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Abstract: Because of the recent power outages caused by extreme events, installing battery energy storage and backup 
generators is important to improve resiliency for a grid-tied microgrid. In the design stage, the event occurrence time and 
duration, which are highly uncertain and cannot be effectively predicted, may affect the needed battery and backup 
generator capacity but are usually assumed to be pre-determined in utility planning tools.  This paper investigates the optimal 
battery and backup generator sizing problem considering the stochastic event occurrence time and duration for the grid-tied 
microgrid under islanded operation. The reliability requirement is quantified by the mean value of the critical customer 
interruption time in each stochastic islanding time window (ITW), whose length is the duration and the centre is the 
occurrence time. The stochastic ITW constraint is then transformed to a probability weighted expression to derive an 
equivalent Mixed Integer Linear Programming (MILP) model. Numerical simulations on a realistic grid-tied PV-based 
microgrid demonstrate that the total cost is reduced by 11.5% considering the stochastic ITW, compared to the deterministic 
ITW under the same reliability requirement. 

Nomenclature
Input parameters:

A Network incidence matrix
bc Battery price ($/(kWh×day))

gc Backup generator price ($/(kWh×day))

dc Demand price ($/kW)

fc Gas price ($/kWh)

rc Electricity price ($/kWh)
e Representative day (day)
Glim Capacity limit of backup generator (kW)
I Number of critical customers
J Number of nodes

 e
iL t Load of customer i (kW)

M Number of branches 
 p k Probability of t0=k

  *p k Coefficient under stochastic islanding time 
window centre and deterministic duration

 **p k Coefficient under stochastic islanding time 
window centre and stochastic duration

 e
flowP t Branch power flow vector (kW)

 e
injP t Node power injection vector (kW)

 *
e

pvP t Available PV output (kW)
 q n Probability of T=Tn

1s Initial stored power (kWh)
Slim Capacity limit of battery (kWh)
T Stochastic islanding duration (hour)

nT Realization of the stochastic islanding duration 
(hour)

Tmax Maximum islanding duration (hour)

t0
Stochastic islanding time window centre 
(hour)

U Rated power of battery energy storage (kW)
i Charging efficiency

o Discharging efficiency
∆t Unit scheduling period (hour)

τ Calculated average customer interruption time 
(hour)

τ* Required average customer interruption time 
(hour)

% Intermediate variable for average customer 
interruption time calculation (hour)

Variables:
G Backup generator capacity (kW)

 e
bP t Charging power (kW)

 e
bP t Discharging power (kW)

  e
gP t Backup generator output (kW)

 e
pvP t PV curtailment (kW)
e

dP Electricity demand (kW)
 er t Electricity from the grid (kW)
 es t Stored power (kWh)

S Battery capacity (kWh)
t Time instant (hour)

  e
ix t Load status, 0/1 represent unserved/served

1. Introduction
Microgrids can be divided into two categories: grid-

tied microgrid and remote microgrid. The grid-tied microgrid 
has a connection to the electricity utility, and operates in 
either grid-connected or islanded mode [1]-[3], while the 
remote microgrid is usually constructed in rural areas with no 
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connection to the main grid. Although a grid-tied microgrid 
usually operates in the grid-connected mode, it is expected to 
be resilient in case of a utility outage due to extreme events 
(e.g., Hurricane Sandy in 2012) [4], to further improve the 
reliability of critical customers by adding sustainable power 
sources like battery energy storage (hereinafter referred to as 
battery) or backup generators [5].

The definition of battery and backup generator sizing 
problem varies in different types of microgrids due to various 
installation purposes [6]-[15]. The existing literature mainly 
focuses on the sizing problems for the grid-tied microgrid 
when operating in grid-connected mode, and for the remote 
microgrid. A Mixed Integer Linear Programming (MILP) 
model is established in [6] to consider the stochastic sub-
hourly variations in solar irradiance because of fast moving 
clouds with the objective of minimizing total costs, including 
utility charges, annualized capital cost, and 
operation/maintenance cost for a PV-based microgrid. 
Detailed device models and stochastic Markov based PV 
model are further investigated for microgrid design and 
operation to minimize the energy and emission costs [7]. The 
joint optimization of planning and operation is considered to 
minimize both the annual cost and the customer satisfaction, 
which are modeled as fuzzy satisfaction index, loss-of-load 
probability index, and energy not supplied index in [8]-[10], 
respectively. The optimal control and sizing problem under 
dynamic price is investigated in [11]. 

In a remote microgrid, the battery or backup generator 
are installed to maintain the continuous power supply. The 
corresponding sizing problem is studied using discrete 
Fourier transform based coordinated dispatch strategy in the 
isolated microgrid [12]. The multi-objective model for 
distributed energy resource planning is established in [13]-
[14] with maximum fuel savings of community microgrids 
and mobility enhancement of hybrid energy generating 
station, respectively. The decomposition method is proposed 
to solve the problem efficiently to minimize the microgrid 
operation cost by the scenario-based approach considering 
the uncertainty of solar radiation, wind speed, and load [15].

The aforementioned literature mainly focuses on the sizing 
problem for grid-tied and remote microgrid. Microgrid as an 
effective way to enhance power system resilience [16]-[18] is 
also extensively studied. Existing researches on microgrid 
resilience [19]-[24] mainly focus on the operation stage 
including seamless islanding and resynchronization [25]-[27], 
service restoration [28]-[32] and optimal scheduling in 
islanded mode [33]-[37]. Microgrids need to seamlessly 
transit itself to islanded mode with limited voltage and 
frequency fluctuations, and be reconnected with the 
distribution grid with minimum transients [25]-[27]. As an 
important resiliency application, service restoration is widely 
studied, and several methods are proposed including a multi-
microgrid formation method [28], a continuous operating 
time-based method [29], an optimal sectionalizing approach 
[30], a maximum coverage formulation [31], and an advanced 
metering infrastructure-based method [32]. Also, the optimal 
scheduling and operation attracts lots of researches including 
a hierarchical outage management framework to schedule 
microgrid resource and coordinate power transfers among 
microgrids [33], a two-stage stochastic program to mitigate 
electricity interruption impact [34], a resiliency-oriented 

model to minimize load curtailment [35], a bi-level 
optimization model consider both electricity and gas 
infrastructures [36] and a community based multi-part 
microgrid operation problem to minimize social welfare loss 
[37]. Besides, features for resilient microgrid design are 
discussed in [38]-[39] and several critical issues are raised 
including: load control strategy and the need for a battery to 
maintain the desired level of service, etc. 

Although extensive works have been done on 
microgrid resilient operation, the needed capacity to maintain 
the resiliency for grid-tied microgrid considering islanding 
operation is still open. The islanded sizing problem has 
already been discussed in remote microgrids, however, the 
problem in this paper is quite different because the remote 
microgrid always operates in islanded mode while the grid-
tied microgrid only operates in islanded mode when an outage 
occurs, including the scheduled outages for maintenance, and 
the unscheduled outages due to extreme events. The 
scheduled outages usually have pre-determined occurrence 
time and duration and can be analyzed using existing sizing 
approaches. However, for unscheduled outages, both the 
outage occurrence time and duration are highly uncertain and 
cannot be effectively predicted [23]. This will affect the 
needed battery and backup generator sizes to maintain the 
reliable power supply. For example, the required battery and 
backup generator size could be relatively small when an 
outage happens at noon or with short duration since the PV 
output is enough to guarantee a reliable power supply, while 
a large size is needed if the outage occurs at night or with 
longer duration. Therefore, the optimal sizing problem for 
grid-tied microgrid should not only consider the stochastic 
output of renewables, but also consider the stochastic outage 
occurrence time and duration. 

The common stochastic approaches in sizing problems 
mainly consider the uncertainty of parameters, e.g., 
renewable outputs and load variation with a deterministic 
event occurrence time and duration [2], [5]-[15], [18], [27], 
[32], [37], [40]-[41]. However, the optimal sizing considering 
stochastic event occurrence time and duration has rarely been 
addressed in previous literature. If the uncertainty of event 
occurrence time and duration needs to be addressed, the 
enumeration of all possible occurrence times and durations 
will give a set of solutions among which the one with median 
or worst-case optimal cost could be selected as the sizing 
results. But there is no guarantee for the solution obtained by 
the median optimal cost to satisfy the reliability requirement 
and the worst-case design is too conservative and costly. 

In this paper, the battery and backup generator sizing 
problem considering both the variation of renewables output 
and the stochastic outage occurrence time and duration is 
proposed for the grid-tied microgrid. The purpose is to 
determine the capacity of battery and backup generator with 
the minimum cost while satisfying the reliability requirement 
under uncertain extreme events and other constraints. For 
modeling convenience, the occurrence time and duration are 
substituted by the islanding time window (ITW), whose 
length is the duration and the center is the occurrence time. 
To overcome the solving difficulty brought by the stochastic 
ITW, the reliability constraint, which is originally the mean 
value of the critical load status (0/1 variable) in the stochastic 
ITW, is equivalently transformed to a probability weighted 
expression. An equivalent MILP model is then derived for 
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solving. Test results show the total cost under a stochastic 
ITW is reduced compared with the worst-case design, since it 
is possible for the islanding to happen during daytime in 
which case the required capacity is relatively small.

The rest of the paper is organized as follows. In 
Section 2, the stochastic model is established. The equivalent 
MILP model to deal with stochastic ITW is derived in Section 
3. Section 4 gives the numerical results and is followed by 
further discussion in Section 5. Section 6 concludes this paper.

2. Problem formulation 
In this section, the islanded operation mode of a partial 

feeder microgrid [42] is briefly described. The reliability is 
defined, and the stochastic model of the battery and backup 
generator sizing is then established. 

2.1. Islanded operation mode for grid-tied 
microgrid

A microgrid is a subset of the middle or low-voltage 
grid that has the islanding capability, meaning it can supply 
power in a controlled and coordinated way under islanded 
mode. The islanding capability is essential to achieve power 
balance and regulate the voltage and frequency within the 
microgrid. To ensure the islanding capability, the microgrid 
to be established consists of renewable generations, backup 
generators and energy storage. Renewable generations, e.g., 
wind turbine and PV panels, are typically considered as non-
dispatchable units since the power generations rely on the 
meteorological condition. Although their outputs can be 
reduced by advanced power electronic devices, they usually 
cannot provide reserve due to the uncertainty features. 
Backup generators, such as diesel generators, microturbines 
and fuel cell, are dispatchable units and can be controlled by 
a microgrid central controller to provide reserve. Energy 
storage system such as battery can also serve as backup power 
for small critical loads. So, the battery and backup generator 
are needed to ensure the islanding capability of a microgrid 
and the sizing problem in the planning stage is necessary due 
to their high investment cost.

The microgrid planned in this paper is shown in Fig. 1 
which contains a portion of the total customers in a 
distribution feeder. During normal operation, the microgrid 
operates in the grid-connected mode (S5 is open, while S1, 
S2, S3, and S4 are closed) where the electricity from Feeder 
1 is the primary source. When a permanent fault occurs 
between S2 and S3, both S2 and S3 will switch off to isolate 
the fault and the microgrid will be in the islanded mode. Later, 
S5 will switch on to reconnect the microgrid to Feeder 2 
through resynchronization.

However, in an extreme event, like a severe storm, an 
outage of the external grid occurs, and Feeder 1, 2, and 3 are 
all out of service. The critical loads can be supplied by the 
islanded microgrid (S3 and S5 are open) to meet their high 
reliability requirements. S5 could be closed with S6 open to 
support non-critical loads in Feeder 2, only in the case of 
excess power available in the microgrid. Attributed to the 
islanded microgrid, the interruption of critical customers is 
relatively low even during extreme events. Therefore, high 
reliability requirements of critical loads under extreme event 
could impact the sizing of battery and backup generator in the 
grid-tied microgrid. When directly applying the approaches 

developed for sizing problem in the remote microgrid to this 
case, the obtained size is not economical, since the islanding 
duration of the remote microgrid is longer than that of the 
grid-tied microgrid and the stochastic time occurrence and 
duration is not considered.

Fig. 1.  Diagram of a partial feeder microgrid.

2.2. Reliability index in microgrid under extreme 
events

Based on IEEE Standard 1366 [43], utilities usually 
utilize a set of indices to evaluate the system reliability, e.g., 
System Average Interruption Duration Index (SAIDI), where 
the interruptions of all customers are included. In these 
indices, the interruptions due to extreme events, which 
exceeds reasonable design and operational limits, are 
excluded to set a baseline reliability for normal operation.

To capture the behaviours of a microgrid under 
extreme events, the reliability index under extreme events is 
defined in (1) as the mean value of the total interruption time 
with respect to the stochastic ITW in this paper. Typically, 
the needed capacity of both battery and backup generator 
would be too large if it does not allow any interruption of all 
customers inside the microgrid. A more practical way is to 
select a set of critical loads and optimize the needed capacity 
based on the maximum interruption requirement of the 
selected load set. As demonstrated in the case study in Section 
5.3, there will be a tradeoff between the total cost and the 
reliability of critical customers under extreme events. 

                                  (1)  
0

0

/2

1 /2

1
t TI

i
i t t T

E x t


  

 
  
 
 
 

2.3. Mathematical model of battery and backup 
generator sizing problem under extreme 
events

In order to capture the load and renewable variations, 
the optimization problem is formulated using representative 
days [5], [44]-[45]. Representative days can be selected 
through recursive hierarchical clustering algorithm in [5], 
[44] or calculated as monthly average wind output and load 
[45]. The stochastic model is established in (2)-(16) with 
investment variables {S, G}, load status variables ,  { }e

ix t

and dispatch variables . The        { , , , }e e e e
b b g pvP t P t P t P t  

control policy of battery and backup generator are optimized 
under every representative day, but the size should be the 
same. Both ITW centre t0 and duration T are stochastic 
parameters. 
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1) Objective function
As shown in (2), the objective function is to minimize 

the battery investment cost and backup generator investment 
cost. The unit investment cost cb and cg are calculated based 
on the total investment cost, the service life, the annual 
depreciation rate, etc. The battery power cost of kW, which is 
usually related with the inverter cost, is not in the objective 
function, since it is directly converted into the unit battery 
investment cost of kWh. 

      (2)
         , , , , , ,

min  
e e e e e
i b b g pv

b g
x t P t P t P t P t S G

c S c G
  



2) Constraints of average critical customer 
interruption time

The constraints are given in (3) and (4). In (3), the 
mean value of critical customer interruption time should not 
exceed the requirement. Equation (4) is the active power 
balance constraint, which means the summation of the PV 
output, backup generator output and battery output is equal to 
the load after load shedding. In the islanded mode, the loads 
are switched on/off through automated switches, so the load 
is shed by section/steps in this paper and the load shedding is 
not continuous.

(3)  
0

0

/2
*

1 /2

1
t TI

e
i

i t t T

E x t 


  

 
  
 
 
 

              *
1

I
e e e e e e e
pv g b b pv i i

i

P t P t P t P t P t x t L t  


     
(4)

3) Constraints of network topology 
The network topology constraint is shown in (5), 

considering the multiple sources in a microgrid. The network 
is represented as a directed graph with an arbitrarily given 
direction. Notation A is its incidence matrix with dimension 
J×M whose rows and columns correspond to nodes and 
branches. As shown in (6) , matrix A gives the connection 
relationships between each node and each branch such that 

 when the branch m enters the node j;  , 1j mA  , 1j mA  

when the branch m leaves the node j; and 0 otherwise.

(5)   e e
inj flowP t A P t 

(6),

1; if branch  enters node 
1;if branch  leaves node 

0; otherwise
j m

m j
A m j


 



The node power injection vector  is shown in  e
injP t

(7), including the source injections and the load injections. 
The source injections contain the PV, battery and backup 
generator with the capacity limit constraints in (11)-(14). The 
load injections are subjected to the constraint (8), according 
to the served/unserved status of the load.

(7)     , , ,
e e e

inj m source m load mP t P t P t 

(8)     ,
e e e

load m m mP t x t L t

4) Constraints of battery and backup generator
The state transition of stored energy is shown in (9), 

with initial energy in (10). The maximum charging and 
discharging rates of the battery are assigned in (11) and (12), 
respectively. The capacity of the battery and backup 
generator cannot exceed the operation limits, as shown in (13) 
and (14), respectively. 

(9)       1 /e e e e
i b b os t s t P t t P t t       

(10)  11s s

(11) 0 e
bP t U 

(12) 0 e
bP t U 

(13) 0 es t S 

(14) 0 e
gP t G 

5) Constraints of capacity limits
Equations (15) and (16) give the capacity limits of the 

battery and backup generator within the maximum 
investment limits, etc. 

(15)lim0 S S 

(16)lim0 G G 

3. Equivalent MILP model for stochastic time 
window

In this section, the equivalent MILP model is derived. 
The key idea is transforming the stochastic constraint (3) into 
a weighted summation in probability of stochastic ITW centre 
and ITW duration. To do so, we first simplify the notation on 
the left-hand side of constraint (3) for convenience. The 
superscript e for representative day is omitted. Then, due to 
the exchange property of mathematical expectation, the left-
hand side of constraint (3) can be written as (17).

     

      

0 0

0 0

0

0

/2 /2

1 /2 1 /2

/2

1 /2 1

1 1
t T t TI I

i i
i t t T i t t T

t TI I

i i
i t t T i

E x t E x t

E T E x t E T





 

     



   

   
      
   
   
  
     
  

  

   

   %

(17)
where  is an intermediate variable defined in (18).i%

(18) 
0

0

/2

/2

t T

i i
t t T

E x t


 

 
 
 
 

%

Then the constraint (3) can be rewritten as (19).

(19)  *

1 1

I I

i
i i

E T  
 

   %

The above expression consists of two terms for each 
critical load i. The first term E(T) is the average value of ITW 
duration and it is written in (20). 
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(20)   
1

N

n
n

E T q n T


 
Since the second term in (19), i.e.,  defined in (18), i%

contains both the stochastic ITW centre and stochastic ITW 
duration, obtaining its expression is the topic of this section. 
For the notation simplicity, the subscript i is omitted, i.e.,  %
instead of  is used in the following derivations.i%

3.1. An example of technique for stochastic time 
window centre and duration

Let  = 5, T = 2, variables are {x(0), x(1),…,x(5)} maxT
and probability mass function (PMF) of the stochastic centre 
is . Expand (18) with all realizations       0 , 1 ,..., 5p p p
of the stochastic centre to get (21). Then (21) is transformed 
to (22).

 

     

           

              

          

0 0

0 0 0

/2 15

0
/2 0 1

1 2 6

1 0 4
4 1

1 1

0 1 ... 5

0 1 0 1 0

  4 5 5 5 6

t T t

t t T t t t

t t t
k

k l k

E x t p t x t

p x t p x t p x t

p x p p x p l x k

p p x p x


 

    

  



  

   
    
   
   

  

 
       

 

  

  

  

 

(21)

(22)       
min{ 1,5}6

* *

1 max{ 1,0}

,  =
k

k l k

p k x k p k p l


  

  

As shown in (22), the coefficient of x(k), i.e., p*(k), is 
the probability weighted coefficients of x(k). This idea is also 
shown in Fig. 2, where the different bracket means the time 
window with one realization of stochastic centre. It shows the 
variable x(2) will appear when the realization is k = 1, 2, and 
3, shown as three red brackets,  so the coefficient of variable 
x(2) is the summation of probability p(1) to p(3). 

Fig. 2.  An illustrated example with T equals to 2.

Furthermore, when the islanding duration T is 
stochastic with PMF of {q(2), q(4)}, (18) is transformed to 
(23) with the above similar expansion techniques. It means 
that the total probability weighted coefficients of x(k) is the 
sum of each coefficient under different realizations of 
stochastic duration. 

          
 

min{ /2,5}6
** **

1 2,4 max{ /2,0}

, =
k n

k n l k n

p k x k p k q n p l


   

   
(23)

3.2. Probabilistic approach for stochastic time 
centre

Proposition 1: If the stochastic centre is with PMF of p(l), 
(24) is equivalent to (18) with parameters in (25) considering 
stochastic centre and deterministic duration. 

(24)   
max /2

*

/2

T T

k T

p k x k




 

(25)   
maxmin{ /2, }

*

max{ /2,0}

k T T

l k T

p k p l


 

 
Proof:  When the duration of the time window is deterministic, 
(18) is rewritten as (26) by expanding all the realizations of 
the stochastic time centre.

   

           

max

max

max

max

/2

0 /2
/2/2 1 /2

/2 1 /2 /2

0 1

T k T

k t k T
T TT T

t T t T t T T

p k x t

p x t p x t p T x t




  



    

 
   

 

  

 

  L

(26)
Further rewrite (26) into (27).  

   

       
max max max

max

/2 /2

/2 0

/2 /2/2

/2 /2 /2 /2

T k T

k T l

T T T T Tk T

k T l k T k T T l k T

p l x k

p l x k p l x k




 

 

      

 
   

 
  
         

 

   
 (27)

Equation (27) is then transformed to (24) in 
proposition 1 by uniting like terms. ∎

3.3. Probabilistic approach for stochastic time 
duration

Proposition 2: If the stochastic centre and duration are with 
PMF of p(l) and q(n) respectively, (18) is equivalent to (28) 
with parameters in (29) considering both stochastic centre 
and duration.

    (28)   
max / 2

**

/2

T T

k T
p k x k





 

(29)     
maxmin{ /2, }

**

1 max{ /2,0}

n

n

k T TN

n l k T

p k q n p l


  

  
Proof:  When both the centre and duration are stochastic, (18) 
is rewritten as (30) by expanding all the realizations of both 
stochastic centre and duration.
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     

         

         

max

0

0

max 0 max

max

max 0 max

/2

0 1 /2

/2 /2

/2 /2

/2 /2

/2 /2

0 0 ...

0 ...

n

n

N

N

N

N

T k TN

k n t k T

T T

t T t T

T T T T

t T T t T T

p k q n x t

p q x t q N x t

p T q x t q N x t




   

 

 

   

  
  
  

  
 
  
 
 

 
  
 
 

  

 

 L

(30)
Equation (30) could be further transformed to (28) 

following the similar expansion and substitution. The details 
are omitted to avoid the trivial derivation. ∎

Until now, the equivalent MILP models for both 
stochastic ITW centre and duration are derived. When 
considering the stochastic ITW centre, (24)-(25) are used to 
replace (3), with the objective and other constraints in Section 
2 remaining the same. Meanwhile, (28)-(29) are used to 
replace (3) when considering both the stochastic ITW centre 
and duration. Since the objective and all the constraints are 
linear, the mathematical model with stochastic ITW is 
transformed to an equivalent MILP model and could be 
solved by commercial software, e.g., CPLEX and GAMS.

4. Numerical results
To verify the performance of the proposed method, an 

actual partial feeder microgrid is selected for case study [46].  
The system topology is given in Fig. 1 with two critical loads, 
including a small load section and a large load section in 
Feeder 1 named as Critical load 1 and Critical load 2, 
respectively. A section of non-critical load in Feeder 2 is also 
considered. The average load profile and PV profile are 
obtained by one-year historical data of the microgrid under 
normal operation and could be further substituted by the 
profiles calculated with the available historical data under 
extreme event operation to better mimic the extreme event 
condition.

In this case study, the average critical customer 
interruption time should not exceed 15 minutes during the 
extreme event, and there is no reliability requirement of the 
non-critical load during the extreme event. The battery cost is 
referred to the Telsa power pack. The price of a 200 kWh 
battery is $105,280 with 5 years life expectancy [47]. The 
backup generator is a microturbine in this case study, costing 
$3,220/kW with 10 years life expectancy [48]. Two scenarios 
are considered in the following two subsections: stochastic 
ITW centre but deterministic duration (subsection A), and 2) 
stochastic ITW centre and stochastic duration (subsection B). 
The scheduling period is 15 minutes. The deterministic 
duration is chosen as 6 hours in subsection A, since the 
historical data in an actual distribution system shows an 
average external grid outage of 346.8 minutes, i.e., 5.78 hours, 
due to an extreme event [46].

4.1. Stochastic ITW centre and deterministic 
duration

The ITW centre (t0) is a stochastic parameter, which 
complies with uniform distribution if assuming utility outage 
could happen at any time of a day with the same possibility, 

or Gaussian distribution if assuming higher possibility at a 
certain time instant. Table 1 compares the design results 
under two PMFs of ITW centre. The Case A with uniform 
distribution could be used when there is no available 
confirmed information for islanding time. It could be further 
substituted by the other PMFs with no change of the formula 
in Section 3, when a statistical distribution of the extreme 
events historical data is available. The Case B with Gaussian 
distribution is used to demonstrate this capability, and the 
mean value of ITW centre is 12 PM.

Table 1. Results under stochastic ITW centre

Case Islanding 
time

Cost 
($/day)

Battery 
Capacity (kWh)

Backup generator 
capacity (kW)

A Uniform 371.7 493 261
B Gaussian 346.9 515 226

1) Comparison between deterministic and stochastic 
ITW centre

Table 2 gives the results considering deterministic 
islanding time. It is shown that the optimal capacities vary 
with different islanding time.  When the microgrid is islanded 
from 9 AM to 3 PM (Case V), centring at noon, there is no 
need for either battery or backup generator for the long-term 
energy supply purpose, other than short-term frequency/ 
voltage control, because the PV output is always sufficient to 
support all the critical loads. When the islanding time centres 
at midnight (Case III), the optimal cost is the third highest, 
since the critical load is relatively small although there is no 
PV generation. The worst case is when islanded from 5 PM 
to 11 PM (Case I), because the power consumption is still 
relatively high but the PV output drops sharply. An 
engineering approach to design the optimal capacity when 
considering deterministic islanding time is choosing the 
worst-case scenario, i.e., Case I, to maintain the reliability 
requirement and remain the same battery and backup 
generator capacity under different realizations of islanding 
time.

Table 2. Results under different deterministic ITW centres

Case Islanded time 
(hour)

Cost 
($/day)

Battery
capacity 
(kWh)

Backup 
generator

capacity (kW)
I 5 PM – 11 PM 420.2 235 402
II 5 AM – 11 AM 310.9 142 308
III 11 PM – 5 AM 264.1 193 237
IV 11AM – 5 PM 88.5 307 0
V 9 AM – 3 PM 0 0 0

Taking Case I as the benchmark, the total cost is 
reduced by 11.54% when the islanding time is considered as 
a stochastic parameter with uniform distribution, and it is 
further reduced by 5.90% when the islanding time follows a 
Gaussian distribution centred at 12 PM. This is because the 
stochastic islanding event could happen at daytime when PV 
output is sufficient.

2) Average critical customer interruption time 
constraint
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To check whether the constraint of average critical 
customer interruption time satisfies the required 15 mins or 
not, the islanding duration is extended to 24 hours to cover all 
the possible ITW centres. From the probability point of view, 
the critical customer interruption time could be four time 
intervals of 15 mins under uniform distribution PMF of the 
stochastic ITW centre, since the islanded case could happen 
four times (= 24 hours/6 hours) with the original islanding 
duration of 6 hours. This statement is verified in Fig. 3 with 
no interruption in the small critical load 1 and 4 times of 
interruption in the large critical load 2. The dispatch also 
shows the non-critical load will be supported when there is 
excess PV energy during 9 AM to 4 PM and interrupted when 
the PV output is low.

0 6 12 18 24
Time (hour)
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200

400

600

800

1000

1200

Po
w

er
 (k

W
)

Critical Load 1
Critical Load 2
Non-Critical Load
Total load
Total critical load
PV generation

Fig. 3.Optimal electricity dispatch in the uniform distribution 
PMF of the stochastic ITW centre in Case A.
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0

0.015

0.03
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Fig. 4.  Status of the large critical load under Case I and Case 
B. 

Fig. 4 further compares the interruption time of the 
large critical load under two ITW centre settings: 
deterministic (Case I) and stochastic with Gaussian PMF 
(Case B). The status of critical load 1 is not shown, since it is 
relatively small and could be supported all the time. Case I 
shows that although the islanding duration is extended to 24 
hours, there is still only 15 mins interruption because the 
optimal capacity under case I is the most conservative one. 
The average customer interruption time is only 3.75 mins 
under this capacity setting, which is far below the required 15 
mins. Unlike the deterministic Case I, the total interruption 

time for one day is 3.5 hours in Case B, but the average 
interruption time is still 15 mins, since the largest probability 
is at noon where there is no critical customer interruption. 
Although there are interruptions in the afternoon, the 
probability is small so that the mean value is still 15 mins, 
which meets the requirement.

4.2. Stochastic ITW centre and stochastic duration

In the above analysis, the islanding duration is 
assumed to be 6 hours. But it may not always be deterministic. 
When the islanding duration is stochastic, the optimal cost 
and capacity will change accordingly. Assume the PMF of 
stochastic duration follows that in Table 3 and it could be 
further substituted by a confirmed PMF without changing the 
solution procedure of the proposed approach. The average 
value of duration is 6 hours, but there is still some probability 
of duration higher or lower than the average value.

Table 3. PMF of the stochastic islanding duration

Duration 3-hour 6-hour  9-hour
Probability 0.25 0.5 0.25

Proposition 2 is used to calculate the coefficients of 
x(t). Both p*(k) and p**(k) under Gaussian ITW centre and 
stochastic duration with PMF in Table 3 are shown in Fig. 5. 
It shows the probability participation of x(t) at noon is lower 
with both stochastic centre and duration than just considering 
stochastic centre, meaning the design results are more 
optimistic under the deterministic duration than those under 
stochastic duration.

0 4 8 12 16 20 24
Time (hour)

0

0.1

0.2

0.3

0.4

0.5

Pr
ob

ab
ili

ty

p*
p**

Fig. 5.  Coefficients considering stochastic ITW centre and 
deterministic/ stochastic duration. 

Table 4. Results under stochastic islanding duration

PMF of duration Cost 
($/day)

Battery
capacity (kWh)

Backup 
generator 

capacity (kW)
Deterministic 346.9 515 226
PMF of Table 3 349.3 500 233
Uniform 394.1 376 325

Table 4 shows the results with the stochastic duration. 
When the duration follows the PMF in Table 3, the cost is 
slightly increased since there is a chance for islanding 
duration to be higher than 6 hours and more battery or backup 
generator capacities are needed to maintain the reliability 
requirement under some possible islanding scenarios with 
longer islanding duration. The cost is further increased when 

Probability
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the duration has a uniform distribution since the chances are 
equal for an extreme long duration of 24 hours compared with 
1 hour.

5. Discussions
In this section, the proposed method is further 

extended to the grid-tied microgrid considering both 
maintaining system reliability and reducing the electricity 
cost. Also, the impacts of both the mean value of stochastic 
duration and the average critical customer interruption time 
are analysed. 

5.1. Battery and backup generator sizing problem 
with multi-objective in grid-tied microgrid

The optimization objective of grid-tied microgrid 
varies in different operation modes. When operating in 
islanded mode, the objective is to maintain the reliability of 
critical customers and minimize the investment cost. While in 
grid-connected mode, the objective is to minimize the total 
cost for an economic target without the reliability 
requirement, since the reliability of power supply relies on the 
main grid during grid-connected operation. 

If both objectives are considered, i.e., maintaining 
system reliability and reducing total cost, the objective (2) is 
changed to (31), by adding the electricity cost and the 
expected gas cost into the original objective of the investment 
cost. Both the time-of-use electricity (TOU) price and 
demand price are considered. Equations (32) and (33) are 
added, meaning the power demand constraint and the power 
balance constraint in grid-connected operation, respectively.

      min  e e e e
b g r d d f g

t T t T

c S c G c t r t c P c E P t
 

    
(31)
(32) 0 e e

dr t P 

                          *
1

I
e e e e e e e e
pv g b b pv i i

i

P t P t P t P t P t r t x t L t  


     
                                                                                          (33)

Constraints (3)-(16) remain the same as that in Section 
2. The main solution procedure to deal with the constraint (3) 
is also the same as that in Section 3. 

Table 5 shows the lowest total cost is in the first case 
with the economic objective and no reliability requirement. It 
is increased by 7.38% when the multi-objective is considered. 
Also, a better combination of battery and backup generator is 
selected in multi-objective case than that only with reliability 
requirement, since the total cost is reduced by 2.01%.

Table 5. Results under different objectives in grid-tied 
microgrid

Objective Total cost
($/day)

Investment 
cost ($/day)

Battery
capacity 
(kWh)

Backup
generator 

capacity (kW)
Economic 1575.6 148.9 517 0
Reliability 1736.1 346.9 516 226
Multi-
objective

1701.1 363.4 407 281

5.2. Impact of the mean value of islanding 
duration

Fig. 6 shows the total cost increases with the increment 
of mean islanding duration, since the duration of the islanding 
time is longer and there is a need for increasing the battery 
and backup generator capacity to meet the reliability 
requirement. 
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Fig. 6.  Total cost with different mean value of stochastic 
islanding duration. 

5.3. Impact of average critical customer 
interruption time

Table 6 shows the total cost is reduced with the 
increment of the average critical customer interruption time. 
Also, the battery capacity decreases at first with the increment 
of interruption time, but increases in the last two cases. This 
is because both the battery and backup generator are installed 
to maintain the reliability and the backup generator size is 
reduced due to the investment cost tradeoff between the 
battery and backup generator. Compared with 15 min. case, 
the cost reduction is 28.63% when the interruption time is 
relaxed to 1 hour. 

Table 6. Results under different average critical customer 
interruption time

Average interruption 
time (mins)

Cost 
($/day)

Battery
capacity (kWh)

Backup 
generator 

capacity (kW)
15 349.3 500 233
30 305.8 320 243
45 279.4 352 203
60 249.3 422 145

6. Conclusion
This paper investigated a battery and backup generator 

sizing problem with a required reliability index due to 
extreme events. A mathematical model is established 
considering both stochastic ITW centre and duration. The 
equivalent MILP model is derived to convert the stochastic 
features in optimization time window to the probability 
weighted expression of load status. Numerical results show 
the following characteristic of the proposed method:

1) Satisfying the same reliability requirement, the 
optimal cost in a PV-based microgrid is reduced by 11.5% 
using the proposed method compared to using the worst case. 

2) The cost reduction is obtained by satisfying the 
mean value of critical customer interruption time constraint 
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and it could always be achieved for the PV-based microgrid, 
since the available PV output varies significantly with time. 

3) The total cost will be slightly increased when the 
stochastic duration is further considered, since there is a 
chance for the duration to be higher than its mean value and 
more capacities are needed to maintain the same requirement. 

The further applications could consider the PMF of the 
stochastic ITW centre and duration with the historical 
extreme event data. The control scheme under extreme events 
could be further investigated.
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