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Abstract

With recent advancements in advanced manufacturing techniques, it is now

possible to fabricate complex geometries that take advantage of well known

principles of heat transfer. Therefore, unconventional configurations to en-

hance e↵ectiveness beyond conventional designs can now be considered for

practical application. Thermal performance and overall cost of a new design

of heat exchangers in counter cross-flow configurations are studied using a

simplified but accurate computational method. The new heat exchanger de-

sign was introduced and studied previously for a cross-flow configuration by
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Sabau et al. [1, 2]. This new design concept uses multi-scale configurations

with successive plenums for the working fluid. At the smallest scale the tubes

are sized to be equal to the hydraulic entrance length of the inside fluid, in

accord with constructal design. Results indicate that compared to the ear-

lier cross-flow configuration, the counter cross-flow arrangement improves the

thermal performance of the heat exchanger by as much as 17% and lowers

the total cost by as much as 14%.

Keywords: Counter cross-flow heat exchanger, Thermal performance,

Constructal, Cost.

Nomenclature

A tube area, [m2]

A1 constant given in Table 4

a dimensionless tube spacing parameter

b dimensionless tube spacing parameter

C1 tube fluid heat capacity rate, [W/K]

C2 shell fluid heat capacity rate, [W/K]

Cn constant based on number of rows

Cp specific heat, [J/(kg K)]

D tube inside diameter, [m], D = 2 ⇥ rin

f friction factor

h heat transfer coe�cient for each fluid, [W/(m2 K)]

h̄hx overall heat transfer coe�cient, [W/(m2 K)]

k thermal conductivity, [W/(m K)]

L tube length, [m]
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Le hydraulic entrance length, [m]

m1 constant given in Table 4

ṁ mass flow rate, [kg/s]

n1 constant given in Table 4

Nseg number of segments

Nr number of rows

Nt number of tubes in each row

Ns number of stacks

NTU number of heat transfer units

Nu Nusselt number

Pr Prandtl number

q heat load, [W]

ReD Reynolds number based on tube diameter

U overall heat transfer coe�cient of the heat exchanger, [W/(m2 K)]

Greek

⌫ kinematic viscosity, [m2/s]

subscripts

1 tube side fluid

2 shell side fluid

in inlet

m metal

out outlet

w wall
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1. Introduction

Shell and tube heat exchangers are commonly used in many capacities

for heating and cooling, and their design has been an important research

topic for many years. In the past, the design and performance of shell and

tube heat exchangers has been extensively studied [3–15]. However, with

recent advancements in additive manufacturing, through which “unconven-

tional” designs can be investigated, there has been an increased interest in

improving the e↵ectiveness and e�ciency of traditional heat exchangers while

driving down the manufacturing and operational costs. As such, design tools

that are both e�cient and accurate are needed to investigate many possible

configurations/geometries in a wide design space.

The concept of multi-scale heat exchanger design was previously stud-

ied by Bejan et al. [16–21], Zimparov et al. [22], da Silva et al. [23], Chen

et al. [24], and Lorenzini et al. [25]. A new design for shell and tube heat

exchangers based on constructal law [26] was recently proposed by Sabau

et al. [1, 2]. Their heat exchanger design incorporated the multi-scale de-

sign with successive plenums at several length-scale levels to attain better

thermal performance with limited cost increases. The original configuration

was in a cross-flow configuration where the working fluid, in this case brine,

was inside the tubes and the refrigerant (R134A) flowed on the outside or

the shell side of the heat exchanger. Sabau et al. [1, 2] demonstrated that

their concept had lower overall cost and better thermal performance when

compared to a traditional shell and tube heat exchanger with the same heat

load requirements.

As indicated earlier, it is always desirable to lower the overall cost of a
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heat exchanger while keeping the thermal performance una↵ected or even

improved. One possible way of achieving this goal is reversing the flow direc-

tion of one the fluids. According to Incropera et al. [27], for the same inlet

and outlet conditions the log mean temperature di↵erence for counter flow

exchangers exceeds that of the parallel flow. Assuming the same value of

the overall heat transfer coe�cient for both flows, the counter flow heat ex-

changer requires less surface area to attain the same heat transfer rate as the

parallel flow. The same holds true for the cross-flow and counter cross-flow

configurations.

The overall goal here is to rely on the new concept [1, 2] and investigate

configurations that lower the cost per heat load while improving the ther-

mal performance. Using the computational methodology presented in this

paper, the thermal performance of di↵erent heat exchanger configurations

in counter cross-flow are studied. These results are then compared to the

ones presented by [1, 2] to determine the e↵ects of the flow direction on the

thermal performance and overall cost. As will be demonstrated later in this

paper, the counter cross-flow setup provides higher heat loads for the same

geometry configurations as the cross-flow heat exchanger.

2. Design Variables

Figure 1 shows a sample heat exchanger design from Sabau et al. [1, 2].

This design consists of three flow levels where the smallest scale is the flow

inside the cylindrical tubes. To enhance the thermal performance of the heat

exchanger, the tube lengths are set to be equal to the their hydraulic entrance

length [17, 26]. For turbulent flows, the thermal and hydraulic entrance are
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Figure 1: A sample heat exchanger design from [1, 2] in counter cross-flow, showing the

flow direction of brine and refrigerant with inlet level 1 removed for clarity.

approximately the same, and therefore, can be used interchangeably.

The entrance length idea was first introduced by Bejan [17] for the design

of dendritic heat exchangers. At the entrance length region of the tubes,

the Nusselt number is much higher which translates into higher heat transfer

coe�cients. Sizing the tubes to their hydraulic (thermal) entrance length

maximizes the thermal performance of the heat exchanger while keeping the

material cost low, which in turn reduces the cost per heat load metric for the

heat exchanger. For each individual heat exchanger configuration, the tube

lengths at level 3 are calculated according to Zhi-Qing [28] using Eq. (1) to

match the turbulent hydraulic entrance length of the brine flowing inside.

Le = 1.36 D Re1/4D (1)

At each flow level, the heat exchanger is made up of tubes or ducts of

varying sizes as shown in Fig. 1. At the smallest length scale, the number

of tubes can vary horizontally (n3), or vertically (ns3). In a similar fashion,
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(a)

(b)

Figure 2: Sample of heat exchanger design from [1, 2] showing all four geometry-based

design variables. (a) Sectioned front view with level 1 removed for clarity showing two

unit heat exchangers. Arrows represent the brine flow direction. (b) Top view of the heat

exchanger showing the level 2 channels arrangements.
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at level 2 scale (the ducts connected at each end of the tubes), the number

of inlet ducts can vary horizontally (n2) and vertically (ns2). This is also

shown in Figs. 2a and 2b. For the heat exchanger depicted here the number

of ducts and tubes are taken to be n3 = 3, ns3 = 2, n2 = 2 and ns2 = 2.

Di↵erent combinations of n3, ns3, n2 and ns2 should be considered to find

the best performing heat exchanger design, and to examine the overall e↵ects

of the number of stacks on the heat exchanger performance.

In essence, this new heat exchanger design consists of multiple “unit”

heat exchangers that are assembled in parallel to create a multi-stack heat

exchanger as shown in Fig. 2a. The number of level 2 channels in each of

the “unit” heat exchangers is equal to 2n2 � 1, where the design variable

n2 is the number of inlets for the brine. In other words, it is the number

of times the total brine mass flow rate is evenly distributed in level 2. The

level 2 channels in turn evenly distribute the brine to level 3 tubes. The

total number of tubes in a row, as seen by the refrigerant as it enters the

space between 2 adjacent level 2 channels, corresponds to the design variable

n3. That is, there are n3 number of tubes in a row connecting two adjacent

level 2 channels, where one channel is the inlet channel for the tubes in that

row and the other is the exit channel. Therefore, in the unit heat exchanger,

there are a total of n3 ⇥ (2n2 � 1) tubes immediately facing the refrigerant

as it enters the system. This is the core architecture of the heat exchanger

where the outside fluid passes over a single wall of round tubes and then exits

the system.

Additionally, this configuration can be expanded by introducing a new

design variable and adding more tubes behind the first row of tubes in a
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staggered arrangement and extending the width of the level 2 channel to

accommodate these new rows of tubes. The total number of parallel rows of

tubes in the unit heat exchanger is represented by the design variable ns3.

These additional rows of tubes are connected to the same level 2 channels as

the first row, and therefore, share the same inlet temperature for the brine

as the first row in front of them.

To further enhance the performance of the heat exchanger, additional

unit heat exchanger configurations can be connected in parallel to the first

unit to create a stacked heat exchanger. The total number of stacked unit

heat exchangers is represented by ns2. It is assumed that both the inside

and the outside fluids are well mixed as they exit each unit heat exchanger,

and thus, the average brine and refrigerant exit temperatures of the first unit

heat exchanger are used as the inlet temperatures for the 2nd unit and so

on.

The tube side fluid enters the heat exchanger at level 1, where it is divided

evenly between the level 2 inlets such that ṁL1 = ṁL2 ⇥ n2. The tube

side fluid is also assumed to be evenly distributed between the level 3 tubes

attached to the first stack (ns2 = 1) such that ṁL1 = ṁL3 ⇥ (2n2 � 1)⇥n3 ⇥

ns3.

The e↵ect of tube spacing is also considered in the overall cost and thermal

performance of the design. Figure 3 shows the two variables a and b that are

adjusted to attain the best tube spacing for this heat exchanger design.
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Figure 3: Definition of dimensionless spacing parameters a and b for a staggered bank of

tubes in level 3.

3. Thermal Performance Analysis of New Counter Cross-flow Heat

Exchangers

In this work, two separate models were developed for the performance

analysis of the cross-flow and counter cross-flow heat exchanger design. The

first model, as presented and discussed in this section, is used to gauge the

thermal performance of the new design cross-flow and counter cross-flow heat

exchangers using the entrance length concept. The second model that was

developed, is used to study thermal performance characteristics of a tradi-

tional shell and tube heat exchanger. The traditional shell and tube design

is used as a baseline design in order to compare its performance with the

new entrance length cross-flow and counter cross-flow heat exchanger design

concept allowing us to assess the advantages and disadvantages of the new

approach. For brevity, the theory behind the shell and tube heat exchanger

design will not be presented in this work. However, detailed information and

discussion can be found in an earlier publication by Sabau et al. [2].

The entrance-length concept presented here is approached numerically
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by calculating outlet temperatures for the mixed-unmixed counter cross-flow

heat exchangers. Unlike previous studies reported in the literature, only

inputs for the current approach are the material properties, inlet tempera-

tures, mass flow rates for each stream, and the geometric variables such as

tube diameter and tube thickness.

At its core, this method computes the temperature distribution along

each tube based on the energy balance between the shell side fluid and the

tube side fluid. An initial guess is made for the outlet temperature and the

heat transfer coe�cient, and their values are updated iteratively based on

the energy balance in the system. It should be noted that, the method is gen-

eralized and can be used to model any configuration with varying number of

tubes, tube diameters, and tube spacing. The analysis assumes that the flow

is turbulent and that the fluid is fully mixed inside the tubes and unmixed

on the shell side, except between each stack, where mixing occurs. It also

assumes that the working fluids are evenly distributed through each tube as

well as outside of each tube. Due to the periodicity, a simplified version of

each configuration can be used to calculate the temperature distribution.

Each tube is divided into Nseg number of segments, that results in Nseg+1

nodes along the tube for the tube side fluid and Nseg nodes on the outside of

the tube for the shell fluid. Therefore, the temperature matrix for the tube

side fluid has dimensions of (Nseg+1)⇥Nt and the outside fluid temperature

matrix has dimensions of Nseg ⇥ (Nt + 1) where Nt is the total number of

tubes in each row. In what follows, the upper-case T will represent the tube

side fluid nodes and the lower-case t will represent the shell side fluid. The

index i increases along the length of the tube from top to bottom, and the

11



index j increases from left to right, where each j represents a tube.

A representative computational grid for two adjacent tubes in counter

cross-flow configurations is depicted in Fig. 4, where the arrows show the

direction of the flow. As can be seen, the two nodes, namely (i, j + 2) and

(i + 1, j + 2), correspond to the inlets for the shell side fluid, and therefore,

their temperatures [t(i, j+2) and t(i+1, j+2)] are known. This means that

the inlet temperature boundary condition (j = jmax) imposed on the shell

side fluid is on the right side of the temperature matrix. In contrast, for a

cross-flow heat exchanger the temperature boundary is on the left side of the

matrix or when j = 1. This technique assumes that the tube side fluid always

flows from top to bottom in all tubes. To mimic the serpentine configuration

of the heat exchanger, an average temperature condition is imposed on the

solution for the outside temperature nodes at the exit of each stack before

starting the next iteration. Therefore, according to Fig. 4 and assuming a

single tube per stack, T (i+2, j) = T (i, j+1). Furthermore, due to averaging,

t(i, j + 2) = t(i+ 1, j + 2) and so on.

T (i, j)
<latexit sha1_base64="0iWXX0TGGf83tktiMVTNKgBuTSE=">AAAB73icbZDLSgMxFIbPeK31VnXpJtgKFaTMdGOXBTcuK/QG7VAyaaaNTTJjkhHK0Jdw40IRt76OO9/GtJ2Ftv4Q+PjPOeScP4g508Z1v52Nza3tnd3cXn7/4PDouHBy2tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzO650nqjSLZNNMY+oLPJIsZAQba3VLzTK7frgqDQpFt+IuhNbBy6AImRqDwld/GJFEUGkIx1r3PDc2foqVYYTTWb6faBpjMsEj2rMosaDaTxf7ztCldYYojJR90qCF+3sixULrqQhsp8BmrFdrc/O/Wi8xYc1PmYwTQyVZfhQmHJkIzY9HQ6YoMXxqARPF7K6IjLHCxNiI8jYEb/XkdWhXK57l+2qxXsviyME5XEAZPLiBOtxBA1pAgMMzvMKb8+i8OO/Ox7J1w8lmzuCPnM8fH+yOqg==</latexit><latexit sha1_base64="0iWXX0TGGf83tktiMVTNKgBuTSE=">AAAB73icbZDLSgMxFIbPeK31VnXpJtgKFaTMdGOXBTcuK/QG7VAyaaaNTTJjkhHK0Jdw40IRt76OO9/GtJ2Ftv4Q+PjPOeScP4g508Z1v52Nza3tnd3cXn7/4PDouHBy2tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzO650nqjSLZNNMY+oLPJIsZAQba3VLzTK7frgqDQpFt+IuhNbBy6AImRqDwld/GJFEUGkIx1r3PDc2foqVYYTTWb6faBpjMsEj2rMosaDaTxf7ztCldYYojJR90qCF+3sixULrqQhsp8BmrFdrc/O/Wi8xYc1PmYwTQyVZfhQmHJkIzY9HQ6YoMXxqARPF7K6IjLHCxNiI8jYEb/XkdWhXK57l+2qxXsviyME5XEAZPLiBOtxBA1pAgMMzvMKb8+i8OO/Ox7J1w8lmzuCPnM8fH+yOqg==</latexit><latexit sha1_base64="0iWXX0TGGf83tktiMVTNKgBuTSE=">AAAB73icbZDLSgMxFIbPeK31VnXpJtgKFaTMdGOXBTcuK/QG7VAyaaaNTTJjkhHK0Jdw40IRt76OO9/GtJ2Ftv4Q+PjPOeScP4g508Z1v52Nza3tnd3cXn7/4PDouHBy2tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzO650nqjSLZNNMY+oLPJIsZAQba3VLzTK7frgqDQpFt+IuhNbBy6AImRqDwld/GJFEUGkIx1r3PDc2foqVYYTTWb6faBpjMsEj2rMosaDaTxf7ztCldYYojJR90qCF+3sixULrqQhsp8BmrFdrc/O/Wi8xYc1PmYwTQyVZfhQmHJkIzY9HQ6YoMXxqARPF7K6IjLHCxNiI8jYEb/XkdWhXK57l+2qxXsviyME5XEAZPLiBOtxBA1pAgMMzvMKb8+i8OO/Ox7J1w8lmzuCPnM8fH+yOqg==</latexit><latexit sha1_base64="0iWXX0TGGf83tktiMVTNKgBuTSE=">AAAB73icbZDLSgMxFIbPeK31VnXpJtgKFaTMdGOXBTcuK/QG7VAyaaaNTTJjkhHK0Jdw40IRt76OO9/GtJ2Ftv4Q+PjPOeScP4g508Z1v52Nza3tnd3cXn7/4PDouHBy2tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzO650nqjSLZNNMY+oLPJIsZAQba3VLzTK7frgqDQpFt+IuhNbBy6AImRqDwld/GJFEUGkIx1r3PDc2foqVYYTTWb6faBpjMsEj2rMosaDaTxf7ztCldYYojJR90qCF+3sixULrqQhsp8BmrFdrc/O/Wi8xYc1PmYwTQyVZfhQmHJkIzY9HQ6YoMXxqARPF7K6IjLHCxNiI8jYEb/XkdWhXK57l+2qxXsviyME5XEAZPLiBOtxBA1pAgMMzvMKb8+i8OO/Ox7J1w8lmzuCPnM8fH+yOqg==</latexit>

T (i, j + 1)
<latexit sha1_base64="IUYmiKqyq37YEALaXhTmP51F4As=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm8FWqCgl6cYuC25cVugN21Am00k7djIJMxOhhL6FGxeKuPVt3Pk2TtostPWHgY//nMOc83sRZ0rb9reV29jc2t7J7xb29g8Oj4rHJx0VxpLQNgl5KHseVpQzQduaaU57kaQ48DjtetPbtN59olKxULT0LKJugMeC+YxgbayHcqvCrh+vnMvysFiyq/ZCaB2cDEqQqTksfg1GIYkDKjThWKm+Y0faTbDUjHA6LwxiRSNMpnhM+wYFDqhyk8XGc3RhnBHyQ2me0Gjh/p5IcKDULPBMZ4D1RK3WUvO/Wj/Wft1NmIhiTQVZfuTHHOkQpeejEZOUaD4zgIlkZldEJlhiok1IBROCs3ryOnRqVcfwfa3UqGdx5OEMzqECDtxAA+6gCW0gIOAZXuHNUtaL9W59LFtzVjZzCn9kff4A+WOPGg==</latexit><latexit sha1_base64="IUYmiKqyq37YEALaXhTmP51F4As=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm8FWqCgl6cYuC25cVugN21Am00k7djIJMxOhhL6FGxeKuPVt3Pk2TtostPWHgY//nMOc83sRZ0rb9reV29jc2t7J7xb29g8Oj4rHJx0VxpLQNgl5KHseVpQzQduaaU57kaQ48DjtetPbtN59olKxULT0LKJugMeC+YxgbayHcqvCrh+vnMvysFiyq/ZCaB2cDEqQqTksfg1GIYkDKjThWKm+Y0faTbDUjHA6LwxiRSNMpnhM+wYFDqhyk8XGc3RhnBHyQ2me0Gjh/p5IcKDULPBMZ4D1RK3WUvO/Wj/Wft1NmIhiTQVZfuTHHOkQpeejEZOUaD4zgIlkZldEJlhiok1IBROCs3ryOnRqVcfwfa3UqGdx5OEMzqECDtxAA+6gCW0gIOAZXuHNUtaL9W59LFtzVjZzCn9kff4A+WOPGg==</latexit><latexit sha1_base64="IUYmiKqyq37YEALaXhTmP51F4As=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm8FWqCgl6cYuC25cVugN21Am00k7djIJMxOhhL6FGxeKuPVt3Pk2TtostPWHgY//nMOc83sRZ0rb9reV29jc2t7J7xb29g8Oj4rHJx0VxpLQNgl5KHseVpQzQduaaU57kaQ48DjtetPbtN59olKxULT0LKJugMeC+YxgbayHcqvCrh+vnMvysFiyq/ZCaB2cDEqQqTksfg1GIYkDKjThWKm+Y0faTbDUjHA6LwxiRSNMpnhM+wYFDqhyk8XGc3RhnBHyQ2me0Gjh/p5IcKDULPBMZ4D1RK3WUvO/Wj/Wft1NmIhiTQVZfuTHHOkQpeejEZOUaD4zgIlkZldEJlhiok1IBROCs3ryOnRqVcfwfa3UqGdx5OEMzqECDtxAA+6gCW0gIOAZXuHNUtaL9W59LFtzVjZzCn9kff4A+WOPGg==</latexit><latexit sha1_base64="IUYmiKqyq37YEALaXhTmP51F4As=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm8FWqCgl6cYuC25cVugN21Am00k7djIJMxOhhL6FGxeKuPVt3Pk2TtostPWHgY//nMOc83sRZ0rb9reV29jc2t7J7xb29g8Oj4rHJx0VxpLQNgl5KHseVpQzQduaaU57kaQ48DjtetPbtN59olKxULT0LKJugMeC+YxgbayHcqvCrh+vnMvysFiyq/ZCaB2cDEqQqTksfg1GIYkDKjThWKm+Y0faTbDUjHA6LwxiRSNMpnhM+wYFDqhyk8XGc3RhnBHyQ2me0Gjh/p5IcKDULPBMZ4D1RK3WUvO/Wj/Wft1NmIhiTQVZfuTHHOkQpeejEZOUaD4zgIlkZldEJlhiok1IBROCs3ryOnRqVcfwfa3UqGdx5OEMzqECDtxAA+6gCW0gIOAZXuHNUtaL9W59LFtzVjZzCn9kff4A+WOPGg==</latexit>

T (i + 2, j + 1)
<latexit sha1_base64="yd/O76lP2rQIWLg+0o6c2H9YlMQ=">AAAB83icbZDLSsNAFIZP6q3WW9Wlm8FWqFRKko1dFty4rNAbtKFMppN27GQSZiZCCX0NNy4UcevLuPNtnLZZaOsPAx//OYdz5vdjzpS27W8rt7W9s7uX3y8cHB4dnxRPzzoqSiShbRLxSPZ8rChngrY105z2Yklx6HPa9ad3i3r3iUrFItHSs5h6IR4LFjCCtbEG5VaFVd2bx6pzXR4WS3bNXgptgpNBCTI1h8WvwSgiSUiFJhwr1XfsWHsplpoRTueFQaJojMkUj2nfoMAhVV66vHmOrowzQkEkzRMaLd3fEykOlZqFvukMsZ6o9drC/K/WT3RQ91Im4kRTQVaLgoQjHaFFAGjEJCWazwxgIpm5FZEJlphoE1PBhOCsf3kTOm7NMfzglhr1LI48XMAlVMCBW2jAPTShDQRieIZXeLMS68V6tz5WrTkrmzmHP7I+fwDUv4+L</latexit><latexit sha1_base64="yd/O76lP2rQIWLg+0o6c2H9YlMQ=">AAAB83icbZDLSsNAFIZP6q3WW9Wlm8FWqFRKko1dFty4rNAbtKFMppN27GQSZiZCCX0NNy4UcevLuPNtnLZZaOsPAx//OYdz5vdjzpS27W8rt7W9s7uX3y8cHB4dnxRPzzoqSiShbRLxSPZ8rChngrY105z2Yklx6HPa9ad3i3r3iUrFItHSs5h6IR4LFjCCtbEG5VaFVd2bx6pzXR4WS3bNXgptgpNBCTI1h8WvwSgiSUiFJhwr1XfsWHsplpoRTueFQaJojMkUj2nfoMAhVV66vHmOrowzQkEkzRMaLd3fEykOlZqFvukMsZ6o9drC/K/WT3RQ91Im4kRTQVaLgoQjHaFFAGjEJCWazwxgIpm5FZEJlphoE1PBhOCsf3kTOm7NMfzglhr1LI48XMAlVMCBW2jAPTShDQRieIZXeLMS68V6tz5WrTkrmzmHP7I+fwDUv4+L</latexit><latexit sha1_base64="yd/O76lP2rQIWLg+0o6c2H9YlMQ=">AAAB83icbZDLSsNAFIZP6q3WW9Wlm8FWqFRKko1dFty4rNAbtKFMppN27GQSZiZCCX0NNy4UcevLuPNtnLZZaOsPAx//OYdz5vdjzpS27W8rt7W9s7uX3y8cHB4dnxRPzzoqSiShbRLxSPZ8rChngrY105z2Yklx6HPa9ad3i3r3iUrFItHSs5h6IR4LFjCCtbEG5VaFVd2bx6pzXR4WS3bNXgptgpNBCTI1h8WvwSgiSUiFJhwr1XfsWHsplpoRTueFQaJojMkUj2nfoMAhVV66vHmOrowzQkEkzRMaLd3fEykOlZqFvukMsZ6o9drC/K/WT3RQ91Im4kRTQVaLgoQjHaFFAGjEJCWazwxgIpm5FZEJlphoE1PBhOCsf3kTOm7NMfzglhr1LI48XMAlVMCBW2jAPTShDQRieIZXeLMS68V6tz5WrTkrmzmHP7I+fwDUv4+L</latexit><latexit sha1_base64="yd/O76lP2rQIWLg+0o6c2H9YlMQ=">AAAB83icbZDLSsNAFIZP6q3WW9Wlm8FWqFRKko1dFty4rNAbtKFMppN27GQSZiZCCX0NNy4UcevLuPNtnLZZaOsPAx//OYdz5vdjzpS27W8rt7W9s7uX3y8cHB4dnxRPzzoqSiShbRLxSPZ8rChngrY105z2Yklx6HPa9ad3i3r3iUrFItHSs5h6IR4LFjCCtbEG5VaFVd2bx6pzXR4WS3bNXgptgpNBCTI1h8WvwSgiSUiFJhwr1XfsWHsplpoRTueFQaJojMkUj2nfoMAhVV66vHmOrowzQkEkzRMaLd3fEykOlZqFvukMsZ6o9drC/K/WT3RQ91Im4kRTQVaLgoQjHaFFAGjEJCWazwxgIpm5FZEJlphoE1PBhOCsf3kTOm7NMfzglhr1LI48XMAlVMCBW2jAPTShDQRieIZXeLMS68V6tz5WrTkrmzmHP7I+fwDUv4+L</latexit>

T (i + 2, j)
<latexit sha1_base64="6wAi99+xcO/Ftx8EIbNABbTe7wk=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm8FWqCglycYuC25cVugN21Am00k7djIJMxOhhL6FGxeKuPVt3Pk2TtsstPWHgY//nMOc8/sxZ0rb9reV29jc2t7J7xb29g8Oj4rHJ20VJZLQFol4JLs+VpQzQVuaaU67saQ49Dnt+JPbeb3zRKVikWjqaUy9EI8ECxjB2lgP5WaFXbnXj5flQbFkV+2F0Do4GZQgU2NQ/OoPI5KEVGjCsVI9x461l2KpGeF0VugnisaYTPCI9gwKHFLlpYuNZ+jCOEMURNI8odHC/T2R4lCpaeibzhDrsVqtzc3/ar1EBzUvZSJONBVk+VGQcKQjND8fDZmkRPOpAUwkM7siMsYSE21CKpgQnNWT16HtVh3D926pXsviyMMZnEMFHLiBOtxBA1pAQMAzvMKbpawX6936WLbmrGzmFP7I+vwB+nePGw==</latexit><latexit sha1_base64="6wAi99+xcO/Ftx8EIbNABbTe7wk=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm8FWqCglycYuC25cVugN21Am00k7djIJMxOhhL6FGxeKuPVt3Pk2TtsstPWHgY//nMOc8/sxZ0rb9reV29jc2t7J7xb29g8Oj4rHJ20VJZLQFol4JLs+VpQzQVuaaU67saQ49Dnt+JPbeb3zRKVikWjqaUy9EI8ECxjB2lgP5WaFXbnXj5flQbFkV+2F0Do4GZQgU2NQ/OoPI5KEVGjCsVI9x461l2KpGeF0VugnisaYTPCI9gwKHFLlpYuNZ+jCOEMURNI8odHC/T2R4lCpaeibzhDrsVqtzc3/ar1EBzUvZSJONBVk+VGQcKQjND8fDZmkRPOpAUwkM7siMsYSE21CKpgQnNWT16HtVh3D926pXsviyMMZnEMFHLiBOtxBA1pAQMAzvMKbpawX6936WLbmrGzmFP7I+vwB+nePGw==</latexit><latexit sha1_base64="6wAi99+xcO/Ftx8EIbNABbTe7wk=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm8FWqCglycYuC25cVugN21Am00k7djIJMxOhhL6FGxeKuPVt3Pk2TtsstPWHgY//nMOc8/sxZ0rb9reV29jc2t7J7xb29g8Oj4rHJ20VJZLQFol4JLs+VpQzQVuaaU67saQ49Dnt+JPbeb3zRKVikWjqaUy9EI8ECxjB2lgP5WaFXbnXj5flQbFkV+2F0Do4GZQgU2NQ/OoPI5KEVGjCsVI9x461l2KpGeF0VugnisaYTPCI9gwKHFLlpYuNZ+jCOEMURNI8odHC/T2R4lCpaeibzhDrsVqtzc3/ar1EBzUvZSJONBVk+VGQcKQjND8fDZmkRPOpAUwkM7siMsYSE21CKpgQnNWT16HtVh3D926pXsviyMMZnEMFHLiBOtxBA1pAQMAzvMKbpawX6936WLbmrGzmFP7I+vwB+nePGw==</latexit><latexit sha1_base64="6wAi99+xcO/Ftx8EIbNABbTe7wk=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm8FWqCglycYuC25cVugN21Am00k7djIJMxOhhL6FGxeKuPVt3Pk2TtsstPWHgY//nMOc8/sxZ0rb9reV29jc2t7J7xb29g8Oj4rHJ20VJZLQFol4JLs+VpQzQVuaaU67saQ49Dnt+JPbeb3zRKVikWjqaUy9EI8ECxjB2lgP5WaFXbnXj5flQbFkV+2F0Do4GZQgU2NQ/OoPI5KEVGjCsVI9x461l2KpGeF0VugnisaYTPCI9gwKHFLlpYuNZ+jCOEMURNI8odHC/T2R4lCpaeibzhDrsVqtzc3/ar1EBzUvZSJONBVk+VGQcKQjND8fDZmkRPOpAUwkM7siMsYSE21CKpgQnNWT16HtVh3D926pXsviyMMZnEMFHLiBOtxBA1pAQMAzvMKbpawX6936WLbmrGzmFP7I+vwB+nePGw==</latexit>

t(i, j + 2)
<latexit sha1_base64="dzNsEU2BRsL5I04dewp9ZuQXrso=">AAAB8XicbZBNT8JAEIan+IX4hXr00ggmGA1puciRxItHTOQjQkO2yxZWtttmd2pCGv6FFw8a49V/481/4wI9qPgmmzx5ZyY78/qx4Bod58vKra1vbG7ltws7u3v7B8XDo7aOEkVZi0YiUl2faCa4ZC3kKFg3VoyEvmAdf3I9r3cemdI8knc4jZkXkpHkAacEjXVfxgq/fLionZcHxZJTdRayV8HNoASZmoPiZ38Y0SRkEqkgWvdcJ0YvJQo5FWxW6CeaxYROyIj1DEoSMu2li41n9plxhnYQKfMk2gv350RKQq2noW86Q4Jj/bc2N/+r9RIM6l7KZZwgk3T5UZAIGyN7fr495IpRFFMDhCpudrXpmChC0YRUMCG4f09ehXat6hq+rZUa9SyOPJzAKVTAhStowA00oQUUJDzBC7xa2nq23qz3ZWvOymaO4Zesj28seI87</latexit><latexit sha1_base64="dzNsEU2BRsL5I04dewp9ZuQXrso=">AAAB8XicbZBNT8JAEIan+IX4hXr00ggmGA1puciRxItHTOQjQkO2yxZWtttmd2pCGv6FFw8a49V/481/4wI9qPgmmzx5ZyY78/qx4Bod58vKra1vbG7ltws7u3v7B8XDo7aOEkVZi0YiUl2faCa4ZC3kKFg3VoyEvmAdf3I9r3cemdI8knc4jZkXkpHkAacEjXVfxgq/fLionZcHxZJTdRayV8HNoASZmoPiZ38Y0SRkEqkgWvdcJ0YvJQo5FWxW6CeaxYROyIj1DEoSMu2li41n9plxhnYQKfMk2gv350RKQq2noW86Q4Jj/bc2N/+r9RIM6l7KZZwgk3T5UZAIGyN7fr495IpRFFMDhCpudrXpmChC0YRUMCG4f09ehXat6hq+rZUa9SyOPJzAKVTAhStowA00oQUUJDzBC7xa2nq23qz3ZWvOymaO4Zesj28seI87</latexit><latexit sha1_base64="dzNsEU2BRsL5I04dewp9ZuQXrso=">AAAB8XicbZBNT8JAEIan+IX4hXr00ggmGA1puciRxItHTOQjQkO2yxZWtttmd2pCGv6FFw8a49V/481/4wI9qPgmmzx5ZyY78/qx4Bod58vKra1vbG7ltws7u3v7B8XDo7aOEkVZi0YiUl2faCa4ZC3kKFg3VoyEvmAdf3I9r3cemdI8knc4jZkXkpHkAacEjXVfxgq/fLionZcHxZJTdRayV8HNoASZmoPiZ38Y0SRkEqkgWvdcJ0YvJQo5FWxW6CeaxYROyIj1DEoSMu2li41n9plxhnYQKfMk2gv350RKQq2noW86Q4Jj/bc2N/+r9RIM6l7KZZwgk3T5UZAIGyN7fr495IpRFFMDhCpudrXpmChC0YRUMCG4f09ehXat6hq+rZUa9SyOPJzAKVTAhStowA00oQUUJDzBC7xa2nq23qz3ZWvOymaO4Zesj28seI87</latexit><latexit sha1_base64="dzNsEU2BRsL5I04dewp9ZuQXrso=">AAAB8XicbZBNT8JAEIan+IX4hXr00ggmGA1puciRxItHTOQjQkO2yxZWtttmd2pCGv6FFw8a49V/481/4wI9qPgmmzx5ZyY78/qx4Bod58vKra1vbG7ltws7u3v7B8XDo7aOEkVZi0YiUl2faCa4ZC3kKFg3VoyEvmAdf3I9r3cemdI8knc4jZkXkpHkAacEjXVfxgq/fLionZcHxZJTdRayV8HNoASZmoPiZ38Y0SRkEqkgWvdcJ0YvJQo5FWxW6CeaxYROyIj1DEoSMu2li41n9plxhnYQKfMk2gv350RKQq2noW86Q4Jj/bc2N/+r9RIM6l7KZZwgk3T5UZAIGyN7fr495IpRFFMDhCpudrXpmChC0YRUMCG4f09ehXat6hq+rZUa9SyOPJzAKVTAhStowA00oQUUJDzBC7xa2nq23qz3ZWvOymaO4Zesj28seI87</latexit>

t(i + 1, j + 2)
<latexit sha1_base64="jzN+yDBHFSFolUD3vJi5bdlTreY=">AAAB83icbZDLSgNBEEVr4ivGV9Slm8ZEiERkJhuzDLhxGcE8IBlCT6cnadPzoLtGCEN+w40LRdz6M+78GzvJLDTxQsPhVhVVfb1YCo22/W3lNja3tnfyu4W9/YPDo+LxSVtHiWK8xSIZqa5HNZci5C0UKHk3VpwGnuQdb3I7r3eeuNIiCh9wGnM3oKNQ+IJRNFa/jBVRda4eq7XL8qBYsq/thcg6OBmUIFNzUPzqDyOWBDxEJqnWPceO0U2pQsEknxX6ieYxZRM64j2DIQ24dtPFzTNyYZwh8SNlXohk4f6eSGmg9TTwTGdAcaxXa3Pzv1ovQb/upiKME+QhWy7yE0kwIvMAyFAozlBODVCmhLmVsDFVlKGJqWBCcFa/vA7t2rVj+L5WatSzOPJwBudQAQduoAF30IQWMIjhGV7hzUqsF+vd+li25qxs5hT+yPr8AQaKj6s=</latexit><latexit sha1_base64="jzN+yDBHFSFolUD3vJi5bdlTreY=">AAAB83icbZDLSgNBEEVr4ivGV9Slm8ZEiERkJhuzDLhxGcE8IBlCT6cnadPzoLtGCEN+w40LRdz6M+78GzvJLDTxQsPhVhVVfb1YCo22/W3lNja3tnfyu4W9/YPDo+LxSVtHiWK8xSIZqa5HNZci5C0UKHk3VpwGnuQdb3I7r3eeuNIiCh9wGnM3oKNQ+IJRNFa/jBVRda4eq7XL8qBYsq/thcg6OBmUIFNzUPzqDyOWBDxEJqnWPceO0U2pQsEknxX6ieYxZRM64j2DIQ24dtPFzTNyYZwh8SNlXohk4f6eSGmg9TTwTGdAcaxXa3Pzv1ovQb/upiKME+QhWy7yE0kwIvMAyFAozlBODVCmhLmVsDFVlKGJqWBCcFa/vA7t2rVj+L5WatSzOPJwBudQAQduoAF30IQWMIjhGV7hzUqsF+vd+li25qxs5hT+yPr8AQaKj6s=</latexit><latexit sha1_base64="jzN+yDBHFSFolUD3vJi5bdlTreY=">AAAB83icbZDLSgNBEEVr4ivGV9Slm8ZEiERkJhuzDLhxGcE8IBlCT6cnadPzoLtGCEN+w40LRdz6M+78GzvJLDTxQsPhVhVVfb1YCo22/W3lNja3tnfyu4W9/YPDo+LxSVtHiWK8xSIZqa5HNZci5C0UKHk3VpwGnuQdb3I7r3eeuNIiCh9wGnM3oKNQ+IJRNFa/jBVRda4eq7XL8qBYsq/thcg6OBmUIFNzUPzqDyOWBDxEJqnWPceO0U2pQsEknxX6ieYxZRM64j2DIQ24dtPFzTNyYZwh8SNlXohk4f6eSGmg9TTwTGdAcaxXa3Pzv1ovQb/upiKME+QhWy7yE0kwIvMAyFAozlBODVCmhLmVsDFVlKGJqWBCcFa/vA7t2rVj+L5WatSzOPJwBudQAQduoAF30IQWMIjhGV7hzUqsF+vd+li25qxs5hT+yPr8AQaKj6s=</latexit><latexit sha1_base64="jzN+yDBHFSFolUD3vJi5bdlTreY=">AAAB83icbZDLSgNBEEVr4ivGV9Slm8ZEiERkJhuzDLhxGcE8IBlCT6cnadPzoLtGCEN+w40LRdz6M+78GzvJLDTxQsPhVhVVfb1YCo22/W3lNja3tnfyu4W9/YPDo+LxSVtHiWK8xSIZqa5HNZci5C0UKHk3VpwGnuQdb3I7r3eeuNIiCh9wGnM3oKNQ+IJRNFa/jBVRda4eq7XL8qBYsq/thcg6OBmUIFNzUPzqDyOWBDxEJqnWPceO0U2pQsEknxX6ieYxZRM64j2DIQ24dtPFzTNyYZwh8SNlXohk4f6eSGmg9TTwTGdAcaxXa3Pzv1ovQb/upiKME+QhWy7yE0kwIvMAyFAozlBODVCmhLmVsDFVlKGJqWBCcFa/vA7t2rVj+L5WatSzOPJwBudQAQduoAF30IQWMIjhGV7hzUqsF+vd+li25qxs5hT+yPr8AQaKj6s=</latexit>

t(i + 1, j)
<latexit sha1_base64="HrOfL4PvEeUvE134K6j9BNbMVus=">AAAB8XicbZBNT8JAEIan+IX4hXr00ggmGA1puciRxItHTOQjQkO2yxZWtttmd2pCGv6FFw8a49V/481/4wI9qPgmmzx5ZyY78/qx4Bod58vKra1vbG7ltws7u3v7B8XDo7aOEkVZi0YiUl2faCa4ZC3kKFg3VoyEvmAdf3I9r3cemdI8knc4jZkXkpHkAacEjXVfxgq/cC8fzsuDYsmpOgvZq+BmUIJMzUHxsz+MaBIyiVQQrXuuE6OXEoWcCjYr9BPNYkInZMR6BiUJmfbSxcYz+8w4QzuIlHkS7YX7cyIlodbT0DedIcGx/lubm//VegkGdS/lMk6QSbr8KEiEjZE9P98ecsUoiqkBQhU3u9p0TBShaEIqmBDcvyevQrtWdQ3f1kqNehZHHk7gFCrgwhU04Aaa0AIKEp7gBV4tbT1bb9b7sjVnZTPH8EvWxzcqfo86</latexit><latexit sha1_base64="HrOfL4PvEeUvE134K6j9BNbMVus=">AAAB8XicbZBNT8JAEIan+IX4hXr00ggmGA1puciRxItHTOQjQkO2yxZWtttmd2pCGv6FFw8a49V/481/4wI9qPgmmzx5ZyY78/qx4Bod58vKra1vbG7ltws7u3v7B8XDo7aOEkVZi0YiUl2faCa4ZC3kKFg3VoyEvmAdf3I9r3cemdI8knc4jZkXkpHkAacEjXVfxgq/cC8fzsuDYsmpOgvZq+BmUIJMzUHxsz+MaBIyiVQQrXuuE6OXEoWcCjYr9BPNYkInZMR6BiUJmfbSxcYz+8w4QzuIlHkS7YX7cyIlodbT0DedIcGx/lubm//VegkGdS/lMk6QSbr8KEiEjZE9P98ecsUoiqkBQhU3u9p0TBShaEIqmBDcvyevQrtWdQ3f1kqNehZHHk7gFCrgwhU04Aaa0AIKEp7gBV4tbT1bb9b7sjVnZTPH8EvWxzcqfo86</latexit><latexit sha1_base64="HrOfL4PvEeUvE134K6j9BNbMVus=">AAAB8XicbZBNT8JAEIan+IX4hXr00ggmGA1puciRxItHTOQjQkO2yxZWtttmd2pCGv6FFw8a49V/481/4wI9qPgmmzx5ZyY78/qx4Bod58vKra1vbG7ltws7u3v7B8XDo7aOEkVZi0YiUl2faCa4ZC3kKFg3VoyEvmAdf3I9r3cemdI8knc4jZkXkpHkAacEjXVfxgq/cC8fzsuDYsmpOgvZq+BmUIJMzUHxsz+MaBIyiVQQrXuuE6OXEoWcCjYr9BPNYkInZMR6BiUJmfbSxcYz+8w4QzuIlHkS7YX7cyIlodbT0DedIcGx/lubm//VegkGdS/lMk6QSbr8KEiEjZE9P98ecsUoiqkBQhU3u9p0TBShaEIqmBDcvyevQrtWdQ3f1kqNehZHHk7gFCrgwhU04Aaa0AIKEp7gBV4tbT1bb9b7sjVnZTPH8EvWxzcqfo86</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="S4RFN7hMM8nK+YLfdDjTiPlo+iU=">AAAB5nicbZBLSwMxFIXv1FetVatbN8FWqChlphtdCm5cVrAPbIeSSTNtbCYzJHeEMvRfuHGhiD/Jnf/G9LHQ1gOBj3MScu8JEikMuu63k9vY3Nreye8W9or7B4elo2LLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+neXtZ66NiNUDThLuR3SoRCgYRWs9VrAqLrzLp/NKv1R2a+5cZB28JZRhqUa/9NUbxCyNuEImqTFdz03Qz6hGwSSfFnqp4QllYzrkXYuKRtz42XziKTmzzoCEsbZHIZm7v19kNDJmEgX2ZkRxZFazmflf1k0xvPYzoZIUuWKLj8JUEozJbH0yEJozlBMLlGlhZyVsRDVlaEsq2BK81ZXXoVWveZbvXcjDCZxCFTy4ghu4gwY0gYGCF3iDd8c4r87Hoq6cs+ztGP7I+fwBAeqN6g==</latexit><latexit sha1_base64="S4RFN7hMM8nK+YLfdDjTiPlo+iU=">AAAB5nicbZBLSwMxFIXv1FetVatbN8FWqChlphtdCm5cVrAPbIeSSTNtbCYzJHeEMvRfuHGhiD/Jnf/G9LHQ1gOBj3MScu8JEikMuu63k9vY3Nreye8W9or7B4elo2LLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+neXtZ66NiNUDThLuR3SoRCgYRWs9VrAqLrzLp/NKv1R2a+5cZB28JZRhqUa/9NUbxCyNuEImqTFdz03Qz6hGwSSfFnqp4QllYzrkXYuKRtz42XziKTmzzoCEsbZHIZm7v19kNDJmEgX2ZkRxZFazmflf1k0xvPYzoZIUuWKLj8JUEozJbH0yEJozlBMLlGlhZyVsRDVlaEsq2BK81ZXXoVWveZbvXcjDCZxCFTy4ghu4gwY0gYGCF3iDd8c4r87Hoq6cs+ztGP7I+fwBAeqN6g==</latexit><latexit sha1_base64="F6XWsqzYiENKhvgxOof9bVY3NRk=">AAAB8XicbZBNT8JAEIan+IX4hXr00ggmGA1pvciRxItHTOQjQkO2yxZWtttmd2pCGv6FFw8a49V/481/4wI9KPgmmzx5ZyY78/qx4Bod59vKra1vbG7ltws7u3v7B8XDo5aOEkVZk0YiUh2faCa4ZE3kKFgnVoyEvmBtf3wzq7efmNI8kvc4iZkXkqHkAacEjfVQxgq/cC8fz8v9YsmpOnPZq+BmUIJMjX7xqzeIaBIyiVQQrbuuE6OXEoWcCjYt9BLNYkLHZMi6BiUJmfbS+cZT+8w4AzuIlHkS7bn7eyIlodaT0DedIcGRXq7NzP9q3QSDmpdyGSfIJF18FCTCxsienW8PuGIUxcQAoYqbXW06IopQNCEVTAju8smr0LqquobvnFK9lsWRhxM4hQq4cA11uIUGNIGChGd4hTdLWy/Wu/WxaM1Z2cwx/JH1+QMp3o84</latexit><latexit sha1_base64="HrOfL4PvEeUvE134K6j9BNbMVus=">AAAB8XicbZBNT8JAEIan+IX4hXr00ggmGA1puciRxItHTOQjQkO2yxZWtttmd2pCGv6FFw8a49V/481/4wI9qPgmmzx5ZyY78/qx4Bod58vKra1vbG7ltws7u3v7B8XDo7aOEkVZi0YiUl2faCa4ZC3kKFg3VoyEvmAdf3I9r3cemdI8knc4jZkXkpHkAacEjXVfxgq/cC8fzsuDYsmpOgvZq+BmUIJMzUHxsz+MaBIyiVQQrXuuE6OXEoWcCjYr9BPNYkInZMR6BiUJmfbSxcYz+8w4QzuIlHkS7YX7cyIlodbT0DedIcGx/lubm//VegkGdS/lMk6QSbr8KEiEjZE9P98ecsUoiqkBQhU3u9p0TBShaEIqmBDcvyevQrtWdQ3f1kqNehZHHk7gFCrgwhU04Aaa0AIKEp7gBV4tbT1bb9b7sjVnZTPH8EvWxzcqfo86</latexit><latexit sha1_base64="HrOfL4PvEeUvE134K6j9BNbMVus=">AAAB8XicbZBNT8JAEIan+IX4hXr00ggmGA1puciRxItHTOQjQkO2yxZWtttmd2pCGv6FFw8a49V/481/4wI9qPgmmzx5ZyY78/qx4Bod58vKra1vbG7ltws7u3v7B8XDo7aOEkVZi0YiUl2faCa4ZC3kKFg3VoyEvmAdf3I9r3cemdI8knc4jZkXkpHkAacEjXVfxgq/cC8fzsuDYsmpOgvZq+BmUIJMzUHxsz+MaBIyiVQQrXuuE6OXEoWcCjYr9BPNYkInZMR6BiUJmfbSxcYz+8w4QzuIlHkS7YX7cyIlodbT0DedIcGx/lubm//VegkGdS/lMk6QSbr8KEiEjZE9P98ecsUoiqkBQhU3u9p0TBShaEIqmBDcvyevQrtWdQ3f1kqNehZHHk7gFCrgwhU04Aaa0AIKEp7gBV4tbT1bb9b7sjVnZTPH8EvWxzcqfo86</latexit><latexit sha1_base64="HrOfL4PvEeUvE134K6j9BNbMVus=">AAAB8XicbZBNT8JAEIan+IX4hXr00ggmGA1puciRxItHTOQjQkO2yxZWtttmd2pCGv6FFw8a49V/481/4wI9qPgmmzx5ZyY78/qx4Bod58vKra1vbG7ltws7u3v7B8XDo7aOEkVZi0YiUl2faCa4ZC3kKFg3VoyEvmAdf3I9r3cemdI8knc4jZkXkpHkAacEjXVfxgq/cC8fzsuDYsmpOgvZq+BmUIJMzUHxsz+MaBIyiVQQrXuuE6OXEoWcCjYr9BPNYkInZMR6BiUJmfbSxcYz+8w4QzuIlHkS7YX7cyIlodbT0DedIcGx/lubm//VegkGdS/lMk6QSbr8KEiEjZE9P98ecsUoiqkBQhU3u9p0TBShaEIqmBDcvyevQrtWdQ3f1kqNehZHHk7gFCrgwhU04Aaa0AIKEp7gBV4tbT1bb9b7sjVnZTPH8EvWxzcqfo86</latexit><latexit sha1_base64="HrOfL4PvEeUvE134K6j9BNbMVus=">AAAB8XicbZBNT8JAEIan+IX4hXr00ggmGA1puciRxItHTOQjQkO2yxZWtttmd2pCGv6FFw8a49V/481/4wI9qPgmmzx5ZyY78/qx4Bod58vKra1vbG7ltws7u3v7B8XDo7aOEkVZi0YiUl2faCa4ZC3kKFg3VoyEvmAdf3I9r3cemdI8knc4jZkXkpHkAacEjXVfxgq/cC8fzsuDYsmpOgvZq+BmUIJMzUHxsz+MaBIyiVQQrXuuE6OXEoWcCjYr9BPNYkInZMR6BiUJmfbSxcYz+8w4QzuIlHkS7YX7cyIlodbT0DedIcGx/lubm//VegkGdS/lMk6QSbr8KEiEjZE9P98ecsUoiqkBQhU3u9p0TBShaEIqmBDcvyevQrtWdQ3f1kqNehZHHk7gFCrgwhU04Aaa0AIKEp7gBV4tbT1bb9b7sjVnZTPH8EvWxzcqfo86</latexit><latexit sha1_base64="HrOfL4PvEeUvE134K6j9BNbMVus=">AAAB8XicbZBNT8JAEIan+IX4hXr00ggmGA1puciRxItHTOQjQkO2yxZWtttmd2pCGv6FFw8a49V/481/4wI9qPgmmzx5ZyY78/qx4Bod58vKra1vbG7ltws7u3v7B8XDo7aOEkVZi0YiUl2faCa4ZC3kKFg3VoyEvmAdf3I9r3cemdI8knc4jZkXkpHkAacEjXVfxgq/cC8fzsuDYsmpOgvZq+BmUIJMzUHxsz+MaBIyiVQQrXuuE6OXEoWcCjYr9BPNYkInZMR6BiUJmfbSxcYz+8w4QzuIlHkS7YX7cyIlodbT0DedIcGx/lubm//VegkGdS/lMk6QSbr8KEiEjZE9P98ecsUoiqkBQhU3u9p0TBShaEIqmBDcvyevQrtWdQ3f1kqNehZHHk7gFCrgwhU04Aaa0AIKEp7gBV4tbT1bb9b7sjVnZTPH8EvWxzcqfo86</latexit><latexit sha1_base64="HrOfL4PvEeUvE134K6j9BNbMVus=">AAAB8XicbZBNT8JAEIan+IX4hXr00ggmGA1puciRxItHTOQjQkO2yxZWtttmd2pCGv6FFw8a49V/481/4wI9qPgmmzx5ZyY78/qx4Bod58vKra1vbG7ltws7u3v7B8XDo7aOEkVZi0YiUl2faCa4ZC3kKFg3VoyEvmAdf3I9r3cemdI8knc4jZkXkpHkAacEjXVfxgq/cC8fzsuDYsmpOgvZq+BmUIJMzUHxsz+MaBIyiVQQrXuuE6OXEoWcCjYr9BPNYkInZMR6BiUJmfbSxcYz+8w4QzuIlHkS7YX7cyIlodbT0DedIcGx/lubm//VegkGdS/lMk6QSbr8KEiEjZE9P98ecsUoiqkBQhU3u9p0TBShaEIqmBDcvyevQrtWdQ3f1kqNehZHHk7gFCrgwhU04Aaa0AIKEp7gBV4tbT1bb9b7sjVnZTPH8EvWxzcqfo86</latexit>

t(i, j)
<latexit sha1_base64="Uwuhuv5YfzqqBA840C6dr/DIbVU=">AAAB73icbZDLSgNBEEVr4ivGV9Slm8ZEiCBhJhuzDLhxGcE8IBlCT6cnadPzsLtGCEN+wo0LRdz6O+78GzvJLDTxQsPhVhVddb1YCo22/W3lNja3tnfyu4W9/YPDo+LxSVtHiWK8xSIZqa5HNZci5C0UKHk3VpwGnuQdb3Izr3eeuNIiCu9xGnM3oKNQ+IJRNFa3jBVx9XBZHhRLdtVeiKyDk0EJMjUHxa/+MGJJwENkkmrdc+wY3ZQqFEzyWaGfaB5TNqEj3jMY0oBrN13sOyMXxhkSP1LmhUgW7u+JlAZaTwPPdAYUx3q1Njf/q/US9OtuKsI4QR6y5Ud+IglGZH48GQrFGcqpAcqUMLsSNqaKMjQRFUwIzurJ69CuVR3Dd7VSo57FkYczOIcKOHANDbiFJrSAgYRneIU369F6sd6tj2VrzspmTuGPrM8fUSyOyg==</latexit><latexit sha1_base64="Uwuhuv5YfzqqBA840C6dr/DIbVU=">AAAB73icbZDLSgNBEEVr4ivGV9Slm8ZEiCBhJhuzDLhxGcE8IBlCT6cnadPzsLtGCEN+wo0LRdz6O+78GzvJLDTxQsPhVhVddb1YCo22/W3lNja3tnfyu4W9/YPDo+LxSVtHiWK8xSIZqa5HNZci5C0UKHk3VpwGnuQdb3Izr3eeuNIiCu9xGnM3oKNQ+IJRNFa3jBVx9XBZHhRLdtVeiKyDk0EJMjUHxa/+MGJJwENkkmrdc+wY3ZQqFEzyWaGfaB5TNqEj3jMY0oBrN13sOyMXxhkSP1LmhUgW7u+JlAZaTwPPdAYUx3q1Njf/q/US9OtuKsI4QR6y5Ud+IglGZH48GQrFGcqpAcqUMLsSNqaKMjQRFUwIzurJ69CuVR3Dd7VSo57FkYczOIcKOHANDbiFJrSAgYRneIU369F6sd6tj2VrzspmTuGPrM8fUSyOyg==</latexit><latexit sha1_base64="Uwuhuv5YfzqqBA840C6dr/DIbVU=">AAAB73icbZDLSgNBEEVr4ivGV9Slm8ZEiCBhJhuzDLhxGcE8IBlCT6cnadPzsLtGCEN+wo0LRdz6O+78GzvJLDTxQsPhVhVddb1YCo22/W3lNja3tnfyu4W9/YPDo+LxSVtHiWK8xSIZqa5HNZci5C0UKHk3VpwGnuQdb3Izr3eeuNIiCu9xGnM3oKNQ+IJRNFa3jBVx9XBZHhRLdtVeiKyDk0EJMjUHxa/+MGJJwENkkmrdc+wY3ZQqFEzyWaGfaB5TNqEj3jMY0oBrN13sOyMXxhkSP1LmhUgW7u+JlAZaTwPPdAYUx3q1Njf/q/US9OtuKsI4QR6y5Ud+IglGZH48GQrFGcqpAcqUMLsSNqaKMjQRFUwIzurJ69CuVR3Dd7VSo57FkYczOIcKOHANDbiFJrSAgYRneIU369F6sd6tj2VrzspmTuGPrM8fUSyOyg==</latexit><latexit sha1_base64="Uwuhuv5YfzqqBA840C6dr/DIbVU=">AAAB73icbZDLSgNBEEVr4ivGV9Slm8ZEiCBhJhuzDLhxGcE8IBlCT6cnadPzsLtGCEN+wo0LRdz6O+78GzvJLDTxQsPhVhVddb1YCo22/W3lNja3tnfyu4W9/YPDo+LxSVtHiWK8xSIZqa5HNZci5C0UKHk3VpwGnuQdb3Izr3eeuNIiCu9xGnM3oKNQ+IJRNFa3jBVx9XBZHhRLdtVeiKyDk0EJMjUHxa/+MGJJwENkkmrdc+wY3ZQqFEzyWaGfaB5TNqEj3jMY0oBrN13sOyMXxhkSP1LmhUgW7u+JlAZaTwPPdAYUx3q1Njf/q/US9OtuKsI4QR6y5Ud+IglGZH48GQrFGcqpAcqUMLsSNqaKMjQRFUwIzurJ69CuVR3Dd7VSo57FkYczOIcKOHANDbiFJrSAgYRneIU369F6sd6tj2VrzspmTuGPrM8fUSyOyg==</latexit>

Figure 4: Grid point locations for the shell side (t) and tube side (T ) temperature nodes.

(counter cross-flow)

The mass flow rate, ṁ2, is calculated based on the assumption that the total

12



flow rate is evenly distributed to Nt tubes. Using conservation of energy, the

unknown temperature values, (i.e., T (i+1, j) and t(i, j +1)) can be written

in terms of the known temperatures in the adjacent nodes. That is,

ṁ2

NtNseg
Cp2 [t (i, j + 1) � t (i, j)] =

ṁ1

NtNr
Cp1 [T (i, j) � T (i+ 1, j)] (2)

Furthermore, the temperature values at each node can be related to the

overall heat transfer coe�cient, h̄hx, through

t (i, j) + t (i, j + 1)

2
� T (i+ 1, j) =


t (i, j) + t (i, j + 1)

2
� T (i, j)

�
exp (��)

(3)

where

� =
2⇡routh̄hxL

C1Nseg
(4)

Here h̄hx depends on both inside and outside heat transfer coe�cients

which are calculated based on Nusselt number correlations. The definition

of h̄hx used in Eq. (4) and other relevant relationships are provided in Ap-

pendix A. Additionally, the tube length L is taken to be the thermal entrance

length of the brine, which is calculated individually for each heat exchanger

configuration through Eq. (1).

The idea behind the entrance length concept was first introduced by Be-

jan [17] to further improve the thermal performance of dendritic heat ex-

changer design. This enhanced heat transfer performance is due to higher

heat transfer coe�cients in the entrance region of the channel or the tube.

For a round tube, the local Nusselt number has much higher values in the

entrance region of the tube. The Nusselt number sharply drops as the flow

develops approaching a constant value for the fully developed region. These

local Nusselt number values for the tube side fluid can be calculated using

13



Eq. (12), which in turn depends on the tube friction factor given by Eq.

(13). The value of the local Nusselt number directly controls the local heat

transfer coe�cient, and hence, the overall thermal performance of the heat

exchanger. In other words, the tube side fluid’s heat transfer coe�cient in

the entrance region of the tubes is much higher when the flow is developing.

Therefore, to take advantage of the higher heat transfer coe�cients, the

tubes are designed to have lengths equal to the thermal entrance length of

the fluid flowing inside, Eq. (1). This length depends on the particular fluid’s

properties at a given temperature, as well as the fluid’s mass flow rate. In

this approach, the entrance length is calculated separately for each individual

heat exchanger configuration. It is also possible to combine di↵erent flow

levels and di↵erent tube diameters, each with their own entrance length and

flow characteristics. For the shell fluid flowing through a bank of tubes, the

average Nusselt number is calculated using Eq. (14).

Next, it is assumed that the surface temperature for each segment of

the tube is constant and equal to the average of the outside temperatures

between the nodes j and j + 1. Rearranging Eqs.(2) and (3) one gets:

t (i, j + 1)�

ṁ1

ṁ2

Nseg

Nr

Cp1

Cp2

�
T (i+ 1, j) =


ṁ1

ṁ2

Nseg

Nr

Cp1

Cp2

�
T (i, j)+ t (i, j) (5)

and

T (i+ 1, j) � [1 + exp (��)] t (i, j + 1) = t (i, j) � exp (��) [T (i, j) � t (i, j)]

(6)
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Note that Eqs. (5) and (6) can be written as a linear system as:

2

6664

M 1

1 E

3

7775

8
>>><

>>>:

T (i+ 1, j)

t(i, j + 1)

9
>>>=

>>>;
=

8
>>><

>>>:

T (i, j)M + t(i, j)

T (i, j) (2E + 1) � t(i, j)E

9
>>>=

>>>;
(7)

where M and E are constant values for each segment of the tube and are

defined as:

E = 0.5 [exp (��) � 1] (8)

M =
ṁ1

ṁ2

Nseg

Nr

Cp1

Cp2
(9)

For the entire heat exchanger, Eq. (7) is evaluated at every node and the

governing equation turns into a block diagonal system of equations in the

form of Ax = b where A is a square matrix of size n⇥ n and b is a column

vector of length n, where n = Ns ⇥ Nr ⇥ Nseg.

The system of equations for the entire heat exchanger is solved iteratively,

until convergence - based on the outlet temperature residuals (0.01 oC) and

the overall energy balance error (less than 0.1%) of the system. Preliminary

simulations indicate that the overall number of iterations needed to reach

convergence depends on the size of the solution matrix (n ⇥ n) as well as

the maximum allowable error in the solution. However, in all cases consid-

ered, the total computational time to attain convergence was on the order of

minutes on a modern desktop system.

The computational method was verified by modeling heat exchanger con-

figurations used by Shah and Pignotti [12]. Although not presented here,

the results closely matched those presented in Ref. [12], with an error of less

than 1.05% [2] for all configurations.
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4. Results

The thermal performance results for the new counter cross-flow heat ex-

changer designs are presented in this section and compared to cross-flow heat

exchanger results published previously by Sabau et al. [1, 2].

To investigate the e↵ects of counter cross-flow on the thermal performance

of the new heat exchangers design, five a/b tube arrangements were chosen,

while keeping other design variables constant. For di↵erent values of a/b,

the NTU, overall cost and the cost per heat load are calculated. The total

cost (in US dollars) is calculated using Eq. (17) given in Appendix B [29],

assuming a total of 8, 760 hours of operation per year.

For the results in Fig. 5 the design constants are, n2 = 4, ns2 = 8, n3 = 25,

ns3 = 4. Figure 5 shows the total cost of the cross-flow (CF) and the counter

cross-flow (CCF) heat exchanger (HX) for five di↵erent tube arrangements,

a/b, with a = 2. For both CF and CCF configurations, as the value of a/b

increases from 1.5 to 3.5, the overall cost decreases and the NTU increases.

Comparing Figs. 5a and 5b at each value of a/b tube arrangement, it

is clear that for both CF and CCF configurations, the overall cost of the

heat exchangers are about the same. However, the CCF HX has higher

NTU compared to its corresponding CF counterpart, which indicates the

CCF configuration has better thermal performance than CF for all tube

arrangements considered.

The calculated NTU values, at each a/b tube arrangement, for both cross-

flow and counter cross-flow HXs are shown in Table 1. The percent increase

in NTU from CF to CCF is between 5 to 16 percent depending on the a/b

tube arrangement. It is clear that the larger a/b values result in higher NTU
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(a)

(b)

Figure 5: NTU vs. overall cost [$] (a) Cross-flow heat exchanger (b) Counter cross-flow

heat exchanger
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Table 1: Cross-flow and counter cross-flow NTU comparison.

a/b

NTU
%di↵

Cross-Flow Counter Cross-Flow

1.5 0.46 0.48 4.6

2.0 0.52 0.55 6.0

2.5 0.62 0.68 9.4

3.0 0.71 0.80 12.9

3.5 0.79 0.91 15.8

increase when going from the CF to CCF configuration.

Next, Fig. 6 shows the cost per heat load [$/kW] vs NTU for both CF

and CCF HX configurations. As expected, the CCF HX has better thermal

performance compared to the CF setup. For each tube arrangement shown in

Fig. 6, the CCF HX has higher NTU and lower cost per heat load. Since the

overall cost for both heat exchangers are about the same, the lower cost per

heat load for the CCF HX also indicates that higher heat loads are obtained

for each a/b arrangement.

Table 2 shows the comparison between cost per heat load [$/kW] for the

CF and CCF configurations. As can be seen, the overall cost per heat load

[$/kW] decreases with increasing a/b for both CF and CCF configurations.

Additionally, for each value of a/b, the counter cross-flow HX has lower

cost per heat load [$/kW] compared to the cross-flow HX, which depending

on the value of a/b is between 3.2 to 8.7 percent. For the CCF HX the

most cost e↵ective tube arrangement with the best thermal performance is

a/b = 3.5. This was also chosen by Sabau et al. [2] as the best performing

18



(a)

(b)

Figure 6: Cost per heat load [$/kW]. (a) cross-flow. (b) counter cross-flow.
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Table 2: Cross-flow and counter cross-flow cost per heat load [$/kW] comparison.

a/b

Cost per heat load [$/kW]
%di↵

Cross-Flow Counter Cross-Flow

1.5 8.82 8.53 3.2

2.0 7.98 7.65 4.1

2.5 7.01 6.60 5.9

3.0 6.38 5.90 7.5

3.5 5.96 5.44 8.7

tube arrangement for the cross-flow configuration.

Next, additional configurations were considered for a/b = 3.5 in order to

assess the performance based on the number of stacks in level two, ns2. A

set of values for ns2 between 4 and 16 were chosen, while keeping n2 = 4

constant and varying n3 as well as ns3 such that (2n2 � 1)⇥ n3 ⇥ ns3 ⇡ 700.

Figs 7 and 8 show the cost and cost per heat load for for the counter

cross-flow heat exchanger. The filled symbols in Fig. 7 represent the cases

with heat loads in the range of 4.5 MW 6 q 6 5.5 MW, while the filled

in points in Fig. 8 show the cases where the heat loads are over 5.5 MW.

Depending on the tube arrangement and the HX configuration, it is possible

to achieve heat loads greater, equal to or less than 5 MW with ns2 = 6, while

ns2 > 8 will produce heat loads that are greater than 5 MW.

Table 3 shows the performance data for both CF and CCF HX for n2 =

4 and 12, ns2 = 4 and 8, while varying n3 and ns3 to keep the total number

of tubes in one stack approximately constant [(2n2 � 1) ⇥ n3 ⇥ ns3 ⇡ 700].

The maximum increase in the heat load was about 17% going from the
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(a)

(b)

Figure 7: Calculated (a) Cost [$] and (b) Cost per heat load [$/kW] as a function of NTU

for varying ns2. Filled in points represent configurations with heat loads in the range of

4.5 MW 6 q 6 5.5 MW.
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(a)

(b)

Figure 8: Calculated (a) Cost [$] and (b) Cost per heat load [$/kW] as a function of NTU

for varying ns2. Filled in points represent configurations with heat loads over 5.5 MW.
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Table 3: Performance comparison between Cross-Flow vs. Counter Cross-Flow configura-

tions. [(2n2 � 1) ⇥ n3 ⇥ ns3 ⇡ 700]

n2 ns2 n3 ns3
q [MW]

%di↵
NTU

%di↵
Cost/q [$/kW]

%di↵
CF CCF CF CCF CF CCF

4

4

33 3 3.4 3.5 2.3 0.40 0.42 3.1 6.79 6.64 2.3

25 4 3.7 3.8 2.7 0.45 0.46 3.5 6.17 6.00 2.6

20 5 3.9 4.0 3.4 0.48 0.50 4.6 5.79 5.60 3.2

17 6 4.1 4.2 4.2 0.51 0.54 5.7 5.56 5.34 4.0

10 10 4.5 4.7 6.0 0.58 0.64 9.0 5.18 4.89 5.7

8 12 4.6 4.9 6.7 0.61 0.67 10.0 5.18 4.86 6.3

7 15 4.8 5.2 7.5 0.65 0.72 11.5 5.27 4.91 6.9

5 20 5.0 5.4 8.4 0.69 0.78 12.9 5.53 5.10 7.7

8

33 3 5.1 5.6 8.9 0.72 0.82 14.0 6.46 5.93 8.2

25 4 5.5 6.0 9.5 0.79 0.91 15.6 5.96 5.44 8.7

20 5 5.7 6.3 10.4 0.84 0.98 17.7 5.68 5.14 9.4

17 6 5.9 6.5 11.5 0.88 1.05 19.8 5.55 4.98 10.3

10 10 6.2 7.1 13.8 0.97 1.21 25.2 5.37 4.72 12.1

8 12 6.3 7.3 14.7 1.00 1.27 27.1 5.38 4.71 12.4

7 15 6.5 7.5 16.1 1.04 1.35 30.1 5.65 4.91 13.2

5 20 6.6 7.7 17.5 1.07 1.43 33.3 6.24 5.32 14.7

12

4

17 2 3.1 3.2 0.3 0.36 0.36 0.5 9.31 9.28 0.3

11 3 3.5 3.6 2.0 0.42 0.43 2.8 7.72 7.57 2.0

8 4 3.8 3.9 2.7 0.46 0.47 3.8 6.96 6.78 2.6

7 5 4.0 4.1 3.8 0.50 0.52 5.1 6.52 6.29 3.6

5 6 4.1 4.3 4.1 0.52 0.55 6.0 6.30 6.05 4.0

3 10 4.6 4.9 6.6 0.60 0.66 9.6 6.11 5.74 6.2

3 12 4.8 5.1 7.3 0.64 0.71 11.1 6.04 5.63 6.8

2 15 4.9 5.3 7.9 0.67 0.76 12.4 6.70 6.21 7.3

8

17 2 4.8 5.1 6.3 0.64 0.70 9.6 8.40 7.90 5.9

11 3 5.2 5.7 9.2 0.74 0.84 14.7 7.15 6.55 8.4

8 4 5.5 6.1 9.8 0.80 0.93 16.3 6.53 5.95 8.9

7 5 5.8 6.4 10.9 0.86 1.02 18.6 6.33 5.70 9.8

5 6 5.9 6.6 11.9 0.89 1.07 20.3 6.01 5.38 10.6

3 10 6.3 7.2 14.5 0.99 1.25 26.6 6.07 5.31 12.6

3 12 6.4 7.5 15.8 1.03 1.33 29.7 6.27 5.44 13.3

2 15 6.5 7.7 17.0 1.06 1.40 32.2 7.05 6.03 14.4
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CF to CCF configuration. This percent increase is seen for both n2 = 4 and

12 for ns2 = 8. The configurations with the largest increase in the heat load

also represent the largest decrease in cost per heat load. The lowest cost per

heat load is achieved with n2 = 4, ns2 = 3, n3 = 8 and ns3 = 12 in the CCF

configuration. This configuration has a cost per heat load of 4.71 [$/kW].

Having investigated the advantages of the CCF configuration over the CF

one, we now turn our attention to the performance of the entrance-length

design concept compared to traditional shell and tube designs. Figure 9

presents such a comparison for varying heat loads. For the new design,

values of n2 = 4 and ns2 = 4 are used, and n3 and ns3 are varied as shown in

Table 3. For the shell and tube heat exchanger, each data point represents

the lowest calculated cost per heat load configuration for the given heat load,

where the heat load increases from 3.5 MW to 6.5 MW. As seen in this figure,

the counter cross-flow configuration has lower cost per heat load compared to

both cross-flow with the same design variables as well as the traditional shell

and tube heat exchanger design. As such, the current concept is significantly

better than the current state of the art.
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(a)

(b)

Figure 9: Comparison between the new design Cross-Flow, Counter Cross-Flow and tra-

ditional shell and tube heat exchangers with heat loads of 3.5 MW 6 q 6 6.5 MW. a)

cost[$]. (b) cost per heat load [$/kW]

25



5. Conclusions

The objective of this study was to improve the thermal performance and

lower the overall cost of a newly introduced cross-flow heat exchanger design,

by changing the configuration to counter cross-flow. By using a numerical

approach to solve for the temperature distribution in the heat exchanger

it was possible to determine the thermal performance and overall cost of

the cross-flow configuration. Results indicated that using the same design

variables as the cross-flow counterpart, it was possible to improve the thermal

performance of the new design by as much as 17% and lower the total cost

by as much as 14%. In geothermal applications the total available energy

depends on the hydro-thermal resources. This limits the heat exchanger’s

maximum attainable heat load. For this reason it is not possible to improve

the thermal performance of the heat exchanger any further. However, it

is possible to build a smaller scale heat exchanger in counter cross-flow to

match the same heat load levels as the cross-flow heat exchanger but at a

lower overall cost.
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Appendix A: Heat transfer and fluid dynamic correlations for tube

and shell side fluids

The overall heat transfer coe�cient h̄hx for the tube side fluid is calculated

from:

h̄hx =
1

1
h2

+ rin
kw

log
⇣

rout
rin

⌘
+ rin

routh1

(10)

where

h1 = Nu1
k1

rin
; h2 = Nu2

k2

rout
(11)

In addition, the turbulent Nusselt number for the tube side fluid using

the friction factor [27] is taken to be

Nu1 =
(f/8) (ReD � 1000) Pr1

1 + 12.7 (f/8)0.5
⇣
Pr2/31 � 1

⌘ (12)

where the friction factor is given as

f =
1

[0.790 ln (ReD � 1.64)]2
(13)
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and temperature dependent Prandtl number for the tube side fluid is obtained

from lookup tables.

The Nusselt number correlation for the flow through a staggered bank of

tubes [30] on the shell side is given as:

Nu2 = A1CnRe
n1
D Pr0.362

✓
Pr2
Prw

◆0.25 ⇣
a

b

⌘m1

(14)

where A1, n1 and m1 are constants as defined in Table4.

Table 4: Constants for the Nu number correlations in a tube bank at various ReD numbers

(from [30]).

ReD A1 n1 m1

1 to 100 1.04 0.4 0.0

500 to 103 0.71 0.5 0.0

103 to 2⇥105 0.35 0.6 0.2

2⇥105 to 2⇥106 0.031 0.8 0.2

For turbulent flows, Cn has a value between 0.6 to 1, which depends on

the number of tube rows in the stack as shown by Bejan [30], and a and b are

dimensionless tube spacing, as depicted in Fig. 3. Reynolds number, ReD =

vmaxD/⌫, for the outside fluid is based on the maximum velocity through

the tube banks, which occurs at the smallest cross sectional area between

the tubes; and Prb,wis evaluated for wall temperature. Further details about

the approach used herein can be found in Ref. [1, 2].

Appendix B: Cost Calculations

The total heat exchanger cost is calculated using the following formula

[29]:
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Ctot = Cinit + Coper (15)

Cinit = 8000 + 259.2(Am)
0.91 = 8000 + 259.2

✓
massm

⇢mtm

◆0.91

(16)

Coper =

✓
Q1

⇢1
�P1 +

Q2

⇢2
�P2

◆
CELHoper

⌘


1 � 1

(1 + i)n

�
1

i
(17)

where the overall pumping e�ciency, cost of electricity, operational time per

year, and interest were ⌘ = 1, CEL = 0.2 [$/kW], Hoper = 8, 760 [hr/year],

and i = 10%, respectively.
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