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Publishihifgh-order two-fluid plasma solver for direct numerical simulations of plasma flows

with full transport phenomena

Q\

Z. Lit'® and D. Livescu? ™

U Department of Engineering, Texas A&M University-Corpus Christi,
Corpus Christi, Texas 78412, USA
2 CCS-2, Los Alamos National Laboratory, Los Alamos Wco 87545,

USA 4\
The two-fluid plasma equations for a single ion e‘&‘i‘\WI h full transport terms,

including temperature and magnetic field dependent iomnand electron viscous stresses
and heat fluxes, frictional drag force, and lic atibg term have been implemented
in the CFDNS code and solved by usi gtzth—‘%der non-dissipative compact finite
differences for plasma flows in severzg~ nﬁegimes. In order to be able to fully

resolve all the dynamically relevant%&'&e ddength scales, while maintaining compu-

tational feasibility, the assumpt&ﬁﬁ;&-ﬁnite speed of light and negligible electron
inertia have been made. No‘i?e&s nal analysis of the two-fluid plasma equa-
he

tions shows that, by Vary%i"q‘\t haracteristic/background number density, length
scale, temperature, ar%g‘\em strength, the corresponding Hall, resistive, and
namic

ideal magnetohyd (MHD) equations can be recovered as limiting cases.

od
The accuracy OTD%GSS of this two-fluid plasma solver in handling plasma flows
in different régimés have been validated against four canonical problems: Alfven and
whistler dispersiongéelations, electromagnetic plasma shock, and magnetic reconnec-
tion. For MCases, by using physical dissipation and diffusion, with negligible

issipation/diffusion, fully converged Direct Numerical Simulations (DNS)-

m, the results show that the magnetic flux saturation time and value converge
vx)len the ion and magnetic Reynolds numbers are large enough. Thus, the DNS-like

results become relevant to practical problems with much larger Reynolds numbers.
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Publishihg INTRODUCTION

Plasma, by far the most abundant form of ordinary matter in the universe, has been

the subject of study in many disciplines, particularly in fusion!™, space physics*®, indus-

trial applications”?, astrophysics!®'2, and so on. Aside from full ab’initio descriptions'® 15,
for many applications, a reasonable level of accuracy for plas OW alculatlons can be
achieved by using kinetic theory and the distribution functions characterize each parti-

cle component!®. The evolution of the distribution functi 1s verned by the Boltzmann

17 However, for turbulent flows, solving the si

equation eﬂ.s.],pnal Boltzmann equation
-
coupled with Maxwells equations for the electromagnétic fiel

to the broad range of scales that need to be captt;red.

rohibitively expensive, due

the continuum approximation,
when possible, becomes computationally nec or"aie description of turbulent plasma
flows because the governing equations SOIV% ﬂ‘fl-i.d model are three-dimensional. As-
suming quasi-local thermal equilibrium (i.e epartures from Maxwellian distribution

function) within each of the compo ents?eﬁﬁid equations describing plasma dynamics

Al

can be obtained by taking appropriat hments of Boltzmann equation and averaging over
velocity space for each of the com \sgt 819,

For single component plasm\l.a\ consisting of electrons and a single ion component,
starting from the equa 'oﬂ'h% the ion and electron distribution functions, Braginskii *
n

derived a two-fluid

Chapman—Ensko?ﬁx

two-fluid model,” thestransport terms include the magnetic field impact on viscous stress

drodymnamic model for separate ion and electron fluids by using the

Sioywith two-term Sonine polynomial solutions. In the Braginskii

tensor, hea Dand frictional drag force, with different formulations along and perpen-
dicular tg_thesmaguetic field. In contrast to single ion component case, plasma equations
contajfiing m iée ion species involve additional transport phenomena such as baro- and
el c_’g;o iffusion?* 22, Although this is a very active area of research?> 2%, there are still many
open quéstions, especially on how to treat mixtures with magnetic field dependent transport
Y
N

According to the H-theorem of Boltzmann

1€s.

18,27 if the distribution function changes only

by virtue of collisions, any arbitrary distribution will approach a Maxwellian. Therefore, the
Braginskii two-fluid plasma model'” can describe well plasma flows in which the characteris-

tic time scale is much larger than the collision time, i.e. ty > 7,, and the characteristic length
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Publishizn‘gbﬁ e is much larger than the distance traversed by particles between collisions (e.g. particle
mean-free-path), i.e. Lo > Angp. One of such applications is the study of hydrodynamic
instabilities between the hot spot and the colder surrounding plasma during the Inertial
Confinement Fusion (ICF) coasting/deceleration stage . For the DT plasma in the early de-
celeration stage, the primary parameters of interests found in the litf(ature%’?g, i.e. reference

ion guoe 1.0 x 10Mm/s?,

number density ny ~ 103°m™, temperature T ~ 2.5keV, accel
and hot-spot radius Ry, =~ 55um, lead to 7pr /7 &~ 250 > 1 and Ryf/Amep ~ 150 > 1. Here,
Trr = \/1/(Akg) is the classical single-mode Rayleigh-T l;}\{ y (RTI) growth time

and 7; is the ion collision time. The definitions of Atwoo
—

can be found in Ref.?’. Similarly, by using the typica laSInSSC les for the late deceleration

stage3!32 one obtains Ty /7; & 500 > 1 and Rh(/ Amfp A > 1.

mber, A, and wavenumber, k,

Unfortunately, magnetized plasmas encountered j@;ature, including space and astro-
physical plasmas, are mostly collisionless, @andsthe typical collision time and mean-free-path
in such flows can be comparable to or e &than certain characteristic time and length
scales of the flow. For example, acc ";xs&he primary parameters given in Refs.?334, the

particle mean-free-path in solar flare/ ;01{3' is much larger than the length-scale of recon-
necting current sheet, i.e. A & 1° ’m > § ~ 10m. Therefore, the quasi-Maxwellian
distribution (or quasi-local therﬁuﬂibrium) assumption does not seem guaranteed in

such regimes. Theoretically;«the highly collisionless magnetic reconnection can only be

rigorously describeddby us ollisionless kinetic models (e.g. Vlasov-Maxwell system of
equations) in whi€h h iofi and electron kinetic-scale features are included. However,

in fact, the flui Wan still describe fairly well some strongly magnetized, collisionless

plasma dynamigst*®, which is largely due to the following two justifications. First, a strong

magnetidield can play the role of collisions by forcing particles to gyrate in a Larmor or-

1736 where w,. is electron

bit thét is smaller than the mean free path by a factor of weeTe
c
t

ye real distribution function in collisionless plasmas may significantly deviate from
Ki?xwe 1an distribution, the fluid equations derived based on the quasi-Maxwellian assump-
t1

r freéuency and 7, is the electron collision time!. The other argument is that, even
%

~
n may approach the physical solution when the range of fluid scales is very broad. This

argument is similar to the mixing transition®” often invoked in fluid turbulence to justify
the relevance of finite Reynolds number simulations to practical problems with much larger

range of scales®®. A more rigorous statement of the argument is that the flow develops an
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Publishimgitial range, where the energy cascade is local®

and not influenced by the viscosity, except
through the magnitude of the mean dissipation. From this point of view, it is tempting to
assume that numerical dissipation in Euler equations simulations can act in a similar way
and allow the development of an inertial range, so that the numerical solution is close to

the physical solution when the grid is fine enough. However, devex{ ing a power law range

in the spectrum is not proof of the emergence of an inertial r N proving cascade
locality in the presence of numerical viscosity /diffusion maygbe ossible in general. In a
broader sense, mixing transition may be extended to cert@in nom-turbulent flows to mean
convergence of the results with respect to the Reynolsl\gf:Z\m In other instances, the

concept of separation of scales can also be used to justify ths relevance of fluid simulations
to practical applications. For example, when theél@ck thickness is much smaller than

the flows scales, the results become independent o @ shock profile. In this case, even

though the Navier-Stokes description bre wﬁﬁ strong shocks, it can still accurately
predict the shock-turbulence interactio 41%%16 e mixing transition has not been explic-
itly explored for plasma flows, it hag implieitly been assumed for example by showing that
two-fluid plasma (including Hallqz}qhations can successfully predict the fast recon-

nection rate in collisionless magnetic Teconnection®4>5. Here, we further address this issue

by considering the convergence\fr&gnetic reconnection results as the ion and magnetic

Reynolds numbers are in€ d.
Single-fluid mag oh)z rE’&:iS:\amics (MHD) has been successfully used for studying large-
scale plasma flowg'in agvidefrange of problems'®!. However, single-fluid MHD fails to de-

scribe plasma

bshhqa that happen on a length scale comparable to or smaller than the
i

ion skin dept . when Ly < \; = ¢/w,;, where c is the speed of light in vacuum and w,y;

canndt predictlie reconnection due to its flux-frozen-in limitation, while resistive MHD pre-
diets.a OWt)l rate much lower than observations®. This is because two-fluid effects become
i orta# at length scales below A; as the ions and electrons motions start to decouple. By
}xﬁugng the Hall current in the governing equations and electron pressure contribution to
the total pressure, Hall-MHD equations® account for some two-fluid effects and have been
successful in capturing the rapid magnetic reconnection process®434453  Nevertheless, Hall-
MHD equations are not as general as the Braginskii two-fluid plasma model. For example,

to close the Hall-MHD equations, some studies neglect the electron pressure altogether®* 55,

4
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Publishinfile others assume identical ion and electron temperatures®®”. In addition, when viscous

34,55

effects were included in Hall-MHD equations®*°°, again these were less general than those

in the Braginskii two-fluid plasma model.

In many practical problems, electron and ion temperatures are different. For example,

the ion temperature in the Saturnian magnetosphere near Titans/ rbit is normally higher
\nfwnperature is dom-

than the electron temperature; while in Titans ionosphere, the ect}o
o] ¥,46.59,60

inant over the ion temperature®®. The two-fluid plasma m can solve many of

the problems encountered in single-fluid MHD and Ha&\i) rmulations by consider-
S

ing separate ion and electron set of equations. Neve t_l&e . previous applications of the

159761

two-fluid mode did not include plasma transportierms Sn relied on the numerical dis-

sipation/diffusion to obtain stable solutions; suct( solutio n obviously become corrupted
by numerical artifacts and generally might mi res@the physical transport.
ical

Previous studies of plasma flows withy p ransport phenomena such as thermal

diffusion include simulations with Flas 62&\1(‘113 465 “and Miranda?®%6:57 codes. In these
codes, the transport coefficients fo hh&diffusion were calculated by using the Lee-
More model®®. However, Flash add &L c0des solve the inviscid fluid equations and only
Miranda explicitly considers iSCON diffusive effects®. In particular, the MIRANDA
code uses a very similar high—oMmerical scheme as the CFDNS code, with negligible
numerical dissipation; hbwever, this is accompanied by a high order filter to remove high
frequency oscillations. ‘Vbring is used with the CFDNS code. As far as we know,

the magnetic fieldfimpact o’ﬂ‘ the transport phenomena perpendicular to the magnetic field

has not been gonsideged in previous two-fluid plasma flow simulations. Nevertheless, the

presence of & g magnetic field reduces the distance traveled by particle during collision.
As a resdlt, depending on the magnetic strength, the plasma transport coefficients in the
directfons perpendicular to the magnetic field may become significant small, so that the

agsogiated ﬂ&ces become strongly anisotropic. As argued above, there are many situations,

Wh§n a mixing transition exists, where the exact form of the physical transport is
\Q} iﬂ ortant, provided that the energy transfer among scales of motion remains local.
vertheless, such transition and the role of anisotropic transport have not been explored
for many of the practical situations of interest.
The objective of this study is to present an accurate two-fluid plasma solver with a sin-

gle ion component that can simulate magnetized plasma flows in a range of applications,
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Publishiw'g; 1 a special focus on collisional dominated transport for low-Z fully ionized nondegener-
ate plasmas, in regimes where the results might be sensitive to the exact formulation of the
transport terms. All plasma transport terms such as the temperature and magnetic field
dependent ion and electron viscous stresses and heat fluxes, frictional drag force, and ohmic
heating are included in the two-fluid plasma solver. To obtain fullyfresolved Direct Numer-

ical Simulations (DNS)-like solutions, the two-fluid plasma e aﬂ'?)ns e solved by using
ly fine grid resolutions.
e

sixth-order non-dissipative compact finite differences™ at s%
ite

In this study, to maintain computational feasibility, the i f light and negligible

l}é?sﬁep limitations. These two

electron inertia assumptions are made to eliminate seyere

assumptions can be well justified for problems such ag ICFS‘oa ting stage, where ion ther-

mal velocity is non-relativistic, Vp;/c ~ O (10'3 . and e ~ 5 x 103, The length scale

1
limitation imposed by using these two assumptions, @>> (rLes Ae), where rp, is electron
Larmor radius and ). is electron skin deptwi:E satisfied in many other practical prob-
lems. While the primary target applic io}fqg new solver are plasma flows which can

be described with collisional transport tertng. the test problems considered are widely used

hﬁmarily using ideal equations solvers; the numer-
\1{{% umerical dissipation/diffusion for regularization.
Our new solver yields smooths\ﬁ‘bhns without any numerical dissipation/diffusion and

In general, the Bragi Skii/transport coefficients become inaccurate for degenerate partially
ionized plasmas or Itigh-7

full direction pendence of the physical transport with respect to the magnetic field.

A separatg obfjective of this study is to form the basis of future estimations of anisotropic

transportiimp tgnce and explore the existence of a mixing transition in various applications.

)

The @per is organized as follows: in Section II, the derivations of reduced two-fluid

-

E&ir@ equations from the Braginskiis full two-fluid plasma model, together with an analysis
of\their ranges of applicability, are discussed in details. A non-dimensional analysis of the
reduced two-fluid plasma equations is conducted in Section III. The accuracy and robustness
of the two-fluid plasma solver are highlighted, in Section IV, against a series of canonical

problems. Finally, the main conclusions are provided in Section V.
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Publishiflg MATHEMATICAL FORMULATION

The macroscopic description of plasma in fluid theory can be obtained by taking appro-
priate moments of Boltzmann equation and averaging over velocity space for each of the
components in plasma. When using the Chapman-Enskog expansigh!'®!?, the zeroth-order

distribution function for each species, f?, is chosen to be a Maxwellian, which assumes a

local thermal equilibrium within each of the components. B ‘(Qidering the effects that
produce small deviations from equilibrium, Braginskii'” der'&&%‘ t of two-fluid plasma
transport equations and constitutive relations for all trﬁ;@r s. On the other hand,
ignoring those effects leads to a set of Euler-type two-fluid plasma equations in which all

transport phenomena are absent®”%°. Such equatt ns 10;) singularities in finite time and

,)

-

A. Braginskii’s two-fluid plasma mo\

For a simple fully ionized plasma; fh%'muity, momentum, and internal energy trans-

=

port equations for species s (s :(KK and s = e for electron) are given below as'’:
dps \

need to be regularized by the numerical algorith

/4

2V ()R 1)

. <lé);_tu8) +V- a‘*f ~Vp,—Vom+ T (B xB) + Ro+ps (2)
0 (gjfeS) . (1)36?18) = —psv Ug — V. q; + 7 Vus + QS’ (3)

ideal gas equation of state (EOS) is assumed for simplicity. There-

where the pri Noles are species density, ps, velocity, u,, and specific internal energy,
ies

edi /3 ssure can be expressed as ps = (v — 1) pses = nskpTs, in which ~
and “are specific heat and Boltzmann constant, while n, = ps/ms and Ty are species
n e engty and temperature, respectively. mg and ¢s are mass and charge of par-
tiele s. SThe ion and electron charges are ¢; = Ze and ¢. = —e, in which e is the
?Osst\an elementary charge. The formulations for plasma transport terms in the above
equations, including species viscous stress, m,, heat flux, q,, frictional drag force, Ry,
and collision generated heat, (),, can be found in Appendix A and Ref.!”. The accu-
racy of Braginskii transport coeefficients for the domain of applicability has been con-

firmed by comparing with the transport coefficients predicted by using Ab Initio Molecular

7
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PublishiPgnamics (AIMD) "™7. For example, for the DT hot-spot in ICF with number density
ne ~ 103'm™ and temperature 7, ~ 10.0 keV, the electron thermal conductivity calculated
by using Braginskii model (see Appendix A for full definitions) is k7. = nkjT.7./m. =
(nek%T./me) X [6\/5%3/25(2) me (kgT, )3/2 / (lnAe‘lZne ~ 5.15 x 10 (Wm™'K™") which is

very close to the AIMD prediction™, i.e. k. = 5.05 x 1()9 Wm_IIYA
for the collision-

As discussed before, the Braginskii two-fluid plasma model

dominated plasma flows in which the characteristic time an t scales are much larger
than the collision time and particle mean-free-path, i.e. %, )

Lo > Amp- In addition,

the Brangiskii transport coefficients become inaccurate egenerate partially ionized or
.

68 Thus, the results presented here\apply $0 ully ionized nondegenerate

high-7Z plasmas
single low-7Z ion component collisional plasmas, ér‘plas ows where a mixing transition

3

has occurred.
L

The evolutions of electric field, E, and %ﬁdd, B, are governed by the Maxwell
equations as given below: \
\
— B - M(]J, (4)

.
\ _VXE, (5)
%@ =z (©)

"5 V-B=0 (7)
where 1y and g( ar ths‘p ability and permittivity of free space, respectively, and are
~1/2

related to the Sz;éed liglvfu in vacuum, ¢, as ¢ = (uo&o) In the above equations,
the formulati for ewrrent density, J, and local charge density, p., are J = > gsngsu, =

e (Znyu; —Me and p. = > qsns = e(Zn; — ne), respectively. It is worth pointing out

that, for ¢lgs t}e governing equations, one only needs solve two of the Maxwell equations
and the othi o equations (e.g. Eqs.(6)-(7)) are just restatements of the closed set of
goVerning eqtiations. For example, by multiplying continuity equation (1) by ¢s/ms and

then takblg summation over ion (s = i) and electron (s = e) species, one obtains:

\ apc
T, =
V=0 (8)

Furthermore, by taking the divergence of Amperes equation (4) and then subtracting it from

equation (8), it yields:

OV B pife) =0, (9)
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Publishif®g iously, the Gauss equation (6) is just a restatement of the consequence (i.e. Eq. (9))
of solving continuity equation (1) and Ampere equation (4). In this study, we would like
to call equation (6) a diagnostic equation instead of a redundant equation. This is because
that, after applying the two assumptions discussed in the following subsections, the electric

field is calculated from the generalized Ohms law (13) instead of %e Ampere equation (4),

and equation (8) is reduced to a quasi-neutrality condition. A e%u cquation (9) is no

longer rigorously guaranteed to be satisfied when solving the%vermng equations given

in section II D. Therefore, in this study, we solve equation iaghostic tool to monitor
the importance of the numerical integration errors. By "n'g\the same procedure, one

can also conclude that, mathematically, the magnetic ﬁeldse ains divergence free if it is

initially divergence free. ( a

o
B. Infinite speed of light assumption \

In this study, the severe time-step, res tlon (e.g. At < CFL Axz/c and At < 0.1/wye,
where C'F'L is the Courant-Frederic-Isevi Q,Qs ant, Az is the mesh size, and w,, is electron
plasma frequency) caused by hlgh u cy electromagnetic waves are eliminated by using
the infinite speed of light ass , (OE/0t) /c* =~ 0, which reduces the Amperes
equation (4) to:

1
= —V x B. (10)
Ko

Consequently su )ztlon restricts the calculations to plasma flows with nonrelativis-

tic thermal veloc t =/kpTs/ms < ¢, and to electromagnetic waves with phase speed,

f46

also Furthermore, by replacing equation (10) into equation (8),

one obtains: y
0pe
ot

whieh inedi a)es that the quasi-neutrality condition (p. = 0) is maintained at all times if the

4

=0, (11)

initial pl}sma flow is charge free. Consistently, the number densities and mass densities of
\O%Qd electrons become dependent, i.e. n, = Zn; and p. = Z (m./m;) p;, which eliminates
thig need to solve the continuity equation (1) for electrons and relates the ion and electron

velocities via the current density as,

1
L= — J. 12
demH (eZni) (12)
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Publishing' "he quasi-neutrality condition limits our interests to plasma phenomena whose character-
istic frequency is much smaller than the electron plasma frequency, w < wpe = /n.€?/gome,
and characteristic length is much larger than the Debye length, Ly > Ape = Vire/wpe (see

also Ref.0).
A
3N

The second assumption made in this study is negligi e‘%ﬁ inertia in the electron

momentum equation (2). This assumption is justifiedd@ascthésgight hand side of the electron

C. Negligible electron inertia assumption

momentum equation is the same order as that of t ion&nomentum equation, but the
advection part is the order m./m; compared to t@)rr onding part of the ion momentum
equation. Then, after applying the relation betweention and electron velocities (equation

12), one can obtain the generalized Ohms{aw

E:( >[—Vpe— b, - —i—Z(—)pig—i—JXB}—uiXB, (13)
eZp; S my;
where Biermann battery, vis us,\}w

Recent kinetic simulations? shm the Biermann battery term appearing in equation
(13) is the physical sourée trong, self-generated electric fields observed in ICF plasma’.
The rest of the ter

<

, acceleration, and Hall effects are all included.

arti¢ular, the Hall term and the last term in equation (13) are

also indispensabledin fﬁntyning the constant charge condition (i.e. Eq. 11).

Negligible lectro inertia implies that the electron flow has an infinite fast response

time on e Cales of interest. Therefore, the characteristic time scale of interest must
be large%le ron plasma frequency and electron cyclotron frequency, ie., 1/w >
ce

(1/wyb. T/w 1ch further relaxes the time-step restriction on 0.1/w..". Consistently, the

1st1<§ length scale of interest must be longer than the Debye length, the electron

or §ad1us and/or electron skin depth, i.e. Ly > (Ape, e, and/or \.), where rp, =

/ Wees Ae = Va/Wee = ¢/wpe, and Vy = B/, /jignym; is the ion Alfven velocity. The inifinite

S ed of light assumption further reduces the above condition to Ly > (rr. and/or \.), since
Ae/Ape = ¢/ Ve > 1.

After replacing the electric field, E, in the momentum equation (2) for ions using equation

(13) and then applying the quasi-neutrality condition, a modified expression for the ion

10
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Publishimgmentum equation can be written as:

d (piw;)

ot + V- (pllllllz) = —V(pl +pe) -V (7Ti + 7Te) + (Re + RZ) + JxB + Pi8- (14)

D. Final two-fluid plasma equations

Finally, the two-fluid plasma transport equations considere n‘ﬁb%dy are the dimen-

sional ion continuity equation, ion momentum equation, iofiandsglectron internal energy
equations, and Faradays law, and are summarized below, as‘:)
K

| grvm=e < "
% + V- (pugu;) = — o7 (16)
0 (gfi) + V- (pieiw) = —piV a1 — N (17)
) ¢

(18)

88&\ E, (19)
U

where the currently density, Shgtron velocity, u., and electric field, E, are calculated
from formulations (10)%@ (13), respectively. The ion/electron pressures, p,, and

temperatures, T, a re}ate rough the ideal gas EOS as described in section(IT A).
As a result of iifinite e&i of light and negligible electron inertia assumptions, the consis-
tency of quasi trality, condition (p. ~ 0) in the final two-fluid plasma equations must be
“.e?ly by examining the value of charge density, p., calculated from equation

checked nuiner
(6). In ot /Wor)is, the divergence of the electric field, E, calculated from the generalized
-ﬁ
1

Ohms law e% ation (13) must be sufficiently small to maintain the quasi-neutrality condi-

tion.“Th erical results obtained for all test cases confirm the quasi-neutrality condition

an two}ample results are presented in Appendix B.

NI

11 NON-DIMENSIONAL ANALYSIS

In order to assess the importance of Hall and Biermann battery effects, resistivity, vis-

cous stress, and heat flux to plasma flows in different regimes, as well as characterize special

11
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PUbliShih]gl ting cases, in this section a non-dimensional analysis of the two-fluid plasma equations
is provided. In order to compare different applications, the characteristic scales that can be
varied in practical problems of interests including temperature, number density, characteris-

tic length scale, and magnetic field strength are chosen as the primary reference quantities.

A. Non-dimensional two-fluid plasma equations 5\

We choose the characteristic number density, ng, lengthesca 0, semperature, Ty, mag-

netic field strength, By, and external acceleration, gy, as\thé“primary reference quantities
-

and use them to construct scales for other variablestlike iogk ass density, po = ngm;, ion

Alfven velocity, V2 = By/./monom;, plasma pres re, BTy, a time scale, Ly/Vy, and

so on. With these choices, the non—dlmenswnz\ @ plasma equations become:

_Z *. * * 20
9 (p*u
ot* Re’
. — _prg* 21
%v ?Z“rFTQng, (21)
o + V' (piejul) =Bp; ul — Reiv %+ 5o : Viu! +

-t , 22
Q 3 <me) ﬁwez A ( )
9 (piee m; i * m; * *
M#—V@ W= (Zm > [—Bpev i (g) %V “Are—
/ e
L vw+ LR J*} — 32804 +

ot* /
N wr s
<ié?\ (%ﬁﬂﬁbV“qL+R$Jﬂ, (23)

y. OB

o =-V"x E* 24
<1 1
E* = \— [J* x B* — BV'pl — —V* - 1 + ZBpiRit

ﬁ
&3 “ R
Zm,\ 1 1
( m) :g}+——Rrﬂﬁth (25)

\ ~N m; ) Fr? Re,,
~ 1
u, =u; — \—J%, (26)
Pi
J*=V* x B (27)

where the superposed asterisk refers to the dimensionless variable and the non-dimensional

12
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Publishingrameters are the ion inertial scale or skin depth,

)\i = C/ (WSZL0> = mz/ (ZGLQ\/M) s (28)

ion and electron reference Reynolds (or viscous Lundquist) numbe

Re' = poViLo/ 1y, 3\ (29)
Ret = (u0/3) Re', \ (30)
7

= TlokBTo 6 o 5 (31)
magnetic Reynolds (or resistive Lundquist) mﬁxx

Re — A /770a (32>
\\
Froude number, ~
\\K V3 /v 90 Lo, (33)
the collision frequency, \\

'\ W0 — Lo/ (VIR0 (34)

In the above Ilog'di /siopal parameters, n° = (ﬂ> X (;”Tg) is the background resis-
r

plasma beta,

€Zpo

tivity, and th Mo s for other reference variables are ion plasma frequency, ng =

ion viscosity, p) = nokgTyt?, electron viscosity, p’ = ZngkgTy7?, ion
[127?3/258 m; (kBT0)3/2/(lnAe4Z4no)], and electron collision time,
6v/21 O/\/We (kTo)** / (lnAe4Z2n0)] The Coulomb logarithm (InA) variation
bod |

n adyition, by using the relations, rr./r; = Ae/ANi = \/W, we can summarize
T‘hﬁ r{unge of applicability for the two assumptions made in this study in term of the non-

rensional ion length scales as: S\Z < \/W and/or 7r; < \/W depending on the
local magnetic field strength. Thus, in magnetic dominant regime (e.g. low plasma ), the
fact that 7p;/ 5\2 = /B < 1 yields 5\1 < \/W On the other hand, in plasma dominant
regime (e.g. large plasma f3), the applicability condition becomes 77; < \/W

Appendix A.

13
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In order to demonstrate the limiting cases of the two-fluid plasma equations solved in

this study, the non-dimensional single-fluid plasma equations for ion-electron mixture density

*

p* = pi + pt, velocity, u* = (pful + piul) /p*, and pressure, p* = ?7—1— pk, are derived from

the two-fluid plasma equations and given below: \
a * *
1, . 1
ReeV Te + W (36)

“ +RL-J). (37)

ZAN—
Equation (35) is obtained by pm
(pfuf + piut) /p*, and equation%nd (27) into equation (20). Similarly, by using the
above ion-electron mixt, rﬁ&%&ubles definitions (including p* = p! + p¥) and equation (26),

relations p;/p; = Zme/m;, p* = p; + pi, 0" =

one can obtain equation om the ion momentum equation (21) under the negligible

electron inertia agéu éon/Finally, using the non-dimensional EOS, pieX = /(v — 1) pk,

the ion-electron ‘mixture variables definitions, negligible electron inertia assumption, and

e&a‘cion (37) is obtained by taking summation of ion and electron energy
23).

In@i—o the generalized Ohms law is rewritten as:
<1 . 1 |
Q “ } uw'xB =\—J"xB"— )\iﬁv*pz +—R, - \——V"-71 +
3 p* p* Rem p*Ree
) < 7 m,
ZNBRE + Ao e g (38)

v Frim,

uation (38) is obtained by replacing the ion-electron mixture variables and equation (26)

equation (

into equation (25). The Faradays law for the non-dimensional magnetic field, B*, and the
reduced Amperes law for current density, J*, remain unchanged as equations (24) and (27),

respectively.

14
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PublishingThe ion velocity uj and electron velocity u; can be obtained by using the relations
pi/pt = Zme/my, p* = pi+pk, ut = (pfaf + piul) /p*, and the definition of current density
under quasi-neutrality condition (26) and then are used to calculate the viscous stresses, 7
and 7}, appearing in the single-fluid equations (36), (37) and (38).

Written as above, the equations are unclosed, as the ion and e}étron temperatures and

densities can not be independently determined. For plasma ;s with, identical ion and

as the mixture temperature, T, which can be obtained fr alpressure, p*, by using

electron temperatures (i.e. 7;* = T ), the ion and electron Q:tures become the same
he'%gt

the EOS. In addition, the electron pressure can be obta

—-—

p*/(1+1/Z). In this case, the single-fluid plasma e ations) i

Viaxthe relation p} = Zp; =

luding all transport terms,

are closed. -
As demonstrated in Appendix C, the conv tiona@ll, resistive, and ideal MHD equa-
tions can be recovered from the above single-fluid“plasma equations, as limiting cases, in

—

regimes where the non-dimensional parameters satisfy the corresponding conditions de-
scribed below: \

N
e The conventional Hall—MHﬁ\ua ions can be recovered in regimes where Re’, Re® —

oo, Fr = oo, q, — O,S\ﬁi\\—) 0 (q;, and R are always ignored in the Hall-MHD
equations and are gnly considered in Braginskii two-fluid model'”).

e Resistive MH e@van be recovered in regimes where \; — 0 (and/or #7; — 0),
Re', Re° —>/oo, d

o Ideal D)equa ions can be recovered in regimes where i = 0 (and/or 7r; — 0),

£ F]—>oo.

Re® =< 00, F'r — oo, and Re,,, — .

equations can sometimes be classified as a two-fluid model because of the
lugionof tbe Hall term and electron pressure gradient. However, similar like the discussion
made ab‘gve, due to the presence of the electron pressure, the Hall-MHD equations are not

ﬁﬁe& n practice, to close the Hall-MHD equations, some studies® ¢ simply neglect the

3457 assume identical ion and electron temperatures (7} = T)

electron pressure, while others
and obtain the electron pressure as pi = Zpf =p*/ (1 +1/Z).
The viscous terms vanish from the single-fluid equations in the limit of infinite Reynolds

numbers only for non-turbulent flows. This restricts the domain of applicability of the

15
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Publishilmgiiting cases above, unless models for subgrid or turbulence transport are added to the

equations. In some recent studies345°

, viscous effects are included in the Hall-MHD equations
for regimes where Re' is not sufficiently large. However, the formulations for the viscous
terms are more or less ad-hoc. Some studies®, model the viscous stress term by using
ion-electron mixture velocity, u*, with standard formulation for Cgépressible ideal gas, i.e.
V* .t = V*2u* + (1/3)V*V* - u* instead of the detailed plasmaffermulations for 7} and 7

equations.

given in Appendix A. In addition, the viscous contribution Wydded to the momentum

In the next section, numerical simulations will be condfictéd«for a series of canonical
-

problems to highlight the accuracy and robustness of the th)ﬂu d plasma solver in handling

A

plasma flows in different regimes.

IV. TEST CASES \\\

The dimensional two-fluid plasm 1at1 Wlth full transport terms described in section
IID have been implemented in tlfe pe aPCFDNS codet ™7 and solved by using sixth-
order non-dissipative compac ﬁmt rences’>™ for four canonical problems: Alfven and
whistler dispersion relations, elec magnetic plasma shock, and magnetic reconnection. For
these cases, ion and electron temperatures are the same, i.e. T; = T,. Therefore, the collision
generated heat for i fx?:guatlon Q; (Qa), vanishes while the collision generated heat
for electron energy'eq 10n/Q6, reduces to the ohmic heating term shown as the fourth term

in the RHS o Ml

). Therefore, the two-fluid plasma equations solved in these test

cases are tlcally equivalent to the single-fluid plasma equations described in section

ITI B whi %e iewed as the general or full Hall-MHD equations (therefore more general

than the con onal Hall-MHD equations used in previous studies and explained in Ap-

pendix Cludlng all plasma transport terms. The identical temperature simplification
fugther eSlmmates the need to solve the ion energy equation (17).

e test cases considered in this study, the initial conditions for all primary variables

—dlmensmnal are identical to those given in the references mentioned below. The val-

ues of the non-dimensional parameters, i.e., )\i, Re' and Re,,, are calculated based on the

characteristic number density, ng, length scale, Ly, temperature, Tj, and magnetic strength,

By, and chosen to match previous studies and/or certain practical applications, with the

16
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Publishirgirement that the simulations remain well-resolved.

A. Alfven and whistler dispersion relations

The first two test cases used to test the accuracy of the newly deyéloped two-fluid plasma
solver are the dispersion relations for Alfven and whistler waves. se are two plasma

76—

phenomena often observed in different space flow regimes® wThe frequency and length

scales for Alfven waves satisfy the relations w < w,; and<Lg 3= c/to,; = \;"™. Therefore,

Alfven waves become ideal MHD waves when the local i‘DncL@em values are sufficiently

high. The basic frequency and length scales for whi tler st are in the ranges of w, <
WK Wee and A\, < Lo < \;""™. Therefore, whistdér waves afe a Hall-MHD phenomenon.

By linearizing the ideal MHD and Hall-MHD"equations about the equilibrium and as-
suming plane wave solutions of the form éq‘m\k
whistler dispersion relations:

Alfven waves, (39)

-
“ —w*t*), one obtains the Alfven and

for Whistler waves, (40)

(w*Z

where k* = 2wm/ L7 is the Wavem, m is the integer mode, and w* is the wave frequency.

The initial conditions a

o =1, v = =8 cos (ka?),  wl = 8" sin (W),
=1, B, = 0"v, cos (kK*z"), B} = —d0 v, sin (k*z"),

tiofis aré«conducted over a periodic domain with size L% = 9.6 and number of grid

point§ NX ="884. Therefore, for the simulations conducted in this study, the largest wave
15192 points per wavelength for the minimum mode (i.e. m = 2). For the case
using thémaximum mode (i.e. m = 30), the wave resolution becomes 12.8 (= 384/30) points
?’e} W\avelength. The initial perturbation amplitude §* = 10" was used in all simulations.
Because Alfven waves are believed to be the main mechanism for heating the solar corona?,
the characteristic number density, ng, length scale, Lg, temperature, T;, and magnetic

33,34

strength, By, are chosen as the typical values for solar corona/flares These charac-

teristic values are Ly ~ 10'm, ng ~ 10°m™3, T, = 100eV and By ~ 0.01T, which leads to

17
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PublishiRg~ 1.0 x 107, Re,, ~ 2.0 x 10", and Re' ~ 1.0 x 10*. Fig. 1(a) shows that the CFDNS
results calculated using the two-fluid plasma equations in the global solar corona regime are
in excellent agreement with the analytical linear stability theory (LST) predictions for ideal

MHD over a wide range of modes, m.

201~ (a) Alfven Wave 400 e
- O\, =1.0e-6)
815l B
=r = 300
3 %)
o - c
[<5] <5}
= B >
g or g 200
= | =
(5} | @ -
c% B LST %
S 5 i LST
B . CFDNS
B . CFDNS
07\“\IHHIHHI\H\IHHIH\\I OEv Lo b b L
0 5 10 15 20 25 30 5 10 15 20 25

mode (m) i\ mode (m)

FIG. 1. Comparison of analytical Alfven‘afid whistler dispersion relations (LST) with numerical
solutions calculated by using t two}\p asma solver (CFDNS) in (a) ideal MHD regime and

(b)Hall- MHD regime. i\\

The whistler wav; f(/),m)sola,r corona/flares are related to the fast, collisionless mag-

netic reconnectioz/ thatwccufs on the length-scales comparable with the ion skin-depth™®0.

The ion-skin th eésgimated using the typical parameter values of solar corona/flare pa-
rameters sho ove is similar to the one provided in Ref.**, i.e. \; ~ 10m. However,
the visc effects “estimated using the closures described in Ref.!” and Appendix A are

£

probably not acturate at this scale, which is smaller than the mean free path for the so-
lagscorong ﬂ)re833’34. Developing closures applicable to collisionless systems is difficult®!.

refor‘g, to be able to perform simulations relevant to the whistler wave dispersion rela-
w, ST maintain the correspondence to the solar corona/flares parameters, we still use the
above parameters, but decrease the reference temperature Ty to obtain high enough values
of Re' ~ 4.0 x 10% and Re,, ~ 1.0 x 10*. Again, as shown in Fig. 1(b), the CFDNS results
calculated using the two-fluid plasma equations perfectly match the analytical solution given

by Eq. (40).

18
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PublishiBg Electromagnetic plasma shock

The presence of plasma shocks is also often observed in space and fusion applications.
For example, the interaction of the solar wind with the Earth magnetosphere leads to the
formation of a bow shock upstream of the magnetopause®?#3. The dlectromagnetic plasma
shock simulated here is an extension of the single-fluid, inviscid/l_: io-Wu shock®* to the

two-fluid plasma model. The initial values for the non-dimens ah)rimary variables are:

(i [10] [ pr | 0925 [

uwr 0.0 . \’ “0:0

v 0.0 : SM.O

w9 R <05 and C U= Y| Foram =05

o 0.5 @ 0.05

B:| 075 \ B: 0.75

By 1.0 \ B ~1.0
\

| B | 0.0 ] | B | 0.0 ]

and Dirichlet boundary conditioﬁzie 1 p@nented at the shock-tube boundaries.

Most (if not all) previo%%\n{x;sq studies of the bow shock*®585 and Brio-Wu

shock61:8486 jonore the viscous at flux terms and fully rely on the numerical dis-
sipation introduced by ho?hipturing schemes to regularize the equations around sharp

discontinuities. On the comtzary, by including full plasma transport terms, one should be

N)n. Therefore, in this test case, we choose the characteristic number

")

high, put still affordable Reynolds numbers. These reference scales give Ai ~ 1.0 x 107 and

ciently high gr

able to resolve % shogks by using high-order non-dissipative numerical schemes at suffi-
re

density, ngs~ 3 length scale, Ly ~ 10''m, and magnetic strength, By ~ 10 nT, as

d51,79,85

the typi und in solar win , and vary Ty to obtain a range of substantial

TG 12,>herefore, both Hall effect and magnetic resistivity become negligible.

ig. 2¥h0ws that, without the need to explicitly turn off the corresponding terms from the
Eoyegmg equations, the ideal MHD results including the slow compound wave (SM), contact

continuity (CD), and slow shock (SS) are obtained from the two-fluid plasma solver for
flows with large enough Reynolds numbers. With the presence of physical viscosity, the
shock wave is no longer zero-thickness. Instead, the value of shock thickness depends on

the local Reynold number. Therefore, all shock structures can be fully resolved by using
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FIG. 2. CFDNS results cal‘caﬁed by using two-fluid plasma equations for plasma shock with
X3

th, \;
>t

ion viscous Reyn?és nu er/Rei = 6.3 x 103.

normalized ion skin 0 x 1079, magnetic Reynolds number, Re,, ~ 1.0 x 102, and

high-order —asipative numerical schemes provided the grid resolutions are sufficiently

high. Of&ourge, b

increasing viscosity or decreasing the Reynolds number, the profiles for
all va a‘bies oée smoother and, therefore, can easily be resolved at lower grid resolutions.

y, grid convergence tests have been conducted for all plasma shock cases to

gﬁn\t? that computational results presented are free of numerical error. As indicated in

; ully resolved DNS-like solutions are obtained at all ion viscous Reynolds number

en the ion grid Reynolds number, Rea = Re'/NX, is smaller than a threshold value,
which is 2.3 for our 6th order compact finite differences solver.

By using the finest grid solutions as the exact results, i.e. NX = 40960 for Re’ = 6.3 x 103
and NX = 122880 for Re' = 2.3 x 10*, Fig. 4 shows that the grid convergence rates are
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FIG. 3. Fully converged CFDNS results for plasma@cks at two ion viscous Reynolds numbers
(a) Re! = 6.3 x 10% and (b) Re’ = 2.3 x 10%. A
L = 6.14 for Re' = 6.3 x 10° case an&\\:ﬂéi for Ret = 2.3 x 10% cases. Both values
Xt

are very close to the theoretical limi s% rder compact finite differences scheme. This
shows that the high-order two-fliid plagma solver results are free of the spurious behavior

commonly found in high-or r% pturing schemes results, like the modification of

10° ( \ 10"

~
O
~

Ayt SOE05  1OE04

FIG. 4. The comparison of grid convergence rates calculated by two-fluid plasma solver for plasma
shock at two ion viscous Reynolds numbers (a) Re’ = 6.3 x 103 and (b) Re’ = 2.3 x 10* with the

theoretical limit of sixth-order compact scheme (n = 6).

21


http://dx.doi.org/10.1063/1.5082190

! I P | This manuscript was accepted by Phys. Plasmas. Click here to see the version of record. |

Publishidigcontinuity location®”. Secondly, the CFDNS results maintain nearly 6-order accuracy

across the discontinuities, while the convergence rate of most shock-capturing schemes drops

to first-order accuracy near discontinuities®®.

C. Magnetic reconnection /\

The last test case considered in this study is the collisiofilless\magnetic reconnection, a
rapid rearrangement of magnetic field topology and releage of freegnagnetic energy. It is of
particular importance to the dynamic evolution of th ggl co?@fra/ flares®™, the magneto-

89,90 udies%“’ 45380 confirm that the fast

91,92

sphere®”” and thermonuclear fusion”" <. Previous

magnetic reconnection occurs on a length scale (@para o ion skin depth and is mainly
contributed by the Hall term. D
Though extensive computational work &een ne on the magnetic reconnection prob-

lem, simulations of magnetic reconnecti nw(p icit viscous and thermal diffusion effects
are rare. In addition, instead of a amieally changing property, the resistivity in most

43,56 a constant value. The justification for the absence

previous studies was simply chosen

of physical plasma transport erm(\s{s artially because the rapid magnetic reconnection is
collisionless, therefore, the Closm transport terms based on Chapman-Enskog expan-
sion in small mean-free- atmsacome inappropriate, while developing closures applicable to
collisionless systemsds di 1t2. In turn, most widely used plasma solvers use dissipative
shock-capturing téchniques dnd rely on numerical dissipation instead of physical transport
terms to regu ;5e\ﬁ'hxequations. In general, in such approaches the numerical dissipation

is related t esh size and the simulations do not converge as the mesh size is increased.

Thereforé, it séems'

possible for such plasma flow solvers to produce fully resolved DNS-like
solutiéns.”

3 stlhiy, we choose the characteristic number density and length scale as the typical

4 ie. Ly ~ 10m and ng ~ 10"®>m ™3, which leads to

es found in solar flare reconnection?
.0. We demonstrate that physical transport can be used to obtain mesh converged
solutions with negligible numerical dissipation. Moreover, as the viscous Reynolds number is
increased, the solutions tend to converge and predict the colisionless magnetic reconnection
results. We vary the reference temperature, Ty, and magnetic strength, By, to generate a

wide range of viscous Reynolds number, Re’, and magnetic Reynolds number, Re,,, values.
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Publishiﬁge range of Re,, values is chosen to include values used in previous studies, i.e. Re,, =
100 ~ 350 and Re,, = 200 employed by Ma** and Toth®, respectively.

Similar to previous studies, the initial conditions for the non-dimensional primary vari-

pr 1/5 4 sech? (22*) /
u 0.0 ‘)\
vy 0.0
w} 0.0 )
= ) .-‘“
o [1/5 4 sech? (2a%)

B: (2m/10L;) x sin (2my* /L) x cds (mx*/L})

xT

ables are:

-

B; tanh (2z%) — (w/10L}) x dos (2@y"/L;) X sin (wz*/L})

B O

The perfectly conducting wall boundary %& s applied in the vertical direction (x*)
and the periodic boundary condition is&i?fﬁ@nted in the horizontal direction (y*). The

d
simulations are conducted in a two- \Q9s_10\n | domain with L} = 12.8 and L} = 25.6.
Figs. 5 and 6 show that the ’S\ u1d, non-dissipative plasma solver (i.e. CFDNS) with
temperature and magnetic ﬁe‘ﬂ\g&nde t transport (ion/electron viscous stress, heat flux,

frictional drag force, and-magneticesistivity) can successfully reveal the whole magnetic

reconnection process. example, Fig. 5 indicates that, during the reconnection process,

density_scalars

0.1 0.15

) ::><>

FIG. 5. The temporal variations of density contours during magnetic reconnection with Re,, ~ 112

and Re! =~ 426.
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Pu b I is h i n g Re_1=426, Re_ E=60*Re_E, (1/Re: 8.8e-3

With Heat Flux

FIG. 6. The temporal variations of magnetic streamlines ing magnetic reconnection with Re,, ~

112 and Re’ ~ 426. &

the high-density sheet is stretched andﬁ:@n up into two ligaments, which further
shrink to increase the high density vadues. omparison to previous two-fluid plasma results
without transport terms®, the C D&r:smts remain perfectly symmetric, which indicates
the high accuracy of the two-fluid solver in handling this challenging plasma flow.
Fig. 6 clearly shows that, as the\cohﬂection takes place, the magnetic streamlines tend to
CTTOSO vertical direction and the intensity of vertical component,

B,, increases dramatically.<I'his corresponds to a rapid increase of reconnection flux and an

bend from horizontal di

eruptive release offm eti(yﬂly stored energy to heat the plasma.

The tempe ubm{tours shown in Fig. 7 further confirm the rapid conversion of mag-

netic ener ofparticle energy. As the reconnection takes place, both temperature and

) increase significantly due to the rapid conversion of magnetic energy
into thermal and kinetic energies. In the solar corona, this phenomenon is thought to give
rige.o ar)iares and drive the outflow of the solar wind*. Consistently, the rapid in-
crease o&emperature causes a dramatic increase of heat flux and viscous dissipation, since

}? 2 and p° o< T%/2, as well as a large decrease of magnetic resistivity, since n oc 773/2.

e presence of thermal diffusion is then absolutely necessary to prevent unphysically high
temperatures to be generated at the reconnection points. Previous studies without physical
thermal diffusion had to rely on the numerical diffusion introduced by dissipative numerical

schemes to damp this effect. The effect of numerical diffusion is hard quantify due to the
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Publishihigher order nonlinearities usually present in the associated terms (if such can be explicitly
evaluated at all). In addition, different numerical schemes have different truncation errors,
so numerical diffusion is difficult to generalize across various codes. Thus, numerical results
relying on numerical diffusion to regularize the equations should be regarded with caution.

A grid convergence test has been conducted for the magnetic rgGonnection problem and
the reconnection fluxes calculated using the two-fluid plasm ver are converged at a

Fig. 8(a). By using the finest grid (e.g. 768 x 1536) res xact solutions, one can

moderate grid resolution (e.g. 256 x 512) for Re' = 426 m\'\em = 112, as shown in
s the e

calculate the numerical error on coarser grids. The 85! 8~3zi?f},'~sh0vvn in Fig. 8(b). The

int issl

to the theoretical limit of sixth-order compact cﬁé/me. ly converged DNS-like results

can also be observed at cases with higher Vis&%et Ilds provided the grid resolution is
esult

grid convergence rate estimated from the last two = 6.58, which is fairly close

sufficiently large. For example, the CFD for the case with initial ion Reynolds

test case, the threshold value for fully ged DNS-like results is around Rea =~ 2.6. In

number Re' = 1029 (not shown) are f llw d at grid resolution 384 x 768. In this
M

addition to the reconnection fluxspro S,tﬁb 2D contours of vertical velocity and spanwise

current density shown in Fig. fu\ firm that the CFDNS results presented here are
indeed fully converged DNS—like\ﬁﬁons.

Rel_lon=426

FIG. 7. The temporal variations of magnetic streamlines during magnetic reconnection with Re,, ~

112 and Re® ~ 426.
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Publishingﬁ inally, to examine the effects of the plasma transport terms and convergence of the
results with the Reynolds number, we have conducted a series of simulations for a range of
Re' and Re,, values. First, as observed in Fig. 10(a), viscosity has a slight delay effect on the
reconnection time, as Re’ is increased from 124 to 850. However, for all viscous Reynolds
numbers, Re’, the magnetic flux saturates to the same non—dimen?énal value of around 4.0
at a non-dimensional time close to 40.0. These values are consi eni with those reported in
Refs.®43, In addition, the time variations of the reconnecti quickly converge at Re'

values above ~ 400. For Re' = 426, Fig. 10(b) shows tha b?e netic flux also converges
L

Based on this convergence, we assess that the results Sbtained with Re' = 426 and

as the magnetic Reynolds number, is increased to Re,, =
y

Re,, = 890 fully represent the collisionless recon@ion process for the number density and
length scale shown above, representative of solar aL;)reconnection. In addition, due to
the robustness of the saturation flux value time to t

also very similar to numerical results gelyingwon numerical dissipation for regularization.
larg

On the other hand, resistivity has \e effect than viscosity at moderate Re,, values

he viscosity value, the results are

(Fig. 10b), in particular on the geconheétion time. Lower resistivity or large Re,, values

QY
N

n - (D)
x L
> | 4
T [ 10 E
S | 4 F
g2r S |
s | T
S8 I 10°
[] - -
x = [~

. B

! 10-6 ] ! TN N TN I Y N N N N A A
=0 SN0 .20 30 40 2.5E-02 5.0E-02  7.5E-02 1.0E-01
3 time AX*

Ny N

G. 8. (a) Temporal variation of reconnection flux at different resolutions and (b) comparison
of grid convergence rate for the two-fluid plasma solver results (n = 6.58) against the theoretical
limit of the sixth-order compact finite difference scheme. The simulations were conducted with

Re,, ~ 112 and Re’ ~ 426.
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1 to an earlier reconnection and slightly larger saturation flux values. The reconnection
time and saturation flux value for the case Re,, = 224 shown in Fig. 10(b) are very close
to those predicted by previous Hall-MHD simulations®® with Re,, = 200. However, due

to the larger potential effect of the numerical regularization scheme regarding resistivity,
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Publishimgictions using the ideal (inviscid and perfect conductivity) two-fluid plasma model (e.g.
Ref.%), need to be evaluated with more caution. However, again, the convergence of the
results as Re' and Re,, are increased, explains why previous studies using relatively low Re,,
values, in comparison to the extremely high Re,, values found in practice, are still useful in

predicting the magnetic reconnection phenomena occurring in spa?é.

V. CONCLUSION \

In this study, to be able to generate high-order fully V@'ed DNS-like solutions for
plasma flow problems, we have implemented the B 1nskf) two-fluid plasma model with
full plasma transport terms, including tempera ire_and gnetic field dependent ion and

electron viscous stresses and heat fluxes, frictiogal d L? force, and ohmic heating term, in
1ve c

the CFDNS code, using sixth-order non-d mpact finite differences with negligible
numerical dissipation/diffusion. To mai t putatlonal feasibility, while also solving all
the dynamically relevant time and e les the infinite speed of light and negligible
electron inertia assumptions hav bee

The range of applicabiht ultlng two-fluid plasma equations is discussed in

detail. This was achieved by g a non-dimensional analysis of the equations, which

highlights the relevant orm\Sensmnal parameters. These parameters are cast in terms
of characteristic scalés fou practical problems of interests, including the characteris-
tic number densit, ngy length cle Lo, temperature, Tp, and magnetic strength, By. The
non-dimensio aﬁw’cers can be used to estimate the relative contributions of Hall and

Biermann bha effects, resistivity, viscous stress, and heat flux in different regimes. In

riafe limits, the two-fluid plasma equations recover the conventional MHD (i.e.

ideal, (resistivejdnd Hall) equations. First, the corresponding non-dimensional single fluid
 for/the mixture velocity, density, pressure and temperature are derived. Then, (i)
c ventif)nal Hall-MHD equations can be recovered in regimes where 0 < 5\2 < \/W
‘(Hsd@r 0 < 71; < v/mi/me), Re', Re® — oo, and Fr — oo; (ii) Resistive MHD equations
cau be recovered in regimes where \; — 0 (and/or 7; — 0), Fr — oo, and Re’, Re® — oo,
but Re,, has a finite value; and (iii) Ideal MHD equations are recovered in regimes when
in addition Re,, — oo. The single fluid, as well as the conventional Hall-MHD equations,

are unclosed due to the explicit presence of the electron pressure. Several choices for closing
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Publishitigse equations in previous studies are discussed. In contrast, the two-fluid plasma equations

are more general and do not need additional assumptions.

The two-fluid solver was demonstrated against four canonical problems, to confirm its
accuracy and robustness in handling plasma flows in different regimes. These test cases
include the Alfven and whistler waves for parameter values releynt to solar corona, the
electromagnetic Brio-Wu plasma shock® with parameter valu reseva to the bow shock
caused by the interaction between solar wind and earths ma&here, and the fast mag-

m

"

d nragnetic Reynolds numbers

netic reconnection in solar flares. All physical transpo re retained for the four

test cases, and the convergence with respect to the ViSCO_\US
was discussed, in addition to proving grid convergenée of thf results. For both Alfven and
whistler dispersion relations the numerical resultsfare in excellent agreement with the analyt-

ical or linear stability theory (LST) predictioner%Legjonding ideal MHD and Hall-MHD

equations over a wide range of wavenumbgersiiBecause of the inclusion of physical viscosity

in the two-fluid plasma solver, all plas&\_gc aracteristics can be fully resolved at all
reso

Reynolds numbers, provided the gr'd> ion is sufficiently high. This means that the
the ion grid Reynolds number, Piz '/N'X needs to be smaller than a threshold value,
t ca

N

und 2.3. Near the sharp gradients in the plasma
shock problem, in contrast to t\ﬁ?svorder convergence rate commonly found in studies

which for the plasma shock t

using shock-capturing he?'m% the grid convergence rate calculated here is in the range

of n ~ 6.08 — 6.14 which s very close to the theoretical value of the sixth-order compact
£

scheme. y.

For the las

‘%t\ﬁ% the CFDNS results successfully demonstrate, using the two-fluid
h.

plasma mode fast magnetic reconnection process occurring under solar flare conditions.

turation time and value predicted here are in good agreement with those
reporfed in jous studies under similar conditions. The systematic examination of Re’
andal? effgcts on the magnetic reconnection reveals that the results are converged for
t largéyt values used in this study, Re’ = 426 and Re,, = 890. This implies that the
%gﬂt\s are relevant to practical problems with much larger Reynolds numbers. The viscous
effects are relatively small for Re® ~ 100 — 400, so that coarse resolution simulation results
using numerical dissipation to regularize the equations are likely close to the high Reynolds

number results. On the other hand, the reconnection flux saturation value and time are

more sensitive to changes in Re,,. The CFDNS results with Re,, ~ 200 are close to those
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Publishi:neg) rted in previous studies, but the results become converged at much higher magnetic
Reynolds number values (Re,, > 800). These results are particularly useful in evaluating
the different approximations used in plasma solvers (e.g. with/without viscosity, heat flux,
resistivity, etc.).

In general, the Braginskii transport coefficients become inaccurafg for degenerate and/or

partially ionized plasmas. However, more general formulations t include full directional

dependence of the physical transport with respect to the magnetigfield or are less accurate
for low-Z materials. Future simulations will address the i 3%\& anisotropic transport,

differences with more accurate models where availab e (g for<higher-Z materials), and

further explore the existence of a mixing transition i Val"iOSS applications.
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Appen A¢ Plasma Transport Term Formulations

- V.
Fo%‘ teness, the formulations for all transport terms, mostly following Ref.'”, as
ﬁ

V\% tails of their implementation are given below.

=~

1.5, Viscous stress tensors,

In general, three major steps are needed for calculating the viscous stress. First, the

strain rate tensor, Wy, is calculated in the fixed Cartesian coordinate system,{e;,es,es},
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Publishing
W, = — |Vu, + (Vu,)" — g (V- uy) I} (A1)

where 1 is the second-order identity tensor.
The next step is to restate the strain rate tensor, Wy, into a movmg coordinate system

aligned with the magnetic field, {e}, ey, e;}, in which e; = B/|B 10tes the unity vector

in the direction of magnetic field, as given below: \
W; = QTWSQ- \ (AQ)

Q= (A3)
where B, = B;/\/B? + B} and B, =4, 2 2. The viscous stress in the new
coordinate system can then be calc a.t.g%a :

~
! ]. s !

T1,s = _§M0 ( ) 2#1 (W11 s W22,5) psWia s s (A4)
71—,12,3 = Wia s + 2H§ (Wn s — W s) ) (A5)
7-‘-/13,5 4 2W1l3,s - /’LZW2/3,S ) (A6>

! / ! 1 8 / ! s /
7T2¥: 6/‘/11 s+ Wy s) - 5 (Wm,s - W117s) + U3W127s ) (A7)
N2W23 s T M4W13 5 (A8)
W?;3,s ) (A9>

wher ,uj, .., 4, are the ion and electron viscosity coefficients which are mainly functions
atu)e T,, and number density, n,. For ions, one has pf = (2.23/2.33) n;kpT;T;,

= ni@;Tm (1.22% +2.23) /A, uy = nikpTimiz (2* +2.38) /A, where 2 = wym; and A =

x?+2.33. The coefficients p} and i can be obtained by replacing = by 2z in the for-
Jations for 1, and i, respectively. Here, 7; = 127322, /m; (kT;)** / (InAe*Z*n;) is the
ion collision time and w.; = Ze|B|/m; is the ion cyclotron frequency. For electrons, one has
wé = (8.50/11.6) n kpT. 7., us = nkpT. 7. (2.052% + 8.50) /A, p§ = —nekpTotex (22 + 7.91) /A,
where 7 = w..7. and A = z* + 13.82% 4+ 11.6. Similarly, the coefficients px$ and u§ can be
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Publishipigtained by replacing z by 2z in the formulations for p§ and pug, respectively. Here,
7. = 6321322 /m, (kgT,)*? / (InAe*Zn,) is the electron collision time and w,. = e[B|/m,
is the electron cyclotron frequency.

In this study, the Coulomb logarithm formula, InA, is adopted from Ref.?® and its ex-

pression in Gaussian units is given below: /

—ln (22:1 arg®) , if g=(Ze Q}g <1

2 (A10)
o b+ biln(g) + byln(g) %?wgfﬂbﬂ

1 + b3g + b492
'M\
..., by can be found in Ref.?3.

InA =
2

, if g
The numerical values of the constant coefficients aq, agf'=

The effective screening length Acsy can be estimateiigw
(] 5?1/2
where A\, = [k;BTe/(47TZQ(32ne)]1/2, = ZW

£ and a; = (3/47n.)"?.
Finally, the viscous stress tensor, s, ch‘btained by restating 7, back into the fixed

coordinate system, {e1, ez, €3}, a; shomsk)wz
k\“‘ =Qr.Q" (A12)

For the special case

t‘ﬂbSmagnetic field, i.e. B = 0, the viscous stress tensor can be

calculated directly by usi

V.

/ \ / o= Wy (A13)

the following formulation,

g situation is when the magnetic field is aligned with the fixed coordinate

= 0 and B3 # 0. In this case, the transformation matrix, Q, is reduced

er identity tensor I. Therefore, no coordinate transformation is needed and

to thesecond-
themiscous s)ress tensor can be calculated by using equations (A4)-(A9) directly.

% Eeat Flux, q;

he ion heat flux, q;, is caused by temperature gradient only and can be expressed as:

m;

z (ma? +np)
A

ma? + 1,

< (hx VT})|, (Al4)

noV T + ( ) V.T; -
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Publishiwg( re h = B/|B| represents a unity vector in the direction of local magnetic field and
the symbols || and L on any vector denote its component in the parallel or perpendicular
direction to the magnetic field, B, respectively. For example, VT; = h (h-VT;) and V T} =
h x (VT; x h) = VT; — V| T;. The non-dimensional variables x and A follow the definitions

above. /
On the contrary, the electron heat flux, q., is caused by bot éjnp ture gradient and
the relative velocity between ion and electron, (u; — u,) density, J, and can be

written as q. = qre + que. The two parts are formulated

(k3T %17 + % (M + )
ar. = ("FEIT) Loowyr, + (1 ) (v | (ars)
k Te ) + /
due = == | o + (w) I+ (hxJ)|. (A16)

A
L ’
The numerical values of the constant COGW Y0, Bo, Yo €te., can be found in Ref.!”.
. . \
3. Frictional drag force, R,

o
Similar to the electron heat ﬂqu\be frictional drag force between ions and electrons,
R.; (or R,), also has two diffe er utions:

1 2 / ” 2 ”
Ru = (67‘6 Q}J”/ —A ) JL —A (h X J) , (Al?)

r 9 ” 2+ »
BO HTe + ( 13;'A+ /80) VLTE + X (ﬁle 50) (h % VTE)

(A18)

RT:— Ne

R, is the £lassicalmomentum frictional force caused by the velocity difference between ions

and eleetrons, whife the thermal frictional force, Ry, is produced by the electron temperature

gradicut. 3

ﬁ
&C&Rision generated heat, (),

4
\
ollowing the approximations made in Refs.!”%*, the ion and electron collision generated

heat terms are written as:

Qi=Qa=3 (%) (”—) ks (T, - T)) (A19)

K3 (&
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PUb“Shlng Qe = Re ' (ui - ue) - QA (A2O>

The expression R, - (u; — u,) is the general ohmic heating term.

We note here that the Braginskii coefficients are consistently derived using two-term
Sonine polynomial solutions of the Boltzmann equation. The elect on conductivity model
presented in Ref.%® reduces to the Braginskii model for fully ioniz ndegenerate plasmas,
but retains a higher precision for the numerical coefficients dug a Phtreatment of the
Sonine polynomial solution. Thus, most of the coefﬁmen‘cs in the heat flux and
frictional drag force Braginskii formulas are about 8% di re than he exact values. On the
other hand, Ref.®® does not include electron-electron Seattering, which ads a non-negligible
contribution for low-Z materials, where the model oV ‘stim)tes the conductivity. For con-
sistency with the other transport formulas and t Conid-‘jr the full directional dependence of

the transport, here, we use the Braginskii formitlatiofifor the heat flux and frictional drag
force and will address the differences com ‘%\Q ef 58 formulation elsewhere.

s
Appendix B: Quasi-neutrality c Wi";i%n

As discussed in the Sectio I.Qx\ﬁ\dication of the accuracy of the numerical integration
Pe, u

is that the charge density, ated from the divergence of electric field, E, remains

sufficiently small at all h%s. For all test cases discussed in this paper, the maximum

sit)f 1

o sitnulation times.

normalized charge

monitored throu?ﬂout

computational domain, [f¢|mar = €0V -E/ (€21;) |maz, Was

Fig. 11 sh De|lmue variation for the 1D plasma shock and 2D magnetic reconnection
problems. 4B cases exhibit sufficiently small values to conclude that the simulations

conducte 'nffhiSf dy satisfy the quasi-neutrality condition.

ﬂ
ppen : Single-fluid limiting equations

v&e single-fluid plasma equations (35)-(38) described in Section IIIB are derived from
the non-dimensional two-fluid plasma equations (20)-(27) by using the ion-electron mixture
definitions, infinite speed of light, and negligible electron inertia assumptions. The Hall term,
electron pressure term, and all plasma transport terms are retained in the single-fluid plasma

equations, which can be viewed as full Hall-MHD equations, in contrast to the conventional
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AllP

PublishiHgll-MHD equations where the viscous, heat flux and acceleration terms are neglected. As
shown in this Appendix, the conventional Hall, resistive, and ideal MHD equations can be

recovered from the general single-fluid equations (35)-(38) as limiting cases.

1. The conventional Hall-MHD equations <\

In regimes where Re’, Re® — oo, @, — 0, and R} — 0, a‘ﬁs% ing that the gradients
stay finite, the single-fluid equations (35)-(38) given in Section IT1I B reduce to:

y g q (35)-(38) g }A_____‘

a *
AV () =0, ) 1)

a * *
1 op*
ot*

(C4)
/\z—V* * —R* C5
R (C5)
(C6)
3.0E-10 1.0E-05
L(b)
2.0E-10 i i
x B B
£
E, . 5.0E-06
j— é |
1.0E —
- |2 i
T N R A N M A A N N N |
})EKOOO 15 0.0E+000 10 20 .. 30 40

time

FIG. 11. The temporal variations of maximum normalized charge density for (a) plasma shock and

(b) magnetic reconnection cases.
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PublishiBguations (C1)-(C6) are the conventional Hall-MHD equations®®®* in which R, is function

of current density, J*, as shown in Appendix A 3 and 3 Rlem R, -J" x 3 Rlem J* - J* represents
the resistive effects. The g, and R} terms have been never been considered in previous
derivations of Hall-MHD equations. For the tests considered in this study, these two terms
are negligible. In the presence of turbulence, it is assumed that Vi%us dissipation does not
vanish in the infinite Reynolds number limit, so that the domain plieability of equations
(C1)-(C6) relates to non-turbulent flows, unless they are used 1 L?; context of turbulence
modeling with added subgrid or turbulent transport model \

Written as above, the conventional Hall-MHD equat_i_g dre net closed, due to the pres-
ence of the electron pressure, p?, which cannot be estimated from the rest of the variables.

In practice, to close the equations, some studieg®® 6

while others*57 assume identical ion and eleiron t@)eratures, Ty = T*. In the latter
case, the electron pressure becomes p} = @ 1+1/2).
\
2. The resistive MHD equatio 35
N

In regimes where S\Z —0 (JK/O\F 0), Re', Re® — oo, and F'r — oo, the single-fluid

si neglect the electron pressure,

equations (35)-(38) reduce to:

dp

RV (pru) =0, (C7)
>‘XI*) * * * * k %k * *

/ AV (putut) = =BVt + I x B, (C8)
@{aﬁ—i-v-(pu)] PV u+6R€mRuJ (C9)

B*
y 6:%* = —V* x E*, (C10)
B 4 B +u' x B = — R’ C11
Ks +u X - R_Gm u’ ( )
J*=V*xB* (C12)

Q
Eﬁys&ons (C7)-(C12) are the non-dimensional resistive MHD equations?®®*. Obviously, the
resistive HMD equations are closed without the need of explicitly assuming identical ion
and electron temperatures (7 = 7). As before, R, is function of current density, J*.

Again, neglecting the viscous contributions in the infinite Reynolds number limit, generally

precludes the use of equations (C7)-(C12) for turbulent flow calculations.
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Publishidg The ideal MHD equations

If in addition, Re,, — oo, the resistive MHD equations (C7)-(C12) can be further reduced

to the ideal-MHD equations*®°* given below:

ap * k * _
etV (pra) = (C13)
% F V- (prate) = (C14)
ol i ves +V ~(pu)] = (C15)

oB*
E* +u* x B* = (C17)
J AV (C18)
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