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Optical collective Thomson scattering provides precise density and temperature measurements in numerous
plasma-physics experiments. The accuracy of such measurements depends on the core assumption that
the underlying electron distribution functions in under-dense laser-produced plasmas are Maxwellian. A
statistically based, quantitative analysis of the errors in the measured electron density and temperature is
presented when synthetic data calculated using a non-Maxwellian electron distribution function is fit assuming
a Maxwellian electron distribution. Such analysis can lead to errors of up to 50% in temperature and 30% in
density, in the specific case of super-Gaussian distributions characteristic of inverse bremsstrahlung heating.
Including the proper family of non-Maxwellian electron distribution functions, as a fitting parameter, in
Thomson-scattering analysis removes the model-dependent errors in the inferred parameters at minimal cost

to the statistical uncertainty.

I. INTRODUCTION

Optical Thomson scattering is a powerful diagnostic
that is widely used to measure plasma conditions in laser-
produced plasmas. 10 As large multibeam facilities are
constructed to achieve inertial confinement fusion around
the world,'' '3 accurate measurements of plasma con-
ditions are becoming increasingly important for under-
standing the importance of missing physics in the large
hydrodynamic simulations. Local and time-resolved
measurements of Thomson-scattered spectra have pro-
vided valuable insight into a range of studies, including
laser-plasma instabilities,> ® thermal transport,”® and
more generally inertial confinement fusion.?1?

The high density present in laser-produced plasmas re-
sults in scattering optical light from collective plasma-
wave fluctuations. The scattering from low-frequency
fluctuations generates ion-acoustic spectral features,
while scattering from high-frequency fluctuations gen-
erates electron-plasma wave spectral features. Early
collective scattering measurements from high-frequency
fluctuations' used the theory developed two decades ear-
lier by Salpeter'® to associate the wavelength of spectral
peaks with density, through the Bohm-Gross dispersion
relation, and the width of spectral peaks to tempera-
ture, through Landau damping, but the small scattering
cross section for Thomson scattering has resulted in rel-
atively few experiments where electron temperature and
density were measured from the electron plasma wave
features.?1619 Recent experiments have used the full
Thomson-scattered spectrum to extract plasma condi-
tions, but these studies have been limited to assuming
Maxwellian distribution functions. However, variation in
the shape of the distribution functions can lead to signif-
icant changes to the Thomson-scattering spectrum (Fig.
1).19,20

In this paper, we investigate the sensitivity of elec-
tron temperature and density inferred from collective

Thomson scattering to non-Maxwellian electron distri-
bution functions, specifically super-Gaussian distribution
functions. Analyzing synthetic electron plasma wave
Thomson-scattering spectra, under the false assumption
that the electron distribution function is Maxwellian, can
lead to gross errors in the inferred electron density and
temperature. When the true distribution function is
super-Gaussian, the errors can be up to 50% in tempera-
ture and 30% in density. These errors stem from changes
in the shape of the scattered spectra (Fig. 1), and can
be removed by including the correct shape of the electron
distribution function in the analysis. Other changes to
the shape of the electron distribution function can result
in errors in the inferred parameters, as in the case of heat
flux.”

In Section II, the method for producing synthetic data
scattered from a non-Maxwellian plasma is presented.
The errors incurred by fitting non-Maxwellian data when
assuming the spectrum results from a Maxwellian plasma
is discussed in Section ITI. Section IV describes the
process for eliminating these errors by including non-
Maxwellian electron distribution functions in the analysis
process. The paper is summarized in Section V.

Il. METHODOLOGY

Figure 1 shows two synthetic spectra generated with
the same plasma conditions, but assuming Maxwellian
(m = 2) and non-Maxwellian (m = 5) electron distri-
bution functions. To determine the plasma conditions,
Thomson-scattering spectra are typically fit using the
collisionless spectral density function!,
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FIG. 1: Theoretical spectrum for Thomson scattering
from a Maxwellian plasma (blue) and a non-Maxwellian
plasma with super-Gaussian order 5 (red). The circles
represent synthetic data generated from the theoretical

curves.
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and
e=14 xe(k,w) + xi(k,w). (3)

Here, 7 is the average ionization state and n.; are the
electron and ion densities. The wave vector (k = ko —ky)
and frequency (w = wy — ws) of the probed fluctua-
tions are given by the Thomson-scattering probe laser
(wo,ko) and the resulting scattered light (ws,ks). To
generate the Thomson-scattering spectra for this study,
electron distribution functions following the form pro-
posed in Refs. 21-23, and experimentally observed in
Ref. 24, were used. These super-Gaussian distribution
functions are the result of inverse bremsstrahlung heat-
ing. During inverse bremsstrahlung heating the slower
electrons are preferentially heated, depleting the number
of slow electrons and increasing the number of electrons
near the thermal velocity.

Fe(x) = Cp exp{—(x/z0)™} (4)
_ [sr@/m)
=\ TG/m) ®)

Where & = v/vy, is the electron velocity normalized
to the thermal velocity, and m is a continuously varying

(2 < m < 5) parameter called the super-Gaussian or-
der. C,, is a normalization factor such that F, volume
integrates to unity,

Cop = — 3\/;mr(5/m)3/2 . (6)
(2m)3/20, "V 2 [BT(3/m)]P/?
This normalization preserves the standard definitions of
temperature and density in relation to the velocity mo-
ments of the distribution function. To evaluate Eq. (1),
F, is projected along the Thomson-scattering wave vec-
tor (k with unit vector k) |,

L) = / dxF.(x)5(k- % — w/kop).  (7)

To generate the synthetic spectra (Fig. 1), the calcu-
lated spectra was down-sampled to match the spectral
resolution (2 nm/resolution unit) of a typical Thomson-
scattering diagnostic2® and scaled so the final signal-to-
noise ratio would be 10 at the peak of the signal. Poisson
noise was added to each resolution unit by drawing a ran-
dom number from a Poisson distribution whose mean was
the original number of counts in that bin. Adding noise
in this way approximates a realistic diagnostic signal; any
further sources of noise or reduction in the signal-to-noise
ratio would increase the uncertainty in the analysis, but
have no effect on the errors found in this paper.

As is traditionally done to analyze experimental
data,*16:17 the synthetic data was fit with a spectrum
calculated from Eq. (1) while assuming a Maxwellian
electron distribution function (m = 2). A 2-D least-
squares statistical analysis was performed across the sim-
ulated spectrum by varying the electron density (n.) and
temperature (Tt ). The sum of the squared deviation from
the data was used as a fit metric (A?), thereby treating
each point equally. This fit metric was minimized using
an interior-point algorithm.?%

To determine the uncertainty in the fit parameters,
each synthetic data set was fit multiple times and each
fit was performed with a new realization of the Poisson
noise and a new random initial guess. The distribution of
the fit parameters, from the set of fits, was used to deter-
mine the uncertainty in the fit parameters (Fig 2 inset).
The average value of the parameter and one standard
deviation are reported as the inferred parameter and its
uncertainty.

1. MAXWELLIAN ANALYSIS
A. Pure super-Gaussian

Figure 2 shows that the inferred temperature and den-
sity can differ from the actual values by 50% and 30%,
respectively. As expected, there is no error when fitting
Maxwellian data with Maxwellian theory, but this pro-
vides a benchmark for the analysis and quantifies the



Number of fits

S ——
(a)
60 [ ‘ ]
~ 1"’]
S L L ‘
= 40 ” ”_“.0
p o'
& _
20 R EE %

40 T T T
(b),
RN T Tem=2
0!'0'“3';; T -%x=-m=3
30 40 L RS o oY l ] m=4 "]
l“‘o--o\] ] -¢=-m=5
S l l Y- =&
> 20 l | y
5 *
£ FEIE R T AT F !
i PRI L L 5 I ] T T
10 =71 bl albl JERE S ST =
L]
IITTrloTTrT - = T — = —~ 2 T
(O |- 9900000 60.0.0-0-0-9- 0 -9-0 -0- ‘0~ -9~ -& ~ -0~ ~ —@- - ~ O
PARA AR SE i L = + o - J_
| | | |
2.0 2.5 3.0 35 4.0

E28025J2

FIG. 2: Percent error in (a) temperature and (b)
density as a function of the normalized phase velocity
() when the fit model assumes a Maxwellian electron
distribution function and the true electron distribution

function is super-Gaussian. The absolute difference
between the inferred and actual parameter dividend by
the actual parameter (percent error) is calculated for a
range of phase velocities. The values for 4 different
super-Gaussian orders are plotted in different colors
with error bars that represent the standard deviation of
100 fits.

general uncertainties in the fitting process. For non-
Maxwellian plasmas (m > 2), the percent error in tem-
perature increases as a function of the super-Gaussian
order and normalized phase velocity (o = vg/v4). The
statistical uncertainty in the inferred parameters (error
bars in Fig. 2) remains small, this reflects the strength of
the fits and shows that the error is due to changes in the
distribution functions not variability in fitting. The same

trend of increasing error as a function of super-Gaussian
order is calculated for density. However, the error de-
creases or stays relatively constant as a function of the
scattering parameter.
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FIG. 3: Distribution function (a) and its derivative (b)
with respect to . A Maxwellian is shown in blue, while
a super-Gaussian of order 5 is shown in red. A
super-Gaussian of order 5 calculated when including
Maxwellian tails (Eq. 8) is shown in orange.

The errors in the electron temperatures result from dif-
ferences in the Maxwellian and non-Maxwellian electron
distribution functions (Fig. 3) at velocities around the
phase velocities of the electron plasma waves. Over the
range of phase velocities studied (o ~ 2 — 4), the super-
Gaussian distributions have fewer electrons and a smaller
slope than the Maxwellian electron distribution func-
tions. This consequently reduces the Landau damping
of the probed fluctuations, resulting in narrower peaks
in the synthetic Thomson-scattering spectra. To com-
pensate for the narrower peaks, the spectra calculated
with the Maxwellian electron distribution functions (fits)
have a reduced temperature (i.e. smaller Landau damp-
ing) than was used to generate the synthetic spectrum.
The reduced electron temperature requires an increased
electron density to maintain the resonant (peak) loca-
tion of the electron plasma wave features. These trade-
offs are illustrated in the Bohm-Gross dispersion relation,



w? = wge + 3k2v,.

As the phase velocities move farther into the tail
of the electron distribution function, Landau damp-
ing decreases faster in the non-Maxwellian than in the
Maxwellian calculations. This results in increased error
as a function of phase velocity and super-Gaussian or-
der, eventually leveling off as the damping rate in all
cases approaches zero. The downward trend in density
error with increasing phase velocity is also due to this
apparent temperature. As the electron temperature de-
creases, a smaller change in electron density is required
to maintain the resonant (peak) location of the electron
plasma wave features.

These errors of 50% in temperature and 30% in den-
sity are for extreme changes to the electron distribution
function, but even for small changes in the shape of the
distribution function, the errors in temperature and den-
sity are larger than the statistical uncertainty of ~ 5%
that is typical'”!® and can be a limiting factor in deter-
mining plasma conditions.

B. Super-Gaussians with Maxwellian tails

Both Fourkal et al.2? and Brunner et al.2” have pro-
posed that the distribution function is super-Gaussian
only at small velocities and trends toward Maxwellian at
large velocities. These distribution functions could arise
from a small anisotropy or nonlocal transport of elec-
trons. The impact of this modified distribution function
was investigated by altering Eq. (4) to include a super-
Gaussian order that depends on velocity,?3

m%m(x):2+#i/w2*)9 (8)
o — zo[m(z)] (9)

where

¥ = Z2m=-1)

[

(10)

In this form, the electron distribution function is un-
changed for x <« z* and becomes Maxwellian when
T > axt.

Figure 4 repeats the analysis shown in Fig. 2, but
includes the modified non-Maxwellian electron distribu-
tion functions. The errors are reduced in this case, but
when the phase velocities are small, errors of up to 30%
in temperature and 13% in density are found. The trend
in error with super-Gaussian order is preserved, but the
trend with phase velocity is reversed. Density errors still
show the trend of increased error with super-Gaussian or-
der, but the error rapidly decreases with increasing phase
velocity until o ~ 2, where the error effectively drops to
Zero.
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FIG. 4: Percent error in (a) temperature and (b)
density as a function of normalized phase velocity when
the synthetic data generated by super-Gaussian electron
distribution functions with Maxwellian tails (Eq. 8) are

fit with spectrum that assume Maxwellian electron
distribution functions. The values for 4 different
super-Gaussian orders with Maxwellian tails are plotted
in different colors with error bars that represent the
standard deviation of 100 fits.

The trends in error are again due to deviations of the
true distribution functions from a Maxwellian electron
distribution function. For the calculations presented in
Fig. 4, the effective ionization state (Z) was taken to be
1. This results in a small range for z* ~ 1.57 — 1.60
when m = 3 — 5. The reduction in errors calcu-
lated when including Maxwellian tails (Eq. 8) is a re-
sult of a convergence between the Maxwellian and non-
Maxwellian electron distribution functions around the
phase velocity of the electron plasma wave. In the case
where the distribution function has Maxwellian tails, de-
creasing super-Gaussian order or increasing phase veloci-
ties results in less local deviation from a Maxwellian elec-
tron distribution function, at the phase velocity of the
probed fluctuations. Therefore, the resonant frequency



and width of the electron plasma wave features are closer
to the expected quantities, reducing the inferred errors.
This trend sheds light on what might happen for arbi-
trary electron distribution functions: the greater the de-
viation from Maxwellian, especially in slope, the greater
the possibility for error in inferred plasma conditions.

Figs. 2 and 4 illustrate a limited range of phase ve-
locities. For smaller phase velocities, the distribution
function has such a strong effect on the scattered spec-
tra that it is not possible to reproduce key features of
the Thomson-scattered spectra with a Maxwellian model.
For larger phase velocities, the chosen spectral resolution
(2 nm/resolution element) is on the order of the width of
the peak.

The two cases presented, Figs. 2 and 4, represent the
limiting cases for the effects of adding Maxwellian tails
to the super-Gaussian electron distribution functions. As
the ionization state is increased, the errors will transi-
tion from those presented in Fig. 4 to those presented in
Fig. 2. However, it is worth noting that this is the re-
sult only for this formulation of super-Gaussian electron
distribution functions with Maxwellian tails, and previ-
ous work?%24 has shown good agreement with a purely
super-Gaussian distribution function.

C. Utilization of the complete high-frequency spectrum
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FIG. 5: Region where fits to the Stokes and anti-Stokes
peaks yield different plasma conditions as a function of
the super-Gaussian order. Error bars represent the
uncertainty due to simulation resolution. Within the
shaded region, different plasma conditions (namely
electron temperature) are determined by fitting to
synthetic Stokes and anti-Stokes shifted spectra, with a
model that assumes a Maxwellian electron distribution
function.

It is common to infer plasma parameters from a sin-
gle electron plasma feature.!” In laser-produced plasmas
there can be significant light scattered by other means
at frequencies near one of the electron plasma wave
resonances,?® reducing the signal-to-noise ratio of the fea-
ture. However, in conditions where both electron plasma
wave features can be measured, the Thomson-scattered
spectrum provides more information about the shape of
the distribution function. Figure 5 shows the conditions
at which fits, that assume a Maxwellian electron distri-
bution function, to the Stokes and anti-Stokes electron
plasma wave features yield different plasma conditions
(red shaded region). The data was generated as in Sec-
tion III A. with the synthetic data created with a super-
Gaussian electron distribution function. The Stokes and
anti-Stokes shifted electron-plasma wave features were fit
independently, and determined to yield the same plasma
conditions when the temperature was in agreement to
one standard deviation of 100 fits. Here, temperature
was used because inferred density was found to be nearly
the same between the two fits. Below the points, the
two fits yield different temperatures. This indicates miss-
ing physics from the fit model; it is therefore possible to
identify the distribution function as non-Maxwellian, but
without further analysis it is not possible to identify the
shape of the distribution function. Above the points,
both fits yield the same plasma conditions but with the
errors discussed in the previous sections.

The behavior in Fig. 5 is due to the competition be-
tween super-Gaussian order and the impact of the spec-
tral resolution on the inferred temperature. For large
super-Gaussian order the two peaks give the same tem-
perature once the damping becomes so small that the
width of the peaks are not resolved by the instrument.
This leads to a decrease in the boundary, a, with super-
Gaussian order, as increasing the super-Gaussian order
decreases the damping on the wave (Fig. 3). When the
super-Gaussian order is small, it becomes impossible to
see the difference in the damping between the two peaks
because the change in the damping, along with the result-
ing inferred temperature, falls below the precision of the
measurement due to the imposed limited spectral resolu-
tion. Because this curve is highly dependent on spectral
resolution, only the overall trend is meaningful.

IV. NON-MAXWELLIAN ANALYSIS

Figure 6 shows that a global minimum in the fit met-
ric can be found by changing the super-Gaussian order
in the analysis. There is a well-defined minimum in the
fit metric when data generated with m =4 (Eq. 4) is fit
with m = 2 [Fig. 6 (a, e)]. However, the fit metric gets
smaller as the super-Gaussian order goes to the correct
value (third column). This improvement is due to the
shape of the spectrum not just the width and peak loca-
tion, which can be seen in the top images [Fig. 6 (a, b,
¢, d)]. As the super-Gaussian order goes to the correct
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FIG. 7: Synthetic scattered spectrum for electron
density 10%° electrons/cm?, temperature of 2 keV, and
m = 5.0. A fit to the data using a non-Maxwellian
model (red) and a fit using the standard Maxwellian
model (yellow) are shown.

solution (m = 4), the slope on the small wavelength side
of the peak steepens to match the data and the flatter
region on the longer wavelength side rises to match the
data. Additionally, the images on the bottom show the
location of the minimum shifting toward the true values.

Figure 6 provides insight into the error bars in Figs.
2 and 4. Multiple local minima can be seen for each
super-Gaussian order in Fig. 6. While none of the lo-
cal minima in Fig. 6 are low enough for the gradient
decent minimizer to stop, this is not the case at other
scattering parameters. The multiple minima increase the
uncertainty of the fit and correspondingly increase the
error-bars. This effect occurs when the spectral feature
becomes smaller than 3 resolution elements.

Allowing the distribution function, via super-Gaussian
order, to change as a parameter in the fitting routine
can eliminate model-dependent errors with minimally
increased statistical uncertainty. Generally, when the
super-Gaussian order of the distribution function is al-
lowed to change, errors fall below 10%. There is a corre-
sponding increase in the uncertainties due to the added
fit parameter, and uncertainties go from a few percent to
~ 10%. This is also the case for the distribution func-
tions with Maxwellian tails described in Sec. IIT B, and
it does not matter if one or both electron plasma wave
features are used.

Figure 7 shows that including the true distribution
function in the available fit space allows for elements
of the synthetic spectrum to be reproduced that were
not possible using Maxwellian analysis. The Maxwellian
analysis is not capable of achieving the correct peak
width or slope around v/vy, = 2.5. Maxwellian anal-
ysis under predicts the signal in the range from 0 <
v/vg, < 1.5. When super-Gaussian order is added as a fit



parameter, it becomes possible to match these spectral
features for smaller phase velocities where they become
more prominent. This is the case in Fig. 7 where a = 1.8
putting it to the left of the data in Fig. 2.

V. SUMMARY

Assuming Maxwellian electron distribution functions
in Thomson-scattering analysis was shown to produce
significant errors in the inferred plasma temperature
and density. Including the correct distribution func-
tion in accessible fit space, as done here with super-
Gaussian order, can eliminate model-dependent errors
with minimally increased statistical uncertainty. Includ-
ing a super-Gaussian distribution function specifically
can account for extra signal in the region between the
electron plasma wave peaks. While not considered here,
other distribution functions can correct other common
problems in collective Thomson-scattering analysis such
as peak signal asymmetry,” relativistic effects,?? and ap-
parent shift in fundamental frequency required to fit both
peaks simultaneously. This work shows the sensitivity of
the collective Thomson spectrum to the shape of the un-
derlying electron distribution function and suggests that
collective Thomson scattering could be used to measure
the complete electron distribution function.
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