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An approach previously developed for the calculation of transport coefficients via the Mott relations is applied
to the calculation of finite temperature transport properties of disordered alloys—electrical resistivity and the
electronic part of thermal conductivity. The coherent-potential approximation is used to treat chemical disorder
as well as other sources of electron scattering, i.e., temperature induced magnetic moment fluctuations and
lattice vibrations via the alloy analogy model. This approach, which treats all forms of disorder on an equal
first-principles footing, is applied to the calculation of transport properties of a series of fcc concentrated
solid solutions of the 3d-transition metals Ni, Fe, Co, and Cr. For the nonmagnetic alloys Ni0.8Cr0.2 and
Ni0.33Co0.33Cr0.3, the combined effects of chemical disorder and electron-lattice vibrations scattering result in
a monotonic increase in the resistivity as a function of temperature from an already large, T = 0, residual
resistivity. For magnetic Ni0.5Co0.5, Ni0.5Fe0.5, and Ni0.33Fe0.33Co0.33, the residual resistivity of which is small,
additional electron scattering from temperature induced magnetic moment fluctuations results in a further rapid
increase of the resistivity as a function of temperature. The electronic part of the thermal conductivity in
nonmagnetic Ni0.8Cr0.2 and Ni0.33Co0.33Cr0.33 monotonically increases with temperature. This behavior is a
result of the competition between a reduction in the conductivity due to electron-lattice vibrations scattering
and temperature induced increase in the number of carriers. In the magnetic alloys, electron scattering from
magnetic fluctuations leads to an initial rapid decrease in thermal conductivity until this is overcome by an
increasing number of carriers at temperatures slightly below the Curie temperature. Similar to the resistivity
above TC , the electronic parts of the thermal conductivities are close to each other in all alloys studied.
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I. INTRODUCTION28

Development of a consistent, first-principles transport the-29

ory is a long-standing problem in the theory of metals and30

alloys. In disordered alloys, depending on composition and31

the chemical types of the alloying elements, the electron32

mean free path (MFP) can be as large as hundreds of lattice33

parameters or as short as one (Table I). Consequently, the34

interpretation of charge or heat carriers in disordered alloys35

changes from well-defined long-lived quasiparticles [1] to36

excitations that fall outside the traditional quasiparticle de-37

scription. In the latter case, transport is normally described by38

diffusive physics [2] and the traditional Boltzmann equation39

approach [1,3,4] is no longer applicable. On the other hand,40

the Kubo-Greenwood (KG) [5,6] approach to the calculation41

of the conductivity does not suffer from this problem [7]42

in that it deals directly with the current-current correlation43

function.44

For disordered alloys, use of the Green’s-function formu-45

lation of the KG expression makes it possible to perform the46

necessary configurational averages of the conductivity using47

the coherent-potential approximation (CPA) [8,9]. This ap-48

proach has an advantage of preserving the analytic properties49

of the conductivity within the thermodynamic limit [10,11],50

*Corresponding author: samolyukgd@ornl.gov

albeit at the expense of the use of mean-field CPA. Imple- 51

mented in conjunction with multiple scattering and density 52

functional theory (DFT) [12], the Korringa-Kohn-Rostoker 53

coherent-potential approximation (KKR-CPA) [13] provides 54

a fully ab initio approach to calculating transport coefficients 55

of disordered alloys. In contrast to KKR-CPA, a recently de- 56

veloped approach uses DFT supercell calculations to directly 57

evaluate the KG expression [14–16]. However, for disordered 58

alloys, configurational averaging and the thermodynamic limit 59

must be done by hand. A similar situation pertains to another 60

direct approach based on the results of time-dependent DFT 61

that has been proposed and tested in the case of aluminum by 62

Andrade, Hamel, and Correa [17]. 63

Initially, the KKR-CPA approach was applied to the cal- 64

culation of residual resistivity where electron scattering is 65

caused by “chemical” disorder only [11,18]. This parameter- 66

free approach leads to a very good agreement with experi- 67

mental data [19] for nonmagnetic metals. Later, the developed 68

approach was extended to incorporate electron scattering on 69

lattice vibrations [20,21] and magnetic moment fluctuations 70

[22,23] within the alloy analogy model. A similar approach 71

was used to calculate electric, thermoelectric, and thermal 72

transport properties of CoFe alloys based on the Kubo linear 73

response formalism [24]. 74

In the current paper, this approach was applied to the 75

calculation of electrical and thermal conductivity in fcc 76

concentrated solid solutions of the 3d-transition metals Ni, 77
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TABLE I. Calculated majority (UP) spin states’ density of states (total in the case of nonmagnetic Ni0.8Cr0.2 and Ni0.33Co0.33Cr0.33) N (EF ),
Fermi velocities

√〈v2
x〉, experimental [28] residual resistivity, calculated electron mean free path l, experimental lattice parameter [29],

calculated magnetic moments of each component (separated by a slash), Curie temperatures TC both experimental [29] and calculated within
GGA and LSDA approximation for the exchange-correlation energy, and calculated residual resistivity (both GGA and LSDA).

Ni Ni0.5Co0.5 Ni0.5Fe0.5 Ni0.33Co0.33Fe0.33 Ni0.8Cr0.2 Ni0.33Co0.33Cr0.33

N (EF ) (UP) (states/hartree) 4.3 2.0 4.0 3.0 45.13 44.05√
v2

x (UP) (106 m/s) 0.43 0.46 0.46 0.46 0.24 0.24
Experimental ρ (μ� cm) 0.1 2.07 10.37 4.87 77 93.21
l (UP) (Å) 3595 1689 174 478 4.1 4.0
a (Å) 3.524 3.5345 3.5825 3.569 3.595 3.559
Magnetic moment μB 0.56 0.62/1.64 0.63/2.54 0.63/1.57/2.42
Experimental TC (K) 628 1117 780 995
Calculated TC (GGA/LDA) (K) 342/298 1180/990 955/810 1180/1045
Calculated ρ (GGA/LDA) μ� cm 0.7/0.9 [63] 2.1/3.3 [63] 1.9/2.9 [63] 78.1/77.0 68.6/67.6 [63]

Fe, Co, and Cr. This group of alloys, including the ex-78

treme case of high entropy alloys [25,26], demonstrates un-79

usual transport properties [27–30]. Thus, the low-temperature80

(T = 4 K) resistivity in these alloys varies, for example,81

between 1.3 μ� cm in Ni0.5Co0.5 and 124.8 μ� cm in82

NiCoFeCrPd [29]. The resistivity of NiCoFeCrPd is within83

the Mott-Ioffe-Regel (MIR) limit [31]. The MFP in such84

conductors is comparable with the interatomic distances,85

and transport is normally described by diffusive physics.86

Electrical and thermal conductivities are calculated here for87

Ni, Ni0.5Co0.5, Ni0.5Fe0.5, Ni0.33Co0.33Fe0.33, Ni0.8Cr0.2, and88

Ni0.33Co0.33Cr0.33. The first three alloys in this group are89

typical representatives of low-resistivity alloys ρ < 10 μ� cm90

and the last two alloys typify high-resistivity ones, ρ >91

75 μ� cm [27–29]. According to our estimations presented92

in Table I, the MFP value in these alloys varies from 168993

to 4 and the last value is comparable to the lattice parame-94

ter (∼3.6 Å). A unique set of properties such as significant95

variation of the MFP with the alloy concentration, typical96

metallic number of current carriers at the Fermi energy (see97

Table I), almost perfect fcc lattice atomic positions, together98

with the fact that background properties of these alloys can be99

described within regular DFT [27] makes concentrated solid100

solutions of 3d-transition metals a perfect playground for the101

investigation of the electronic transport in general.102

In Sec. II the approaches used to calculate electrical and103

thermal conductivities of alloys are presented together with104

experimental details of high-temperature resistivity measure-105

ments in Ni0.33Co0.33Fe0.33 and Ni0.35Co0.35Cr0.30. The calcu-106

lated electronic structure and magnetic properties, including107

the temperature dependence of the magnetization and the108

Curie temperatures, are presented in Sec. III A. In Sec. III B109

we discuss the results for electrical and thermal conductivities110

and we finally conclude in Sec. IV.111

II. THEORETICAL APPROACHES, DETAILS OF112

CALCULATIONS, AND EXPERIMENTAL PROCEDURES113

The linear response of a system to an electric field, �E, and114

(or) a temperature gradient, ∇T , is characterized by electric115

current, �j , and energy flux,
−→
jq , densities and is described by116

the linear response equations [7] 117

e �j = eL11 �E − L12
∇T

T
,

e �jq = eL21 �E − L22
∇T

T
, (1)

where e is the electron charge. In the following formalism 118

proposed by Chester and Thellung (see Refs. [32,33]) based 119

on the Mott relations [34] the transport coefficients, Lij , can 120

be expressed as follows: 121

Lαα
ij = (−1)i+j

∫
dεσαα (ε)(ε − μ)i+j−2

[
−∂f (ε)

∂ε

]
, (2)

where μ is the chemical potential, −∂f (ε)/∂ε is the deriva- 122

tive of the Fermi distribution function, and α is the Cartesian 123

index. The above relationships may be applied to each spin 124

channel separately. This approximation is valid in the limit 125

of weak spin-orbit coupling as is the case for the fcc 3d- 126

transition-metal alloys that are the subject of this paper. σαα (ε) 127

is calculated using the Kubo-Greenwood [5,6] expression for 128

the static conductivity, 129

σαα (ε) = πh̄

V

〈∑
a,b

|〈a|ĵα|b〉|2δ(εa − ε)δ(εb − ε)

〉
, (3)

where ĵα is the current operator. The quantum states |a〉 130

in Eq. (4) represent the exact eigenfunctions of a particular 131

configuration of the random potential, and the large angle 132

brackets indicate an average over configurations. 133

The expression for the static conductivity should be re- 134

formulated using a definition of the single-particle Green’s 135

function [10,11], G, as 136

σαα (ε) = − h̄

V π
T r〈ĵαImG(ε + i0)ĵαImG(ε + i0)〉. (4)

This expression allows one to calculate transport coeffi- 137

cients in disordered alloys by applying the CPA [8,9] and mul- 138

tiple scattering theory [13]. Details of the static conductivity 139

calculation procedure can be found in Butler [11] and Butler 140

and Stocks [18]. 141
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This approach allows one to calculate the temperature142

dependence of both the electrical conductivity,143

σαα (T ) = Lαα
11 =

∫
dεσαα (ε)

(
−∂f (ε, T )

∂ε

)
, (5)

and the electronic part of the thermal conductivity:144

e2T καα (T ) = Lαα
22 − Lαα

21 Lαα
12

Lαα
11

. (6)

Following Sommerfeld, expression (6) can be expanded to145

the second order in kBT /μ,146

κ (T ) ∼= 1

3

(
π

e

)2

k2
BT

{
σ (μ) − [πkBT σ ′(μ)]2

/6

σ (μ) + (πkBT )2σ ′′(μ)/6

}
,

(7)

where σ ′(μ) and σ ′′(μ) are the first and second energy deriva-147

tives of the static electrical conductivity. The zeroth-order148

kBT /μ contribution in Eq. (7) corresponds to the Wiedemann-149

Franz (WF) law.150

Since the chemical potential, μ, in transition metals is151

comparable to the width of the d band (∼5 eV in 3d metals)152

and we focus on intermediate temperatures (θD � T � 3θD ,153

where θD is the Debye temperature, which is ∼400 K for154

the alloys discussed in the text), the condition kBT /μ 	 1 is155

satisfied, and Eq. (7) is applicable if the two first derivatives156

of σ (μ) are defined. The deviation from the WF law at low157

temperatures caused by nonelastic scattering or the presence158

of additional gapless neutral collective degrees of freedom159

[35,36] is not a subject of the current investigation. However,160

the approach presented allows one to take into account de-161

tails of the electronic structure such as a complicated Fermi162

surface, electronic bands with nontrivial momentum depen-163

dence, and broadening caused by different types of disorder164

including that induced by temperature.165

The main contributions to the resistivity in magnetic alloys166

correspond to electron scattering caused by chemical disor-167

der, magnetic moment fluctuations, and lattice vibrations. By168

using the alloy analogy model all three scattering processes169

are included in the CPA resistivity calculation on an equal170

footing [20–23]. The details of the approach used are given171

in a publication by Ebert et al. [37]. The electronic structure172

of the alloys was calculated using the fully relativistic SPR-173

KKR-CPA method [38,39] with the angular momentum cutoff174

lmax = 3. The resistivity was calculated with lmax = 4. The175

exchange-correlation energy was calculated using both gen-176

eralized gradient approximation (GGA) with the parametriza-177

tion by Perdew, Burke, and Ernzerhof (PBE) [40] and local178

spin-density approximation (LSDA) with the parametrization179

by Vosko, Wilk, and Nusair [41]. Hereafter, the results are180

obtained using the PBE exchange correlation if not specified181

otherwise. Mean-square atomic displacements at different182

temperatures were obtained using Debye’s theory with a183

composition-averaged Debye temperature. Neutron-scattering184

measurements showed that the phonon dispersion in all dis-185

cussed alloys is similar to that of nickel [42]. The convergence186

of the residual resistivity with respect to the Brillouin-zone187

(BZ) mesh is extremely sensitive to alloy composition and188

components. The details of the convergence testing for the189

case of Ni0.5Fe0.5 and Ni0.5Co0.5 alloys can be found in the190

Supplemental Material [43]. According to our results, the BZ 191

integration can be safely executed over ∼1.4×105k points in 192

low-resistivity alloys and ∼5×103k points in high-resistivity 193

alloys in the full BZ. 194

Magnetic ordering in the alloys was described by the 195

classical Heisenberg model 196

Ĥ = −
∑

i,j ;i 
=j

Jij �ei �ej , (8)

where �ei corresponds to the direction of the magnetic moment 197

on atom i and Jij is the exchange coupling parameter for the 198

atom pair (i, j ). Within this model, magnetic moments are 199

treated as rigid and the Jij are calculated using a linear re- 200

sponse approach [44] in the ferromagnetic state. The averaged 201

magnetic moments of alloy components as a function of tem- 202

perature are calculated using the cluster field method (CFM) 203

[45]. The CFM approach is equivalent [46] to the cluster- 204

variation method [47,48] if the largest size of the clusters 205

corresponds to pairs of atoms. It was shown [49] that the Curie 206

temperature obtained within this approximation overestimates 207

more accurate technique results (spin dynamics) by ∼10%. 208

The averaged electronic Fermi velocities 〈v2
x〉 = 209

〈∑�k,ν v2
x (�k, ν )δ(ε�k,ν − EF )〉 were calculated using 210

tight-binding linear muffin-tin orbitals [50] and the CPA 211

formalism [51,52]. The calculated velocities were used 212

to estimate values of the MFP through the experimental 213

resistivity, ρ, using the expression 214

l = 3

[ρe2〈v2〉1/2
N (EF )]

(9)

with electron charge, e, calculated electron velocity, 〈v2〉1/2 = 215√
3〈v2

x〉1/2, and electronic density of states at the Fermi en- 216

ergy, N (EF ). The corresponding values for these quantities 217

are presented in Table I. The underlying structure symmetry- 218

relation for the electron velocity was used in Eq. (9). In 219

magnetic Ni0.5Co0.5, Ni0.5Fe0.5, and Ni0.33Co0.33Fe0.33 alloys, 220

the velocities and density of states of the majority-spin elec- 221

trons were taken into account in the MFP calculations, since 222

electrons in the minority-spin channel do not significantly 223

contribute to the conductivity because of the large scattering 224

in this channel. 225

The lattice thermal resistivity caused by phonon-phonon 226

scattering in Ni metal and Ni0.5Co0.5 and Ni0.5Fe0.5 alloys was 227

obtained from first-principles electronic structure calculations 228

combined with the conventional Boltzmann transport equation 229

and the relaxation-time approximation. The thermal conduc- 230

tivity tensor is 231

καβ = 1

V

∑
λ

(
∂n0

λ

/
∂T

)
h̄ωλvλαvλβτλα, (10)

where V is the crystal volume, α and β are Cartesian coordi- 232

nates, n0
λ is the Bose factor, ωλ is the phonon frequency for 233

mode λ, vλα is the group velocity of phonon mode λ, and τλα 234

is the phonon lifetime (inverse of the scattering rate) obtained 235

from ab initio calculations of the phonon-phonon scattering 236

rate (see more details in Refs. [53,54]). The lattice thermal 237

conductivities—due to phonon-phonon scattering—are then 238

calculated using the ShengBTE package [55]. To account 239

for the disordered environment in alloys, the virtual crystal 240
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approximation (VCA) was employed. This approximation241

does not include phonon scattering resulting from mass or242

force disorder (see discussion). The harmonic force constants243

were estimated using density functional perturbation theory244

(DFTP) as implemented in QUANTUM ESPRESSO (QE) [56]. In245

addition, third-order force constants were evaluated based on246

a 64-atom rhombohedral unit cell using the ab initio finite247

difference method in QE. PBE parametrization is used for248

exchange and correlation in all calculations. The ultrasoft249

pseudopotential [57] was employed with the plane-wave cut-250

off equal to 32 Ry. The BZ integration was performed using γ -251

center 16 × 16 × 16 (2 × 2 × 2) k-point meshes for primitive252

cell DFPT [58,59] calculations and supercell calculations,253

respectively.254

The electrical resistivity of Ni0.33Co0.33Fe0.33 and255

Ni0.35Co0.35Cr0.3 was measured to approximately 1060 K256

using a four-point configuration [60] with platinum wires257

spot welded to the samples. Currents of 0.5 and 1.0 mA were258

employed with alternating bias direction for the measurements259

of Ni0.35Co0.35Cr0.3 and Ni0.33Co0.33Fe0.33, respectively. The260

temperature was monitored with two type-E thermocouples261

and an average value is reported; the measurements were262

performed in an argon atmosphere. The data were collected263

using a Keithley 220 current source and a Keithley 2182264

nanovoltmeter with facilitation by a PYTHON code. In these265

resistivity measurements the samples were a single crystal.266

The composition of the experimental Ni0.35Co0.35Cr0.3267

sample is slightly different from the one used in theoretical268

calculations, Ni0.33Co0.33Cr0.33, but, according to calculations,269

this small difference in concentration modifies the residual270

resistivity by no more than 2%.271

III. RESULTS AND DISCUSSION272

A. Electronic structure and magnetic properties273

The investigated concentrated solid solutions are naturally274

separated into two groups—alloys in one group contain Cr275

(typical representatives are Ni0.8Cr0.2 and Ni0.33Co0.33Cr0.33)276

and alloys from the second group do not. It should be men-277

tioned that, despite the fact that the use of DFT is in general278

well justified for such systems, self-consistent calculations of279

Ni0.33Co0.33Cr0.33 converged to a magnetic ground state, in280

both supercell and CPA approaches, while experimentally this281

alloy is nonmagnetic. In addition, NiCoCrx exhibits quantum282

critical behavior near x = 0.8 [61].283

To be consistent with experimental results, the284

Ni0.33Co0.33Cr0.33 alloy was treated in our calculations285

as nonmagnetic. The details of the electronic structure286

of the group of alloys were discussed in our previous287

publications [27,62,63]. For the convenience of the readers,288

the discussion is reproduced for Ni0.5Co0.5 and Ni0.8Cr0.2.289

The spin-resolved electronic density of states (DOS) are290

shown in Figs. 1(a) and 1(b) for Co and Cr containing alloys,291

respectively (DOS for the other alloys can be found in the292

Supplemental Material [43]). In the figure, the Fermi energy293

is taken as zero. For each alloy panel, the left (right) panels294

correspond to the DOS of majority-spin (minority-spin)295

states. Within each panel, the solid red (dashed blue) lines296

correspond to the Ni (second-species) local DOS. Similarly,297

FIG. 1. Projected density of states of magnetic NiCo (left) and
nonmagnetic Ni0.8Cr0.2 (right) shown by dashed blue lines for Co/Cr
and a solid red line for Ni atoms. The Fermi energy corresponds to
zero on the vertical axis. The centers of the d bands are shown by
horizontal lines, where splitting is denoted by �.

the horizontal solid red (dashed blue) lines denote the 298

centers of gravity of the Ni (second-species) spin-resolved 299

d-band center of the corresponding species. It equals the 300

resonance energy Ed of the d-wave (angular momentum 301

channel l = 2) scattering phase shift δd , i.e., the energy 302

satisfying the conditions δd (Ed ) = π/2 (see discussion in 303

our previous publications [62,63]). A Cr atom contains five 304

d electrons and has a half-filled d band whereas Fe, Co, and 305

Ni belong to the group of transition metals with an almost 306

filled d band. This results in different magnetic exchange 307

coupling—3d-transition metals with almost filled d bands 308

have a tendency to ferromagnetic ordering, while metals with 309

half-filled bands tend to exhibit antiferromagnetic ordering 310

[64,65]. Additionally, the electronic structure of metals from 311

these two groups behave differently upon alloying. The 312

occupation of d bands and the resulting position of the Fermi 313

level can be approximately obtained by minimization of the 314

band-structure energy, Eb, together with additional constraints 315

to preserve atomic charge neutrality. In alloys with a similar 316

number of d electrons (Fe, Co, Ni) Eb minimization results in 317

the alignment of majority-spin d states, e.g., in Ni0.5Co0.5 with 318

almost negligible splitting, �, between Ni and Co d-band 319

centers (�/W 	 1, where W is the d bandwidth). This 320

corresponds to weak scattering in the majority-spin channel 321

and a low resistivity in this channel. This weak scattering 322

creates a “shortcut” for the electrical current resulting in a 323

small total residual resistivity typical for high conductivity 324

alloys. The scattering in the minority-spin channel can be 325

estimated from the relation between exchange splitting and 326

the size of the magnetic moment of each element [62]. The 327

large difference in the number of d electrons in Cr and Ni 328

does not allow alignment of the d bands of each component 329

while preserving atomic charge neutrality. Together with an 330

absence of spin polarization, this results in a large d-band 331

splitting � = 0.73 eV in both spin channels with significant 332

electron scattering and, as a result, a large residual resistivity. 333

These conclusions agree with experimental observations 334

[27,29] that all compounds containing Cr belong to the low 335

conductivity group. This analysis can easily be extended to 336

alloys containing more than two components [63]. 337
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Important information about the character of electron dy-338

namics in an alloy can be obtained from the values of the MFP.339

In the current publication the MFP was estimated from the340

resistivity using Eq. (9). Since the main channel for electron341

propagation in magnetic alloys corresponds to majority-spin342

states, the corresponding Fermi velocity, 〈v2
x (EF )〉1/2, and343

density of states, N (EF ), are used in Eq. (9). In magnetic344

alloys, the electronic states at the Fermi level in the majority-345

spin channel correspond to sp electrons [see Fig. 1(a)] with a346

high velocity of 0.46×106 m/s (Table I) that is only weakly347

dependent on the chemical composition, whereas in nonmag-348

netic Cr containing alloys the electronic states correspond349

to d electrons with low-energy dispersion [see Fig. 1(b)]350

and the corresponding velocities are almost a factor of 2351

lower (0.24×106 m/s) than in magnetic alloys. The MFP352

calculated for Ni0.5Co0.5 equals 1690 Å and is comparable to353

the values for pure transition metals, which is not surprising354

since the electronic structure of a Ni0.5Co0.5 alloy can be355

described within the VCA with high accuracy [27,62]. The356

MFPs in Ni0.5Fe0.5 and Ni0.33Co0.33Fe0.33 are significantly357

smaller, 174 and 478 Å, respectively. However, in all three358

of these alloys, the calculated MFP is significantly larger than359

the lattice parameter of ∼3.6 Å, and consequently electronic360

transport in the alloys containing all components with almost361

filled d-electron states can be interpreted as a propagation of362

well-defined quasiparticles obeying the Boltzmann equation363

[66–68]. In contrast to this group of alloys, the presence364

of Cr dramatically increases electron scattering and reduces365

the MFP to values equal to 4.1 and 4.0 Å in Ni0.8Cr0.2 and366

Ni0.33Co0.33Cr0.33, respectively. These values are comparable367

with the lattice parameter and hence the applicability of the368

Boltzmann equation to electron transport in these alloys is369

questionable. As we mentioned in the Introduction, the KG370

formalism allows one to calculate both the electronic and ther-371

mal conductivity without such limitations. For convenience372

of the readers, the calculated results for residual resistivity,373

already published by Mu et al. [63], are reproduced in Table I.374

As can be seen for the case of iron containing alloys, the375

LSDA result is ∼30% larger than the GGA one. For the376

rest of the alloys LSDA and GGA results are close to each377

other. Detailed discussion of residual resistivity results and378

comparison with experiment can be found in Ref. [63].379

In the magnetic alloys the contribution of electron scatter-380

ing by temperature-dependent magnetic moment fluctuations381

to the electrical and thermal conductivity was calculated us-382

ing the Heisenberg model, Eq. (8), and the averaged value383

of the magnetic moment as a function of temperature. The384

calculated zero-temperature values of the magnetic moments385

are weakly dependent on alloy composition and are approx-386

imately 0.6μB , 1.6μB , and 2.5μB for Ni, Co, and Fe, re-387

spectively (Table I). The range of the calculated exchange388

couplings, Jij , in alloys does not exceed 1.8 lattice parameters389

(see Supplemental Material [43]) and 2.0 lattice parameters390

in pure Ni. In the current calculations, all atomic magnetic391

moments were treated as rigid vectors and the well-known392

longitudinal fluctuations of Ni [69,70] were not taken into393

account. This results in a significantly underestimated Curie394

temperature, TC , for pure Ni [44,64] of 342 K, calculated395

using the PBE parametrization of the exchange-correlation396

energy versus the experimental value of 628 K. Below, for397

FIG. 2. Static electrical conductivity as a function of energy
calculated in three alloys. The Fermi energy corresponds to zero.

the calculation of the conductivity, the temperature depen- 398

dence of the magnetization for pure Ni was rescaled by the 399

experimental Curie temperature. In the alloys the dominant 400

magnetic interaction corresponds to Fe or Co atoms. For these 401

elements, the rigid spin approximation is a very reasonable 402

approach [69] and the calculated Curie temperatures are in 403

much better agreement with experiment. The Curie temper- 404

atures were overestimated by 6% in Ni0.5Co0.5 and by 20% 405

in Ni0.5Fe0.5 and Ni0.33Co0.33Fe0.33 alloys. Curie temperatures 406

obtained within LSDA are 10–20% lower compared to GGA 407

PBE ones. The calculated magnetic transition in all alloys is 408

of second order. 409

B. Results for transport properties 410

The electronic part of the alloy thermal conductiv- 411

ity is calculated using Eq. (6), where the transport co- 412

efficients Lαα
ij are obtained through integration over en- 413

ergy of the static conductivity and the derivative of the 414

Fermi distribution function, Eq. (2). At low temperatures 415

the approximate Eq. (7) is used. A necessary condition for the 416

application of expression (7) for the thermal conductivity is 417

that it is “well behaved” on an energy scale of the half width 418

of the derivative of the Fermi function at temperature T . In 419

Fig. 2 the energy dependence of zero temperature σ (E) is 420

presented for Ni0.5Co0.5, Ni0.5Fe0.5, and Ni0.8Cr0.2. Because 421

of large scattering in both spin channels, σ (E) in Ni0.8Cr0.2 422

is a smooth function, while, for Ni0.5Co0.5 and Ni0.5Fe0.5, 423

σ (E) changes nonmonotonically near the Fermi energy. Such 424

a behavior is caused by the Ni, Co, and Fe majority-spin state 425

alignment as discussed above in the text. As a result, electron 426

scattering in this spin channel is weak and electron exci- 427

tations are well-defined long-living quasiparticles described 428

by “zero” thickness bands. This results in the presence of 429

fine structure in the electronic density of states around the 430

Fermi energy, which is dominated by d states. In these alloys 431

the applicability of Eq. (7) is questionable. However, σ (E) 432

in Eqs. (6) and (7) should be calculated at some particular 433

temperature and should include the effects of electron scat- 434

tering on the temperature-induced magnetic moment fluctu- 435

ations as well as lattice vibrations. After incorporation of 436

scattering on just magnetic moment fluctuations, the character 437

of the conductivity energy dependence changes dramatically 438
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FIG. 3. Electrical conductivity in Ni0.5Co0.5 as a function of
energy calculated with magnetic moment fluctuation at temperature
T = 300 K (blue line with triangles) and with perfect magnetic or-
dering (red line with circles). The derivative of the Fermi distribution
function (−∂f/∂E) is shown by black solid (T = 300 K) and dashed
(T = 50 K) lines in relative units.

(see Fig. 3). In Ni0.5Co0.5 this dependence changes from a set439

of sharp peaks to a slowly monotonically growing function.440

Thus, even in the worst case of Ni0.5Co0.5 Eq. (7) is applicable441

and is used in our calculations.442

1. Results for pure Ni443

The results for the resistivity of pure Ni are consistent444

with previously published ones [37]. Below the Curie tem-445

perature the calculated resistivity, shown by a red solid line446

with filled circles in Fig. 4(a), systematically overestimates447

the experimental values [28] by ∼10 μ� cm. The reason for448

this difference is a discrepancy between the experimental449

temperature dependence of the magnetization and the magne-450

tization calculated from the classical Heisenberg model. The451

calculated magnetization decreases with temperature faster452

than the experimental magnetization [71] [inset in Fig. 4(a)],453

and, as a result, electron scattering on magnetic moment454

fluctuations is overestimated. To prove this statement, the455

experimental temperature dependence [71] is also used to456

calculate the resistivity (shown by a green line with filled457

down triangles). The deviation from the experimental results458

in this case is below 15% for temperatures up to 400 K. As459

the temperature approaches TC the deviation from experiment460

doubles in both types of calculations. This deviation is a461

result of the rigid magnetic moment used in our calculation.462

The electron scattering by fluctuations of fully disordered463

magnetic moments of 0.6μB is significantly larger than the464

moment fluctuations of 0.3−0.4μB experimentally observed465

near the Curie temperature (see Ref. [72] and references466

therein).467

Following Ebert et al. [37], above the Curie temperature468

the resistivity is calculated in the nonmagnetic state. The469

resistivity in this case is defined by electron scattering on470

lattice vibrations only. The calculated resistivity is in perfect471

agreement with experiment above TC .472

The electronic part of the thermal conductivity calculated473

from the zeroth-order (kBT /μ) term in Eq. (7) (corresponding474

to the WF law) and the theoretical magnetization is shown by475

FIG. 4. (a) Electrical resistivity in Ni as a function of temperature
calculated using CFM results for the magnetization (red line with
filled circles) and experimental magnetization (green down trian-
gles); the experimental resistivity is shown by cyan triangles [28] and
blue squares [75]. Both experimental (green down triangles) and cal-
culated (red circles) magnetization dependences of T/TC are shown
in the inset. (b) Thermal conductivity, κ , as a function of temperature
calculated using Eq. (7) and theoretical results for magnetization (the
WF law result is shown by a red line with filled circles; the result with
correction to the WF law is shown by empty diamonds). The lattice
contribution to κ is shown as a blue line with open circles. Total
κ calculated using theoretical magnetization is shown as a green
line with down triangles, whereas that calculated using experimental
magnetization is shown as a gray line with filled squares; experiment
[29] is shown as cyan triangles. The experimental TC is indicated by
a vertical line. All the calculated dependencies include scattering on
both lattice vibrations and magnetic moment fluctuations.

a red line with filled circles in Fig. 4(b). The full calculated 476

electronic κ, including second-order (kBT /μ) corrections, is 477

shown by empty diamonds. The derivatives of σ (E) used in 478

Eq. (7) were calculated numerically. As can be seen, there is 479

no visual difference between these two sets of data at most 480

temperatures, except a few percent deviations from WF at 481

temperatures between 550 K and TC . The lattice contribution 482

to the thermal conductivity is shown by a blue line with 483

open circles. Its temperature dependence could be approx- 484

imately described by a power law, 1/T α , where α = 0.97, 485

close to 1. This behavior of the lattice thermal conductivity 486
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is very typical for ordered materials with the main source of487

phonon scattering coming from the three-phonon interaction.488

The total thermal conductivity is shown by a green line with489

filled down triangles. The calculated thermal conductivity490

above TC is in excellent agreement with experiment. This is491

not surprising since the calculated resistivity reproduces the492

experiment with high accuracy. Below the Curie temperature,493

the calculated thermal conductivity is underestimated by ∼20494

W/(m K). This is the result of the overestimated electrical495

resistivity. The total thermal conductivity calculated using the496

electronic part of the conductivity obtained from experimental497

magnetization data [green triangles in Fig. 4(a)] is shown by a498

gray line with filled squares. Similar to the resistivity case,499

incorporation of the experimental temperature dependence500

of the magnetization significantly improves agreement with501

experiment for all temperature regions except the interval be-502

tween 550 K and TC , where the longitudinal nickel magnetic503

moment fluctuations play an important role.504

2. Results for ferromagnetic Ni0.5Co0.5, Ni0.5Fe0.5,505

and Ni0.33Co0.33Fe0.33506

Results of resistivity calculations for Ni0.5Co0.5 alloys are507

presented in Fig. 5(a). The magnetization as a function of508

temperature for both alloy components was calculated by509

solving the classical Heisenberg model within the CFM ap-510

proach. Similar to the case of nickel, this approach over-511

estimates the rate of magnetization reduction with the tem-512

perature increase as compared to experiment. This results in513

an overestimation of the calculated resistivity compared to514

available experimental data [28]. Cobalt is the main mag-515

netic component in this alloy. The longitudinal fluctuations516

of the Co magnetic moment are much smaller compared517

to nickel [68] and hence the rigid moment approximation518

used in the calculations is justified. Thus in the temperature519

interval between 200 K below and above TC much better520

agreement between the calculated resistivity and experiment521

is expected. This expectation is supported by very good522

agreement between the calculated and experimental thermal523

conductivity [29] in this interval of temperatures as shown524

in Fig. 5(b) by a green line with down triangles for the525

calculated result and up cyan triangles for the experiment.526

Results for the calculated lattice contribution were obtained527

within the VCA, which has limited applicability. It includes528

three-phonon scattering only and neglects phonon scattering529

on lattice disorder introduced by a random distribution of530

different types of atoms in the alloy. As was shown by531

Alam and Mookerjee [73], the temperature dependence of532

the lattice thermal conductivity, defined by phonon scattering533

on lattice disorder, is very different from the three-phonon534

scattering result. The alloy lattice thermal conductivity starts535

from zero at low temperatures and monotonically increases536

with the temperature until saturation is reached. However,537

above 2θD three-phonon scattering dominates. At these tem-538

peratures, the VCA can be used to estimate the lattice thermal539

conductivity, and as can be seen from Fig. 5(b) at these540

temperatures there is reasonable agreement between theory541

(green line with down triangles) and experiment (cyan up542

triangles).543

FIG. 5. (a) Electrical resistivity and (b) thermal conductivity in
Ni0.5Co0.5. For notations see Fig. 4. In addition to the contribution
from electron scattering on lattice vibrations and magnetic moment
fluctuations, the result presented by a red line with filled circles
contains a contribution from scattering on chemical disorder. The
calculated TC is indicated by a vertical line.

Results for the calculated resistivity in Ni0.5Fe0.5 and 544

Ni0.33Co0.33Fe0.33 are very similar to the results obtained 545

for Ni0.5Co0.5. It has a nonzero value at zero temperature, 546

corresponding to the residual resistivity, caused by electron 547

scattering on the chemical disorder. Because of majority-spin 548

states alignment, as discussed in the previous section, the 549

scattering in this channel is small and the residual resistivity 550

is below 10 μ� cm—a value typical for low-resistivity alloys. 551

As temperature increases, the resistivity increases with ap- 552

proximately the same rate and reaches ∼100 μ� cm at the 553

Curie temperature, which is between 900 and 1150 K for all 554

three alloys. The rapid increase of resistivity for temperatures 555

below the Curie temperature is determined by increased scat- 556

tering by magnetic fluctuations. Above the Curie temperature, 557

the magnetic moment disorder reaches saturation when the 558

averaged projection of the magnetic moment to the z direc- 559

tion equals zero and the strength of electron scattering on 560

magnetic moment fluctuations also saturates. The temperature 561

dependence of the resistivity above TC is determined by the 562

electron scattering on lattice vibrations, which grows linearly 563

with temperature. As a result, above TC the resistivity slowly 564
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rises with temperature. It is worthwhile to mention that the565

highest values of resistivity are close to the MIR limit. In566

the limit the electron mean free path is comparable to an567

interatomic spacing and the resistivity reaches saturation.568

However, this resistivity saturation has never been reached569

in both calculations and high-temperature experiments for570

Ni0.33Co0.33Fe0.33, as shown by cyan triangles in Fig. 7(a). The571

low-temperature experimental data (below 300 K) are taken572

from Ref. [28], while data above 300 K have been obtained in573

the current paper. Agreement between experiment and theory574

is reasonably good. Thus around the Curie temperature the575

calculations reproduce the experimental resistivity with a few576

percent accuracy. At temperatures below 700 K deviation577

from experiment is more significant. The calculated resistivity578

increases with temperature much faster at low temperatures579

compared to experiment. Similar to nickel, this inconsistency580

is a result of the overestimated rate of magnetic moment pro-581

jection reduction with the temperature increase as calculated582

by solving the classical Heisenberg model. Surprisingly, the583

calculated resistivity in Ni0.5Fe0.5 at temperatures between584

200 and 400 K is in much better agreement with experiment,585

Fig. 6(a), than in Ni0.5Co0.5 and Ni0.33Co0.33Fe0.33. This differ-586

ence is caused by the much larger discrepancy between calcu-587

lated, 2.45 μ� cm, and experimental, 10.37 μ� cm), residual588

resistivities (see Table I). As a result, although the calculated589

resistivity rises faster than the experimental one, due to its590

smaller-zero temperature value, the calculated resistivity be-591

gins to be very close to the experimental one at approximately592

200 K and above. The difference between calculated and593

experimental residual resistivities is discussed in detail in Mu594

et al. [63].595

The thermal conductivity temperature dependence is also596

very similar in all three alloys. It starts from values 50−65597

W/(m K) at approximately 200 K and monotonically de-598

creases until reaching values 30−45 W/(m K) at temperature599

T ′ approximately 200 K below TC . This decrease is a result of600

the increase in electron scattering by magnetic moment fluc-601

tuations and lattice vibrations with increasing temperature,602

the scattering strength grows faster than the number of heat603

carriers, which is proportional to temperature [T coefficient in604

Eq. (8)]. Above T ′ the thermal conductivity behavior changes605

and begins to increase with increasing temperature. This606

change in behavior is caused by the increasing number of heat607

carriers, which overcomes the conductivity decrease caused608

by electron scattering. This is primarily because scattering by609

magnetic moment fluctuations saturates. Similar to Ni0.5Co0.5610

the correction to the WF law, shown by white diamonds in611

Figs. 6(b) and 7(b), can be neglected. However, in contrast612

to the Ni0.5Co0.5 alloy, the calculated thermal conductivity613

in Ni0.5Fe0.5 is overestimated by approximately 20% at tem-614

peratures above 2θD . For Ni0.33Co0.33Fe0.33 the calculated615

thermal conductivity behaves like the averaged value of the616

Ni0.5Co0.5 and Ni0.5Fe0.5 conductivities and is in surprisingly617

good agreement with experiment.618

Further, the experimental resistivity was used to calculate619

the electronic part of the thermal conductivity by applying the620

WF law and this was used as an input for the total thermal621

conductivity. The result is shown by gray squares in Fig. 7(b).622

As can be seen, the agreement with experiment is not as623

good as for the conductivity obtained from the calculated624

FIG. 6. (a) Electrical resistivity and (b) thermal conductivity in
Ni0.5Fe0.5. For notations see Fig. 4. In addition to the contribution
from electron scattering on lattice vibrations and magnetic moment
fluctuations, the result represented by a red line with filled circles
contains a contribution from scattering on chemical disorder. The
calculated TC is indicated by a vertical line.

magnetization. The total κ deviates from the experimental 625

data below 700 K and this deviation increases with tem- 626

perature reduction. Since, as was demonstrated above, the 627

deviations from the WF law are negligible, the source of this 628

disagreement should be attributed to an overestimated lattice 629

thermal conductivity calculated within the VCA. 630

3. Results for nonmagnetic Ni0.8Cr0.2 and Ni0.33Co0.33Cr0.33 631

The results for electrical resistivity in two representatives 632

of high-resistivity alloys, Ni0.8Cr0.2 and Ni0.33Co0.33Cr0.33, are 633

presented in Figs. 8(a) and 9(a). Both alloys are nonmagnetic; 634

consequently, the magnitude and temperature dependence of 635

the conductivity is determined by electron scattering on chem- 636

ical disorder and lattice vibrations only. As a result the temper- 637

ature dependence of the electrical resistivity is much simpler. 638

It starts from ∼80 μ� cm (residual resistivity) and monoton- 639

ically increases with the temperature [red line with filled dots 640

in Figs. 8(a) and 9(a)]. The resistivity increase is slower in 641

Ni0.8Cr0.2, by 7.8 μ� cm for the temperature interval between 642

100 and 1200 K, than for Ni0.33Co0.33Cr0.33, which increases 643
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FIG. 7. (a) Electrical resistivity and (b) thermal conductivity in
Ni0.33Co0.33Fe0.33. For notations see Fig. 4. In addition to the con-
tribution from electron scattering on lattice vibrations and magnetic
moment fluctuations, the result represented by a red line with filled
circles contains a contribution from scattering on chemical disorder.
The total thermal conductivity calculated as a sum of lattice contri-
bution and the electronic contribution obtained from experimental
resistivity [cyan triangles in Fig. 7(a)] through the WF law is shown
by gray color squares. The calculated, TC , and experimental, TC

exp,
Curie temperatures are indicated by solid and dashed vertical lines,
respectively.

by 16.6 μ� cm over the same temperature interval. The slope644

of resistivity temperature dependence in Ni0.33Co0.33Cr0.33 is645

slightly lower than the experimental slope as shown by trian-646

gles in Fig. 9(a). Also, the experimental slope slightly changes647

at 800 K. This transition is traditionally attributed to a K-state648

transition and it has been previously observed in experimental649

specific heat capacity measurements [29]. It should be men-650

tioned that even while the resistivity starts at much higher651

values for low temperatures in Cr containing alloys—the so-652

called high-resistivity alloys—at about 1000 K the resistivity653

values are similar in all of the discussed solid solutions.654

In low-resistivity alloys the weak(er) electron scattering on655

chemical disorder is compensated by electron scattering on656

magnetic moment fluctuations increasing with temperature.657

The results for the thermal conductivity in these two alloys658

are presented in Figs. 8(b) and 9(b) by the filled red circles659

FIG. 8. (a) Electrical resistivity and (b) the electronic part of
the thermal conductivity in Ni0.8Cr0.2. For notations see Fig. 4. The
calculations have been done in the nonmagnetic state.

together with the correction to the WF law as shown by 660

empty diamonds. Similar to the case of the low-resistivity 661

alloys, there is no significant deviation from the WF law. 662

In Ni0.8Cr0.2 the calculated electronic part of the thermal 663

conductivity [Fig. 8(b)] is 5 W/(m K) lower than the ex- 664

perimental one at temperatures below 700 K, shown by blue 665

triangles. Above 700 K, according to our results, the lattice 666

contribution to the total conductivity equals zero. This result 667

looks especially surprising taking into account the fact that 668

traditionally it is supposed that in highly disordered systems 669

the phonon contribution to the total thermal conductivity is 670

larger than the electronic one [74]. The possible reason for 671

this disagreement is an underestimated calculated resistivity. 672

However, the absence of experimental data does not allow us 673

to justify this assumption. 674

A similar result was obtained in Ni0.33Co0.33Cr0.33 675

[Fig. 9(b)]. The calculated electronic part of the thermal 676

conductivity, shown by a red line with filled circles, equals the 677

total experimental conductivity at 600 K and below, slightly 678

larger than the experiment above this temperature. The reason 679

for this discrepancy is that the calculated electrical resistivity 680

is approximately 10 μ� cm lower than the experimental one 681

[Fig. 9(a)]. The electronic part of the thermal conductivity 682

calculated from the experimental electrical resistivity using 683
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FIG. 9. (a) Electrical resistivity and (b) the electronic part of the
thermal conductivity in Ni0.33Co0.33Cr0.33. For notations see Fig. 4.
The calculations have been done in the nonmagnetic state. The ex-
perimental resistivity obtained in the current paper for the compound
Ni0.35Co0.35Cr0.3 is shown as cyan color triangles. The electronic
part of the thermal conductivity calculated from the experimental
resistivity [cyan triangles in Fig. 9(a)] through the WF law is shown
as gray color squares.

the WF law [gray squares in Fig. 9(b)] is in better agreement684

with experiment. In all intervals of the temperature it is lower685

than the total experimental thermal conductivity. According to686

the calculations, the contribution from the lattice conductivity687

equals 5 W/(m K) at room temperature and is reduced to ap-688

proximately 2 W/(m K) at the highest temperatures. However,689

similar to Ni0.8Cr0.2, the lattice contribution is unexpectedly690

small.691

IV. CONCLUSIONS692

The formalism proposed by Chester and Thellung [32]693

for the calculation of transport coefficients of Mott relations694

was applied to the calculation of alloy transport properties—695

electrical resistivity and the electronic part of the thermal con-696

ductivity. The electrical conductivity is used as an input for the697

calculation of thermal transport properties. The electrical con-698

ductivity was calculated using the Kubo-Greenwood formal-699

ism where the coherent-potential approximation was applied700

to obtain the alloy Green’s function. This approach allows for701

a consistent calculation of the properties of disordered alloys702

using configurational averaging and the thermodynamic limit. 703

All sources for electron scattering, i.e., chemical disorder 704

and temperature induced magnetic moment fluctuations and 705

lattice vibrations, are included in the CPA scheme on equal 706

footing using the alloy analogy model. This allows one to 707

take into account details of the electronic structure such as 708

a complicated Fermi surface, electronic bands with nontrivial 709

momentum dependence, and broadening caused by disorder. 710

In the current paper this approach was applied to the calcu- 711

lation of transport properties of the series of fcc concentrated 712

solid solutions of the 3d-transition metals Ni, Fe, Co, and Cr. 713

Reasonable agreement with experimental data was obtained. 714

It was demonstrated that in all alloys in the temperature 715

interval of θD � T � 3θD the deviation from the Wiedemann- 716

Franz law is insignificant. This is because of the smearing 717

of features in the electronic structure by temperature-induced 718

magnetic moment fluctuations and lattice vibrations. 719

For the nonmagnetic alloys, Ni0.8Cr0.2 and 720

Ni0.33Co0.33Cr0.3, the combined effect of chemical disorder 721

and electron-phonon scattering results in a monotonic 722

increase in the resistivity as a function of temperature 723

starting from a large residual resistivity. For magnetic 724

Ni0.5Co0.5, Ni0.5Fe0.5, and Ni0.33Fe0.33Co0.33 alloys, the 725

residual resistivity is small, but additional electron scattering 726

from temperature induced magnetic moment fluctuations 727

results in a rapid increase of the resistivity as a function 728

of temperature. Above the Curie temperature the electron 729

scattering by magnetic moment fluctuations saturates and the 730

resistivity slowly increases due to electron-phonon scattering. 731

The electronic part of the thermal conductivity in nonmag- 732

netic high-resistivity alloys Ni0.8Cr0.2 and Ni0.33Co0.33Cr0.33 733

monotonically increases with temperature. This behavior is a 734

result of competition between conductivity reduction caused 735

by electron-phonon scattering and temperature induced in- 736

crease of the number of heat carriers. In magnetic low- 737

resistivity alloys, the presence of magnetic fluctuations results 738

in a rapid reduction of the thermal conductivity until this 739

reduction is overcome by an increasing number of carriers at 740

temperatures slightly below the Curie temperature. Similar to 741

the resistivity, above TC the electronic parts of the thermal 742

conductivities are similar in all investigated alloys. 743
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