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Abstract

The structure of hydrogen bonded networks is intimately intertwined with their dy-
namics. Despite the incredibly wide range of hydrogen bond strengths encountered in
water clusters, ion-water clusters and liquid water, we demonstrate that the previously
reported correlation between the change in the equilibrium bond length of the hydro-
gen bonded OH covalent bond and the corresponding shift in its harmonic frequency in
water clusters is much more broadly applicable. Surprisingly, this correlation describes
the ratios for both the equilibrium OH bond length/harmonic frequency, and the vibra-
tionally averaged bond length/anharmonic frequency in water, hydronium water and
halide water clusters. Consideration of harmonic and anaharmonic data leads to a cor-
relation of —1941 cm 1/0.001 A. The fundamental nature of this correlation is further
con rmed through the analysis of ab initio Molecular Dynamics (AIMD) trajectories
for liquid water. We demonstrate that this simple correlation for both harmonic and
anharmonic systems can be modeled by the response of an OH bond to an external

eld. Treating the OH bond as a Morse oscillator, we develop analytic expressions,
which relate the ratio of the shift in the vibrational frequency of the hydrogen-bonded
OH bond to the shift in OH bond length, to parameters in the Morse potential and
the ratio of the rst and second derivatives of the eld-dependent projection of the
dipole moment of water onto the hydrogen-bonded OH bond. Based on our analysis,
we develop a protocol for reconstructing the AIMD spectra of liquid water from the
sampled distribution of the OH bond lengths. Our ndings elucidate the origins of the
relationship between the molecular structure of the eeting hydrogen-bonded network

and the ensuing dynamics, which can be probed by vibrational spectroscopy.



Hydrogen bonding plays a critical role in phenomena ranging from aqueous solvation
and reactivity, biological structure and function to homogeneous catalysis and atmospheric
processes. A hallmark of hydrogen bond formation is the decrease (red shift) of the vibra-
tional frequency of the covalent bond which participates in the hydrogen bond relative to
the isolated species. Due to the wide variety of hydrogen bond strengths observed in gas
and condensed phase systems, these red shifts range from a few tens to more than 2000
cm 1.1 Vibrational spectroscopies, such as infrared (IR) and Raman, can be used to probe
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these shifts in environments ranging from simple clusters“t’ to more complicated aqueous

solutions. #{*2

Due to the broad availability and applicability of vibrational spectroscopy techniques,
there have been extensive experimental and theoretical studies of the vibrational shifts in
hydrogen-bonded systems. These studies demonstrated a number of intriguing correlations
between shifts in the covalent bond vibrational frequency and the structural and energetic
properties of the hydrogen bond.**?! One of the earliest reports of such a relationship was

made by Badger, who in 1934 reported a correlation between the shift in the bond lengths

of diatomic molecules, relative to a reference value, dij; and the force constant, ko,

Re — dij XX kO (1)

While Badger’s Rule focused on this specific relationship, it has since been used to refer to
relationships between bond lengths, strengths and harmonic frequencies.

Perhaps the most remarkable of these correlations is the one between the increase in
the equilibrium OH covalent bond length of the hydrogen bond donor (Re) and the corre-
sponding decrease in the harmonic frequency associated with that OH bond (1).16:17:22 This
correlation, which has been well established for over 50 years,? has been observed experimen-
tally 15212325 for intra- and inter-molecular hydrogen bonds and theoretically using various
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levels of electronic structure methods as well as simple, but physically insightful, mod-

els of hydrogen bonds. 1”222 What is particularly noteworthy about this correlation is that



the relationship is surprisingly robust over a wide range of hydrogen bond strengths, both
with respect to its linearity as well as the value of the slope obtained. For example in a series
of studies, one of us investigated the linear relationship between the shift in the harmonic
OH stretch frequency of water clusters from that of an isolated water molecule (A1) and the
shift in the equilibrium OH bond length from its value in an isolated water molecule (ARe),
reporting AV=AR, = —20:2 cm 1/0.001 A 1827 Other authors have reported analogous stud-
ies for a broad range of hydrogen-bonded systems that included hydrogen-bonded complexes
of alcohols (AY=AR, = —20:4 cm */0.001 A),%° and hydrogen-bonded complexes involving
HCI (A1=AR, = —15:7 cm 1/0.001 A).3! Interestingly, when calculations on water clusters
were performed at the Hartree-Fock, MP2 and CCSD(T) levels of theory, this shift was ob-
served to be independent of the level of electronic structure theory used.?’ Hermanansson
et al. identified a similar ratio (AT=ARe = —25 cm */0.001 A) when they explored the
correlation between harmonic frequencies and OH equilibrium bond lengths evaluated at the
Hartree-Fock and MP2 levels for a set of water hexamer structures obtained as snapshots
from a liquid water simulation.?® Additionally, a local electric field formalism has been used
to predict the various OH bands associated with water networks in the proximity of ions
in clusters.® While the previous theoretical predictions offer useful insights into the inter-
play between the underlying molecular structure and the corresponding stretching vibration
of the hydrogen-bonded OH bond, they have mainly focused on the relationship between
the changes in the equilibrium bond lengths and the corresponding harmonic frequencies.
As such, they are limited in their connection with the experimentally observed structures,
which are associated with larger vibrationally averaged hydrogen-bonded OH bond lengths
(Ro) and corresponding anharmonic transition frequencies ( ), which include substantial
anharmonicities.

In the present study, we show that the linear correlation between the elongation of the
covalent bond that participates in the hydrogen bond and the corresponding red shift of

the vibrational frequency persists for both equilibrium/harmonic and vibrationally aver-



aged /anharmonic pairs. We demonstrate this by extending both the range of water clusters
considered to incorporate halide and hydronium ions as well as the system size, extending
from clusters to liquid water. By doing this we show that, owing to the robustness of this
correlation, one can accurately reconstruct the condensed phase OH stretching region of the
spectra from knowledge of the vibrationally averaged bond length distribution. Finally, we
explore the underlying origin of this correlation using a simple model of the hydrogen bond.
We also investigate how this correlation can be used to elucidate the success of the frequently
employed electric field mapping approaches to obtain vibrational spectra.33{3°

To start, we have investigated the correlations between the OH bond lengths (Re or Ry)
and the OH stretch frequency (! or |, respectively) for a series of water clusters and water
clusters containing halide or hydronium ions.*® The list of the clusters considered in this
work along with their structures is provided in Tables S1 to S4 and illustrated in Figures
S1 to S3. Here the anharmonic frequencies are calculated using second-order vibrational
perturbation theory (VPT2) calculations, based on MP2/aug-cc-pVDZ calculations of the
electronic structure as implemented in Gaussian 09,%' while the vibrationally averaged bond

lengths are evaluated using#?(#
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(2)

where the summations are over the normal modes, Qn, with harmonic frequencies !,,. Here
and in the following equations, h = 1. We should note that these quantities differ from
the S, values reported in the outputs of some electronic structure calculations through the
inclusion of the @2R=@q,2n term. In the absence of this term, the S, value corresponds to
changes in the projection of the OH bond length onto the OH bond vector in the equilibrium
structure, which is often shorter than the vibrationally averaged OH bond length.

The correlation between changes in the anharmonic frequencies with respect to changes
in the vibrationally averaged length of the associated OH bond, computed relative to the

values for an isolated water molecule calculated at the same level of theory, is shown in



Figure 1. This plot also contains the results obtained based on the equilibrium structures
and the corresponding harmonic frequencies. Interestingly all of the data can be accurately
fit to a line with a slope of —19:1 cm 1=0.001 A, and R?=0.9938. The results are also divided
according to the type of system (e.g. water clusters, hydronium water clusters, and various
halide water clusters, the latter containing both the ion-water and water-water hydrogen
bonds). The correlations for each of these systems are individually provided in Figures S4
to S12. While the slopes vary slightly among these systems, they are all between —17:6 and
—20:1 em 1=0.001 A.

Based on the apparent generality of this correlation for a wide range of water clusters, we
repeated the analysis using the results of ab initio molecular dynamics (AIMD) simulations
of liquid water using the revPBE-D3 density functional as described in the text of the Sup-
porting Information. This level of electronic structure theory has been shown to reproduce
the experimental infrared spectrum of liquid water.4® This analysis of the AIMD trajectory
allows us to explore the correlation between OH frequencies, bond lengths and their environ-
ment in liquid water using a procedure described in the text of the Supporting Information.
The results are provided in Figure 2, and the distribution is found to be localized along a
line, with a slope of —18:8 cm =0.001 A, which is 0.3 cm 1/0.001 A smaller than the value
obtained for the hydrogen bonded clusters. The present study demonstrates that the same
slope can be used to describe the correlation between frequency shifts and elongations of the
corresponding OH bond length obtained from harmonic and anharmonic data in both water
clusters and in liquid water.

The question naturally arises as to the origin of this correlation. To answer this question,
we modeled the OH bond as a Morse oscillator in the presence of an external electric field.
Here the electric field is used to approximate the perturbation to an OH oscillator upon

hydrogen bond formation. For this system,
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where Dg represents the dissociation energy of the Morse oscillator and  determines the
width of the potential, while ™ represents the nth derivative of the dipole moment vector
along the OH bond evaluated at AR = 0, and Eon provides the magnitude of the electric
field along the OH bond axis. The truncation of the expansion of the dipole at second order
is supported by fits to scans of the dipole moment along the hydrogen-bonded OH bond in
the water dimer, shown in Figures S13 and S14.

Expanding the potential to second order in the bond displacement, and evaluating the
electric field-dependent equilibrium bond length, Re(Eon), and harmonic frequency, ¥(Eon),
allows us to develop an expression for

Al '(Eon) — 1(€on =0) @

AR: ~ Rulfon) —Refon—0) > HEon =0 mggtlfon =00 1Y

Additional details pertaining to the derivation of the above expression are provided in the

text of the Supporting Information. In addition, we show that

4 1(Eop =0)

A (50H> — A! (SOH) ~ — 3

(ARo(Eon) — ARe(Eon)) (5)

Using values for I and for a Morse oscillator model of the OH stretch of water developed
by Halonen and Carrington (Fit 1), the first term in Eq 4 gives —1:5 ¥ = —12 cm 1/0.001
A, and is independent of the environment of the OH bond. The second term depends on the
ratio of the dipole derivatives, ®= @ and thus depends on the environment the OH bond
experiences. However, calculations based on the equilibrium structure of the water dimer
(see the Supporting Information) yield a value of —9 cm */0.001 A for the second term in
Eq. 4. This results in a ratio of the change in frequency with OH covalent bond length of

—21 em 1/0.001 A, which is in good agreement with the results reported in Figure 1. The
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anharmonicity correction in Eq. 5 indicates that a shift in ARy relative to the corresponding
AR¢ by 0.001 A should lead to a roughly —10:7 cm * shift in the A relative to A1. This
would lead to the expectation that the slope obtained, when only the anharmonic data that
are included in Figure 1 is considered, will be less steep than the slope that is obtained when
only the harmonic values are considered. This is consistent with our results for the water
clusters, where the slope for the equilibrium values is —20:6 cm 1/0.001 A, while the slope
when only the zero-point information is included decreases in magnitude to a value of —19:7
cm /0.001 A (see Figures S5 and S6).

This model, which is based on the hydrogen-bonding environment of an isolated OH
bond in a water molecule reproduces the observed trends. As can be seen from the results
provided in the left panel of Figure 3, changing the OO distance (Roo) in the dimer at which
the dipole derivatives are evaluated from 2:75 to 3:75 A leads to calculated A¥(E)=ARg(E)
ratios that range from —16 to —22 cm 1/0.001 A. This range is consistent with the range of
AVT=AR, and A =ARy ratios found in our data set, and plotted in the right panel of Figure
3. This range is also in line with the range of OO distances found for the first coordination
shell of hydrogen bonded liquids.

It is interesting to consider the origin of the range of the ratios of the frequency shifts to
the changes in the OH distances seen in the right panel of Figure 3. To aid in understanding,
the data have been divided into the contributions from different system types, water and
hydronium water clusters (plotted with the blue dot-dashed curve) and halide water clusters
(plotted with the green dashed curve). While both distributions have similar breadth, and
sample the same range of A1=AR, values as the data reported in the left panel of this figure,
the halide water distribution shows two distinct peaks. The range of values of A1=AR, and
the bimodality of the halide water distribution both reflect the fact that the response of the
OH frequency and OH bond length to the environment depends on the dipole response to the
environment. For example, the two peaks in the X (H,0)p distribution (green dashed line)

reflect the two types of hydrogen bonds in these clusters. The peak above 18 cm 1/0.001 A



reflects the stronger hydrogen bonds between a water molecule and the halide ion, while the
peak below 18 ecm 1/0.001 A reflects hydrogen bonds between two water molecules, which
are weakened due to anti-cooperativity effects.

Since the term in Eq. 3 that depends on the dipole derivatives contributes roughly a
third of the magnitude of the ratio of the shifts in frequencies to the shifts in OH bond
lengths, a 50% a change in the size of @= ) changes the resulting slope only by ~10%.
This explains why the data reported in Figure 1 can be modeled by a linear correlation.
Finally, as we consider the linear fit of the A1=AR, values as a function of @=2 @& in
Figure 3, we find that the slope is close to the 3870 cm ! harmonic frequency of an OH bond
based on the Morse oscillator model used in this study. Likewise, the intercept is close to
the —1:51 = —12 c¢m 1/0.001 A value anticipated by Eq. 4. While these results provide
further validation of the model in terms of agreement with electronic structure calculations,
we note that the underlying theory is based on a model in which a localized dipole interacts
with an external field. As noted by Skinner and co-workers,®*? in this model the external
field is acting as a surrogate for the much more complicated molecular interactions. These

@= @ yalues and ratios of the change in OH

complexities are reflected in the spread of
frequency to the change in OH bond length displayed by the results shown in Figure 3.
Based on the observed correlation between the OH bond lengths and the associated
frequency, one can ask if such a correlation can be used to reconstruct the IR spectrum of
water from the vibrationally averaged OH bond lengths of all of the water molecules in the
AIMD simulation. This bond-length distribution is provided in Figure S28. Because we are
interested in the vibrationally averaged OH bond lengths and not the instantaneous values
of the OH distance, we have used Fourier filtering, as described in the text of the Supporting
Information, to remove the high frequency components to the OH stretch oscillations. Based
on this data, we generated an IR spectrum by scaling the calculated vibrational density of

states (VDOS) (plotted in Figure S28) using the slope of —18:8 cm */0.001 A obtained

from analysis of the results reported in Figure 2 along with the value of @= @) obtained



from an analysis of the water dimer using the revPBE functional with the D3BJ dispersion
correction*” and the def2-TZVPP*® basis set, as implemented in NWChem 6.8 (see Figure
S14).%° The procedure used to obtain the reconstructed spectrum is described in the text
of the Supporting information, and the resulting spectrum is plotted in Figure 4. In Figure
4, the reconstructed spectrum is shifted by 50 cm ! to facilitate a comparison with the
spectrum calculated from the dipole-dipole correlation function obtained using ab initio
molecular dynamics (AIMD) simulations based on the same level of electronic structure
theory.*® As is seen, this protocol yields a spectrum that is in good agreement with the one
obtained from AIMD simulation including the shape of the red side of the OH stretching
band. The 50 cm ! shift can be seen to correspond to a 0.0025 A shift in the value used
for Re in the reconstruction, based on the use of -18.8 cm */0.001 A as the slope of the
correlation. While we are confident in the procedure we used to obtain Re, its value is not
as uniquely defined for liquid water as it is for the cluster studies.

The above analysis illustrates a powerful result of this work. A molecular dynamics or
quantum calculation that provides the equilibrium or zero-point averaged OH bond lengths
can be converted into a spectrum using the average value of AT=ARe, obtained from the
simulation, along with the corresponding ratio of the first and second derivative of the dipole
moment function, evaluated based on the water dimer.

The theoretical approach used to derive the correlation between shifts in harmonic fre-
quencies and OH bond lengths is based on the response of the OH oscillator to its local
environment, specifically the electric field due to nearby water molecules or ions. Such a
model has been used in studies of the vibrational spectra of liquid water, where the OH
stretch frequency is found to vary linearly with the electric field strength, £, which arises

3438 The resulting correlations have motivated

from the local environment of the OH bond.
the construction of models that are used to understand or reconstruct experimental spectra
of liquid water. For example, Smith et al. mapped electric field distributions obtained from

classical simulations of potassium halides dissolved in aqueous solutions onto Raman spectra
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using 8

! = 1605514 cm 'V YA £43745 cm ! (6)

where the coefficients in Eq. 6 were obtained from a fit of the calculated local electric field dis-
tribution based on an empirical model of pure water to the Raman spectrum of HOD in D,0O.
In the present study, we derive the linear correlation between OH vibrational frequencies and
the external field strength, where the value of d'=d€ depends on the OH stretch frequency,
its anharmonicity, and the projection of the second derivative of the dipole moment of the
water molecule onto the hydrogen-bonded OH bond. Substituting the parameters for the
Morse oscillator, and the dipole derivatives for water dimer with Roo = 2:97 A, obtained in
the present study, into Eq. S9, we find d1=d€ = 140 cm 'V ' A, a value that is in very good
agreement with the empirical value provided in Eq. 6. Changing the OO distance in water
dimer at which the dipole derivatives are evaluated will alter their values, and modulate the
ratio slightly. In addition to noting that the model that was derived in this work reproduces
previously determined linear correlations between OH stretch frequencies and electric field
strength, we also find that the equilibrium OH bond length depends linearly on the size of £.
Combining these results leads to the linear correlation between the shift in the OH stretch
frequency and the shift in the OH bond length seen in Figures 1 and 2.

In summary, in this work we have extended the previously described correlation between
the equilibrium OH bond lengths and the harmonic frequency for OH bonds in hydrogen
bonding environments to include the effects of anharmonicities. Based on cluster studies,
we found that the anharmonic results display roughly the same ratio of frequency shifts
to changes in vibrationally averaged bond lengths as is found at the harmonic level. We
extended this work from clusters to explore the correlation based on an AIMD simulation
of liquid water, and obtained roughly the same ratio of the frequency to OH bond length
changes as was obtained for the clusters, despite the use of a different level of electronic

structure theory for the two types of calculations. This apparent insensitivity of the value
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of AT=AR, to the level of electronic structure theory and method used to evaluate the
harmonic frequencies and equilibrium bond lengths being fit is consistent with the results of
an earlier study in which different levels of electronic structure theory were shown to lead to
the same value of AI=AR, despite providing different frequency shifts originating from the
different elongations of the hydrogen bonded OH.?” The fact that different levels of electronic
structure theory produce different harmonic/anharmonic frequencies can be attributed to the
fact that these calculations primarily yield different equilibrium bond lengths and secondary
different shapes of the OH potential that affects the vibrationally averaged structures and
resulting anharmonic frequencies.

The reported correlations were explained using a model based on the perturbation of
a one-dimensional OH oscillator by an external electric field. Based on this model, we
developed a simple expression that captures the reported results. It also provided results
that are consistent with a series of one-dimensional studies of water in several environments,
described in the text of the Supporting Information. Finally, we explored the relationship
between these models and those used in earlier studies of liquid water and find that they
provide theoretical support for previously developed empirical relationships between OH
stretch frequencies and the environment as described by the local electric field. We expect
that our results will provide additional insights into the various correlations between OH bond

lengths, frequencies and the local environment of the OH bond in complex environments.
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Figure 1: Correlations of Al to AR and A to ARg for the OH:::X and OH:::0O
vibrations in the (H,0)n, N=2-6, X (H,0)n, N=1-5, X=F, Cl, Br, I, and H30"(H,0)n, N=3,4
clusters. The shifts are computed with respect to the equilibrium (vibrationally averaged)
bond length and the average of the symmetric and antisymmetric harmonic (anharmonic)
OH vibrations of the gas phase water monomer. The plotted data are provided in the
Supporting Information.

22



Figure 2: The correlation ofRoy and! as obtained from an AIMD trajectory of liquid water
at 300 K at the revPBE-D3 level of theory. See Supporting Information for details.
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Figure 3: The calculated value of != R, is plotted as a function of the OO distance in
water dimer used to evaluate the ratio of the dipole derivatives (left panel) is compared to
the range of this ratio obtained for the data plotted in Figure 1. The blue shading is provided
to highlight results for which 17.5 cm/0.001 A < d!=dR < 21:5 cm !/0.001 A, while the
dashed line in the left panel indicates the value of I= R = 19.1 cm 1/0.001 A obtained
from an analysis of the data plotted in Figure 1.
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Figure 4: The reconstructed infrared absorption spectrum of water (green curve), calculated
from the Fourier Itered OH bond distribution obtained with an 800 cmz ! cuto frequency
(green curve in Figure S28), the revPBE-D3 dipole moment along the OH bond axis, and
the frequency calculated using the 188 cm '=0:001 A correlation in Figure 2. This is
compared to a spectrum obtained fromab initio MD (AIMD) at the revPBE-D3 level of
theory®® (black curve). To aid in comparison, the IR reconstruction is shifted by 50 cn?
(blue curve) to align the peak with the peak in the AIMD spectrum. The red arrow indicates
the value of! s = 3793 cm ! (de ned in Eq. S17) used to reconstruct the spectrum. In
theswe plots, the intensity has been scaled so the maximum intensity in all the curves is

unity.
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Figures S1 to S3: Structures of the complexes considered in this study.

Figures S4 to S12: Plots of the correlations between the shifts in the OH frequencies

and OH bond lengths for various subsets of the data plotted in Figure 1.

Figure S13: Plot of the dipole moment along the hydrogen-bonded OH bond in water

dimer, evaluated at the MP2/aug-cc-pVDZ level of theory/basis.

Figure S14: Plot of the dipole moment along the hydrogen-bonded OH bond in water

dimer, evaluated at the revPBE-D3 level of theory.

Figures S15 to S20: Plots of the distribution of the ratios of the shifts in the OH

frequencies and OH bond lengths for various subsets of the data plotted in Figure 1.

Figures S21 to S25: plots of the ratios of shifts in the OH frequencies and OH bond
lengths as functions of the frequency for various subsets of the data set plotted in

Figure 1.
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Figure S26: Ratio of the shift in the harmonic frequency to the shift in the equilibrium
OH bond length obtained for various OO distances in the water dimer, and plotted as
a function of the corresponding ratio of the derivatives of the dipole moment along the

hydrogen-bonded OH bond axis.

Figure S27: Same as Figure S26 for the ratio of the shift in the anharmonic OH stretch

frequency to the zero-point averaged bond length.

Figure S28: Fourier Itered OH bond length distribution used for the reconstruction

of the AIMD spectrum seen in Figure 4.

Figure S29: Correlation plot between the OH harmonic frequency and equilibrium OH
bond length for a Morse oscillator with a linear dipole in the presence of an external

electric eld.

Figure S30: Same as Figure S29, but considering the anharmonic frequencies and

zero-point averaged OH bond lengths.

Figure S31: Same as Figure S29, where the OH potential was obtained from a scan of
the OH bond length in an isolated water molecule evaluated using the MP2/aug-cc-

pVDZ level of theory/basis set.

Figure S32: Same as Figure S31, but considering the anharmonic frequencies and

zero-point averaged OH bond lengths.

Figure S33: Same as Figure S31, but considering the e ect of the external electric eld

in the electronic structure calculation.

Figure S34: Same as Figure S33, but considering the anharmonic frequencies and

zero-point averaged OH bond lengths.

Figure S35: Same as Figure S29, where a quadratic expansion of the dipole (based on

Figure S13) is used.
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Figure S36: Same as Figure S35, but considering the anharmonic frequencies and

zero-point averaged OH bond lengths.

Tables S1 to S4: The raw data used to make Figures 1 and S4 to S12 and S15 to S25.

This data is also provided in Excel format.

Table S5: A summary of the slopes obtained from tting the data in Figures 1 and

S29 to S36.
Table S6: Data used to generate the left panel in Figure 3 and Figures S26 and S27.

An Excel le containing the data reported in Tables S1 to S4.
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Theoretical Model

Evaluation of Vibrationally Averaged Distances ( Ro)

Second order vibrational perturbation theory (VPT2) is used to evaluate the zero-point aver-
aged bond lengths Ro), which are used to evaluate the correlations between these quantities
and the anharmonic frequencies, the later are also obtained using VPT2. Following standard

approaches for vibrational perturbation theory, the Hamiltonian is partitioned as

H:H(0)+H(1)+H(2)+ (Sl)

where H© contains the harmonic terms in the Hamiltonian, expressed in dimensionless

normal mode coordinates and their conjugate momenta

X
HO = U m(PG + ) (S2)

m

NI =

and h = 1 throughout this discussion. The rst order correction,H® , contains cubic terms
in the normal coordinates and their conjugate momenta, the second order correction contains

guartic terms, and so forth. In the same mannemRR is expanded as

R=R.+ RY + R® + (S3)

where R, provides the equilibrium OH bond length,R® contains linear terms in the ex-
pansion of R in normal coordinates, whileR® contains quadratic terms. If the normal
coordinates are constructed as linear combinations of displacements of internal coordinates,

the expansion ofR contains only linear terms. In this case,

X 1 erRX ev . o6
4 'm@q , @@ Of

m

Ro (S4)

where G, represents a diagonal element of the Wilson G-matri®
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The expansion will contain higher order terms when the normal coordinates are expressed
as linear combinations of the displacements of Cartesian coordinates, as is typically used
in the normal mode analyses implemented in electronic structure program packages like

Gaussian?! In this case244

#
1X 1 @rRX @V @R

1 1,04 k6 ©f@4 O©F (59)

m

For the evaluation of the vibrationally averaged bond lengths using Eq. S5, the cubic force
constants were obtained from a VPT2 calculation performed using Gaussian owhile the
second derivatives of the bond lengths with respect to the normal coordinates were evaluated

numerically using a second order nite di erence scheme.

Analysis of a Morse Oscillator in a Uniform Electric Field

A common way to explore the dependence of OH bond lengths, stretch frequencies and
intensities on the local environment is to represent the local environment by the electric
eld, which arises from the electrostatic properties of other molecules in the system. We
focus on an analytic exploration of these e ects, asking how the frequency and intensity
of this oscillator is a ected by the eld strength. In this analysis, we consider a quadratic
expansion of the component of the dipole moment along the OH bond in terms of the OH
bond length, R. Speci cally,

5 @)

2
H = Hy E~:§—+Del e "TEon @ R+ R (S6)

whereE is the eld strength which has a projection along the hydrogen-bonded OH bond of
Eon, While @ and @ provide the rst and second derivatives of the dipole moment parallel

to the OH bond when the dipole moment is expanded about the equilibrium con guration for

the water molecule. The Morse oscillator is described by the dissociation enefy,= 0:9997

al, and a range parameter, = 2:0531A !, where the values oD, and are taken from
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the water potential developed by Halonen and Carrington (Fit 1Y Finally represents the
reduced mass of OH. Expanding the potential to second order, we nd that the minimum in

the potential,

Eor @
De 2 E OH @

Ro(Eon)  Re(0)+ (S7)

Likewise, if we evaluate the second derivative of the potential at this geometry, we obtain

d>v
W =2D 2
re(Eon)

6D 3(Re(Eon) Re(0)) E on @ (S8)

and a eld-dependent frequency of

31 (0)
2

@1 (0)

| (Bon) = 1 (0) Do 2

(Re(EOH) Re(o))

Eon (S9)

Combining, the above relationships and retaining the eld-independent terms,

'(Eow) '(0) _ 3! (0) !'(0) @
Re(Eon) Re(0) 2 2 @

(S10)

The rst term in Eq. S10 depends only on the parameters of the Morse potential, while
the second is sensitive to the environment as the non-zero second derivative of the dipole
surface re ects the fact that the partial charge of the transferring proton increases as the
OH bond is extended. When parameters for water are usé®l,we nd that 1:5! is
roughly 12 cm 1/0.001 A. This value is approximately 2/3 of the value obtained from the
analysis of the data plotted in Figure 1, and 3/4 of the 16 cm /0.001 A value reported

by Hermansson?! based on a similar model, in which the e ect of the external eld was
incorporated in electronic structure calculation.

When we introduce anharmonicity, the frequency is shifted by

(Eon) ! (BEow)= 2'x (Eow) (S11)
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where!x is the standard anharmonicity constant. Analysis of the Morse oscillator, yields

! 2(Eon) _ ?(Eon)

21X (Eon) = 1D (Eoy) (812)
Using the above relationship foRq(E),
s
1 \% 1
Ro(Eon) Re(E) = @ (S13)

4 (Eon) @R ! (Eon)

since in this one-dimensional case,= R= ! (Eoy). Rearranging, results in the relation-

ship

(Eon) !'(BEow) _ 4 (Eon)! (Eon))
Ro(Eon)  Re(Eon) 3

(S14)

This result shows that as the ratio of the decrease in frequency to the increase in OH bond
length with the inclusion of anharmonicity is similar in magnitude to the proportionality
constant found for the ratio between the shift in the harmonic frequency to the shift in the
equilibrium bond length resulting from interaction with an external eld. In this way, the

e ect of anharmonicity is to shift the position of the point along the ! vs. R correlation,

developed above, rather than shifting it away from this line. Rewriting this expression,

(Eon) (0 = !(Eow) 'O 5 (Eou)! (Eon)(Ro(Eon) Re(Eon)
+2 (0 (O)(Ro(0) Re(0)
| (Eo) 1 (0
2 O ORofEor) Ro(®) (Re(Eon) ReO)]  (S15)

Based on the values foRg(Eon) Ro(0) and for Re(Eon)  Re(0) reported in Tables
S1 to S4, we nd that the di erence between these two quantities is small (roughly 5% of

the value of Re(Eony) Re(0)). The above relationship anticipates the fact that the same
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holds in the size of the shift in the anharmonic frequency with electric eld compared to
the harmonic frequency (from Tables S1 - S4, this is roughly 6% of the value of the shift in
frequency with electric eld). Based on these results, it is not surprising that the harmonic

and anharmonic results lie on the same curve as seen in Figure 1.

Numerical Examples

To further explore and to test the validity of the analytic results described above, we have in-
vestigated a series of models, using numerical approaches to evaluate the frequency and bond
length displacements. For this part of the study, the electronic structure calculations were
performed at the MP2/aug-cc-pVDZ level of theory and basis as implemented in Gaussian
09* to be consistent with the work on the water clusters.

In the rst set of calculations, we focus on the shifts in frequencies and bond lengths when

@ in Eq. S6 is zero, and the potential is described using a Morse oscillator. For a harmonic
treatment the equilibrium bond length and harmonic frequency are evaluated analytically
over a range of values oEpy. The results are plotted in Figure S29, and are t to a line
with an intercept at the origin. As is seen, the slope of the tline, 11:3 cm /0.001 A, is
close to the expected value of 12 cm 1/0.001 A. When anharmonicity in the potential is
accounted for in the evaluation of and Ry, the slope is increased to 11:1 cm 1/0.001 A.
These results are plotted and t to a line in Figure S30. This reduction in the magnitude of
the slope is consistent with the results provided in Egs. 5 and S15, as discussed in the main
text.

If the Morse oscillator is replaced by the potential obtained by scanning the OH bond
length in water obtained at the MP2/aug-cc-pVDZ level of theory and basis, with the other
OH bond length and HOH angle constrained to their equilibrium values, the slopes decrease
to 124 and 118 for the harmonic and anharmonic results, respectively. These results
are provided in Figures S31 and S32 and demonstrate that the Morse oscillator provides a

reasonable approximation to the potential along an intramolecular OH stretch in water.
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For both of these models and those described below, the anharmonic energies and wave
functions are evaluated using a discrete variable representatidnbased on an evenly space
grid of 251 points ranging from R = 04 Ato 1.0 A, and is the reduced mass of the
OH stretch.

Clearly, a linear approximation to the dipole moment is insu cient to describe the re-
sponse of the OH stretch frequency and the bond length to the external eld. In the third
system, we evaluated the OH stretch potential for an OH bond in water in the presence of
various electric eld strengths, where the external eld is included in the electronic structure
calculation. The results are provided in Figures S33 and S34. This explicit consideration
of the electric eld decreases the slopes of these plots tal4:5 cm 1/0.001 A (harmonic)
and 141 cm /0.001 A (anharmonic), which are close to the value of 16 cm %/0.001 A
reported by Hermansso®® based on a di erent level of electronic structure theory.

Finally, we look at the dependence of the OH stretch frequency in the context of a
hydrogen-bonding environment. This is accomplished by using the Hamiltonian provided in
Eq. S6 where the dipole derivatives are based on scans of the length of the hydrogen-bonded
OH bond for a speci ed OO distance in water dimer. Speci cally, we constrain the O-H O
angle in the dimer to 180, and perform a scan of the potential and dipole surfaces of water
dimer, in which the OO distance ranges from:8721A to 3:8221A in increments of Q05
A, optimizing the four OH bond lengths, while keeping all other coordinates constrained to
their values in the equilibrium con guration of the dimer. At each point in this scan, the
hydrogen-bonded OH bond length is varied from:87274A to 1:82274A in increments of
0:01 A, keeping all other internal degrees of freedom constrained to the values obtained from
the scan of the OO distanceRoo. We t the projection of the dipole moments along the
hydrogen-bonded OH bond, obtained from the scan, to a quadratic polynomial inR. A
sample of the data obtained withRoo = 2:97 A and a quadratic t to that data are provided
in Figure S13, noting the accuracy of the quadratic t. This dipole surface was then used in

conjunction with the Morse oscillator described above to generate a set of potential curves
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based on Eq. S6, using a range of eld strengthg.,

The resulting correlations between the frequencies and OH bond lengths Rgo = 2:97
A and various values ofeqy are provided in Figure S35 for the harmonic frequencies and
equilibrium bond lengths and Figure S36 for the anharmonic frequencies and vibrationally
averaged OH distances. These data sets are t to lines with slopes oR1:3 and 205
cm 1/0.001A, respectively. Analogous calculations were performed using expansion of the
dipole moment along the hydrogen bonded OH bond for other values of the OO distance,
and the resulting slopes are summarized in Figures 3, S26 and S27, and associated data are
provided in Table S6. Analysis of the parameters in linear ts to these data show slopes of
3800 cm ! and 3400 cm? for the harmonic and anharmonic analyses, while the intercepts
are found to be 11.6 and 11.8 cnt/0.001 A, respectively. The values for the harmonic data
are consistent with the slope and intercept anticipated by Eq. S10, where the slope is equated

to the OH stretch frequency, 3884 cmt, and the intercept is -1.% 12 cm 1/0.001 A.

Ab Initio Molecular Dynamics

Methodology

We have also analyzed trajectories obtained frorab initio molecular dynamics (AIMD)
simulations, published previously by some of the author®,to explore the correlation between
shifts in OH bond lengths and their associated frequencies in liquid water. Speci cally, we
performed AIMD simulations of bulk liquid water under NVT conditions at T=300 K and a
density of 999.3 kg.m3. A cubic box containing 64 water molecules with periodic boundary
conditions and sides of length 12.42 was used. The i-PI prograni* with its multiple time
stepping (MTS) implementation®® was used to propagate the nuclei.

Both the full and reference forces were evaluated using the CP2K prografiv’ Full forces
were evaluated at the DFT level of electronic structure theory using the revPBE density

functional,>85° with D3 dispersion correctiond’” added. Atomic cores were represented using
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the dual-space Goedecker-Tetter-Hutter pseudopotentiaf8.Within the GPW method, ®* the
Kohn-Sham orbitals were expanded in the TZV2P basis set, while an auxiliary plane-wave
basis with a cuto of 400 Ry was used to represent the density. The self-consistent eld
cycle was converged to an electronic gradient tolerance @t =5 10 7 using the orbital
transformation method®? with the initial guess provided by the always stable predictor-
corrector extrapolation method® at each molecular dynamics step. Reference forces for
MTS were evaluated using self-consistent charge density functional tight binding (SCC-
DFTB) % in periodic boundary conditions, with Ewald summation for electrostatics and the
parametrizations for H and O atoms provided by CP2K.

AIMD simulations were performed with an MTS propagator in a setup analogous to our
previous work>3 The outer time step used was 2.0 fs, while the inner time step was 0.5 fs as
normally used to resolve OH bond vibrations. A total of 800 ps of AIMD simulations were

performed with the revPBE-D3 functional, split into four independent trajectories.

Correlation of Instantaneous OH Bond Lengths and Frequencies

To correlate structural information, OH bond lengths in this case, with vibrational frequen-
cies, we localize the vibrational density of states from ab initio molecular dynamics simula-
tions in both space and time using the following procedure. The time series of velocity for
one particular atom is rst multiplied by a smooth windowing function (here we use the Hann
window) of a speci ed width and centered on a particular point in time. This signal is now
local in space and semilocal in time, as given by the position of the atom in space and the
position and width of the window in time, respectively. Next, the autocorrelation function
(ACF) of this signal is calculated and Fourier transformed into a spectrum. Optionally, the
ACF can be also windowed and/or padded with zeros, as needed for the desired resolution
of the spectrum. The resulting vibrational density of states (VDOS) corresponds to that
particular atom at the selected time. By averaging over the range of frequencies correspond-

ing to the OH stretch weighted by the amplitude of the VDOS, we obtain the frequency
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of the chosen OH oscillator. Repeating this procedure for a regular sequence of points in
time along the trajectory, we get a time-dependent OH stretch frequency for that particular
bond. Because the window applies a certain amount of smoothing in time, we convolve the
time series of the OH bond length with the same window to obtain locally vibrationally
averaged bond lengths that are consistent with the temporal semilocality in the VDOS. We
then correlate these bond lengths with the above OH stretch frequencies at the same point
in time, thus revealing the relationship between structure and vibrational spectroscopy. In
performing this analysis, we nd there to be large uncertainties in the extracted frequencies
in situations where the amplitude of the VDOS is small. For this reason, only that data for
which the amplitude of the VDOS is larger than 50% of its mean are included in the data
that are plotted in Figure 2, and used in the subsequent reconstruction of the spectrum.
This percentage was found to be the minimal percentage above which parameters in the
linear t to the data plotted in Figure 2 are insensitive to the choice of cuto .

An alternative approach to determine locally vibrationally averaged OH bond lengths is
based on Itering higher frequencies from the bond length time series. Namely, for each bond
length in the system, we Fourier transform the whole time series and remove all contributions
above a specied cuto frequency by zeroing the Fourier components. Transforming the
result back to the time domain, we obtain a time series of the bond length with frequencies
above the cuto value removed. This corresponds to the time-local vibrationally averaged
OH bond length (Figure S28). While this approach is e cient and yields results that are
robust over a broad range of cuto frequencies (as shown in Figure S28), it is not suitable to
use in the above procedure to correlate vibrational frequencies to bond lengths. The reason
is that for the correlation to be accurate, there has the consistency between the weights of
contributions from di erent times relative to the chosen reference time. These weights are
determined by the window, which is required for the calculation of the VDOS. Therefore,
for consistency in the correlation procedure, the vibrationally averaged bond length used to

generate the distribution in Figure 2 is determined using the same window, rather than this
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Fourier ltering procedure.

Reconstruction of the Infrared Absorption Spectrum

The infrared absorption spectrum of water is reconstructed based on the OH bond-length
distributions in a 300K AIMD trajectory of water clusters as described above. This distri-
bution is obtained using Fourier Itering with a frequency cuto of 800 cm ! and is plotted

in Fig. S28. A given bond-lengthR is converted into a frequency by
I(R)= ! 188 cm =0:001A (R Rye) (S16)

where! & = 3793 cm 1!is obtained by nding the maximum frequency sampled by the AIMD
simulation of water clusters using the revPBE-D3 functional. This maximum is chosen as
the onset of the distribution, where we identify the maximum frequency in the frequency
distribution with a height that is at least 0.01% of the maximum value of the distribution
shown in Figure 2. LikewiseR e = 0:9649A is the minimum OH bond length in a Fourier
ltered distribution of OH bond lengths with a cuto frequency of 800 cm ! where the value
of the VDOS is at least 0.01% of the maximum value of this distribution.

To obtain the spectrum shown in Figure 4, the intensity is then given by

2

R PR) O (s17)

where is the dipole response along the hydrogen-bonded OH bond, which has been obtained
from a scan of this OH bond in a water dimer at the revPBE-D3 level of theory using
NWChem 6.8*° To obtain the data shown in Figure S14, the dipole moment is calculated for
for each geometry along the scan and the projection of the dipole moment along the hydrogen-
bonded OH bond is t to a quadratic polynomial in the OH bond length displacement,

Ron. The square of the dipole derivative is scaled lyy, which is is the probability density

S13



function for the Fourier Itered OH bond lengths obtained from the same AIMD simulation,
as described above.

In Fig. 4 the spectrum is also shifted so the peak in the reconstructed spectrum lies
at the same frequency as the peak in the AIMD spectrum. Based on our use of th&88
cm 1=0:001 A proportionality constant to obtain the frequencies, the shift of 50 cm!
corresponds to a displacement iR of 0:0027 A. Such a shift is well within the accuracy

with which we can obtain the reference OH bond length from Figure S28.
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Figure S1: Neutral water clusters considered in this study, ($0),, wheren is the number
of water molecules in each cluster.
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Figure S2: Hydronium-water clusters considered in this study, 0" (H,0),,, wheren is the
number of water molecules in each cluster.

Figure S3: Halide-water complexes considered in this study, ¥H,0),, where n is the
number of water molecules in each cluster.
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Figure S4: The same as Figure 1, but considering only the hydrogen-bonded OH bonds in
water clusters.
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Figure S5. The same as Figure S4, but only considering the harmonic frequencies and
equilibrium OH bond lengths.
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Figure S6: The same as Figure S4, but only considering the anharmonic frequencies and
zero-point averaged OH bond lengths.
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Figure S7: The same as Figure 1, but considering only the water-bound OH bonds between
water molecules in proton-water complexes.
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Figure S8: The same as Figure 1, but considering only the halide-bound OH bonds in
halide-water complexes.
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Figure S9: The same as Figure S8, but considering only the uoride-bound OH bonds in
uoride-water complexes.
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Figure S10: The same as Figure S8, but considering only the chloride-bound OH bonds in
chloride-water complexes.
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Figure S11: The same as Figure S8, but considering only the bromide-bound OH bonds in
bromide-water complexes.
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Figure S12: The same as Figure 1, but considering only the water-bound OH bonds between
water molecules in halide-water complexes.
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Figure S13: Dipole moment along the hydrogen-bonded OH bond in water dimer evaluated
at the MP2/aug-cc-pVDZ level of theory, with Ropo = 2:97 A, plotted as a function of the
displacement of the OH bond length and t to a quadratic polynomial.
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Figure S14: The same as Figure S13 where the calculation is performed at the revPBE-D3
level of theory using NWChem with an OO distance of:27 A.
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Figure S15: Distribution of ratios of != Reor = Rq for the data plotted in Figure

1 of the main text. The distributions are plotted with a bin width of 1 cm !=0:001 A, and

are separately plotted for the water and proton-water complexes complexes (blue dot-dashed
line) and the halide-water complexes (green dashed line). The sum of the distributions is
shown with a thick solid black line. This distribution is reproduced in Figure 3.
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Figure S16: Same as Figure S15, but plotted for the water and proton water clusters (solid
black line), and divided into distributions for water clusters (blue dashed line) and proton
water complexes (red dot-dashed line).
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Figure S17: Same as Figure S15, but plotted for the halides (solid black line) , and divided
into distributions for bromide-water complexes (brown dashed line), chloride water com-
plexes (green dot-dashed line) and uoride-water complexes (turquoise dotted line). For the
chloride and bromide complexes, the bimodality re ects the ion-bound OH stretches (18
cm 1/0.001 A) and water-bound OH stretches € 18 cm 1/0.001 A). See Figures S18-S20
for more details.

S38



Figure S18: Same as Figure S15, but plotted for the uoride water clusters (solid black
line), and divided into distributions for the F -bound OH bonds (turquoise dashed line) and
water-bound OH bonds (turquoise dotted line).
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Figure S19: Same as Figure S15, but plotted for the chloride water clusters (solid black
line), and divided into distributions for the CI -bound OH bonds (green dashed line) and
water-bound OH bonds (green dotted line).
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Figure S20: Same as Figure S15, but plotted for the bromide water clusters (solid black
line), and divided into distributions for the F -bound OH bonds (brown dashed line) and
water-bound OH bonds (brown dotted line).
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Figure S21: Plots of !'= R as a function of R, (open blue symbols) and = Ry
as a function of Rq (lled blue symbols) are provided for water clusters. For reference, the
slope obtained for the data plotted in Figure 1 is shown with the black dashed line.

S42



Figure S22: Same as Figure S21 for proton-water complexes.

S43



Figure S23: Same as Figure S21 for uoride-water complexes. In this plot, triangles are
used to provide values for water-bound OH stretches, while circles provide the values for
uoride-water OH stretches.
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Figure S24: Same as Figure S23 for chloride-water complexes.
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Figure S25: Same as Figure S23 for bromide-water complexes.
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Figure S26: Correlations between the = Rg ratio and the ratio of the second and rst
derivatives of the dipole function. These calculations utilize the Morse potential described
in the text and a quaratic t to the dipole moment along the hydrogen-bonded OH bond in
water dimer evaluated at the MP2-aug-cc-pVDZ level of theory. An example of this t for

Roo =2:97 A is provided in Figure S13.

S47



Figure S27: The same as Figure S26, considering the ratio of the shift into the shift in
Ro.
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Figure S28: Plots of the Fourier Itered OH bond length distribution, obtained from the
AIMD simulation of liquid water. The various curves provide the results of the frequency
cuto s (in cm ! used for the Fourier Itering, which have been reported in cm!. The cuto

of 800 cm ! is used in the reconstruction of the spectrum
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Figure S29: The change in the harmonic frequency,! from the value in the absence of an

external electric eld is plotted as a function of the shift in the equilibrium bond length,
Re. Here the OH bond is represented by a Morse oscillator using parameters used to model

the OH stretch in water,*® and the dipole moment is assumed to be a linear function of the

OH bond length, and independent of the eld strength. The results are t to a line that is

constrained to go through the origin. The slope matches the expected value dE5! = 12

cm 1/0.001 A, discussed in the text.
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Figure S30: The same as Figure S29, showing the correlation between the shift in the
anharmonic frequency, as a function of the shift in the zero-point averaged OH bond
length, Ro.
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Figure S31: The same as Figure S29, using a one-dimensional scan of the potential as
a function of the OH bond length in water evaluated at the MP2/aug-cc-pVDZ level of
theory/basis, evaluated using Gaussian 09.
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Figure S32: The same as Figure S31, comparing anharmonic frequencies and zero-point
averaged OH bond lengths.
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Figure S33: The same as Figure S31, where the e ect of the external eld is introduced in
the electronic structure calculation, rather than assuming a linear dipole approximation.
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Figure S34: The same as Figure S33, comparing anharmonic frequencies and zero-point
averaged OH bond lengths.
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Figure S35: The same as Figure S29, replacing the linear dipole approximation with a
quadratic expansion of the dipole along the hydrogen-bonded OH stretch in water dimer,
which has been obtained for Roo = 2:97 A. The dipole surface and fit are provided in Figure
S13.
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Figure S36: The same as Figure S35, comparing anharmonic frequencies and zero-point
averaged OH bond lengths.
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