, Collins azimuthal asymmetries of hadron

production inside jets, Phys. Lett. B 774 (2017) 635 [arXiv:1707.00913] [INSPIRE].

[26] Z.-B. Kang, F. Ringer and W.J. Waalewijn, The energy distribution of subjets and the jet

shape, JHEP 07 (2017) 064 [arXiv:1705.05375] [INSPIRE].

– 23 –

https://doi.org/10.1016/0550-3213(81)90339-4
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B193,381%22
https://doi.org/10.1007/JHEP06(2016)121
https://arxiv.org/abs/1603.06981
https://inspirehep.net/search?p=find+EPRINT+arXiv:1603.06981
https://doi.org/10.1103/PhysRevD.81.074009
https://doi.org/10.1103/PhysRevD.81.074009
https://arxiv.org/abs/0911.4980
https://inspirehep.net/search?p=find+EPRINT+arXiv:0911.4980
https://doi.org/10.1007/JHEP05(2011)035
https://arxiv.org/abs/1101.4953
https://inspirehep.net/search?p=find+EPRINT+arXiv:1101.4953
https://doi.org/10.1103/PhysRevD.87.074013
https://arxiv.org/abs/1207.4788
https://inspirehep.net/search?p=find+EPRINT+arXiv:1207.4788
https://doi.org/10.1007/JHEP04(2014)051
https://doi.org/10.1007/JHEP04(2014)051
https://arxiv.org/abs/1312.5605
https://inspirehep.net/search?p=find+EPRINT+arXiv:1312.5605
https://doi.org/10.1007/JHEP04(2015)039
https://arxiv.org/abs/1411.5182
https://inspirehep.net/search?p=find+EPRINT+arXiv:1411.5182
https://doi.org/10.1007/JHEP11(2014)003
https://arxiv.org/abs/1406.2295
https://inspirehep.net/search?p=find+EPRINT+arXiv:1406.2295
https://doi.org/10.1103/PhysRevD.92.054015
https://arxiv.org/abs/1506.01415
https://inspirehep.net/search?p=find+EPRINT+arXiv:1506.01415
https://doi.org/10.1007/JHEP11(2016)155
https://arxiv.org/abs/1606.07063
https://inspirehep.net/search?p=find+EPRINT+arXiv:1606.07063
https://doi.org/10.1007/JHEP10(2016)125
https://arxiv.org/abs/1606.06732
https://inspirehep.net/search?p=find+EPRINT+arXiv:1606.06732
https://doi.org/10.1007/JHEP05(2016)125
https://arxiv.org/abs/1512.06851
https://inspirehep.net/search?p=find+EPRINT+arXiv:1512.06851
https://doi.org/10.1007/JHEP11(2016)144
https://arxiv.org/abs/1610.06508
https://inspirehep.net/search?p=find+EPRINT+arXiv:1610.06508
https://doi.org/10.1103/PhysRevD.94.114023
https://doi.org/10.1103/PhysRevD.94.114023
https://arxiv.org/abs/1606.07411
https://inspirehep.net/search?p=find+EPRINT+arXiv:1606.07411
https://doi.org/10.1103/PhysRevD.95.074003
https://doi.org/10.1103/PhysRevD.95.074003
https://arxiv.org/abs/1701.05660
https://inspirehep.net/search?p=find+EPRINT+arXiv:1701.05660
https://doi.org/10.1007/JHEP11(2017)068
https://arxiv.org/abs/1705.08443
https://inspirehep.net/search?p=find+EPRINT+arXiv:1705.08443
https://doi.org/10.1016/j.physletb.2017.10.031
https://arxiv.org/abs/1707.00913
https://inspirehep.net/search?p=find+EPRINT+arXiv:1707.00913
https://doi.org/10.1007/JHEP07(2017)064
https://arxiv.org/abs/1705.05375
https://inspirehep.net/search?p=find+EPRINT+arXiv:1705.05375


J
H
E
P
1
0
(
2
0
1
8
)
0
1
9

[27] J.R. Forshaw, M.H. Seymour and A. Siodmok, On the breaking of collinear factorization in

QCD, JHEP 11 (2012) 066 [arXiv:1206.6363] [INSPIRE].

[28] S. Catani, D. de Florian and G. Rodrigo, Space-like (versus time-like) collinear limits in

QCD: is factorization violated?, JHEP 07 (2012) 026 [arXiv:1112.4405] [INSPIRE].

[29] T.C. Rogers and P.J. Mulders, No generalized TMD-factorization in hadro-production of

high transverse momentum hadrons, Phys. Rev. D 81 (2010) 094006 [arXiv:1001.2977]

[INSPIRE].

[30] M. Zeng, Drell-Yan process with jet vetoes: breaking of generalized factorization, JHEP 10

(2015) 189 [arXiv:1507.01652] [INSPIRE].

[31] J.R. Gaunt, Glauber gluons and multiple parton interactions, JHEP 07 (2014) 110

[arXiv:1405.2080] [INSPIRE].

[32] I.Z. Rothstein and I.W. Stewart, An effective field theory for forward scattering and

factorization violation, JHEP 08 (2016) 025 [arXiv:1601.04695] [INSPIRE].

[33] A. Banfi, G. Marchesini and G. Smye, Away from jet energy flow, JHEP 08 (2002) 006

[hep-ph/0206076] [INSPIRE].

[34] M. Dasgupta and G.P. Salam, Resummation of nonglobal QCD observables, Phys. Lett. B

512 (2001) 323 [hep-ph/0104277] [INSPIRE].

[35] A.J. Larkoski, I. Moult and B. Nachman, Jet substructure at the Large Hadron Collider: a

review of recent advances in theory and machine learning, arXiv:1709.04464 [INSPIRE].

[36] A.J. Larkoski, S. Marzani, G. Soyez and J. Thaler, Soft drop, JHEP 05 (2014) 146

[arXiv:1402.2657] [INSPIRE].

[37] M. Dasgupta, A. Fregoso, S. Marzani and A. Powling, Jet substructure with analytical

methods, Eur. Phys. J. C 73 (2013) 2623 [arXiv:1307.0013] [INSPIRE].

[38] M. Dasgupta, A. Fregoso, S. Marzani and G.P. Salam, Towards an understanding of jet

substructure, JHEP 09 (2013) 029 [arXiv:1307.0007] [INSPIRE].

[39] A.J. Larkoski, I. Moult and D. Neill, Analytic boosted boson discrimination at the Large

Hadron Collider, arXiv:1708.06760 [INSPIRE].

[40] A.H. Hoang, S. Mantry, A. Pathak and I.W. Stewart, Extracting a short distance top mass

with light grooming, arXiv:1708.02586 [INSPIRE].

[41] S. Marzani, L. Schunk and G. Soyez, A study of jet mass distributions with grooming, JHEP

07 (2017) 132 [arXiv:1704.02210] [INSPIRE].

[42] M. Dasgupta, A. Powling, L. Schunk and G. Soyez, Improved jet substructure methods:

Y-splitter and variants with grooming, JHEP 12 (2016) 079 [arXiv:1609.07149] [INSPIRE].

[43] C. Frye, A.J. Larkoski, M.D. Schwartz and K. Yan, Precision physics with pile-up

insensitive observables, arXiv:1603.06375 [INSPIRE].

[44] C. Frye, A.J. Larkoski, M.D. Schwartz and K. Yan, Factorization for groomed jet

substructure beyond the next-to-leading logarithm, JHEP 07 (2016) 064

[arXiv:1603.09338] [INSPIRE].

[45] A.J. Larkoski, S. Marzani and J. Thaler, Sudakov safety in perturbative QCD, Phys. Rev. D

91 (2015) 111501 [arXiv:1502.01719] [INSPIRE].

– 24 –

https://doi.org/10.1007/JHEP11(2012)066
https://arxiv.org/abs/1206.6363
https://inspirehep.net/search?p=find+EPRINT+arXiv:1206.6363
https://doi.org/10.1007/JHEP07(2012)026
https://arxiv.org/abs/1112.4405
https://inspirehep.net/search?p=find+EPRINT+arXiv:1112.4405
https://doi.org/10.1103/PhysRevD.81.094006
https://arxiv.org/abs/1001.2977
https://inspirehep.net/search?p=find+EPRINT+arXiv:1001.2977
https://doi.org/10.1007/JHEP10(2015)189
https://doi.org/10.1007/JHEP10(2015)189
https://arxiv.org/abs/1507.01652
https://inspirehep.net/search?p=find+EPRINT+arXiv:1507.01652
https://doi.org/10.1007/JHEP07(2014)110
https://arxiv.org/abs/1405.2080
https://inspirehep.net/search?p=find+EPRINT+arXiv:1405.2080
https://doi.org/10.1007/JHEP08(2016)025
https://arxiv.org/abs/1601.04695
https://inspirehep.net/search?p=find+EPRINT+arXiv:1601.04695
https://doi.org/10.1088/1126-6708/2002/08/006
https://arxiv.org/abs/hep-ph/0206076
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0206076
https://doi.org/10.1016/S0370-2693(01)00725-0
https://doi.org/10.1016/S0370-2693(01)00725-0
https://arxiv.org/abs/hep-ph/0104277
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0104277
https://arxiv.org/abs/1709.04464
https://inspirehep.net/search?p=find+EPRINT+arXiv:1709.04464
https://doi.org/10.1007/JHEP05(2014)146
https://arxiv.org/abs/1402.2657
https://inspirehep.net/search?p=find+EPRINT+arXiv:1402.2657
https://doi.org/10.1140/epjc/s10052-013-2623-3
https://arxiv.org/abs/1307.0013
https://inspirehep.net/search?p=find+EPRINT+arXiv:1307.0013
https://doi.org/10.1007/JHEP09(2013)029
https://arxiv.org/abs/1307.0007
https://inspirehep.net/search?p=find+EPRINT+arXiv:1307.0007
https://arxiv.org/abs/1708.06760
https://inspirehep.net/search?p=find+EPRINT+arXiv:1708.06760
https://arxiv.org/abs/1708.02586
https://inspirehep.net/search?p=find+EPRINT+arXiv:1708.02586
https://doi.org/10.1007/JHEP07(2017)132
https://doi.org/10.1007/JHEP07(2017)132
https://arxiv.org/abs/1704.02210
https://inspirehep.net/search?p=find+EPRINT+arXiv:1704.02210
https://doi.org/10.1007/JHEP12(2016)079
https://arxiv.org/abs/1609.07149
https://inspirehep.net/search?p=find+EPRINT+arXiv:1609.07149
https://arxiv.org/abs/1603.06375
https://inspirehep.net/search?p=find+EPRINT+arXiv:1603.06375
https://doi.org/10.1007/JHEP07(2016)064
https://arxiv.org/abs/1603.09338
https://inspirehep.net/search?p=find+EPRINT+arXiv:1603.09338
https://doi.org/10.1103/PhysRevD.91.111501
https://doi.org/10.1103/PhysRevD.91.111501
https://arxiv.org/abs/1502.01719
https://inspirehep.net/search?p=find+EPRINT+arXiv:1502.01719


J
H
E
P
1
0
(
2
0
1
8
)
0
1
9

[46] M. Dasgupta, L. Schunk and G. Soyez, Jet shapes for boosted jet two-prong decays from

first-principles, JHEP 04 (2016) 166 [arXiv:1512.00516] [INSPIRE].

[47] Y.-T. Chien and I. Vitev, Jet shape resummation using soft-collinear effective theory, JHEP

12 (2014) 061 [arXiv:1405.4293] [INSPIRE].

[48] CMS collaboration, Search for a Higgs boson in the decay channel H → ZZ(∗) → qq̄`−`+ in

pp collisions at
√
s = 7 TeV, JHEP 04 (2012) 036 [arXiv:1202.1416] [INSPIRE].

[49] CMS collaboration, Search for a Standard Model-like Higgs boson decaying into

WW → `νqq̄ in pp collisions at
√
s = 8 TeV, CMS-PAS-HIG-13-008, CERN, Geneva,

Switzerland, (2013).

[50] ATLAS collaboration, Measurement of jet charge in dijet events from
√
s = 8 TeV pp

collisions with the ATLAS detector, Phys. Rev. D 93 (2016) 052003 [arXiv:1509.05190]

[INSPIRE].

[51] CMS collaboration, Search for BSM tt̄ production in the boosted all-hadronic final state,

CMS-PAS-EXO-11-006, CERN, Geneva, Switzerland, (2011).

[52] ATLAS and CMS collaborations, Boosted top quark techniques and searches for tt̄

resonances at the LHC, J. Phys. Conf. Ser. 452 (2013) 012034 [INSPIRE].

[53] ATLAS and CMS collaborations, J. Pilot, Boosted top quarks, top pair resonances and top

partner searches at the LHC, EPJ Web Conf. 60 (2013) 09003 [INSPIRE].

[54] ATLAS collaboration, Performance of boosted top quark identification in 2012 ATLAS

data, ATLAS-CONF-2013-084, CERN, Geneva, Switzerland, (2013).

[55] J.D. Bjorken, Energy loss of energetic partons in quark-gluon plasma: possible extinction of

high pT jets in hadron-hadron collisions, FERMILAB-PUB-82-059-THY, Fermilab, Batavia,

IL, U.S.A., (1982) [FERMILAB-PUB-82-059-T] [INSPIRE].

[56] M. Gyulassy and M. Plumer, Jet quenching in dense matter, Phys. Lett. B 243 (1990) 432

[INSPIRE].

[57] X.-N. Wang and M. Gyulassy, Gluon shadowing and jet quenching in A+A collisions at√
s = 200 GeV, Phys. Rev. Lett. 68 (1992) 1480 [INSPIRE].

[58] ATLAS collaboration, Measurements of the nuclear modification factor for jets in Pb+Pb

collisions at
√
sNN = 2.76 TeV with the ATLAS detector, Phys. Rev. Lett. 114 (2015)

072302 [arXiv:1411.2357] [INSPIRE].

[59] CMS collaboration, Studies of jet quenching using isolated-photon+jet correlations in

Pb+Pb and pp collisions at
√
sNN = 2.76 TeV, Phys. Lett. B 718 (2013) 773

[arXiv:1205.0206] [INSPIRE].

[60] CMS collaboration, Observation and studies of jet quenching in Pb+Pb collisions at

nucleon-nucleon center-of-mass energy = 2.76 TeV, Phys. Rev. C 84 (2011) 024906

[arXiv:1102.1957] [INSPIRE].

[61] ATLAS collaboration, Observation of a centrality-dependent dijet asymmetry in lead-lead

collisions at
√
sNN = 2.77 TeV with the ATLAS detector at the LHC, Phys. Rev. Lett. 105

(2010) 252303 [arXiv:1011.6182] [INSPIRE].

[62] CMS collaboration, Measurement of jet fragmentation into charged particles in pp and

Pb+Pb collisions at
√
sNN = 2.76 TeV, JHEP 10 (2012) 087 [arXiv:1205.5872] [INSPIRE].

– 25 –

https://doi.org/10.1007/JHEP04(2016)166
https://arxiv.org/abs/1512.00516
https://inspirehep.net/search?p=find+EPRINT+arXiv:1512.00516
https://doi.org/10.1007/JHEP12(2014)061
https://doi.org/10.1007/JHEP12(2014)061
https://arxiv.org/abs/1405.4293
https://inspirehep.net/search?p=find+EPRINT+arXiv:1405.4293
https://doi.org/10.1007/JHEP04(2012)036
https://arxiv.org/abs/1202.1416
https://inspirehep.net/search?p=find+EPRINT+arXiv:1202.1416
http://cds.cern.ch/record/1546778
https://doi.org/10.1103/PhysRevD.93.052003
https://arxiv.org/abs/1509.05190
https://inspirehep.net/search?p=find+EPRINT+arXiv:1509.05190
http://cds.cern.ch/record/1370237
https://doi.org/10.1088/1742-6596/452/1/012034
https://inspirehep.net/search?p=find+J+%22J.Phys.Conf.Ser.,452,012034%22
https://doi.org/10.1051/epjconf/20136009003
https://inspirehep.net/search?p=find+J+%22EPJ%20Web%20Conf.,60,09003%22
http://cds.cern.ch/record/1571040
https://inspirehep.net/search?p=find+R+FERMILAB-PUB-82-059-THY
https://doi.org/10.1016/0370-2693(90)91409-5
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B243,432%22
https://doi.org/10.1103/PhysRevLett.68.1480
https://inspirehep.net/search?p=find+J+%22Phys.Rev.Lett.,68,1480%22
https://doi.org/10.1103/PhysRevLett.114.072302
https://doi.org/10.1103/PhysRevLett.114.072302
https://arxiv.org/abs/1411.2357
https://inspirehep.net/search?p=find+EPRINT+arXiv:1411.2357
https://doi.org/10.1016/j.physletb.2012.11.003
https://arxiv.org/abs/1205.0206
https://inspirehep.net/search?p=find+EPRINT+arXiv:1205.0206
https://doi.org/10.1103/PhysRevC.84.024906
https://arxiv.org/abs/1102.1957
https://inspirehep.net/search?p=find+EPRINT+arXiv:1102.1957
https://doi.org/10.1103/PhysRevLett.105.252303
https://doi.org/10.1103/PhysRevLett.105.252303
https://arxiv.org/abs/1011.6182
https://inspirehep.net/search?p=find+EPRINT+arXiv:1011.6182
https://doi.org/10.1007/JHEP10(2012)087
https://arxiv.org/abs/1205.5872
https://inspirehep.net/search?p=find+EPRINT+arXiv:1205.5872


J
H
E
P
1
0
(
2
0
1
8
)
0
1
9

[63] CMS collaboration, Modification of jet shapes in Pb+Pb collisions at
√
sNN = 2.76 TeV,

Phys. Lett. B 730 (2014) 243 [arXiv:1310.0878] [INSPIRE].

[64] ATLAS collaboration, Measurement of inclusive jet charged-particle fragmentation

functions in Pb+Pb collisions at
√
sNN = 2.76 TeV with the ATLAS detector, Phys. Lett. B

739 (2014) 320 [arXiv:1406.2979] [INSPIRE].

[65] I. Feige, M.D. Schwartz, I.W. Stewart and J. Thaler, Precision jet substructure from boosted

event shapes, Phys. Rev. Lett. 109 (2012) 092001 [arXiv:1204.3898] [INSPIRE].

[66] M. Field, G. Gur-Ari, D.A. Kosower, L. Mannelli and G. Perez, Three-prong distribution of

massive narrow QCD jets, Phys. Rev. D 87 (2013) 094013 [arXiv:1212.2106] [INSPIRE].

[67] A.J. Larkoski, J. Thaler and W.J. Waalewijn, Gaining (mutual) information about

quark/gluon discrimination, JHEP 11 (2014) 129 [arXiv:1408.3122] [INSPIRE].

[68] M. Dasgupta, A. Powling and A. Siodmok, On jet substructure methods for signal jets,

JHEP 08 (2015) 079 [arXiv:1503.01088] [INSPIRE].

[69] J.R. Walsh and S. Zuberi, Factorization constraints on jet substructure, arXiv:1110.5333

[INSPIRE].

[70] A.J. Larkoski, I. Moult and D. Neill, Power counting to better jet observables, JHEP 12

(2014) 009 [arXiv:1409.6298] [INSPIRE].

[71] A.J. Larkoski, I. Moult and D. Neill, Building a better boosted top tagger, Phys. Rev. D 91

(2015) 034035 [arXiv:1411.0665] [INSPIRE].

[72] J. Cogan, M. Kagan, E. Strauss and A. Schwarztman, Jet-images: computer vision inspired

techniques for jet tagging, JHEP 02 (2015) 118 [arXiv:1407.5675] [INSPIRE].

[73] L. de Oliveira, M. Kagan, L. Mackey, B. Nachman and A. Schwartzman, Jet-images — deep

learning edition, JHEP 07 (2016) 069 [arXiv:1511.05190] [INSPIRE].
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[99] T. Sjöstrand, S. Mrenna and P.Z. Skands, A brief introduction to PYTHIA 8.1, Comput.

Phys. Commun. 178 (2008) 852 [arXiv:0710.3820] [INSPIRE].

[100] M. Cacciari, G.P. Salam and G. Soyez, FastJet user manual, Eur. Phys. J. C 72 (2012)

1896 [arXiv:1111.6097] [INSPIRE].

[101] A.J. Larkoski, I. Moult and D. Neill, Toward multi-differential cross sections: measuring

two angularities on a single jet, JHEP 09 (2014) 046 [arXiv:1401.4458] [INSPIRE].

[102] M. Fickinger, S. Fleming, C. Kim and E. Mereghetti, Effective field theory approach to

heavy quark fragmentation, JHEP 11 (2016) 095 [arXiv:1606.07737] [INSPIRE].

[103] Z. Ligeti, I.W. Stewart and F.J. Tackmann, Treating the b quark distribution function with

reliable uncertainties, Phys. Rev. D 78 (2008) 114014 [arXiv:0807.1926] [INSPIRE].

[104] A.H. Hoang, A. Pathak, P. Pietrulewicz and I.W. Stewart, Hard matching for boosted tops

at two loops, JHEP 12 (2015) 059 [arXiv:1508.04137] [INSPIRE].

[105] S.D. Ellis, C.K. Vermilion, J.R. Walsh, A. Hornig and C. Lee, Jet shapes and jet algorithms

in SCET, JHEP 11 (2010) 101 [arXiv:1001.0014] [INSPIRE].

[106] C.W. Bauer, F.J. Tackmann, J.R. Walsh and S. Zuberi, Factorization and resummation for

dijet invariant mass spectra, Phys. Rev. D 85 (2012) 074006 [arXiv:1106.6047] [INSPIRE].

[107] S. Fleming, A.H. Hoang, S. Mantry and I.W. Stewart, Jets from massive unstable particles:

top-mass determination, Phys. Rev. D 77 (2008) 074010 [hep-ph/0703207] [INSPIRE].

– 28 –

https://doi.org/10.1016/j.cpc.2008.01.036
https://doi.org/10.1016/j.cpc.2008.01.036
https://arxiv.org/abs/0710.3820
https://inspirehep.net/search?p=find+EPRINT+arXiv:0710.3820
https://doi.org/10.1140/epjc/s10052-012-1896-2
https://doi.org/10.1140/epjc/s10052-012-1896-2
https://arxiv.org/abs/1111.6097
https://inspirehep.net/search?p=find+EPRINT+arXiv:1111.6097
https://doi.org/10.1007/JHEP09(2014)046
https://arxiv.org/abs/1401.4458
https://inspirehep.net/search?p=find+EPRINT+arXiv:1401.4458
https://doi.org/10.1007/JHEP11(2016)095
https://arxiv.org/abs/1606.07737
https://inspirehep.net/search?p=find+EPRINT+arXiv:1606.07737
https://doi.org/10.1103/PhysRevD.78.114014
https://arxiv.org/abs/0807.1926
https://inspirehep.net/search?p=find+EPRINT+arXiv:0807.1926
https://doi.org/10.1007/JHEP12(2015)059
https://arxiv.org/abs/1508.04137
https://inspirehep.net/search?p=find+EPRINT+arXiv:1508.04137
https://doi.org/10.1007/JHEP11(2010)101
https://arxiv.org/abs/1001.0014
https://inspirehep.net/search?p=find+EPRINT+arXiv:1001.0014
https://doi.org/10.1103/PhysRevD.85.074006
https://arxiv.org/abs/1106.6047
https://inspirehep.net/search?p=find+EPRINT+arXiv:1106.6047
https://doi.org/10.1103/PhysRevD.77.074010
https://arxiv.org/abs/hep-ph/0703207
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0703207

	Introduction
	Factorization
	Soft-drop grooming algorithm
	Momentum modes

	Resummation
	Region 2: q(perp) >> m(1-z)
	Region 1: q(perp) sim m(1-z)
	The transverse momentum spectrum

	Comparison with simulation
	Non-perturbative corrections
	Conclusion
	One loop results
	GSoft
	BHQET
	Region 1: q(perp) sim m(1-z)
	Region 2: q(perp) >> m(1-z)

	HQETm
	CSoft

	Outline of factorization

