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Abstract. A quasi-analytical model has been developed to map out the low-pressure (left-hand) branch of the Paschen 

curve at very high voltage when electrons are in the runaway regime and charge exchange/ionization avalanche by ions and 

fast neutral atoms becomes important. The model has been applied to helium gas between parallel-plate electrodes, at 

potentials ranging in magnitude between 10 and 1000 kilovolt. The respective value of reduced electric field E n  varies in 

the range of 50 6000 kTd  (
18 21 kTd 10 Vm ), with reduced density nd (where n is the gas density and d  is the inter-

electrode distance) on the order of 20 2 10 m . The analytical Paschen curve is compared to those obtained with a detailed 

Particle-In-Cell/Monte Carlo (PIC/MCC) simulation, and also to experimental measurements [11]. The model provides 

accurate predictions for E n  up to 310  kTd , constrained by availability and quality of required input data. 
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1. INTRODUCTION 

       Understanding the mechanism of ionization breakdown in gases has been a major effort in discharge physics for more 

than a century. For parallel-plate DC discharge, the breakdown condition is known as the Paschen law [1], according to 

which the breakdown voltage V is a function of the product of the gas pressure p (or density n) and the electrode separation d. 

When the applied voltage is low (say, below 1 kV), the specific relation between V and pd assumes a simple analytical form. 

It results from applying a local-field theory to electron-impact ionization and assuming a constant yield for ion-induced 

electron emission [2]. However, under the conditions of high voltage/low pressure on the left-hand branch of the Paschen 

curve, additional elementary processes associated with fast ions and fast neutrals produced in charge transfer become 

necessary for explaining the experimental data [3, 4, 5, 6, 7, 8, 9, 10].  

Previously in [11], the authors presented a Paschen curve for helium, predicted by PIC/MCC simulations of Townsend 

discharge.  The studied range of applied voltage was 100-1000 kV. It was found, in particular, that anisotropic scattering of 

all particle species on the background neutrals and backscattering of fast neutrals (including ions, neutralized upon impact) at 

the cathode surface were essential for identifying the breakdown state, and had to be accounted for. The Paschen curve 

predicted by the kinetic model is double-valued, with V(pd) having a turning point at approximately 300 kV. This feature 

indicates an essential role of heavy species (ions and fast neutrals). It is due to the onset of the runaway condition, 

analogously to the violation of locality for electrons at much lower voltage (kilovolt range in the case of helium). Direct 

particle simulation, with adequate models and input data for gas-phase and surface interactions, allows predicting the 

properties of high-voltage discharge with minimal assumptions. At the same time, it would be of advantage to have a reduced 

model for which much of the analysis could be carried out analytically.  Such model would provide basic insight into the 

nature of the process, facilitating both experimental work and verification of the kinetic numerical model. 

   In theoretical models of gas breakdown, most authors [12, 13, 14] only consider the electron-impact ionization source, 

and the emission of secondary electrons from the cathode due to bombardment by ions, photons, and metastable atoms. This 

is generally sufficient for E/n below 1 kTd. Recently, Amanda M. Loveless and Allen L. Garner have developed a universal 

theory for gas breakdown from microscale to the classical Paschen law for discharges driven by field emission and Townsend 

avalanche in the low E/n regime [15]. Efforts to account for the roles of heavy particles, particularly in argon and helium, 

have been underway for several decades. Jelenković et al. [16] investigated the Paschen curve in helium for E/n in the range 

0.3 - 9 kTd within an electron/ion/fast-neutral model. Local-field equilibrium was assumed for all three particle species, to 

yield results consistent with experimental data for E/n in the range in question. Phelps et al. [17] established a model for 

breakdown in argon that accounted for most of the physical processes, also based on local-field equilibrium distributions of 
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electrons, ions and fast neutrals. The Paschen curve predicted by those authors was in excellent agreement with experimental 

data for V < 3 kV, or approximately for E/n < 100 kTd. On the other hand, as demonstrated by PIC/MCC simulation [18], in 

helium electrons undergo a transition to runaway regime when E/n is greater than 850 Td. To address the non-local behavior 

of electrons in the case of argon, Phelps et al. [19] applied a “single beam”, or mono-energetic electron beam model and 

obtained a Paschen curve consistent with experimental results up to 1000 kTd , with a fixed value of ion-induced secondary 

electron yield 0.05i  . Early on, Granzow et al. [20] developed a theoretical model for the low-pressure branch of the 

Paschen curve for D2 gas for voltages ranging between 5 and 120 kV. They accounted for charge exchange and ionization by 

ions and fast neutrals, as well as for backscattering of electrons from the anode which was found to be important. Macheret 

and Shneider [10], also investigating breakdown in argon, utilized a“forward-back” (two-beam) approximation for electron 

velocity distribution. Those authors also identified the important role of ionization due to accelerated ions and to fast neutrals 

produced in charge exchange. However, backscattering of ions (which mostly neutralize) and fast neutrals at the cathode 

surface is essential at V>100 kV and needs to be accounted for in any applicable theory. Also, not much analysis has been 

done in which energy dependence of charge exchange cross-section as well as anisotropy in heavy-particle collisions were 

both accounted for.  

Based on the results of the particle simulations presented in our previous paper [11], the present work aims to develop 

a realistic and analytical model of gas breakdown in helium for E/n on the order of 1000 kTd.  Such model, incorporating 

electron, ion and fast neutral species, has been formulated to properly describe their interactions with the background gas and 

with the electrode surfaces. Particular attention has been paid to the significant role of anisotropic scattering experienced by 

fast atoms and to the particle backscattering at the electrodes, as well as to ionization by fast-neutral impact. The observed 

double-valued behavior of the Paschen curve, with the turning point at about 200 kV, will be revisited. The specific details of 

the analytical model are given in Section 2 and the results are presented and discussed in Section 3. Section 4 summarizes the 

work. 

2. Analytical model 

The model accounts for kinetics of positive ions, fast neutral atoms, and electrons in a Townsend discharge in helium 

at extremely high values of /E n . The underlying mechanisms are charge transfer that controls the velocity distribution of 

the ions, and free-fall motion of electrons whose free path exceeds the electrode separation [11]. The high voltage breakdown 

criterion is defined as the marginal condition where self-sustained steady state is found, with a balance between total (per unit 

area) ionization rate and net fluxes of ions (or electrons) through the boundaries.   
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For the reduced electric field E/n on the order of 1000 kTd, velocity distributions of ions transported towards the 

cathode and of electrons transported towards the anode are strongly peaked near the direction of the electric field. Same 

applies to fast neutral atoms resulting from charge exchange, due to strongly anisotropic scattering on the background 

neutrals. The respective velocity distributions will be treated as one-dimensional. Cosine distributions will be assumed for 

electrons backscattered at the anode and for fast neutrals backscattered at the cathode (meaning half-isotropic velocity 

distributions of the backscattered species in the discharge volume). In the analytical model, the elementary processes 

responsible for gas-phase ionization are electron-, ion-, and fast-atom impact. As in the experiments and PIC/MCC model 

[11], molybdenum and stainless steel are implemented as electrode materials for cathode and anode. The surface interactions 

include ion- and fast-neutral-induced secondary electron emission (SEE) from the cathode, and fast-neutral backscattering 

from the cathode. Ion backscattering from the cathode (as neutrals) and fast-neutral backscattering from the anode, which 

were both accounted for in the particle model [11], will be neglected due to their fluxes being very small compared to the 

primary (produced by charge transfer) fast-neutral flux collected at the cathode. Photon-induced secondary electron emission, 

which was verified to be a negligible process in the PIC/MCC model, is also disregarded. Inelastic electron backscattering at 

the anode plays an important role in gas breakdown [5, 21, 22] and will be accounted for in the effective “beam” description 

of the process. We note that all sets of data for energy-dependent cross sections, backscattering coefficients, and secondary 

electron yields are identical with those in [11], in order to compare the results with those obtained by particle simulations. In 

our model, we use notation 
x  to represent absolute value of the respective flux and the direction from cathode to anode is 

chosen as positive. Therefore in what follows, for particles conservation equations, particle fluxes take the directions into 

account by applying positive or negative sign before scalar x . Correspondingly, we keep particle creation term the same 

sign and particle loss term the opposite sign with respective particle flux. 

2.1.  Electron model 

For E/n in the range of interest for the present study, electrons are in the runaway regime, as already known and verified 

in particle simulations presented in our preceding work [11]. Fig. 1 shows examples of electron velocity distributions (plotted 

vs. energy; without backscattered contribution) at the anode.  Electrons emitted from the cathode impact the anode as ballistic 

beams.  Electrons produced by ionization in the volume are also free-falling, and the shape of their distribution (the tail) is 

determined by the profile of the ionization rate. 
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contributions to the electron particle balance, e. g. electron–ion recombination or associative ionization, can be neglected for 

the low-current Townsend discharge.   

2.2. Ion model 

The model for He+ ions is based on local equilibrium distribution governed by charge transfer [19, 27], i.e. it is being 

assumed that the free path λcx for charge transfer is much smaller than the discharge gap. This assumption was verified in the 

PIC/MCC study of breakdown in helium [11] according to which the charge-transfer free path λcx is one order lower than the 

discharge gap even in the 1000 kTd range. We note that charge exchange collisions present a friction mechanism in the 

momentum transfer equation, but do not affect the flux continuity. In addition, the net current in a steady state should be 

conserved: 

                                                       e ix x const    .                                         (4)
 

Therefore due to the ionization of the gas by electrons, ions and fast neutrals, the ion flux increases towards the cathode 

and obeys the following equation: 

                       ei e ii i i a bi b, / / /i e
a

d x d x
E n x E n x E n x E n x

dx dx
   

 
               .        (5)

 

Accounting only for charge transfer, the dominant collision type for ions, we solve the resulting steady-state Boltzmann 

equation. The charge exchange cross section approximates as  2

0( ) lncx A B      , where 

20 2
05.282, 0.294, 10A B m    and energy  is in eV. The energy distribution function is obtained by solving Boltzmann 

transport equation using Bhatnagar-Gross-Krook (BGK) approximation [28] based on the assumption that charge exchange is 

the dominant ion-neutral collision. 

            
 

  2 2 2 2

0

ln 2 ln 1
exp .

A B AB B
f C

E n

 
 


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  
  

                                          (6) 

where C is the normalization factor defined by the flux. We note, however, that the Boltzmann solution (local approximation) 

shows large deviation from the ion spectrum observed in PIC/MCC simulations, as seen in Fig. 4 for V=100 kV.  The 

Boltzmann solution predicts a “hotter” tail. This indicates that ionization frequency can be comparable to charge exchange 

frequency, to results in large amount of slow ions released in the ionizing collisions.  This effect will be studied in future 

work. Another option is to adopt a one-dimensional Maxwellian distribution with “temperature” iT  on the order of eEλcx to 

approximate the ion velocity distribution as 'f ( ) exp( )i iC T   , where 'C  is again the defined by the flux. This approach 
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2.3. Fast neutral atom model  

Fast atoms are generated primarily via charge transfer and therefore their velocity distribution is governed by that of the 

projectile He+ ions [19, 27]. In studies of high-voltage discharges, e.g. [10, 16, 17], the usual assumption has been that any 

elastic or inelastic collision of a fast neutral with a background atom of equal mass would result in a loss of that fast neutral, 

by reducing its energy below the threshold of excitation or ionization. However, the situation is different with anisotropic 

scattering which occurs at ion/atom energies corresponding to high values of E/n. Energy loss by fast atoms can be negligible 

in elastic and excitation collisions due to small scattering angles. The main loss channel for fast neutrals will be through 

ionization, because stripping of the projectile and ionization of the target occur with equal probability.  Therefore the 

equation for the fast neutral flux traveling towards the cathode (in the negative direction) can be written as follows: 

         i

1
/ + /

2
a

ct i a a

d x
E n x E n x

dx
 


    .                      (10)

 

      The ionization coefficient 
ai / n in Eq. (10) is obtained by averaging the neutral-impact ionization cross section ( )aiQ   

over the fast-neutral energy distribution.  For this purpose, assuming the first term in (10) dominates over the second, first 

approximation for the neutral distribution will suffice, namely ( ) ( ) ( )a ct if Q f   .  The result is 

   

 

   

   
i 0 0

0 0

( )ai a ct ai ia

a ct i

Q f d Q Q f dE

n n f d Q f d

      

    

 

 

    
 

 
   .      (11)

 

The slowly decreasing ( )ctQ  results in a “cooler” distribution of fast atoms versus that of the ions. At the cathode, primary 

fast neutrals will be backscattered and travel freely against the electric field, which is essential for initiating the heavy-species 

ionization avalanche in the vicinity of the anode. As is the case for primary fast atoms, stripping is the prevailing elimination 

mechanism for the backscattered neutrals. Therefore for the backscattered fast-atom flux, dubbed Γb, we have 

     1
/

2
b

bi b

d x
E n x

dx



    ,             (12)

 

where /bi n  is the flux-averaged ionization coefficient for backscattered fast neutrals, calculated by averaging the fast atom 

ionization cross section ( )aiQ   over the backscattered fast-atom energy distribution ( ) ( ) ( ) ( ) ( ) ( )b N a ct N if R f Q R f       . 

Becasue a good model for the energy spectrum of backscattered flux is not available, the energy of a reflected atom is 
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calculated as ' ( )

( )
E

N

R

R


 


 , where ( )NR  and ( )ER   are, respectively, the particle flux and the energy flux reflection 

coefficients for the primary atom energy  . Also, a cosine angular distribution is adopted for the backscattered flux, same as 

in [11]. The resulting expression for backscattered-fast-neutral ionization coefficient is 

       

     

2'

bi 0 0
2 2

0 0

cos sin

cos sin

N ct ai i

ct N i

R Q Q f d dE

n n Q R f d d





       

      





    
 

 
 

.                      (13) 

where the first factor on the right is similar to Eq. (11) and the second factor is 3/2. The calculated /bi n  is plotted in Fig. 5. 

It is seen that even with account for angular distribution, values of /bi n  are always smaller than those of /ai n ,  

indicating the importance of energy loss in inelastic backscattering. 

Next, to formulate the cathode boundary condition for the fast neutral flux, we need an expression for the reflection 

coefficient ( / )aR E n . It is obtained by averaging the energy-dependent particle backscattering coefficient ( )NR  over the 

primary fast-atom distribution ( )af  : 

     

   
0

0

ct N i

a

ct i

Q R f dE
R

n Q f d

   

  





   
 


  .       (14)

 

This coefficient is plotted in Fig. 6 and its calculation is given in Appendix A. Therefore the backscattered fast neutral 

flux at the cathode is given by 

                                                                                   0 0b a aR   .                                 (15) 

 Here, we note that in the present model, the ions neutralized and then backscattered as neutrals at the cathode are 

neglected, due to their flux being much smaller than the primary fast-neutral flux. The fast atoms repeatedly backscattered at 

the anode are likewise neglected, because their flux is on the order of Ra
2 <<1 and their energy spectrum also degrades upon 

successive reflections. 
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Table 1: Gas-phase elementary processes and particle-surface interactions accounted for in reduced models under different regimes of 
breakdown. 

 

In order to highlight the differences between three different regimes 1, 2, and 3, we introduce three reduced models, 

identified with the aid of Table 1. In each of these models, we disable those elementary processes of the base model which 

can be neglected. The complete (base) model is labeled “model 4”. We note that in model 3, the process of fast-neutral 

backscattering is also neglected, to observe (and compare with model 4) the effect of such assumption, commonly used in the 

literature. Therefore the reduced models can be characterized as follows: 

1. First reduced model: 0ii ai a aR      .
 

2. Second reduced model: 0ai a aR    . 

3. Third reduced model: 0aR  .  

4. Non-truncated model. 

Fig. 9 shows normalized particle fluxes of models 1, 2, 3 and 4 for gas pressure at which the breakdown voltage is 100 

kV. The calculations of electron and ion fluxes are discussed in detail in Appendix B. Note that in all cases, the electron 

ionization coefficient /ei n  of Section 2A is still utilized instead of the value obtained through local-field model. This 

introduces a lower limit on the discharge voltage to which the description applies. From Fig. 9, it is seen that the solutions 

obtained with models 1, 2, and 3 differ from that of model 4, and become successively closer to it. This observation 

illustrates the importance of ionization by ion and fast-neutral impact. In addition, for model 3, the absence of fast-atom 

reflection from the cathode results not only in reduced ionization compared to model 4, but also the disappearance of the 

applicable self-organization mechanism of the discharge [11]. The backscattered fast atoms ionize the gas in the gap, and the 

reaction 

regime 

Electron 
ionization 

Ion 
ionization 

Fast-atom 
ionization 

Ion induced 
electron emission 

Fast-atom induced 
electron emission 

Fast-atom 
backscattering 
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(model 1) 
✔   ✔   
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(model 2) 
✔ ✔  ✔ 

(depends on 
cathode material) 
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(model 3) 
✔ ✔ ✔ ✔ ✔  
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(model 4) 
  ✔ ✔ ✔ ✔ ✔ ✔ 
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4. Summary 

               We developed a reduced flux-balance quasi-analytical model to investigate ionization breakdown in helium for the 

applied voltage in the range of 10-1000 kV, with corresponding reduced density 20 21.5 10nd m . In our 

electron/ion/fast neutral model, anisotropic scattering in gas-phase collisions and energy-dependent interactions at the 

electrode surfaces are carefully taken into account.  Three regimes of the breakdown kinetics, labeled “electron regime”, 

“ion regime”, and “fast-neutral regime” are identified according to which species contributes the most to the gap-

integrated ionization rate. In the fast-neutral regime of particular interest here, the ionization avalanche is directed from 

anode towards cathode. It is initiated by the fast neutral beam backscattered from the cathode, and charge multiplication 

occurs through multiple successive cycles of ionization and charge exchange. The Paschen curve for helium predicted by 

the model has been compared to that based on PIC/MCC simulations and to a set of experimental data, both presented in 

our preceding publication [11]. The Paschen curve predicted by this model is found to be in good agreement with the 

PIC/MCC result and with experimental data, also reported in [11]. Calculated profiles of particle fluxes in excellent 

agreement with those obtained in kinetic PIC/MCC simulations. Also, several underlying physical phenomena have been 

uncovered that are essential in electrical breakdown in extremely high electric field:   

1. The significant role of fast neutral atoms, attributed to backscattering from the cathode and to impact ionization, 

is demonstrated by the analytical model. Fast-neutral backscattering from the cathode, rather similar in its 

function of ion-induced secondary electron emission at lower voltage, results in an ion-neutral avalanche, a self-

organization mechanism which sustains the discharge current. 

2. Stripping loss of fast neutrals, which is the primary loss channel under the condition of strongly anisotropic 

scattering in gas-phase collisions, has been proven essential to obtain a good agreement with experimental and 

PIC/MCC results.  This is an indirect validation of the model which assumes velocity distributions strongly 

peaked in the direction of the electric field.  

3. Lastly, the turning-point phenomenon, i. e., double-valued behavior of the Paschen currve, seen in the PIC/MCC 

model [11], is also predicted by the present analytical model. The nature of the turning point is that at extremely 

high values of reduced electric field E/n heavy species velocity distributions undergo a transition to runaway 

regime. This behavior is accounted for in the charge-transfer reaction rate of the reduced model. The turning 

point occurs primarily because the charge-transfer cross-section decreases with increasing projectile energy. The 

effect is amplified by the decrease in the fast-neutral flux reflection coefficient at high E/n.  
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Appendix A: Rate coefficients for helium  

In this appendix, we address energy-dependent values and corresponding integrated rates (reaction coefficients) for the 

cross-sections, secondary electron yields, and surface backscattering yields for ions and fast neutrals for discharge in helium 

in extremely high electric fields. The same data on cross-sections, electron yields, and reflection coefficients as adopted in 

Ref. [11] are used presently in order to make a valid comparison between the analytical and PIC/MCC kinetic models.  The 

electron-impact ionization rate was discussed in the main text and will not be considered in this Appendix. In what follows, 

the values of reaction coefficients /x n  are in units of 20 210 m , cross sections xQ  are in 20 210 m , and particle energies   

and effective ion temperature iT  are in eV, unless noted otherwise. The coefficients given below depend on E/n through the 

effective ion temperature iT  parameterizing velocity distribution, approximated with one-dimensional half-Maxwellian. The 

relation between iT   and E/n is given by Eq. (7) in the main text. 

1. Reaction coefficients for energetic ions 

Approximate formula for charge-exchange cross section can be expressed as   2
ct (5.282 0.294ln )Q    , based on 

which the charge-exchange coefficient, obtained by flux-averaging over the ion distribution, can be in turn approximated as 

     2ct 5.282 0.294ln 0.171 0.339 5.282 0.294lni i iT T T
n


      .                (1a) 

For ion-impact ionization, we utilize the following analytic fit for the cross section data which is valid up to projectile energy 

60000eV: 

                    3 50.252 1.099 10 4.650 10iiQ        .                                        (2a) 
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Therefore corresponding reaction coefficient is obtained by flux-averaging the ionization cross-section over the ion 

distribution.  An analytical fit can be provided in the following form: 

    
4

17 13 '10
2.516 10 1.099 10 2353.172ii

i i i
i

T T T A a
n T





                    (3a) 

Where            ' 100 1 1/ 2 100 exp (100 )A a a a a a erf a a a             ,  is the step function, erf is 

error function,  and 54.650 10 / ia T  .  Note that ii

n


 in Eq.( 3a) is in units of m2. 

2. Fast neutral atom reaction coefficients 

a. Primary fast atom-neutral ionization coefficient 

For primary fast atoms produced in charge-exchange collisions, the ionization coefficient is expressed by Eq. (11) in the 

main text. To evaluate this expression, we first approximate the product of ionization cross section  aiQ   and charge 

exchange cross section  ctQ  , which can be valid up to 80000kV for projectile energy, as follows: 

       2
30.6685 60842 60842 1ct aiQ Q      ,                    (4a) 

which is in unit of 40 410 m .  The following approximation can be given for the resulting value of  ai
iT

n


 in Eq. (11) : 

  '30.6685 (1 ) ( ) 1ai ct
iT b b B b

nn

                                            (5a) 

where =60842/ ib T  and 

             ' ' 'exp (1 ) 1 1iB b T b b b b C b b D b b               , 

       1 -0.250+b -ln b' 0.577 +b 0.055 0.010 0.001iC b T b b b                  ,   
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 
   
   

'
0.268 8.635 18.059 8.573

3.958 21.1 25.633 9.573
i

b b b b
D b T

b b b b

        
  

        
. 

b. Ionization coefficient for backscattered fast neutrals. 

Eq. (13) in the main text gives an expression for the ionization coefficient due to fast neutrals backscattered from the 

cathode and travelling towards the anode. The denominator on the right-hand –side (first term) can be approximated as 

      2

2 3.7 0.315 ln 0.196 0.364 3.7 0.315 lni i i iT T T T                       (6a) 

and the numerator as 

                             ' ' '
1 21550.225 1 1iT c B c c B c B c c             ,                     (7a) 

where  =16641.1/i ic T T  and the function 'B  are the same as in Eq. (5a). Hence Eq. (13) yields 

       bi 1

2

1.5iT
n

 


  .                                                                  (8a) 

c. Secondary electron yields and fast-atom backscattering coefficient 

         An analytical fit of the same form as developed in Ref. [14] for argon is used to approximate secondary electron yields 

of ions and of fast neutrals at the cathode. The fits for SEE by ions and fast atoms works very well up to 610 eV  for 

projectile energy. When averaged over the ion distribution exp( )iT , the electron emission yield by ions is approximated 

as 

   1.9 1.540.3 1.55 /1000 1 ( / 600)i i i iT T T       .                       (9a) 

Likewise, by averaging over the resulting energy distribution of fast helium atoms produced in charge exchange 

collisions, the fast-atom induced electron emission yield is given by  
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     1.85 1.563 10 0.75 exp 622.5 / 1 ( / 400)a i i i iT T T T           .          (10a) 

        Regarding the backscattering coefficient aR  of fast atoms at the cathode, which is related to the fit Eq. (23) in Ref. 11 

and can work in the energy range up to 510 eV  for projectile , it is convenient to convert Eq. (14) into the following form 

which: 

                                                               2 cx
a i

i

R T
T n


 .                                                           (11a) 

           We note that the ion reflection (which includes neutralization) is neglected, owing to the ion flux collected at the 

cathode being much smaller than that of fast neutrals. Their ratio scales as cxd  . 

Appendix B: Solution for the structure of the discharge. 

In this section, we present the solution to the linear equation comprising the present model of steady-state Townsend 

discharge (refer to model 4 in Table 1). It is given by the electron flux ( )e x , the ion flux ( )i x , the primary fast atom flux

( )a x , and the reflected-fast-atom flux ( )b x . According to Eqs. (3), (5), (10), and (12) with boundary conditions (8), (9) 

and (15), we find the particle fluxes (normalized to t e i     ) as follows: 

 3 2 1 2
1 2 3

3 1

/ ( ) / 1
( ) exp( ) exp( ) exp( ) 1 (1-P)a a

e t
a

NR U QR U U S U
x x x x

MR U U


  

            
  

 ,              (1b) 

( ) 1 ( )i t e tx x         ,                                                                                                                         (2b) 

 3 2 1 2
1 2 3

3 1

( / ( ) / )
( ) exp( ) exp( ) exp( ) 1a a

a t
a

NR U QR U U S UN
x x x Q x S P

R U U


  

     
        

 
,      (3b) 

2
3

1

( ) exp( ) (1 )b t

U
x x P

U
      ,

                                                                                                           (4b)

 

where the functions M, N, Q, S, P and  are those  entering Eq. (16) in the main text and  

 

 

2 1
1 3 1

exp( ) exp( ) /
exp( ) exp( ) ( ) /

(1 ) (1 ) /

(1 ) (1 ) ( ) /

a a
i a i a

i a i a a a

d d N M
U d d QR MR

N M N M

Q M QR MR

 
  

   

    

 
           

       

, 



28 
 

 

 

2 1
2 1

exp( ) exp( ) /
exp( ) / )

(1 ) (1 ) /

(1 ) (1 ) /

a
i a i a

i a i a a

d d N M
U P d S MR

N M N M

P S M S MR

 


   

   

 
         

     

. 

   
    3

2 1

1 1 /

(1 ) (1 ) ( ) / / (1 ) (1 ) /
i a i a

i a i a a a i a i a a

N M N M
U

Q M QR MR U U P S M S MR

   
        

    


            
       

Alongside the full analytical model formulated above, the following three truncated models in Table 1 are introduced to 

aid in the discussion: 

1.  Reduced model for electron regime (model 1): 0ii ai a aR      . 

These assumptions bring the original Townsend electron-multiplication model  

 ,1
,1

( )
( , ) ( )e

ei e

d x
E n x

dx



  .                                                  (5b) 

The boundary condition involves ion-induced electron emission from the cathode: 

                                               ,1 ,1 ,1(0) (0) (0)e i i i t e           .                                    (6b) 

Therefore, normalized electron and ion fluxes write as 

                                               ,1 ( )
exp( ),

1
e i

ei
t i

x
x








 

                                                     (7b) 

,1 ,1( ) ( )
1i e

t t

x x 
 

 
.                                                  (8b) 

2. Second reduced model for ion regime (model 2): 0ai a aR    . 

Under this condition, the model simplifies as 

,2 ,2
,2 ,2

( ) ( )
( , ) ( ) ( / ) ( )e i

ei e ii i

d x d x
E n x E n x

dx dx
 

 
        ,                (9b) 
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with the same boundary condition  Eq. (6b). The solution for electron and ion fluxes is 

 ,2 ( ) 1 /
exp ( ) 1 (1 / ) ,

1
e i ei ii

ei ii ei ii
it

x
x

  
   


  

       
                    (10b) 

,2 ,2( ) ( )
1i e

t t

x x 
 

 
 .                                               (11b) 

3. Third reduced model for fast-neutral regime (model 3): 0aR    

In the third model, Eqs. (3), (5) and (10) reduce to the following expressions: 

,3 ,3
,3 ,3 ,3

i e
ei e ii i ai a

d d

dx dx
  

 
        ,

                      (12b) 

,3
,3

a
ct i

d

dx



   ,

                                                                   (13b) 

with the boundary condition given by Eq. (8) in the main text: 

,3 ,3 ,3(0) (0) (0)e i i f a                                                  (14b) 

                                                   ,3 ( ) 0i d   .                                                                       (15b) 

          Therefore we obtain the solution for the fluxes: 

   
         

       ,3 2 1
1 2

2 1 2 1

( ) exp ( ) 1 / 1 /
exp exp 1

1 exp ( ) 1 1 exp ( ) 1

e a ei ai a ei ai

t i i

x d
x x

d d

       
 

     

     
  

            (16b)

,3 ,3( ) ( )
1i e

t t

x x 
 

     .                                                                                (17b) 
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