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Abstract

In this paper, we propose a high-speed three-dimensional (3-D) shape measurement technique for dynamic scenes using
geometry-constraint-based number-theoretical phase unwrapping. As a classical algorithm for temporal phase unwrap-
ping (TPU), the number-theoretical approach is suitable for the binary defocusing fringe projection system since it can
retrieve an absolute phase without using low-frequency fringe patterns. However, the conventional number-theoretical
TPU approach cannot provide sufficient stability to unwrap a high-frequency phase since it requires the two fringe
frequencies to be coprime within the global range of the projector coordinate. In contrast, using low-frequency fringe
patterns tends to make phase unwrapping more reliable, but at the expense of the measurement precision. By introduc-
ing depth constraint into the traditional number-theoretical TPU, we only need to eliminate the phase ambiguity of each
pixel within a small period range defined by the depth range, which means that our method just requires the two fringe
frequencies to be coprime within the local period range instead of the conventional global range. Due to the reduction
of fringe order candidates and the unambiguous phase range, the reliability of phase unwrapping can be significantly
improved compared with the traditional number-theoretical TPU approach even when high-frequency fringe patterns are
used. The proposed method has been successfully implemented on a high-frame-rate fringe projection system, achieving
high-precision, robust, and absolute 3-D shape measurement at 3333 frames per second.

Keywords: High-speed 3D, Phase unwrapping, Number-theoretical approach, Depth constraint

1. Introduction

Three-dimensional (3-D) shape measurement plays an in-
creasingly important role in various fields such as machine
design, medical science, entertainment, and so on. Among
all the methods, fringe projection profilometry (FPP) is
one of the high-performance techniques due to its accu-
racy and high efficiency. With the rapid development of
the high-speed camera and high-speed digital light process-
ing (DLP) projection technique, three-dimensional shape
measurement of transient scenes such as high-speed motion
and rapid deformation has attracted widespread attention
[1, 2, 3, 4, 5, 6]. According to the phase retrieval technique
used for extracting the depth information of the measured
surface, mainstream FPP approaches can be classified into
two categories: Phase-shifting profilometry (PSP) [7, 8]
and Fourier transform profilometry (FTP) [9, 10]. FTP is
highly suited for dynamic 3D acquisition, which can ob-
tain the phase map using one fringe pattern. But this
method suffers from the spectrum overlapping, which lim-
its its measurement quality and makes it unable to re-

cover the fine details of complex surfaces. In addition,
instead of Fourier transform, the windowed Fourier trans-
form (WFT) [11] and the wavelet transform (WT) [12] can
also be used to achieve higher phase measurement accu-
racy from a single high-frequency fringe pattern. Com-
pared with FTP, PSP is more used widely in FPP because
it is more robust and can achieve pixel-wise phase measure-
ment with higher resolution and accuracy. However, PSP
generally requires more time to acquire the multiple fringe
patterns to reconstruct the 3D shape of the object. More-
over, both methods adopt arctangent function and lead to
the wrapped phase map with 2π phase jumps. Therefore,
it is necessary to perform phase unwrapping to eliminate
the phase ambiguity and convert the wrapped phase to the
absolute phase [13, 14].

Dozens of phase unwrapping approaches have been pro-
posed and can be divided into two categories: spatial phase
unwrapping [13] and temporal phase unwrapping (TPU)
[14, 15, 16, 17]. Spatial phase unwrapping refers to a class
of methods for phase unwrapping using the relationship
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between the phase information of the spatial neighbor-
ing pixels [13, 18, 19, 20, 21]. They are generally ap-
plied to recover a continuous phase map from a wrapped
one, yet it cannot solve the ambiguity when multiple iso-
lated objects or abrupt depth changes are present. In or-
der to overcome the deficiencies in spatial phase unwrap-
ping algorithm, TPU approaches have been developed to
unwrap a more general phase map which may contain
large discontinuities and separations. Typical temporal
phase unwrapping algorithms can be classified as either
gray-code approaches [15] or multi-frequency approaches
[14]. In gray-code approaches, a set of binary gray-code
patterns are sequentially projected over time for encod-
ing the fringe order information, so N gray-code patterns
can theoretically assist to unwrap the wrapped phase with
2N -period. Consequently, it needs more additional gray-
code patterns to eliminate the phase ambiguities of fringe
patterns with high-frequency, which is not suitable for
high-speed 3D measurement. To address the disadvan-
tages of gray-code approaches, a phase-coding method is
proposed for absolute phase retrieval by embedding the
N-bit stair phase (2N level) into the phase component
of phase-shifting fringe patterns [16], and the stairs can
be used to determine the fringe order for phase unwrap-
ping. However, due to the defocusing effect of the pro-
jector and the random noise of the system, some post-
processing algorithms must be performed to effectively re-
duce the errors on the unwrapped phase map [17]. Besides,
multi-frequency approaches unwrap the wrapped phase
map with the aid of additional wrapped phase maps with
different fringe periods. Since the minimum number of
patterns required in standard phase-shifting algorithm is
three, if we implement multi-frequency approaches based
on standard PSP algorithms, at least six patterns (two
separate 3-step phase-shifting patterns) should be used for
obtaining two wrapped phases. Obviously, the increased
number of required patterns is undesirable for high-speed
measurement applications, where it is preferable to mini-
mize the acquisition time to reduce the potential motion-
induced artifacts.

In dynamic 3-D shape measurement [22, 23, 24, 25,
26, 27, 28, 29, 30], increasing the speed of the hardware
(projector and camera) is also essential to improve the
measurement quality and reduce the motion artifacts. Be-
cause the digital mirror device, as the key component of
the DLP projector is a binary digital device (can be either
‘on’ or ‘off’), the binary defocusing technique [31, 32] is
widely applied to the digital fringe projection system to in-
crease the projection rate up to tens of kilo-Hz [25, 29]. By
properly optimizing the binary patterns, quasi-sinusoidal
fringe patterns can be created by slightly defocusing the
projector lens. However, due to the limited defocusing
level of the projector lens, it is much more difficult to
generate desired low-frequency fringe patterns than high-
frequency ones [33]. Therefore the multi-wavelength TPU
approach [34, 35, 36] and the number-theoretical TPU ap-
proach [37, 38, 39, 40] are usually used in the binary defo-

cusing projection system since it can avoid the acquisition
of low-frequency fringe patterns. Furthermore, compared
with the multi-wavelength TPU approach, the number-
theoretical TPU method provide better unwrapping relia-
bility and noise tolerance [14]. Zuo et al. [22] proposed a
high-speed 3-D measurement technique using bi-frequency
tripolar pulse-width-modulation (TPWM) fringe projec-
tion and the number-theoretical approach. However, to
ensure the stability of phase unwrapping, the fringe pat-
terns used are usually designed with a relatively low fre-
quency, e.g., 20 stripes, which results in low measurement
precision.

Besides TPU, geometry-constraint-based approaches are
also very efficient to solve the phase ambiguity problem
for measuring complex surfaces. Geometry constraint has
been widely used in stereo vision because it can help binoc-
ular cameras find the corresponding points in different per-
spectives more effectively [41]. For a FPP system, geom-
etry constraint requires that the correspondences between
the camera and the projector are only selected along the
polar line, which reduces the search area and improves the
efficiency of phase unwrapping [23, 27, 42, 43, 44, 45, 46,
47]. If the pre-knowledge about the measurement range
of the system can be obtained, depth constraint can be
applied to further excluding false candidates located out-
side the measurement volume and enhancing the stabil-
ity of phase unwrapping. Based on this idea, An et al.
presented a method to unwrap phase pixel by pixel by
solely using geometric constraints of the structured light
system without requiring additional image acquisition or
another camera [45]. Based on geometric constraint, an ar-
tificial absolute phase map Φmin is created as a reference
to unwrap the wrapped phase pixel-by-pixel. The wrapped
phase with high-frequency can be unwrapped directly in
the narrow depth range using this method. Inspired by
An’s method, Hyun et al. used more than one period
of the low-frequency phase or stair patterns to unwrap
or encode high-frequency fringe orders by introducing the
minimum phase map Φmin into two-frequency method and
phase-coding approaches [17, 48]. But, in order to ensure
the stability of phase unwrapping, the period of the low-
frequency phase or stair patterns can only be increased
to 2 or 3 times on account of the defocusing effect of the
projector and the random noise of the system, so the pe-
riod of high-frequency fringe is generally around 30 pix-
els which limits the quality of 3D measurement. In the
binary defocusing projection system, the narrower fringe
patterns are commonly used to achieve high-quality mea-
surement. To achieve high-precision measurement, Tao
et al. presented a multi-view system based on geome-
try constraint to increase the fringe density so that the
measurement precision can be improved greatly in real-
time 3-D shape measurement [27]. Based on depth con-
straint, the low-frequency (10-period) phase map is un-
wrapped directly since it is “absolute” in the local range.
The obtained absolute phase map can be used to unwrap
the high-frequency one through multi-frequency phase un-

2



wrapping. However, as mentioned above, the number-
theoretical TPU approach [37, 38, 40] is more suitable for
high-speed 3-D shape measurement based on binary defo-
cusing projection because it can avoid the acquisition of
low-frequency fringe patterns. However, in conventional
number-theoretical TPU, two fringe frequencies should be
coprime within the global range of the projector coordi-
nate. How to incorporate the geometry constraint into
number-theoretical TPU to improve the phase unwrapping
stability and measurement precision is still an important
problem that needs to be addressed.

To this end, this paper presents a high-speed three-
dimensional shape measurement approach using geometry-
constraint-based number-theoretical phase unwrapping. Due
to the limited depth of field of the camera (to maximize
the image brightness, the camera lens usually has a large
aperture) as well as the limited depth measurement range
of a slightly defocused projector (the object must be prop-
erly placed in a small region such that the binary pattern
becomes good-quality sinusoidal), it is reasonable and nec-
essary that number-theoretical TPU and the binary defo-
cusing technique should be used in combination with the
depth constraint approaches. Owing to the advantage of
depth constraint, we only need to eliminate the phase am-
biguity within a small period range defined by the depth
range, which means that our method just requires the two
fringe frequencies to be coprime within the local period
range instead of the conventional global range. The ac-
curacy of phase unwrapping is higher in the local period
range due to containing fewer period ambiguities. As a
result, we can realize reliable phase unwrapping of higher
frequency fringes compared with the traditional number-
theoretical TPU. Experiments demonstrate the capability
of the method to achieve robust 3-D shape measurement
for complex surfaces and spatially isolated objects. We
also implement the proposed approach on a high-frame-
rate fringe projection system, achieving high-precision, ro-
bust, and absolute 3-D shape measurement at 3333 frames
per second.

In particular, it should be noted that we are not the
first to apply depth constraint for phase unwrapping. Re-
cently, some methods have been developed by combining
TPU approaches and depth constraint successfully, but it
just simply increase the period of the low-frequency fringe
or stair patterns for phase unwrapping with high-frequency
[17, 27, 48]. However, as it is widely known, the number-
theoretical phase unwrapping method provides more com-
plicated schemes for fringe frequency selection. In this
work, we first present the use of depth constraint to achieve
number-theoretical phase unwrapping with high-frequency
fringes. By deriving a rigorous mathematical model to
quantify the phase unwrapping error in the numerical the-
oretical TPU under depth constraint, our method can pro-
vide a guideline for the selection strategy of the optimal
bi-frequency scheme. The performance of our method
is quantified and demonstrated using a standard ceramic
sphere with a radius of 25.4 mm, which leads to a speed

of 3333 frames per second (fps) with 51-period fringe pat-
terns for fast, dense, and accurate 3-D measurement with
a depth precision of 54 µm.

The remainder of this paper is organized as follows. In
Section 2, the principle of the bi-frequency phase-shifting
algorithm is firstly recalled, which is used to obtain two
high-frequency wrapped phase maps. Then, the number-
theoretical TPU approach based on depth constraint is
proposed to unwrap the two high-frequency phase maps.
Moreover, the performance of the proposed method in
terms of noise resistance is discussed in detail. And the
selection strategy of the optimal bi-frequency scheme is
proposed to improve the stability of the absolute phase
recovery under the condition of noise. Simulations and ex-
perimental verifications are presented in Sections 3 and 4.
Finally, conclusions are drawn in Section 5.

2. Principle

2.1. Bi-frequency phase-shifting algorithm

The N-step phase-shifting algorithm is widely used in FPP
because it is quite robust to ambient illumination and vary-
ing surface properties [8, 49, 50, 51]. In high-speed 3-D
shape measurement, using the minimum number of fringe
images is desirable for reducing the measurement time, so
the three-step phase-shifting algorithm is widely used for
decreasing the sensitivity to the object motion. However,
this algorithm is still sensitive to different types of errors,
such as system nonlinearity. In our method, the four-step
phase-shifting algorithm is used for its relatively high mea-
surement accuracy and good error tolerance. The standard
four-step phase-shifting fringe patterns with shift offset of
π/2 can be described as

In(x, y) = A(x, y) +B(x, y) cos(ΦH(x, y)− nπ/2) (1)

where In is the fringe image captured by the camera, and
n represents the phase-shifting index n = 0, 1, 2, 3. A(x, y)
is the average intensity, B(x, y) is the intensity modula-
tion, and ΦH(x, y) is the phase information of the mea-
sured object. According to the least-squares algorithm,
the wrapped phase map φH(x, y) can be obtained.

φH(x, y) = tan−1

∑3
n=0 In(x, y) sin(nπ/2)∑3
n=0 In(x, y) cos(nπ/2)

(2)

Since the output domain of the tan−1 function ranges from
−π to π, the phase obtained by Eq. (2) will have 2π
discontinuities. In TPU algorithms, we need an additional
phase with different frequency as an assistance to obtain
the absolute phase [14]. To reduce the total number of
projection patterns, we use the bi-frequency phase-shifting
algorithm [8, 22] and project only two additional fringe
patterns, which are represented as

IL1(x, y) = A(x, y) +B(x, y) sin ΦL(x, y)

IL2(x, y) = A(x, y) +B(x, y) cos ΦL(x, y)
(3)
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In bi-frequency phase-shifting algorithm, the average in-
tensity A(x, y) is assumed to be the same in In, IL1, and
IL2 during a short time, which can be derived from Eq.
(1):

A(x, y) =
1

4

3∑
n=0

In(x, y) (4)

Subsequently, the wrapped phase map φL(x, y) of second
fringe pattern can be calculated

φL(x, y) = tan−1 IL1(x, y)−A(x, y)

IL2(x, y)−A(x, y)
(5)

Then, we obtain two wrapped phases φH(x, y) and φL(x, y)
of different frequencies.

2.2. The number-theoretical approach based on depth con-
straint

The binary defocusing technique [31] is applied to our sys-
tem to greatly improve the projection rate, but it can-
not generate a high-quality low-frequency fringe pattern.
Based on this technique, ΦL(x, y) is not the phase map of
unit-frequency but high-frequency. So the number-theoretical
method is suitable for the binary defocusing projection sys-
tem since it can retrieve an absolute phase without using
low-frequency fringe patterns. In the traditional number-
theoretical approach, the absolute phase map can be ob-
tained by the following formula:

ΦH(x, y) = φH(x, y) + 2πkH(x, y)

ΦL(x, y) = φL(x, y) + 2πkL(x, y)
(6)

and the relationship is attached intrinsically:

ΦH(x, y) =
λL
λH

ΦL(x, y) (7)

Typically, λH and λL stand for the wavelengths of the
patterns In and IL1 to IL2, respectively. kH(x, y) and
kL(x, y) in Eq. (6) are the fringe orders to represent phase
jumps. The core challenge for the absolute phase map re-
covery is to calculate kH(x, y) and kL(x, y) for each pixel
in the phase map quickly and accurately. From the prin-
ciple of number-theoretical approach [22], it can correctly
unwrap the phase up to the value in the absolute phase
which equals to LCM(λH , λL). LCM() stands for a func-
tion whose output is the least common multiple for input
parameters. Eq. (7) can be rewritten as

pLΦH(x, y) = pHΦL(x, y) (8)

where pH = LCM(λH , λL)/λH , pL = LCM(λH , λL)/λL.
pH and pL represent the total number of fringes for the
corresponding wavelength within the unambiguous range
LCM(λH , λL). Combining Eqs. (6) and (8) yields

pLφH(x, y)− pHφL(x, y)

2π
= pHkL(x, y)− pLkH(x, y)

(9)

In practice, pL, pH , kL(x, y) and kH(x, y) are integers,
where ki(x, y) ranges from 0 to (pi − 1) (i = L,H). Gen-
erally, Eq. (9) can be adapted as

Round(
pLφH(x, y)− pHφL(x, y)

2π
) = pHkL(x, y)

−pLkH(x, y)
(10)

where Round() is a rounding function. Within the unam-
biguous range LCM(λH , λL), we can only find a unique
combination of kH(x, y) and kL(x, y) satisfying Eq. (10)
for any valid pixel. As shown in Fig. 1, ΦH(x, y) and
ΦL(x, y) can be obtained while kL(x, y) and kH(x, y) are
achieved correctly. Due to the limitations of the tradi-
tional number-theoretical approach, the phase only can
be carried out unambiguous unwrapping within the range
LCM(λH , λL). Subsequently, it is necessary that the wave-
lengths of fringes should be selected suitably to satisfy
W < LCM(λH , λL) (W is the horizontal resolution of fringe
patterns). Therefore, λH and λL are large in general, it
i.e. the frequencies are low, which limits the accuracy of
3-D shape measurement.

0 0 0 1 1 1 2 2 2 3 3 3 4 4 4

0 0 0 0 0 1 1 1 1 1 2 2 2 2 2

𝑘𝑘𝐻𝐻
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1

2

-4
𝑥𝑥/𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

𝑅𝑅𝑅𝑅
𝑅𝑅𝑅𝑅
𝑅𝑅(

3𝜙𝜙
𝐻𝐻
−
5𝜙𝜙

𝐿𝐿
2𝜋𝜋

)

Fig. 1. The traditional number-theoretical approach for two wave-
lengths of 3 and 5 pixels. We can find a unique combination of
kH(x, y) and kL(x, y) satisfying Eq. (10) for any valid pixel.

In order to overcome the problems mentioned above,
depth constraint is introduced into the traditional number-
theoretical approach. Depth constraint has been widely
used in stereo vision because it can help binocular cam-
eras find the corresponding points in different perspectives
more effectively. In FPP, we usually regard the projector
as a reverse camera, so the principle of depth constraint
can be applied to establish a point-to-point mapping rela-
tionship between the camera and the projector [27]. Once
the measurement system is calibrated, the absolute phase
map and depth information in the real world can be de-
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rived from the following formula [52]

Z(x, y) = f(xp(x, y)),

xp(x, y) =
ΦH(x, y)

2πNH
W,

(11)

where xp(x, y) is the coordinate along the horizontal di-
rection of projector, NH is the number of periods of the
sinusoidal fringes, and Z(x, y) is the height in 3-D space.
With the assistance of Eq. (11), the phase ΦH(x, y) can
lead directly to the 3-D position using calibration parame-
ters between the camera and the projector. In general, due
to the constraint of the depth of field of the camera and the
limitation of the area at the slight defocusing state of the
projector, it is to assume appropriately that the optimal
depth range of measurement is [Zmin, Zmax] in this sys-
tem. According to Eq. (11), the range of each pixel of the
camera corresponds to the projector is [x1(x, y), x2(x, y)].
For simplicity, [x1(x, y), x2(x, y)] can be derived as

L = max [x2(x, y)− x1(x, y)] (12)

If a suitable depth range is set such that L < LCM(λH , λL),
the operation of global phase unwrapping can be indepen-
dent from the limit of W < LCM(λH , λL). To illustrate
the proposed method, the schematic diagram is shown in
Fig. 2. Applying depth constraint, we only need to elim-
inate the period ambiguities of the arbitrary pixel within
a pixel-variant local period range. In this way, the re-
quirement of the traditional number-theoretical method
for the coprime of two fringe frequencies can be adjusted
from global range to local range. Obviously, the improved
number-theoretical approach can further reduce the wave-
lengths of the bi-frequency scheme and realize phase un-
wrapping of higher frequency fringes which can yield more
accurate and dense 3-D reconstruction results.

3 3 4 4 4 0 0 0 1 1 1

2 2 2 2 2 0 0 0 0 0 1

Baseline

Projector

P

Candidates

Zmax

Zmin

Camera 

Effective 
Depth

Fig. 2. Illustration of an arbitrary point p in the camera and
its corresponding points in 3-D space and the projector using the
number-theoretical approach based on depth constraint.

2.3. The selection strategy of the optimal bi-frequency scheme

In the subsection above, we have explained the basic prin-
ciples and limitations of the number-theoretical approach

as well as the corresponding improvement using depth con-
straint. However, the effect of noise, a notable factor in
practice, is not considered. Consequently, how to improve
the stability of the absolute phase recovery under the effect
of noise is the key task in most TPU algorithms. Namely,
in accordance with the improved number-theoretical ap-
proach, how to decide the optimal frequencies of the bi-
frequency scheme is our main concern. Ding et al. [39]
have proposed a selection method in absolute phase maps
recovery with two frequency projection fringes, which indi-
cates that error will occur in determining the fringe orders
if the maximal phase error is larger than π/(p1 + p2). Re-
ferring to this result, we propose a fringe selection method
combined with depth constraint to find the maximal phase
error according to Eq. (10). For simplicity, Eq. (10) is
rewritten as

Round(F (x, y)) = Stairs(x, y)

F (x, y) = (
pLφH(x, y)− pHφL(x, y)

2π
)

Stairs(x, y) = pHkL(x, y)− pLkH(x, y)

(13)

Assuming phase errors in the wrapped phase maps φH(x, y)
and φL(x, y) are ∆φH(x, y) and ∆φL(x, y) respectively, we
have:

∆F (x, y) = (
pL∆φH(x, y)− pH∆φL(x, y)

2π
) (14)

Let ∆φmax = max(|∆φH(x, y)|, |∆φL(x, y)|), from Eq. (14)
we can find the upper bound of ∆F (x, y):

∆Fmax(x, y) = |pL∆φH(x, y)− pH∆φL(x, y)

2π
|

= ∆φmax
pL + pH

2π

(15)

To avoid errors in determining the fringe orders, from Eqs.
(13) and (15) we have:

∆Fmax(x, y) = ∆φmax
pL + pH

2π
< 0.5N (16)

Subsequently, we can confirm the boundary of ∆φmax:

0 ≤ ∆φmax <
πN

pL + pH
(17)

Notably, N is the minimum gap of Stairs(x, y) within the
unambiguous range, and Eq. (17) defines the range of
∆φmax where the absolute phase can be correctly recov-
ered. Otherwise, error will occur in determining the exact
kL(x, y) and kH(x, y). Due to the fact that the unambigu-
ous range is also the global range using the traditional
number-theoretical approach, the default value of N is 1.
However, with different depth constraints, the value of N
varies in different local range. And our essential challenge
is to find the corresponding N in the given local range
defined by the depth constraint to maximize the value of
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πN/(pL + pH).
Subsequently, a simple and effective selection strategy

for maximizing πN/(pL + pH) is proposed in our work.
To clearly indicate the implementation procedure of the
selection strategy, a flowchart is plotted as shown in Fig.
3. With the assistance of the example, the detail of the
strategy is described as follows:
Step 1 Draw the distribution of Stairs(x, y): Com-
bining the maximal range of depth constraint in the pro-
jector space L, the horizontal resolution of the projection
pattern W , and the wavelength of the bi-frequency scheme
(λH , λL), the distribution of Stairs(x, y) can be drawn ac-
cording to Eq. (13), as shown in Fig. 4.
Step 2 Find the target point: The first point is con-
sidered as the reference point O, the value of which is 0
for any Stairs(x, y). For the full field (W ), the candidate
points are the points that have the smallest difference of
value with the reference O, and the one closest to the ref-
erence point O is selected, as the point A in Fig. 4.
Step 3 Judge the depth range, re-determine the
target point (if applicable) and find N : Comparing
the value of L and the distance between the target point
and the reference point, the target point needs to be re-
determined in the narrow range, defined by the reference
point and the ex-target point, until the distance conforms
to the given depth constraint. As shown in Fig. 4, the
points A, B, C are selected in turn and C is re-determined
as the final target point because the distances xA − xO and
xB − xO all exceed L and xC − xO is smaller than L, the
limitation of depth constraint. Consequently, the value of
N is 2 for the current parameters.

Start

(1) Determine the value of parameters: L, W, λ𝐻𝐻 , and λ𝐿𝐿
(2) Draw the distribution of Stairs(x, y) according to Eq. (13)

(1) Specify the first point in Stairs(x,y) as the reference point O
(2) Find the point in the valid range based on the principle that the candidate 

points are the points that have the smallest difference of value with the
reference O, and the one closest to the reference point O is selected

(3) The initial valid range is set as W

Find the point 𝑃𝑃n (𝑥𝑥n, 𝑦𝑦n) in the valid range 

𝑥𝑥n − 𝑥𝑥𝑂𝑂 < L

The valid range is set as 𝑥𝑥n − 𝑥𝑥𝑂𝑂

No
Yes

N = |𝑦𝑦n − 𝑦𝑦𝑂𝑂|

End

Fig. 3. The flowchart of the selection strategy.

From the above description, the depth constraint L is
150 pixels, W is 1024 pixels, λH is 20 pixels, and λL is
29 pixels, so the minimum gap N is 2 in the unambigu-

B

X : 261
Y : 1

C

X : 61
Y : -2

O

X : 1
Y : 0

A

X : 581
Y : 0

X(pixel)

Fig. 4. The distribution of Stairs(x, y) for λH = 20 pixels and
λL = 29 pixels.

ous range (260 pixels, determined by xB − xO) as shown
in Fig. 4. In the selection strategy, we reduce the un-
ambiguous range until it is less than the depth constraint
L to find the minimum gap N . It is obvious that the
minimum gap N is larger within the smaller range. We
gradually narrow the unambiguous range to get an opti-
mal local range, which should be at least larger than L
and provides a relatively large gap N (260 > L = 150). It
should be pointed out that the proposed strategy of nar-
rowing the unambiguous range step by step may not be
the only way to determine N , but it is quite simple and
straight-forward to obtain the accurate local unambigu-
ous range. Based on the above process, we can optimize
the wavelengths of the fringe patterns λL and λH so that
the value of πN/(pL + pH) can be maximized, resulting in
optimal stability of phase unwrapping and robustness to
noise.

Since the depth of focus of the camera and the slight
defocusing range of the projector are limited in fact, the
optimal depth range of measurement is fixed in a practi-
cal measurement system. So the depth constraint L can
serve as a system constant. Considering that our method
is adopted in high-speed measurement system where the
binary defocusing patterns are not ideally sinusoidal and
the exposure times of camera and projector are extremely
limited, the captured image is of unideal contrast and is
more susceptible to the noise. So it is necessary that the
wavelengths of the fringe should be carefully selected. Due
to the defocusing effect of the projector, λH , which deter-
mine the measurement accuracy of the system, is about 20
pixels, and a less-than-20-pixel wavelength cannot make
obvious improvement of the precision in the binary defo-
cusing fringe projection system. Together, the restrained
defocusing level of the projector lens caused by hardware
limitation will lead to the fact that a desired low-frequency
fringe pattern cannot be generated. In conclusion, L is 150
pixels in our system, λH is set as 20 pixels which do not
induce any phase errors for the four-step phase-shifting al-
gorithm. The reasonable value of λL ranges from 21 to
60 pixels and λL is determined for it provides the high-
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est accuracy of phase unwrapping after going through all
the possible value. In this way, we can acquire the op-
timal bi-frequency scheme which maximizes the value of
πN/(pL + pH) and provides better accuracy for phase un-
wrapping. The selection strategy’s further application is
versatile with the adaption of the parameter mentioned
above.

3. Simulations

To verify the performance of the proposed approach, we
simulated the results of phase unwrapping under the dif-
ferent levels of noise. The different bi-frequency schemes
using different experimental parameters shown in Table.
1. The optimal scheme can provide larger ∆φmax, yet
the non-optimal scheme only provides lower ∆φmax due
to the improper λL. In this simulation, L and W are set
as 150 pixels and 1024 pixels. The unambiguous range
in the traditional approach is 1060 pixels, which satisfies
1024 < LCM(λH , λL). The maximum phase noise toler-
ance ∆φmax1 is 0.043 rad, which demonstrates that the
conventional number-theoretical approach is sensitive to
noise. Adopting the same wavelength in our method, as
shown in Fig. 5, we found the minimum gap N2 is 6 in the
local range (160 pixels > L = 150 pixels) and the noise
tolerance ∆φmax2 is improved to 0.2582 rad. Also, we ad-
justed the value of λL to 33 pixels to test the proposed
selection strategy, and found the final maximal phase er-
ror ∆φmax3 is 0.0593 rad (see Fig. 6), which is slightly
better than the conventional number-theoretical approach
(∆φmax1 = 0.043 rad) but far inferior to the optimal wave-
lengths combination (∆φmax2 = 0.2582 rad).

A

X : 161
Y : -1

B

X : 107
Y : 6

O

X : 1
Y : 0

X(pixel)

Fig. 5. The distribution of Stairs(x, y) for λH = 20 pixels and
λL = 53 pixels.

Secondly, the simulation results are shown in Fig. 7.
The error rate represents the ratio between the absolute
phase of the fringes with and without noise. Figures. 7(a),
7(b), and 7(c) show that the traditional approach cannot
realize the global phase unwrapping under the different
levels of noise since its inherent shortcoming. And with-
out using the selection strategy of the optimal bi-frequency

scheme, the additional bi-frequency scheme (λH = 20 pix-
els and λL = 33 pixels) is also failed to provide the suffi-
cient stability to unwrap a high-frequency phase using our
method as shown in Figures. 7(d), 7(e), and 7(f). The
simulation results proved that the optimal bi-frequency
scheme (λH = 20 pixels and λL = 53 pixels) have the ro-
bust anti-noise capability using our method since it has a
smaller error rate under the different levels of noise. In
other words, we can realize phase unwrapping of higher
frequency fringes compared to the traditional approach.
Further, it also indicates that the selection strategy of the
optimal bi-frequency scheme plays an important role to
enhance the stability of the absolute phase recovery in our
method.

X(pixel)

A

X : 661
Y : 0

B

X : 101
Y : -1

O

X : 1
Y : 0

Fig. 6. The distribution of Stairs(x, y) for λH = 20 pixels and
λL = 33 pixels.

4. Experimental results

A high-speed FPP system was set up to test the per-
formance of the proposed method. This system includes
a high-speed CMOS camera (Vision Research Phantom
V611) and a high-speed DLP projection system as shown
in Fig. 8. The high-speed projection system consists of
a DLP development kit (Texas Instruments DLP Discov-
ery 4100), an XGA resolution (1024× 768) DMD, and a
custom-designed optics module [29]. Based on the binary
defocusing fringe projection technique, we drive the DMD
at a refresh rate up to 20,000 binary fps [31]. The binary
patterns with different fringes are generated by the binary
dithering algorithm [53]. Since our approach uses 6 fringe
patterns to recover one absolute phase map, the 3-D shape
measurement speed is 3333 frames per second.

4.1. Scene I: Experimental comparisons

Firstly, we experimentally verified the simulation results
by measuring a plaster model using the same fringe pat-
terns as shown in Fig. 9. The absolute phase maps of the
tested object were calculated using different approaches as
shown in Figs. 9(b), 9(e), and 9(h). In addition, the abso-
lute phase map obtained using the 12-step phase-shifting
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Table 1. The different bi-frequency schemes using different methods

the traditional approach
our method our method

(the optimal scheme) (the non-optimal scheme)
λH 20 pixels 20 pixels 20 pixels

λL 53 pixels 53 pixels 33 pixels

LCM(λH , λL) 1060 pixels 1060 pixels 660 pixels

the unambiguous range 1060 pixels 160 pixels 660 pixels

N 1 6 1

∆φmax 0.043 rad 0.2582 rad 0.0593 rad

(g) (h) (i)

Error rate:  0% Error rate:  2.51% Error rate:  11.22%

noise level：0 noise level：5 noise level：10 

(d) (e) (f)

Error rate:  0% Error rate:  0% Error rate:  0.0113%

noise level：0 noise level：5 noise level：10 

(a) (b) (c)

Error rate:  0% Error rate:  11.14% Error rate:  26.02%

noise level：0 noise level：5 noise level：10 
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Fig. 7. The simulation results of phase unwrapping under the different levels of noise.
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DLP projection 
system High-speed CMOS 

camera

Fig. 8. This system includes a high-speed CMOS camera and a
DLP projection system.

method based on multi-frequency temporal phase unwrap-
ping approach can serve as the ground truth, and the
phase difference maps are provided in Figs. 9(c), 9(f),
and 9(i), in which the proposed method with fringe pat-
terns (λH = 20 pixels and λL = 53 pixels) contains fewer
phase errors compared with others. Figures. 9(c) and 9(f)
are able to prove that the proposed method (using depth
constraint) provides better reliability of phase unwrapping,
while the traditional number-theoretical TPU approach is
more susceptible to noise. In general, the binary dithering
algorithm cannot generate a desired fringe pattern when
the fringe is very wide. The low-quality fringe is unsuit-
able to the traditional number-theoretical TPU approach,
whose phase error exceeds the threshold of the traditional
maximal phase error. However, this fringe can be applied
to correctly unwrap the wrapped phase computed from
high-frequency fringes using our method. Figures. 9(f)
and 9(i) show that the results are similar to our simu-
lation results. The nose of the tested plaster model is
in the low signal-to-noise ratio (SNR) region which can
be used to test the reliability of phase unwrapping un-
der noisy condition. The experimental results show that
λH = 20 pixels and λL = 53 pixels can provide better re-
liability of phase unwrapping compared to λH = 20 pixels
and λL = 33 pixels. The experimental results suggest that
the wavelength of the bi-frequency scheme (λH , λL) should
be carefully selected to make phase unwrapping more re-
liable. Notably, this result demonstrates once again that
the selection strategy can be used to provide the optimal
bi-frequency scheme for our system, which can improve the
stability of the absolute phase recovery.

4.2. Scene II: Accuracy analysis

To quantitatively compare 3-D measurement precision of
the traditional approach and our method, we measured a
standard ceramic sphere with radius R = 25.4 mm. In our
method, the optimal bi-frequency scheme (λH = 20 pixels
and λL = 53 pixels) were further used in this experiment to
achieve higher precision 3-D reconstruction results. In the

traditional number-theoretical approach, for acquiring the
similar stability to unwrap the wrapped phase, the fringe
pitch of the bi-frequency scheme was set as λH = 40 pixels
and λL = 47 pixels to realize phase unwrapping in global
range. The measurement results are shown in Fig. 10.
Figures. 10(a) and 10(d) display the 3-D reconstruction
results using different methods. After the 3-D data of the
sphere surface was obtained, we fitted it to the standard
sphere whose point cloud represents the spherical surface.
The differences between the measured data and the fitted
sphere represent the measurement errors as shown in Figs.
10(b) and 10(e). And the quantitative histograms of the
differences are shown in Figs. 10(c) and 10(f). It can
be easily found that the RMS of the measured errors are
96.237 µm and 53.664 µm, respectively. Compared with
the traditional number-theoretical approach, our method
can significantly increase the measurement accuracy due
to the use of high-frequency fringe patterns and high SNR
of the recovered phase map.

4.3. Scene III: Static and dynamic scenes measurement

After confirming 3-D measurement precision of our system,
the optimal bi-frequency scheme is widely used to obtain
3-D reconstruction results in this subsection. It is worth-
while to note that the optimal bi-frequency scheme can ac-
quire 3-D information of an object in a depth range of 200
mm. The further experiments were carried out to verify
the stability of our system for multiples objects with com-
plex shapes. A number of different objects were measured
including the statue of David, a triangular cone model, a
plaster geometric model, and a cartoon face. The 3-D re-
sults obtained by our method are shown in Fig. 11. The
experimental results demonstrate the capability of the pro-
posed method to achieve robust 3-D shape measurement
for objects with complex surfaces and geometric disconti-
nuities.

Next, our system is applied to high-speed 3-D shape
measurement of a dynamic object: a free-falling balloon
filled with water. Figure 12 show representative 2D camera
images (one of the four-step phase-shifting patterns) and
corresponding color-coded 3-D reconstructions at different
time points. The balloon is artificially suspended in the
air and remains stationary until it is released (T = 25 ms).
After traveling in free fall for about 125 ms, the balloon
arrives and began to be deformed by the ground. Then,
the balloon has undergone severe deformation, losing its
original smooth shape (T = 175 ms). Due to the ground
reaction force, the balloon gradually returns to its former
appearance (T = 210 ms). Moreover, the balloon bounces
back into the air again (T = 315 ms). After several re-
peated bounces, the balloon finally falls back to the ground
(T = 885 ms). The whole 3-D measurement results can be
referred to in Visualization 1. During the whole process,
the surface of the balloon was correctly reconstructed with
high-quality, demonstrating the reliability of the proposed
method to perform high-precision absolute 3-D shape mea-
surement.
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The traditional method

Our method

Our method

Fig. 9. (a) The captured scene with fringe patterns (λH = 20 pixels). (b) The absolute phase map by using the traditional number-theoretical
approach with fringe patterns (λH = 20 pixels and λL = 53 pixels). (c) The phase difference map between (b) and the ground truth. (d)
The captured scene with fringe patterns (λL = 53 pixels). (e) The absolute phase map by using the proposed method with fringe patterns
(λH = 20 pixels and λL = 53 pixels). (f) The phase difference map between (e) and the ground truth. (g) The captured scene with fringe
patterns (λL = 33 pixels). (h) The absolute phase map by using the proposed method with fringe patterns (λH = 20 pixels and λL = 33
pixels). (i) The phase difference map between (h) and the ground truth.

(a) (b) (c)Depth(mm) Error(mm)

(d) (e) (f)Depth(mm) Error(mm)

Fig. 10. Precision analysis for a standard ceramic spheres. (a) 3-D reconstruction result using the traditional number-theoretical approach.
(b) The distribution of the errors of (a). (c) The histogram of (b). (d) 3-D reconstruction result using our method. (e) The distribution of
the errors of (d). (f) The histogram of (e).
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(a) (b)

(c) (d)

Depth(mm) Depth(mm)

Depth(mm) Depth(mm)

Fig. 11. Measurement results of several objects. (a) The statue of David. (b) A triangular cone model. (c) A plaster geometric model. (d)
A cartoon face.

In the last measurement, we applied our system to
imaging one-time transient event: a bullet fired from a
toy gun and then rebounded from a plastic plate. Figures
13(a) and 13(b) show representative camera images (one
of the four-step phase-shifting patterns) and corresponding
color-coded 3-D reconstructions at different time points. T
= 0 ms was the start of the observation time, and the bul-
let was fired from the gun muzzle at about T = 17.5 ms.
After traveling in free-flight for about 23 ms, the bullet
hit the plate and rebounded towards the gun. During the
later 110 ms, the plate was back and forth as a result of
the inertia. In Fig 13(c), we show the 3-D reconstruction
of the bullet at five different points of time (17.5 ms, 29
ms, 40 ms, 75 ms, and 153 ms). The 3-D data can be
used to quantitatively analyze the process with regards to
the ballistic trajectory and velocity. In Fig 13(d), we show
the reconstructed 3-D shapes of the plate at three different
time points (0 ms, 75 ms, and 153 ms). A more detailed
illustration of the transient event is provided in Visualiza-
tion 2, which is a slow-motion 3-D movie containing 4,000
3-D frames (corresponding to an observation period of 200
ms). This experiment successfully demonstrated that our
proposed method can measure multiple isolated objects at
high speed.

5. Conclusions

In this work, a novel high-speed 3-D shape measurement
technique for dynamic scenes using geometry-constraint-
based number-theoretical TPU has been presented. By
introducing depth constraint into the traditional number-
theoretical TPU, the unambiguous phase range can be
reduced from the conventional global range of the pro-
jector coordinate to a smaller period range defined by
the depth range. Due to the reduction of fringe order
candidates and the unambiguous phase range, the relia-
bility of phase unwrapping can be significantly improved
compared with the traditional number-theoretical TPU
approach even when high-frequency fringe patterns are
used. Benefitting from the number-theoretical approach
based on depth constraint, a global absolute phase map of
high-frequency, dense fringes can be unwrapped using bi-
nary dithering patterns. Furthermore, a simple and effec-
tive selection strategy of the optimal bi-frequency scheme
has been proposed to provide better reliability of phase
unwrapping. We have demonstrated that with the pro-
posed scheme, the phase unwrapping error due to dither-
ing and random noise can be substantially reduced. 3-
D shape measurement results at 3333 frames per second
have also demonstrated its potential for high-speed, high-
precision, non-ambiguity, and full-field 3-D data acquisi-
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(a) 0ms (b) 25ms (c) 110ms (d) 150ms

(e) 175ms (f) 210ms (g) 315ms (h) 885ms

Depth(mm)

Fig. 12. A balloon filled with water falls freely. (a)-(h) show 2D camera images (one of the four-step phase-shifting patterns) and corresponding
color-coded 3-D reconstructions at the time points of 0 ms, 25 ms, 110 ms, 150 ms, 175 ms, 210 ms, 315 ms, and 885 ms.

(a)

(b)
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Fig. 13. A bullet fired from a toy gun and then rebounded from a plastic plate. (a)-(b) show 2D camera images (one of the four-step
phase-shifting patterns) and corresponding color-coded 3-D reconstructions at different times. (c) shows the 3-D reconstruction of the bullet
at 17.5 ms, 29 ms, 40 ms, 75 ms, and 153 ms. (d) shows the reconstructed 3-D shapes of the plate at 0 ms, 75 ms, and 153 ms.
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tion and analysis, rendering it a promising technique of
dynamic 3-D shape measurement for complex surfaces and
spatially isolated objects.
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