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Abstract:

The symmetry of a crystal has profound effects on its physical properties and so does
symmetry-breaking on the characteristics of a phase transition from one crystal structure to
another. For an important class of smart materials, the ferroics, their functionality and
performance are associated with cycles of transitions from multiple structural states of one
phase to those of the other. Using group and graph theories we construct phase transition
graph (PTG) and show that both the functionality and performance of ferroics are dictated by
the topology of their PTGs. In particular, we demonstrate how the giant piezoelectricity in
ferroelectrics and the functional fatigue in shape memory alloys (SMAS) are related to their
unique PTG topological features. Using PTG topology as a guide, we evaluate systematically
new systems potentially having giant piezoelectricities and giant electro- and
magneto-strictions and discuss the design strategies for high performance SMAs with much

improved functional fatigue resistance.
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1. Introduction

Crystal structural changes in response to external fields (temperature, pressure/stress,
electrical or magnetic, etc.) underpin the functionality of an important class of smart materials,
the ferroics. Because of the symmetry-breaking associated with a structure change, there are
multiple crystallographically equivalent and energetically degenerate ways to transform from
one crystal structure to another (will be referred to as phase transition pathways (PTPS)
hereafter), generating multiple crystallographically equivalent and energetically degenerate
structural states of the product phase called transformation variants [1-4]. These variants
arrange themselves into self-accommodating domain patterns and can switch from one to
another by an external field, thus sensing and actuation can be realized simultaneously. The
ferroics have found critical applications in many fields [5-9] and extensive efforts have been
made in recent years to develop advanced ferroics with much enhanced performance, such as

giant piezoelectricity, giant electro- and magneto-striction and giant super-elastic response.

It has yet to be recognized, however, that the properties of ferroics are dictated not only by the
symmetry of individual crystal structures involved in and the symmetry-breaking during the
phase transition, but also by the interconnection of the multiple structural states through the
multiple PTPs, which yields a PTP network or phase transition graph (PTG). PTG is a new
theoretical construct capturing the sequential changes of crystal structures during multiple
forward and backward phase transitions (will be referred to as phase transition cycles
hereafter), and it can be utilized to analyze systematically the symmetry breaking during the

transition cycles as well as the associated defect structures. In the following sections, we first
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provide a rigorous mathematical definition of PTG by using group and graph theories and
then demonstrate how its graph features (e.g., connectivity, topology, symmetry, etc.) dictate
the properties of ferroics such as the giant piezoelectricity in ferroelectrics and functional
fatigue in shape memory alloys (SMAS). In contrast to crystal physics [10] that studies the
relationship between physical properties and the structure and symmetry of each individual
phase, and to Landau theory [11] that studies properties of one-way structural phase
transitions with symmetry-breaking, this PTG analysis studies the characteristics and physical
properties of transition cycling from multiple structural states of one phase to those of the

other.

In Landau theory [11] of structural phase transitions, the free energy of a low-symmetry
product phase is approximated by a power series expansion with respect to the high-symmetry
parent phase. However, there are two inherent deficiencies in this approach: (1) it requires a
unique high-symmetry phase that has all the symmetry elements of the low symmetry phase
(i.e., a group-subgroup relationship); (2) only local pathway connectivity within the vicinity
of the high-symmetry phase is captured. Consider, for example, the body-centered cubic
(BCC, space group | m3m) structure to hexagonal-close-packed (HCP, space group P6,/mmc )
structure transition through the Burgers path [12]. The four-fold symmetry breaks during the
BCC—HCP transition while the six-fold symmetry breaks during the HCP—BCC transition,
leading to 12 and 3 crystallographic equivalent PTPs and structural states, respectively. Since
a crystalline state having both four-fold and six-fold symmetry is theoretically impossible, a
high-symmetry state that has all the symmetry elements of these two structures does not exist

and the pathway connectivity among the multiple BCC and HCP states cannot be localized
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and limited within the vicinity of any of these states (infinite and interconnected pathway
network as will be shown later). The same is true for the face-centered-cubic (FCC) to BCC
structural phase transition through the Bain path [13], another commonly observed structural
change. Thus Landau theory is limited in a local description and cannot capture the global
connectivity of structural states and PTPs as well as the topology of PTG during multiple
transition cycles, which is critical for the operation of ferroics. Even though some specific
forms of the free energy have been proposed to deal with certain phase transitions (e.g., BCC
to HCP) in the literature [14], a general way to capture the global connectivity is unavailable.
Obviously a new theoretical framework is required to construct PTGs and study their

topological features.

Below we formulate a general theoretical framework based on group and graph theories to
construct PTGs. Through the construction of PTGs, a fundamental connection among crystal
symmetry, topology of PTG and behavior of structural phase transition cycling is established.
As examples of applications, typical structural phase transitions found in experiments that
offer giant piezoelectricity and giant electro- and magneto-strictions are analyzed and a
unique topological feature shared by their PTGs is identified, which reveals the
crystallographic requirements of the exceptional functionalities discovered around the
so-called morphotropic phase boundaries (MPBs) in these systems [15-23]. Furthermore, we
investigated the physical origin of functional fatigue characterized bythe irrecoverable strain
accumulated during repeated actuation of SMAs [24, 25]. We show that the functional fatigue
is attributed to the change in PTG topology by the activation of symmetry dictated non-PTPs

(NPTP), which leads to the construction of generalized-PTG (GPTG). In particular, crystalline
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defects generated in NiTi because of such a PTG topology change are analyzed and the
special grain boundaries and dislocations predicted through the PTG analysis are shown to be
consistent with experimental observations. Using PTG topology as a new design criterion,
ferroic systems potentially having giant piezoelectricity and giant electro- and
magneto-strictions are predicted, and strategies to improve functional fatigue resistance are
proposed. Thus PTGs can be used in combination with phase diagrams to motivate and guide
the design of ferroic smart materials and other advanced material systems whose properties

are controlled by structural phase transition cycling.

2. Construction of Phase Transition Graph

Mathematically, a phase transition between two structural states can be interpreted as a
pairwise relation and represented conveniently by a graph. Taking advantage of the
well-established study of topology (e.g., circular vs. tree, see Fig. 1) and symmetry of a graph
in graph theory [26], the topology and symmetry of PTG can be investigated systematically.
In particular, the symmetry of a PTG can be defined as the automorphism group of the graph,
including all operations that map the PTG onto itself while preserving its connectivity. Note
the similarity and difference between crystal symmetry and PTG symmetry; the crystal
symmetry is described through space and point groups consisting of all symmetry operations
that map a crystal structure onto itself, while the PTG symmetry is described by the
automorphism group consisting of all symmetry operations that map the graph onto itself. In
fact, a crystal lattice can also be considered as a “lattice graph” with the lattice sites as

vertices and the “bonds” between nearest neighboring sites as edges. Then all the operations
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in the space group of the crystal lattice belong to the automorphism group of the “lattice
graph”. In graph theory, both the topology and symmetry of a graph are important features
characterizing its connectivity. They are utilized fully in the current study to analyze and
classify PTGs and the associated physical properties of the corresponding phase transition

cycling, as will be shown in Section 3.

For a PTG, G(V, E), V={Va1, Vo2, ..., Vg1, Vg2, ... } IS & set of vertices that correspond to the
multiple structural states of o, B, ... phases mentioned earlier and E is a set of edges that
connect the vertices and represent the PTPs among the structural states. Since an edge
describes a transition process, edges connecting a vertex to itself are excluded. Consider, for
example, the PTG for an o <> B transition where there are only one structural state for each
phase and there is only one PTP between the two structural state. Then the PTG includes two
vertices and one edge connecting them. In this case, the order of both o vertex and 3 vertex
(i.e., the number of edges connecting to them) is 1, which can be noted as (N, Ng) = (1,1). In
general, (No, Ng) depends on the number PTPs of the forward (N,) a—f transition and
backward (Ng) B—a transition and can be determined by using group theory [4, 27]. When
(Na, Ng) equals (1,n) or (n,1), a “n-star” graph will be generated (n is an integer larger than 1).
However, if both N, and Ng are larger than 1 for a given (N, Ng), diverse types of PTGs could
be generated, including finite or infinite tree graph, and circular graphs with different length,
as will be demonstrated below. The global connectivity and topological features of these
PTGs depend on the nature of the structural phase transitions. In Figure 1, different types of
graphs are classified based to their topology, some of which will be utilized in the following

pathway analysis.



To illustrate the PTG at an intuitive level, we first consider several typical martensitic phase
transitions in 2D (Figure 2). For the square <> hexagon transition with the Ilattice
correspondence (LC) shown in Figure 2(a), the vertex order can be determined as (2,3) [4 ,27].
By choosing a reference state (e.g., the square state in the center of Figure 3(a), or vs; in
Figure 3(b)), all the other structural states or vertices represent different deformation
(transformed) states with respect to the reference state (Figure 3(a)) and their connectivity can
be determined through a linear algebraic procedure described in Appendix A, leading to the
construction of a PTG (Figure 3(b)). Note that the mathematical notation of vs; indicates a
specific vertex in the graph, which corresponds to a physical structural state of S1 (noted as
|os1> in Appendix A). Note that this PTG is infinite and interconnected. For comparison, the
PTGs for the rectangle <> centered-rectangle (diamond) and square <> rectangle (Figures 1(b)

and (c)) transitions are also constructed (Figures 2(c) and (d)).

In general, all PTGs involving two phases are (N, Np)-biregular graphs (a specific type of
bipartite graphs), which is dictated by the crystal symmetry (both point symmetry and
translational symmetry). In graph theory [26], a bipartite graph includes two parts of vertices
(i.e., all the vertices can be divided into two disjoint sets) and every edge connects two
vertices of different parts. In particular, when all vertices in the same part have the same
degree, i.e., the same number of edges connected to them, it constructs a biregular graph (e.g.,
the bond structure of SiO, constructs a (4,2)-biregular graph). If we consider all PTPs among
all structural states of two phases, then a bipartite PTG emerges and its biregular property is

dictated by the crystal symmetry of each phase as well as the symmetry breaking along the
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PTPs. As shown in Figure 3(c), for example, the structural states of vg, and vg, are related by a
mirror symmetry operation of the crystal lattice, while vg; and vgrs are related by a lattice
invariant shear, which originates from the lattice translational symmetry. In other words, there
is a local degeneracy between vg; and vg, and a global degeneracy between vg; and vgs. When
two vertices related by the translational symmetry, e.g., Vg1 and vgs in Figure 3(c) and (d), are
not connected through a PTP, the PTGs consist of isolated subgraphs. In contrast, when two
vertices related by the translational symmetry are connected through a PTP, e.g., vs; and vs; in
Figure 3(b), the PTG becomes an infinite and interconnected graph. Actually, the crystal
structures represented by vs; and vs; in Figure 3(b) are both locally and globally equivalent
structural states since they are related by both point symmetry (three-fold rotational symmetry
when vy, is taken as a reference) and translational symmetry, which can only be revealed in
the framework of PTG. Furthermore, the topological distinction between the isolated
subgraphs in Figure 3(c) and (d) is clearly illustrated. The subgraph in Figure 3(d) is a star
graph, while that in Figure 3(c) is a circular graph. In graph theory, a star is a tree graph (i.e., a
non-circular graph) with one unique vertex as root and all the other vertices as leaves. The
degree of each leaf is one. From the graph symmetry point of view, there is no other
equivalent state of vs; (Figure 3(d)) in the isolated subgraph. In other words, vs; is always a
fixed point in any element of the automorphism group of the subgraph. In contrast, there is no
such a common fixed point in Figure 3(c). As will be noted below, the PTG including a vertex

as a fixed point is actually a critical symmetry feature for a particular type of transition.

Based on the topology of the PTGs, three distinctive types of structural phase transitions can

be defined, i.e.,



e Type I: The PTG is an interconnected infinite graph (Figure 3(b));
e Type Il: The PTG consists of isolated finite circular subgraphs (Figure 3(c));

e Type Ill: The PTG consists of isolated finite star subgraphs (Figure 3(d)).

It can be proved easily that the above classification is complete using the graph theory with
the equivalence constraints, i.e., the equivalence of all the edges (edge-transitive graph) and
the equivalence of all isolated subgraphs (isomorphism of isolated subgraphs), both of which
are dictated by the crystal symmetry. The definitions of the three types of transitions are
exclusive since their PTG topologies are distinctively different. Typical transitions of Type |
include the FCC to BCC transition in iron and its alloys and BCC to HCP transition in
titanium and zirconium and their alloys [12]. Because lattice invariant deformations can be
realized through PTPs in Type | transitions [13] as shown in Figure 3(b) (e.g., the PTP
between vs; and vsy), crystalline defects (full dislocations in the square lattice shown in Figure
3(a)) are generated and the infinity of the graph indicates that the defect generation is
recurrent during transition cycles (Appendix C). With the special topological feature of an
isolated circular graph, Type Il transitions can be found, as will be shown below, in
ferroelectric and ferromagnetic systems near MPBs, which provide the giant piezoelectric and
giant electro-/magneto-strictive properties [15-23, 28-33]. Isolated star subgraphs will be
generated for Type Il transitions, which are a special type of trees. Because of the existence
of the unique vertex as a fixed point, it is the root of a tree, and a transition cycle from a root
to a leaf and then back to the root can guarantee a return to the unique root state, leading to
transition reversibility and thus offers the shape memory effect. A typical case is the B2 to

B19/B19’ transition in NiTi-based alloys that are the most widely used SMAs [34].
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The previous PTG examples can be extended straightforwardly. For example, bipartite graphs
between two phases can be generalized easily to n-partite graphs among n phases, by which
multi-step PTPs like B2-R-B19” in NiTi SMAs could be represented (also see the example in
Section 3.2). Although the PTG is initially introduced to describe PTPs, non-phase transition
pathways (NPTP) could also be included within the graph framework. In particular, as will be
demonstrated later, the topology of a pathway graph may change when easily activated NPTPs
are taken into account, so will the fundamental behavior of phase transitions. To avoid any
ambiguity, PTGs will refer to pathway graphs containing only PTPs, and the ones consisting
of both PTP and NPTP will be referred to as generalized phase transition graph (GPTG). The
definition of transition types is based on the topology of PTGs / GPTGs. In Section 3.1, we
will keep our discussions within PTGs and show how the giant piezoelectricity and
electro-/magneto-striction are dictated by PTG topology. In Section 3.2, we will extend our
discussions to GPTG topology. For example, the NiTi system exhibits a good shape memory
effect since its PTG (B2 <> B19’ transition) has an isolated star topology. However, with the
NPTPs being included, the GPTG of B2 <> BI19’ transition becomes infinite and
interconnected, so that the system will behave like a Type | transition and generate crystalline
defects especially under external loads, leading to functional fatigue. Such a phenomenon can
be referred to as “downgrading” of structural transition from Type Il to Type I. Another
example is a Type Il transition that is “downgraded” to Type Il transition with the
involvement of NPTPs and thus offers giant magnetostriction. In general, giant
piezoelectricity and giant magnetostriction can be realized through the NPTPs, i.e., without a

phase transition. Since structural state changes along NPTPs are also symmetry breaking
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processes, such as polarization rotation through the NPTPs, they could be well captured and
analyzed through the topology their GPTGs (e.g., infinite interconnected, isolated circular or
isolated tree graphs). Thus GPTG analysis provides a universal way to describe the symmetry

breaking process, no matter it is related to a phase transition or not.

Furthermore, in combination with ab initio calculations [35, 36] of the energy landscapes
along different pathways (both PTP and NPTP), weighted and directed graphs could be
constructed by labeling weight and direction of each edge, which represents the energy
barriers for forward and backward transitions along the pathway. In this way, the physical
problem of finding the minimum energy path is reduced to searching for the minimum weight
path in a graph, which has been well-addressed in mathematics and computer science [37].
Furthermore, because accessible structural states are identified in PTGs, microstructural
domain patterns and defect structures can also be predicted if geometrical constraint of
compatibility is incorporated, which parallels exactly those in martensitic transformation

crystallography [38-42].

3. Examples of application of PTG analysis

In this section, we presented a few typical examples of analyzing the functional properties of
ferroic smart materials using their PTG / GPTG topology. In the first example, we consider
only PTPs, so that the associated material properties originate solely from phase transitions. In
the rest, we generalized our graph theory framework to include both PTPs and NPTPs, so that

material properties associated with symmetry breaking processes with or without a phase
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transition can be analyzed, which leads to the one-way “downgrading” rule. Theoretically,
both PTG and GPTG analysis are applicable to a given ferroic material. The PTG analysis
captures PTPs associated with the symmetry breaking and it requires limited crystallographic
information, e.g., crystal structures of the phases involved and lattice correspondence between
them. The GPTG analysis, on the other hand, captures all the pathways (both PTPs and
NPTPs) associated with symmetry breaking, which usually requires additional information
about the possible NPTP pathways (e.g., the identification of a BCO state in NiTi through ab
initio calculations) [43]. As will be shown in Section 3.2, the GPTG analysis is necessary
especially when material properties are dictated by symmetry breaking processes not directly
related to a phase transition, e.g., functional fatigue in NiTi and giant magnetostriction in

CoFe [21, 44].

3.1 Giant piezoelectric and giant electro- / magneto-strictive properties around morphotropic

phase boundary in ferroelectric and ferromagnetic materials: PTG analysis

As has been discovered recently in experiments, solid solutions with compositions around the
so-called morphotropic phase boundary (MPB) have been identified as a special region that
provides giant piezoelectricity of ferroelectric systems such as PbZrOs;—xPbTiO3 (PZT) and
PbMg1/3Nb,;303-PbTiO3 (PMN-PT) [7, 15-23, 28-33]. Because of the lack of a rigorous
theoretical description, however, the crystallographic origin of such giant piezoelectricity is
still unclear, and its discovery in existing systems and the continued search for new systems
are made more or less by trial-and-error experiments. An MPB is a compositional phase

boundary between the tetragonal (T: space group P4mm) and rhombohedral (R: space group
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R3m) phases in metastable phase diagrams of ferroelectric solid solutions. Such metastable
phase diagrams capture the relative stabilities of the C, T and R phases with respect to
congruent and diffusionless transformations from one phase to another [7, 15, 19]. At or near
an MPB, the system is probably a two phase mixture of T and R and we hypothesize that the
TR phase transition cycles play a critical role in determining the giant piezoelectricity of
MPB systems. Below we construct the PTG for multiple T <> R transition cycles, analyze its
topological features and identify the ones that could be responsible for the giant

piezoelectricity and electro-striction in MPB systems.

As a typical ferroelectric system with MPB, the PZT system involves three structural phase
transitions, including cubic (C) (perovskite, paraelectric) <> T, C <> R and T < R transitions
(both T and R are ferroelectric) [7], but giant piezoelectricity is found only in connection with
the T < R transition. The PTGs for the above three phase transitions in PZT are constructed,
which are shown in Figure 4. It can be readily seen that both the C «» T and C « R transitions
belong to Type Il while the T «» R transition belongs to Type Il. Because all the isolated
subgraphs in the PTG of the C «» T (also for C <> R and T < R) transition are identical, only
one subgraph is shown for each transition. In order to show clearly how the PTG is related to
crystal symmetry, all the graphs are plotted in 3D. For the C < T transition with vertex order
(6,1), there is a tree of one C vertex as root and six T vertices as leaves within a subgraph, and
the polarization direction of each T vertex belongs to the <100> type (Figure 4(a)). Similarly,
there is one C root and eight R leaves with polarization directions of the <111> type in the
PTG for the C « R transition (Figure 4(b)) with vertex order (8,1). In both of the above two

cases, no circuits can be found in the PTGs.
13



On the contrary, all the six T vertices and eight R vertices (with vertex order (4,3)) are
interconnected by multiple circuits in the isolated subgraph in the PTG for the T < R
transition (Figure 4(c)) that takes place at an MPB. The unique topological feature of such a
PTG is essential for the giant piezoelectric and giant electro- / magneto-strictive properties
discovered at or near an MPB. As demonstrated in the literature, giant piezoelectric and
electro- / magneto-strictive responses are driven by easy polarization rotation, which is
facilitated by the PTPs of the T « R transition (Figure 4(c)). Suggested by first principle
calculations, because of a flat energy surface along the PTPs between T and R states (i.e., two
polar states), a small field will cause a large change of polarization angle [15, 17]. Such a
mechanism is similar to the change from discontinuous phase transition (i.e., first-order phase
transition) to continuous (i.e., second-or higher-order) by external fields [11]. As a result, the
domain reorientation is realized through continuous polarization rotation rather than
nucleation of new domains and subsequent domain boundary migration. In short, the giant
piezoelectric and electro- / magneto-strictive properties discovered at or near the MPB
originate from continuous polarization rotation through PTPs, the realization of which relies
on both a low energy barrier along and the connectivity of the PTPs. Since the former is
beyond the scope of this work, we will focus on the connectivity of the PTPs, which is a
necessary condition for the polarization rotation mechanism to operate and determined solely

by symmetry.

The connectivity of PTPs can be easily captured through the topology of PTG. Considering

the topological features of the three types of structural phase transitions, it is obvious that
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Type | transitions should be excluded for ferroic smart material applications because, as
mentioned earlier, they are irreversible and inevitably generate defects during the transition
cycles due to lattice invariant deformations realized through PTPs (reflected by the infinite,
interconnected topology of their PTGs) [13]. To illustrate the effects of the star and circular
topologies of PTGs on the transition behavior of a system, we start with several simple
examples in 2D. The rectangle to diamond transition (crystal structures shown in Figure 2(b))
is a typical Type Il transition and a continuous polarization rotation between any two states
(including all rectangle and centered rectangle states) can be guaranteed by its PTG, in which
all the vertices are connected through PTPs (Figure 5(a)). When a small external field is
applied to a multi-domain system, all the domains (at different states initially) can be
reoriented through continuous polarization rotation along the PTPs. In contrast, for a rectangle
to parallelogram transition (Type Ill, Figure 5(c)), continuous polarization rotation through
PTPs can only take place within an isolated star (including one rectangle and two
parallelogram vertices connected). However, there is no PTP connecting two states in different
stars (e.g., between two rectangle states). A state in one star cannot transform to a state in
another star through continuous polarization rotation. Another typical Type Il transition in 2D
is the square to rectangle transition (Figure 5(b)), where polarization rotation cannot be
realized through the PTPs because there is no spontaneous polarization in the square state. In
fact, all Type Il transitions behave like either of the above two cases, which suggests that
Type 11 transitions with PTG topology of isolated star should also be excluded for potential
giant piezoelectric and giant electro- / magneto-strictive properties. As a result, giant
piezoelectric and giant electro-/magneto-strictive responses through phase transitions can

only exist in Type Il transitions, which have isolated circular PTGs. As a matter of fact, it has
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been shown experimentally that the piezoelectricity near the T/R boundary is usually an order

of magnitude larger than that near the C/T or C/R boundary in PZT [15, 19].

Even though the only phase boundary discovered in literature that has giant piezoelectricity or
electric- / magneto-restrictions is between T and R, other boundaries at which PTGs consist of
isolated circular subgraphs (i.e., Type Il transitions) could also have such properties according
to our analysis. For ferroelectric materials, spontaneous polarization can occur only in crystals
having a unique polar axis, which belongs to the following 10 polar crystallographic point
groups: 1, 2, m, mm2, 4, 4mm, 3, 3m, 6, 6mm [10]. According to our PTG analysis, giant
piezoelectricity, which is associated solely with Type Il transitions, cannot be expected when
the point group of one phase is 1 because in this case its PTG will be a (n,1)-biregular graph,
which indicates a tree subgraph. Also, two phases with 4 (or 4mm) and 6 (or 6mm) point
symmetry elements are excluded since an infinite interconnected PTG will be expected. In
addition to the R/T phase boundary, another potential MPB for giant piezoelectricity predicted
by our analysis is the phase boundary between R (point group 3 or 3m) and Orthorhombic
(point group mm2) phases because it has a PTG with isolated circular subgraphs. As a matter
of fact, recent experiments have shown promising giant piezoelectricity for such a system

[32].

Applying such PTG analyses to all possible ferroelectric phase transitions (summarized in
Figure 6), we identify all the potential systems, in which the piezoelectricity could be greatly
enhanced through phase transitions. In addition to the experimentally confirmed R/T

transition and the newly identified R/O transition discussed above, other transitions that either
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could possibly have (the question marks) or are impossible to have (the cross marks) giant
piezoelectricity are also identified in Figure 6. Further determination of the PTG topological
features of those ferroelectric transitions with the question marks requires the knowledge of
LC (Appendix B). For example, considering a transition between T and Orthorhombic (O)
phases, there could be two possible LCs:

(a) [100], —[100],,[010]; —[010],,[001]}, —[001], and

(b) [100], — [100],,[011]}, — [010],,[0T 1]}, —>[001],,
where [001]T is the ¢ axis in the T phase. These LCs will lead to different types of PTGs, with
the T « O transition following LC (a) belonging to Type Il and that following LC (b)
belonging to Type Il. As reported in recent experiments [45], the T to O transition in
(1-x)BaZry 2 TipgO3—xBag 7Cag 3TiO3 with LC (b) does offer a giant piezoelectricity, which is

consistent with our PTG analysis.

Note that monoclinic (M) phases could play a role in some systems near MPB, as reported in
the literature. According to symmetry, M vertices can be inserted into each edge between T
and R, which yields a new PTG with three phases of R/T/M. However, when the transition
between T and R (either direct or indirect) exists, isolated circular topology is determined,
regardless whether the M phase exists or not. In this case, continuous polarization rotation can
go through a T->M—R—M—T—... path. As a result, the piezoelectric properties could be
potentially enhanced through such phase transitions. The predictions in Figure 6 are based on
the topology of PTGs containing only PTPs. Similar pathway analysis can also be made with
the consideration of NPTP under the same graph theory framework, in which the same

mechanism could be realized through NPTP even without a phase transition, as will be shown
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in Section 3.2.

The existence of Type Il transitions is also critical for potential giant magnetostriction. From
the crystal symmetry identified by using the high accuracy synchrotron x-ray diffractometry,
giant magneto-restrictions found in TDC (TbCo,-DyCo,) system can be related directlytoa T
<> R transition [29], which belongs to Type Il based on our classification. Thus the PTG is the
same as what is shown in Figure 4(c). Even though the physical origins of electric and
magnetic polarizations are fundamentally different, they can be analyzed equally from the
viewpoints of crystal symmetry and PTG topology under this new theoretical framework.
Note that all our predictions are based solely on crystal symmetry and LC, and the symmetry
criterion is universal for the investigation for all kinds of susceptibilities realized through
structural phase transitions in ferroic smart materials. In addition to locating interesting phase
regions on a phase diagram, critical new information about phase transitions is provided by
the PTG analysis, which identifies the types of structural phase transitions and intrinsic

properties associated with them.

3.2 Functional fatigue in shape memory alloys and giant responses without phase transition:

GPTG analysis

Another important class of ferroic smart materials are SMAs, which are featured by shape
memory effect and superelasticity [46-48]. One of the critical issues limiting the service life of
SMA:s is the so-called functional fatigue during repeated actuation through phase transition

cycles. It is found that macroscopic irrecoverable strain can be accumulated in most
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commercial SMAs, leading to the loss of dimensional stability [24, 25, 49]. A large amount of
extended crystalline defects such as dislocations and grain boundaries have been observed in
typical SMAs including NiTi during the austenite «» martensite transition cycling, induced
either by load cycling or thermal cycling (with or without biased load), and the types of
defects are identified to be crystallographically specific [24, 44], which suggests a

fundamental relationship between functional fatigue and phase transition cycling.

From the symmetry point of view, however, if a group-subgroup relationship exists between
the parent and product phases, the martensitic transition (MT) should be fully reversible [13],
and if the transformation strain could be well accommodated during the MT and thus local
stresses generated by the MT would not cause plastic yielding, then no other lattice defects
such as dislocations should be generated. This is obviously not the case even for the widely
used commercial SMA, the NiTi system, where defect generation is the rule rather than
exception during phase transition cycling [25, 44, 48, 49], especially during thermal cycling
under a biased-load much lower than the yield stress. Below we construct PTG and draw
connections between the PTG and possible GPTG for the B2 <> B19’ transition in NiTi to
analyze the evolution of the structural states during multiple transition cycles. In particular,
we analyze the topology of the PTG and GPTG as well as the corresponding transition
features based on our new classification. Then we predict systematically the characteristic
defects generated during the transition cycles and compare them with recent experimental

observations.

Following the mathematical procedure given in appendix D, the PTG for the B2 <> B19’
19



transition in NiTi is shown in Figure 7, where each B2 state is connected (by the solid lines)
with twelve B19’ states and each B19’ state is connected (by the same solid lines) to only one
B2 state, leading to isolated star subgraphs (Type I11). However, according to the experimental
observations discussed above, the MT in NiTi behaves like Type I, i.e., with plenty of defects
generated during transition cycling. To understand what render the Type Il MT in NiTi SMA
behave like a Type | MT, we search for possible NPTPs that could link these isolated star
subgraphs together, forming an interconnected infinite graph. Based on ab initio calculations
[43], the B19’ structure is both geometrically and energetically close to a base-centered
orthorhombic (BCO) structure that has relatively high symmetry comparing to its nearby
monoclinic B19’ structures. More importantly, according to the symmetry relationship among
the BCO, B19’ and B2 phases, each BCO state is connected with two B19’ states and each
B19’ state is connected with one B2 state and one BCO state. Thus determined by the
symmetry breaking from BCO to B19’, a BCO state is connected to two B19’ states in two
different isolated subgraphs and serves naturally as a “bridge” between the two isolated stars.
As a result, these symmetry-dictated NPTPs (dash lines in Figure 7) link all the isolated stars
into an interconnected and infinite GPTG. Furthermore, it has been shown that the critical
stress for the activation of the NPTPs could be as low as 33 MPa [50]. In Figure 7, only four
isolated stars are shown to demonstrate their connections by four BCO states (as the bridges)
into an interconnected GPTG. Since the GPTG for NiTi is an infinite and interconnected graph
when the NPTPs are taken into account, it should behave like a Type | transition and defect

generation is anticipated.

Based the PTG, defects generated can be systematically predicted through crystallographic
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analysis. Beside the [100](011) type of dislocations, the generation of special grain boundaries
IS a unique feature in this system. As calculated in Appendix D, for example, a X9 boundary is
formed between two nearest-neighbor B2 states, and a X5 boundary is formed between two
second-nearest-neighboring B2 states in the GPTG (e.g., the B2 state in the top left and the
one in the bottom right of Figure 7), which are generated by the reverse MT from B19’-1 and
B19°-10, respectively, back to the two different B2 states via the NPTP (see Figure 7). Based
on a recent experimental study of NisggTisp1 under load-biased thermal cycling, various
special grain boundaries have been revealed with ASTAR technique after a few transition
cycles [44] under a 150 MPa tensile bias load. The generation of special grain boundaries
suggests strongly a mechanism distinctively different from the conventional dislocation

plasticity and recrystallization [51, 52].

From our GPTG analysis, the functional fatigue seems to originate from the existence of
NPTPs, which is associated with the translational symmetry of the parent phase crystal lattice.
Thus in order to suppress the activation of NPTPs and improve the functional fatigue
resistance, the key could be to lower the translational symmetry of the parent phase. Two
ways have been proven effective: introducing (a) long range atomic ordering and (b)
nano-precipitates in the parent phase [50-53]. As a matter of fact, most commercial reliable
SMA systems have ordered parent phases. Similar to atomic ordering, nano-precipitates in the
parent phase [53-56] will also break the translational symmetry because of the local lattice
distortion and stress concentration caused by the geometrical constraints from the
non-transforming precipitates. Besides improving the strength of the parent phase, both of the

above design strategies can be considered as the blockage of the NPTPs, which ensures an
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isolated star topology for the PTGs of the systems. It should also be pointed out that

dislocation substructures generated during training of SMAs serve a similar purpose.

As demonstrated above, a Type Il transition may behave like Type | if its GPTG has infinite
and interconnected topology. Similarly, a Type 11l transition could also behave like Type Il if
its GPTG has an isolated circular topology. For example, considering a square to rectangle
transition (with internal polarization indicated by the arrows in Figure 8) with possible NPTPs
(indicated by the dash line in Figure 8) among the rectangular states, an isolated circular
GPTG could be constructed, leading to another possibility for obtaining giant susceptibilities
by Type Ill transitions. Similar to the role of the BCO state found in NiTi system, there is a
diamond structural state along the NPTP connecting two rectangle states (Figure 8). As a
result, the GPTG in Figure 7 is topologically similar to that of the B2 to BCO transition (Type
1), while the GPTG in Figure 8 is similar to that of a rectangle to diamond transition (Type II)
shown in Figure 5(a). With the consideration of the NPTP in Figure 8, the four rectangle states
can form an isolated circuit by themselves. Such a network could occur in low-symmetry
triclinic crystals, which may offer giant functionality even without a phase transition. As
identified both experimentally and theoretically, such a mechanism through the activation of
NPTPs is responsible for the giant responses in several systems [21, 57], which are consistent
with our GPTG analysis. As a result, the topology of a GPTG is critical in determining the
property of a material system, which is a direct generalization of the classification of Type

I/11/111 phase transitions based on the PTG topology.

Note that even though NPTPs are defined as pathways connecting structural states of the same
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crystal lattice, e.g., the two B19’ states through BCO in Figure 7 and the two rectangular
states through the diamond in Figure 8, the symmetry change along the NPTPs in these two
examples are fundamentally different. It is associated with the translational symmetry in the
former and the point symmetry in the latter. As a result, the inclusion of the NPTP in the
former transforms the original isolated star PTG into an interconnected and infinite GPTG
while in the latter transforms the original isolated star PTG into an isolated circular GPTG.
Thus the topology of a GPTG depends strongly on how the NPTP are connected. The NPTP
could be derived by the follow three means: (1) experimental observations of certain transition
features (e.g., the generation of characteristic defects such as special grain boundaries in the
NiTi system discussed above); (2) geometrical closeness between two structural states of the
low symmetry product phase (e.g., the two nearby B19’ states in Figure 7); (3) energetic
calculations (such as the ab initio calculations [43] discussed above, which have helped us in

identifying the NPTPs in NiTi SMA).

From the viewpoint of graph theory, a GPTG has edges more than or equal to those of its
corresponding PTG. For a given structural phase transition, a PTG of isolated star topology
can be changed to either an isolated circular or an infinite interconnected one so that it is
theoretically possible that a Type Il transition behaves like Type I/ll. A PTG of isolated
circular topology can be changed to an infinite interconnected one by adding NPTPs, but
cannot be changed to an isolated star, which means that a Type Il transition cannot behave like
Type I. APTG of infinite and interconnected topology cannot be changed to an isolated star or
circular graph by adding NPTPs. Such a one-way “downgrading” rule could guide the design

of ferroic smart materials purely from crystallography even without the knowledge of NPTPs
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activation. For example, one should never expect ferroic functionalities from Type I transition
because it is theoretically impossible to be “upgraded” to Type Il or Type Ill. The search for
potential systems offering giant piezoelectricity and giant magnetostriction should be around
either Type 1l (e.g., system with MPB) or Type | (e.g., electric/magnetic SMAS). A promising
SMA system has to be a Type Il transition without easy activation of NPTPs, which might

change the topology of PTGs.

4. Conclusion

In this paper, a new universal characteristic of structural phase transitions with
symmetry-breaking is discovered through the construction of phase transition graphs (PTGs)
and the analysis of PTG topology. As a new theoretical concept and framework built upon
group and graph theories, the PTG captures the global connectivity of multiple
crystallographically equivalent structural states of different phases through phase transition
pathways, which dictates the properties and performance of ferroic smart materials in service
where multiple forward and backward transition cycles take place. Through analyzing the
topology of PTGs, a new classification of structural phase transitions is proposed. An
important class of transitions having a unique topological feature, i.e., isolated circular graph
that is critical for giant piezoelectricity and giant electro- and magneto-striction in
ferroelectric and ferromagnetic materials, are discovered. The physical origin of functional
fatigue in shape memory alloys is also analyzed based on the topology of generalized PTG
that include symmetry-dictated non-phase transition pathways, and the characteristic defects

generated during the phase transition cycling are predicted systematically, which agree well
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with experimental observations in NiTi SMA. This study opens the door for “transition
pathway engineering” in ferroic smart materials design by adjusting alloy composition to
locate the system at phase boundaries of specific types of structure transitions and by
introducing crystalline defects to alter the PTG topology through the activation or deactivation
of non-phase-transition pathways for desired properties. In combination with phase diagrams,
the PTG analysis will motivate and guide systematic search for high-performance functional
and structural materials with much enhanced properties realized through structural phase

transition cycling.
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Appendix A. Construction of phase transition graph (PTG)

To make a non-localized description of phase transition network, mathematical expressions of
structural states and phase transition pathways (PTPs) are first presented based on phase
transformation crystallography [38-42], which are mapped to vertices and edges, respectively,

leading to the construction of PTGs.

Without loss of generality, the structural change between two structural states along a PTP is

A

described by an operator T, and a compact algebraic description (bra-ket notation used in
guantum mechanics) similar to that used in martensitic transformation crystallography [38, 39]
is adapted here. Each structural state is noted by a high-dimensional vector |o;>, which can be
represented in a basis of C; as <Cj|g>. The transition from structural state |o;> to o> is

A

described by an operator, T

i

which satisfies,

lo,>=T,,|0,> (A1)
In general, T could operate on several structural order parameters that define the structural
states of parent and product phases, including electric and magnetic polarizations, depending
on the intrinsic feature of a transition. Particularly when 'i'j'i describes a uniform
deformation in 3D, |g;> is simply expressed by three linear-independent 3D lattice vectors,
| o, >={e},e},e.}, which can be represented in any basis. Because ﬂi is a second-rank
tensor connecting two states, two basis indicators are needed for its representation. Such a
notation is especially convenient for sequential changes among different structural states,
which is described by exertion of a series of operators. Note that Egn. (A.1) is dictated by the

correspondence between |o;> and |o> (or the lattice correspondence between {e;,e},e;} and

{e},elel}),and T isa characteristic operator of the phase transition.
32



The above mathematical description of structural transitions can be mapped onto a PTG,
G(V, E). V is a set of vertices that correspond to different structural states of a, B, ... phases
and E is a set of edges that connect the vertices and describes PTPs among them. Consider a
PTG for the a <> B transition. The order of each vertex (number of edges connecting to it)
depends on PTP degeneracy that can be determined using group theory [4, 27]. For each
vertex i, its state can be described by |o, >={e;,e},el} in the way that the lattice
correspondence (LC) among all the structural states is guaranteed. After defining a basis C;
for each state, all the edges can be written in matrix forms <C,|T,;|C; > through Eqn.
(A.L):
<Cjlo;>=<C;|T;;1C ><C|o; > (A.2)
Note that the determination of <C,|T;;|C; > requires <C;|o; > and <C,|o; >. Since
each of them is calculated within its own basis (i.e., |g;> in C;, |g7> in C;), there is no direct
constraint about the spatial relationship between C; and C;. Only the correspondence between
|oi> and |o5> is required. To obtain a unique representation for each vertex, a reference state
|oo> (represented in Cy basis) is chosen, which can be considered as the “undeformed state”,
and all the other states can be expressed with respect to it:
|6, >=T,, |0, > (A.3)
Note that there is a fundamental difference between TIO and T“. T,O characterizes the
deformation state of |o;> with respect to the reference state |op> (not necessarily a vertex),
while -i_',i characterizes the edge between |o;> and |o;> through a PTP. As a result, all the

J

vertices can be expressed in matrix forms <C; | T,,|C, >, and two vertices connected by an

edge, or two states connected by a PTP, can be described as:
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<Ci|T;o|Cy>=<C;[T;; |C;><C T, |C, > (A.4)

Starting from one vertex |oi> expressed as <C,|T,, | C; > in C; basis, a number of pathways
are determined as ‘i'j'i | C, >. For another known vertex |oi>, it is connected to |o> if and
only if it has the exact same matrix representation as <C, | T, |G, > in the same basis of C;,
<C|s,>=<C,|s,>=<C,|T,, |G ><C | T, |, > (A5)

which indicates that |oi> is actually |o>. According to the above equation, the connectivity
between any two vertices can be determined unambiguously, leading to the construction of a

PTG.

Appendix B. Effect of lattice correspondence on PTG topology

As a new approach to investigating crystallography and symmetry breaking during structural
phase transitions, the PTG characterizes the symmetry and topology of phase transition
network, which represents a deeper intrinsic symmetry character beyond crystal structure.
Note that A PTG is determined solely by the crystal structures of the parent and product
phases and the LC between them. LC is a critical piece of information required to determine
the vertex order and global connectivity. For example, considering the transition between a
rectangle and a centered-rectangle, the vertex order of its PTG is (2,2) according to the LC
shown in Figure. 1(b), which forms an isolated circuit topology (Figure 3(c)). However, if
another LC as shown in Figure S1(a) is assumed, an infinite chain topology is formed, even
though the vertex order is also (2,2). As a result, the local pathway degeneracies of the two
cases determined by group theory are identical. However, distinctions between these two
examples with the same parent and product phases but different LCs can be illustrated clearly

by the non-localized PTGs that are beyond the reach of local symmetry breaking captured by
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group theory (i.e., one forms an isolated circuit while the other forms an infinite chain). As

indicated in Figure 6, the cross marks suggest that the type of the transition cannot be Type Il

regardless of LC, while the question marks suggest that the type of the transition depends on

LC, which could be Type II.

Appendix C. Defect structures generated during a Type | transition.

Because lattice invariant deformation can be realized through PTPs in Type | transitions,

defect structures can be generated during such transitions, which are originated from

translational symmetry.

As shown in Figure 3(a)&(b), a PTG for a 2D square to hexagonal transition has been

constructed. In particular, assuming that the lattice constants for both square and hexagonal

lattices are identical, i.e., a*=a", vs; is chosen as the reference state (Jvs;>=|0>) and an

orthogonal basis is chosen as Cg, ={e;’,e5 }(Figure 2(a)), all the operators can be represented

as 2x2 matrices, some of which are listed as the followings:

<Cq | Ty |Csy >= 1o (C.1)
S1 S1,0 S1 7 0 1 '

(C.2)

. 1 1/2
< CSl |TH1,0TH1,0 |C51 >=

1/2 1

" 11
< C51 | Tsz,oTsz,o |C31 >= L 2} (C-3)
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In the followings, we will focus on the relationship between neighboring vertices. Considering
the relationship between two vertices for the square lattice which have a common neighbor of
hexagonal vertex (Figure 3(b)), i.e., vs; and vsp, defect structures can be determined by
applying compatibility constraint (or invariant plane strain condition in martensitic

transformation crystallography) [38-42],

RTs,0— T =b° ®n® (C.4)

where R is a rigid-body rotation, and ® is the operator of dyadic product. b° and n® are the

shear vector and shear plane normal of corresponding lattice invariant shear deformation.

By solving Egn. (C.4), two solutions can be obtained as follows,

il
S (OJ (C.5)
n, =
1
il
S @ (C.6)
n, =
1

From the first solution, it can be concluded that the structural state of |vs,> is equivalent to
that of a dislocation loop inside |vs;> with Burger vector by and slip plane normal n;,

which are represented in the |0> basis (Figure C.1).

And in the second solution, R is corresponding to a 53.13° rotation along [001], which leads

to a X5 grain boundary (Figure C.2). Actually, |vs;> and |vs;> are related by a lattice invariant
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deformation which can be realized through two edges of PTPs. Such a relationship is usually
described as twinning with respect to state |vy;>. And defect structures given by the above two
solutions can be interpreted as different types of twinning. However, if they are considered in
general point of view, all the crystalline defects including twinning, dislocation and grain
boundary are originated from symmetry breaking during phase transitions. Such a mechanism
is general in all the structural phase transitions of Type I, and the type of defects can be

determined through Eqgn. (C.4).

Appendix D. Calculations of special grain boundary generation during transition cycling
in NiTi shape memory alloys

The defect structures generated by this Type | GPTG can be predicted by using the
phenomenological theory of martensite crystallography (PTMC) [38-42]. Considering two
“neighboring” B2 states (two B2-centered stars connected through one BCO, e.g., the two B2
states in the bottom of Figure 6), for example, the deformation gradient matrix from one B2 to

the other B2 can be determined as:

1 05 05
T=(0 1 © (D.1)
00 1

The characteristic defect structures during the transition can be predicted by incorporating the
geometrical constraint of compatibility (or invariant plane strain condition) [38-42],
QT=1+a®n (D.2)
where Q is a rigid body rotation, and QT is an invariant plane strain. n is the normal of the
invariant plane and a is the displacement that characterizes the shape change (uniform lattice

distortion associated with the invariant plan strain. Two solutions can be obtained,
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and (D.3)

The first solution describes the [100](011) type of dislocations in B2 NiTi. The second
solution suggests a relatively high index plane (411) and the rotation Q in Eqgn. (D.2) is a
38.94° rotation around the [011] direction, which is the characteristic angle of a X9
boundary. A simple illustration of the two solutions can be made in parallel with the prediction
of plate martensite in classical martensitic crystallography [38-42]. The first solution can be
interpreted as a single dislocation loop of [100](011) type in a B2 crystal, while the second
solution can be interpreted as an isolated plate-shaped grain (with 38.94° misorientation)
embedded in another large grain. Both of them are parallel exactly to a plate-shaped
martensite embedded in an austenite matrix. However, because of the spatial correlation (e.g.,
elastic interaction) of multi-domain and defect structures, a rather complicated microstructure
is observed in experiments [44], including complex dislocation networks as well as various

types of grain boundaries.

In a similar way, all the possible defect structures generated during a single phase transition
cycle can be determined. For example, considering the deformation between two
second-nearest-neighboring B2 states in the GPTG (e.g., the B2 state in the top left and the
one in the bottom right of Figure 6), which are generated by the reverse MT from B19’-1 and
B19°-10, respectively, back to the two different B2 states via the NPTP, one finds a X5

boundary. Considering the entire first and second nearest neighbor B2 relationships in the
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GPTG, one finds X3, X5, X7, X9 and X13. The type of special grain boundaries generated is
dictated by the choice of pathways, which will be affected by both external stress and internal
local stress concentration in multi-domain microstructures generated during the martensitic

transformation.

Through similar computational crystallography analysis, higher order special grain boundaries
such as 11, ¥15, £17, ..., £37, £39,... can be generated after two cycles (considering the
third and fourth nearest-neighboring B2 states), three cycles (considering the fifth and sixth
nearest-neighboring B2 states), ..., which can be determined systematically. Based on a recent
experimental study of NigggTiso1 under load-biased thermal cycling, various special grain
boundaries have been revealed with ASTAR technique after a few transition cycles under a
150 MPa tensile bias load [44]. The generation of special grain boundaries suggests strongly a
mechanism associated with crystal symmetry and phase transition and not expected in
conventional dislocation plasticity and recrystallization. Based on the above theoretical
analysis, the types of the defects are dictated by symmetry-breaking along the PTPs and

NPTPs, which can be evaluated systematically using the framework of PTG and GPTG.
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Figure Captions

Figure 1. Topological classification of infinite graphs.

Figure 2. Example of structural phase transitions leading to different types of PTG topology:
(a) square to hexagonal; (b) rectangle to centered-rectangle; (c) square to rectangle. (Lattice

correspondences are indicated by the basis vectors of the same subscripts in these drawings)

Figure 3. Construction of Phase Transition Graph (PTG) in 2D: (a) structural states and (b)
PTG for the square to hexagonal transition (Blue and red line in (a) represent two independent
vectors in a 2D lattice and they also indicate the lattice correspondence between two structure
states); (c) PTG for the rectangle to centered-rectangle transition; (d) PTG for the square to

rectangle transition.

Figure 4. Topology of isolated subgraph in PTG for phase transitions in PZT ferroelectrics: (a)
cubic to tetragonal; (b) cubic to rhombohedra; (c) tetragonal to rhombohedra. (The

polarization directions are indicated by arrows)

Figure 5. PTG graphs for ferroelectric transitions among square, rectangle, parallelogram and
centered rectangle lattices. The polarization direction is indicated by the black arrows. (a)

rectangle to centered rectangle; (b) square to rectangle; (c) rectangle to parallelogram.

Figure 6. Potential phase transitions that could enhance piezoelectric properties. (Further

information about lattice correspondence is required to determine the systems with question
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marks)

Figure 7. PTG (with PTPs only) and GPTG (with both PTPs and NPTPs) for the B2 to B19’

transition in NiTi shape memory alloys (solid line: PTP, dash line: NPTP).

Figure 8. PTG (with PTPs only) and GPTG (with both PTPs and NPTPs) for a rectangle to
centered rectangle transition in 2D. (solid line: PTP, dash line: NPTP). The Diamond structure

along the NPTP is indicated.

Figure B.1. Crystal structures and PTGs for a square to rectangle transition (LC is indicated
by the correspondence among boxes outlined by the solid lines, while the unit cells are

outlined by the dashed lines).

Figure C.1. Dislocation generation during a 2D hexagonal to square transition: (a) Perfect
crystal of hexagonal lattice (in structural state HEX-1 indicted by vu;); (b) dislocation loop in
square lattice (part of material circled by red lines undergoes vyi1— Vs1, while part of material

circled by green lines undergoes vy — Vsp).

Figure C.2. Grain generation during a 2D hexagonal to square transition: (a) Perfect crystal of
hexagonal lattice (in structural state HEX-1 indicted by vu1); (b) dislocation loop in square
lattice (part of material circled by red lines undergoes vy1— Vvsi, while part of material circled

by green lines undergoes vy — Vsy).
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Construction of Phase Transition Graph (PTG) in 2D: (a) structural states (b) PTG for the

square to hexagonal transition; (c) PTG for the rectangle to centered-rectangle transition;
(d) PTG for the square to rectangle transition.



