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ABSTRACT

The most popular theories of everything are various versions of the superstring the-
ory. The theories require existence of additional space dimensions, vibrations of which
create the material particles in 3D space. The additional space dimensions are under-
stood as being currently smaller than the Planck Length and due to this not directly
observable. We search for multidimensional models of the Universe (one time dimension;
three isotropic, flat external dimensions, and n- internal dimensions),which satisfy the
multidimensional Einstein equations and which started from the same radius of all of the
internal and external dimensions, with an anisotropic energy-momentum tensor. Analyt-
ical solution of N+1-dimensional Einstein equation in a reparametrized time is reminded
and discussed. The energy-momentum tensor is solely responsible for expansion of the
external dimensions and shrinking of the internal ones; and to obtain this behavior of
the space the tensor needs to fulfill some conditions i.e. the energy-momentum tensor
cannot include only radiation, vacuum and baryonic matter. For the behavior of the
physical space consistent with the one observed in our Universe the dark energy and/or
dark matter have to exist.
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1. Introduction

Multidimensional cosmological models [1] were a subject of one of the authors’

master thesis [2], and the paper [3]. Over the years there were numerous new de-

velopments in observational astrophysics, which made the authors come back to

the subject in order to compare predictions of the model with the data, at least at

qualitative level. One of the authors presented the new findings at the AMS spring
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sectional meeting at Salt Lake City, on April 2016, and here is an extended version

of these lectures.

The subjects discussed in the paper are the hypothesized multidimensionality

of the Universe, the model of the space-time within the multidimensional theory,

introduction of the Einstein equations in the multidimensional Universe, physical

assumptions on the matter in the Universe, presentation of analytical solutions

to the multidimensional Einstein equations, and finally confrontation with obser-

vational data concerning the (accelerated) expansion of the visible Universe and

resulting conditions on the energy-momentum tensor, in particular the necessity

for both dark matter and dark energy in this model

2. Why do we consider (N+1)-dimensional Universe?

The current state of theoretical physics on dimensionality of the Universe is, briefly,

as follows: The Standard Model is a very well experimentally confirmed theory of

elementary particles and unified electroweak and strong interactions. The unifica-

tion of the Standard Model with gravity is still not fulfilled. Among the unification

models the highest popularity enjoy different versions of superstring theory, The

theories require introduction of supersymmetry, which expands the set of elemen-

tary particles by their supersymmetric partners and extra dimensions. While there

is a consensus on using the Standard Model, and experimental confirmation of its

validity, there is no such consensus and there is no experimental evidence for validity

of any of the superstring theories. These and some other theories require additional

space dimensions do not agree on their number. However the additional dimensions

should not be macroscopically observable. More exactly, existence of additional di-

mensions is possible if their sizes are about or smaller than the Planck Length

1.6 × 10−35m (10−20 times proton size). The model would be plausibleif it implied

that the expansion of our 3D Universe may be connected to an implosion of the ad-

ditional spatial dimensions. We would like to consider a model of multidimensional

Universe and confront it with modern observations, e.g. the fact that the Hubble

Constant, the rate of the expansion of the Universe is not constant, the expansion

of our Universe accelerates. Another fact is that despite long observational search

for curvature of the Universe, the Universe is with a growing precision observed as

flat. Moreover, astrophysics agree that the external i.e. observable Universe started

its existence from a point (or an extremely small volume )

In this paper we propose a qualitative model - clearly stating all the assumptions.

In the end we show that all other observations listed here are fulfilled by the solution

of this model we obtain.

3. Space -Time Model R × Rn × TN−n

We use the space-time model in the form R × Rn × TN−n, which means we have

(one temporal dimension) × (n = 3 - dimensional external space of Bianchi type I
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(flat space)) × (N − n = N − 3 - dimensional toroidal internal space.)

The metric tensor in this space-time is given general, in “cosmological coordi-

nates” by

gab = diag[1,−r21(t), · · · ,−r2N (t)], a, b = 0, 1, 2, 3, . . . , N (3.1)

We assume both the internal space and the external space are separately isotropic,

which results in the metric of the more specific form

gab = diag[1,−R2(t),−R2(t),−R2(t),−r2(t), . . . ,−r2(t)], (3.2)

while the energy-momentum tensor is of the form

T a
b = diag[ε,−kε,−kε,−kε,−αε, . . . ,−αε)], (3.3)

where k and α are constants, −1 ≤ k ≤ 1, −1 ≤ α ≤ 1.

Our inverse problem consists of finding the proper ranges of values of the pa-

rameters k and α, which lead to physically acceptable solutions, with internal di-

mensions shrinking and external dimensions expanding.

The standard (but N + 1-dimensional) Einstein equations read

Rab −
1

2
Rgab = Tab (3.4)

where Rab denotes the Ricci tensor, and where R is the Ricci scalar defined by

R = gabRab (3.5)

Here gab denotes the components of the inverse metric tensor, defined by the relation

gabgbc = δac (3.6)

with Kronecker delta δac defined to be equal one for the same values of indices and

zero for different indices.

Here and everywhere else in this paper we assume Einstein summation conven-

tion, so that we sum over repeated indices appearing at upper and lower levels.

If we apply gab to both sides of (3.4) we get

gabRab −
1

2
Rgabgab = gabTab (3.7)

Since

gabgab = δaa = N + 1 (3.8)

the left hand side of (3.7) becomes

R− 1

2
R(N + 1) = R

(
1 − 1

2
(N + 1)

)
= R

1 −N

2
(3.9)

If we introduce the definition

T := gabTab (3.10)
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then the equation (3.7) can be rewritten as

R =
2

N − 1
T (3.11)

and the full Einstein equations (3.4) become

Rab = Tab −
1

N − 1
Tgab (3.12)

or

Ra
b = T a

b − 1

N − 1
Tδab (3.13)

In the geometry considered in this paper, only diagonal components of the

Einstein equations are non-trivial.

From 0
0 component we get

3Ḣ + (N − 3)ḣ+ 3H2 + (N − 3)h2 =
β

N − 1
ε (3.14)

Then from the a
a components with a = 1, 2, 3 we get

Ḣ +H
(

3H + (N − 3)h
)

=
γ

N − 1
ε (3.15)

Finally, from the a
a components with a = 4, . . . , N we get

ḣ+ h
(

3H + (N − 3)h
)

=
ξ

N − 1
ε (3.16)

where the dot denotes differentation with respect to “time” t, the zeroth coordinate,

and we introduced the respective “Hubble constants”

H :=
Ṙ

R
(3.17)

the external “Hubble constant”, and

h :=
ṙ

r
(3.18)

the internal “Hubble constant”. Of course in general neither of the Hubble constants

is really constant, but they are rather functions of time t.

To simplify notation, we introduced the following notation for the constants in

the equations:

β := −(N − 2) − 3k − (N − 3)α (3.19)

ξ := 1 + 2α+ 3k

γ := 1 − (N − 3)α+ (N − 4)k
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The system of equations

3Ḣ + (N − 3)ḣ+ 3H2 + (N − 3)h2 =
β

N − 1
ε (3.20)

Ḣ +H
(

3H + (N − 3)h
)

=
γ

N − 1
ε

ḣ+ h
(

3H + (N − 3)h
)

=
ξ

N − 1
ε

has a constant of the motion

6H2 + 6(N − 3)hH + (N − 3)(N − 4)h2 = 2ε (3.21)

If we introduce a variable z := H
h , so that if one of the spaces expands while the

other shrinks (though which one is not defined by this condition) the value of z is

negative, the condition of positivity of energy ε > 0 leads to the following constraint

on z:

z < z− or z > z+ (3.22)

z± :=
−(N − 3) ±

√
(N−1)(N−3)

3

2
(3.23)

The constant of the motion allows for elimination of energy density from the

equations, resulting in the system

Ḣ =
1

2(N − 1)

[
6
(
γ − (N − 1)

)
H2 + 2(N − 3)

(
3γ − (N − 1)

)
hH (3.24)

+γ(N − 3)(N − 4)h2
]

ḣ =
1

2(N − 1)

[
6γH2 + 6

(
(N − 3)ξ − (N − 1)

)
hH

+(N − 3)
(

(N − 4)ξ − 2(N − 1)
)
h2
]

Observations:

• This is a 2D autonomous (no explicit dependence on time) dynamical system.

• Both right hand sides are homogeneous functions of the variables H and h.

• The system of equations has been studied numerically [4].

• A partial integration of the system is done after “dividing the first equation by

the second”.

• Up to this point we only assumed that n = 3 dimensions of the external space,

otherwise “external” and “internal” are names only, and the system is symmetric

with respect to exchange of these names, generating pairs of mirror type solutions.

We further select one solution from each pair by assuming k > α , what is in our

case is equivalent to the assumption that external space is the expanding one,

and the internal space is the shrinking one.

• This solution choice restricts us to z < z− < 0.
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4. Reparameterization of the time

Algebraic manipulations on the previous system of the equations allow to write a

combination of them in the form

d

dt

(
ξH − γh

)
+
(
ξH − γh

) d
dt

(
lnV

)
= 0 (4.1)

where V - volume of the whole N -dimensional space

V =

N∏
i=1

ri(t) (4.2)

If we introduce an integration constant C1, the above equation (4.1), after

integration, gives

ξH − γh =
C1

V
(4.3)

The general analytical solution can be obtained in reparametrized time τ defined

by

dt = V dτ (4.4)

In parallel we introduce the rescaled Hubble constants as follows

H = HV (4.5)

h = hV

Because V > 0, the change of time is monotonous.

As a result

H =
γ

ξ
h + const (4.6)

and only one equation remains to be solved

dh

dη
=
(

3(1 − k)
γ

2ξ
+ (N − 1)

1 − α

2

)(
h− h−

)(
h− h+

)
(4.7)

where

h± :=
−3(N − 1)(1 − k)γ ± σξ

D
(4.8)

D := 3(1 − k)γ + (N − 1)(1 − α)ξ

σ :=
√

(N − 3)(1 − α)

The equation can be solved analytically, and the result is

h =
−3(N − 1)(k − 1) + ξσ tanh(σ(η − η0)/2)

D
(4.9)

H =
−3(N − 1)(N − 3)(1 − α) + γσ tanh(σ(η − η0)/2)

D

with η0 a constant, the “initial reparameterized time”.
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Similarly, integrating

dr

dη
= h (4.10)

dR

dη
= H

one gets

r =
−3(N − 1)(k − 1)(η − η0) + 2ξσ ln cosh(σ(η − η0)/2)

D
(4.11)

R =
−3(N − 1)(N − 3)(1 − α)(η − η0) + 2γσ ln cosh(σ(η − η0)/2)

D

This time reparametrization is not explicitly reversible, since

V =

∫
R3rN−3dη (4.12)

is not analytically integrable.

5. Possible values of k and α

We make the following assumptions, consistent with basic cosmology:

• 3D external space expanding, and (N−3)D internal space shrinking. As a result,

z < 0

• Both k and α have values between −1 and 1 and k > α.

• Positive total energy z < z−

All the conditions together give

−1 +
√

3(n+2)
n

2
+ k

3 +
√

3(n+2)
n

2
< α < −1

2
+

3

2
k (5.1)

No overlap between the possible solutions and conditions is allowed by fluid

consisting of radiation and atomic matter only.

As a result for a multidimensional solution presented here it is necessary that

dark energy and/or dark matter dominate the Universe.

6. Accelerating expansion of the visible Universe

In 1998 it was found from observations of supernovae that the Universe is expanding

with accelerating rate [5], [6]. Over the years this observation was reinforced to the

extent that a Physics Nobel Prize has been awarded to the major researchers (Saul

Perlmutter, Adam G. Riess, and Brian P. Schmidt) in 2011.

This justifies checking if our model has this property. The exact solution (4.9)

gives the time derivative of H, which is positive for large time, and the time deriva-

tive of h, which is negative for large time, and thus accelerated expansion of external
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dimensions (visible Universe), and accelerated shrinking of internal dimensions (the

invisible extra dimensions).

This is also consistent with earlier observations concerning the expansion of

external dimensions of the multidimensional Universe [7]

7. Summary

• Analytical solution of N +1 dimensional Einstein equations with a different fluid

in external 3D space then in internal N − 3D space is presented.

• Physical observable conditions assumed on the solution.

(a) Non-negative density of the energy.

(b) Time dependent Hubble constant

(c) Curvature of the space egual to 0 - flat model.

(d) External space isotropic and separately isotropic internal space.

(e) Starting from the same size of all the dimensions, external space is expanding

while the internal is shrinking, eventually becoming undetectable.

• The possible energy-momentum tensor to generate such solution:

(a) Pressure in the external space needs to be higher than in the internal space,

and fulfill the condition 1 − k < 2(k − α).

(b) This condition cannot be fulfilled by radiation, vacuum and electromagneti-

cally observed matter only ? it requires existence of dark energy and/or dark

matter, cosmological constant either in external or internal dimensions.

(c) Our Universe cannot exist in its present state without the dark matter and

dark energy. Several physical theories including superstring and supersym-

metry require more than 3D space. This means that the toy model universe

presented here is consistent with the observable one.

• The solutions of Einstein equations start from very small (can be infinitesimally

small ) external space which expands in time with a growing speed (acceleration

in the external space is always positive.)

• The solution of the Einstein equations starts from possibly small but macroscopic

internal space which shrinks with a speed that is also accelerating in time. This

is why the internal dimensions can have, after long enough time, the size smaller

than the Planck length what would not allow for any detection by classical mea-

surements.

• Shrinking of the internal dimensions described by the model is consistent with

the fact that now they are not macroscopic and thus they are not observable.

If internal dimensions exist, they must have already shrank to the characteristic

sizes smaller than the Planck distance.

• The multidimensional system requires Universe dominated not by the baryonic

matter or radiation but by the dark energy and/or dark matter - exactly as

observed now. In was not known yet when the models and solution were obtained.
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