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ABSTRA CT

Simultaneous determination of multiple physical parameters using full-waveform inversion

(FWI) su�ers from interparameter tradeo� di�culty. Analyzing the interparameter trade-

o�s in di�erent model parameterizations of isotropic-elastic FWI, and thus determining the

appropriate model parameterization, are critical for e�cient inversion and obtaining reli-

able inverted models. Five di�erent model parameterizations are considered and compared

including velocity-density, modulus-density, impedance-density and two velocity-impedance

parameterizations. The scattering radiation patterns are �rst used for interparameter trade-

o� analysis. Furthermore, a new framework is developed to evaluate the interparameter

tradeo� based upon multiparameter Hessian-vector products: multiparameter point spread

functions (MPSFs) and interparameter contamination sensitivity kernels (ICSKs), which

provide quantitative, second-order measurements of the interparameter contaminations. In

the numerical experiments, the interparameter tradeo�s in various model parameterizations

are evaluated using the MPSFs and ICSKs. Inversion experiments are then carried out with

simple Gaussian-anomaly models and complex Marmousi model. Overall, the parameteri-

zation of P-wave velocity, S-wave velocity and density and the parameterization of P-wave

velocity, S-wave velocity and S-wave impedance perform best for reconstructing all of the

physical parameters. Isotropic-elastic FWI of the Hussar low frequency dataset with various

model parameterizations veri�es the conclusions.
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INTR ODUCTION

Seismic full-waveform inversion (FWI) methods have been increasingly applied on exploration-

and global-scale geophysics for the strong potential abilities of providing high spatial resolu-

tion subsurface models since 1980s (Lailly, 1983; Tarantola, 1984; Pratt et al., 1998; Operto

et al., 2004; Plessix, 2006; Virieux and Operto, 2009; Plessix, 2009; Kamei et al., 2013; Shen

et al., 2018). A series of FWI applications have been carried out in recent decades. For

instance, Pratt and Shipp (1999) and Shipp and Singh (2002) applied 2D acoustic FWI to

crosswell data and marine streamer data, respectively; Sears et al. (2010) and Vigh et al.

(2014) applied isotropic-elastic FWI to ocean bottom cable seismic dataset acquired at U.

K. North Sea and Gulf of Mexico; Prieux et al. (2013) and Raknes and Arntsen (2014)

performed 2D multiparameter FWI with multicomponent seismic data for reservoir char-

acterization and time-lapse monitoring; Successful applications of 3D FWI in anisotropic

media (Warner et al., 2013; Operto et al., 2015; Operto and Miniussi, 2018) and elastic

media (Raknes et al., 2015) were also reported. However, FWI su�ers from a series of well-

de�ned obstacles: extensive computational cost (Vigh and Starr, 2008; Castellanos et al.,

2015), unknown source wavelet (Lee and Kim, 2003; Rickett, 2013), and cycle-skipping

problem (Bunks et al., 1995; Wu et al., 2014; Brossier et al., 2015; M�etivier et al., 2016).

Multiparameter FWI concerns recovering two or more subsurface properties for litho-

logical characterization and reservoir monitoring. When simultaneously inverting multiple

physical parameters, perturbation of one parameter will be mapped into the estimation of

another, which is known as the interparameter tradeo� challenge (Plessix and Cao, 2011;

Operto et al., 2013; Kamei and Pratt, 2013; Innanen, 2013; Alkhalifah and Plessix, 2014;

Innanen, 2014; Pan et al., 2016; Oh et al., 2018). The unwanted \interparameter contami-
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nations" may result in biased and unreliable inverted models. Researchers have investigated

di�erent strategies to alleviate the interparameter tradeo� di�culty. Kennett et al. (1988)

showed that the interparameter tradeo� can be mitigated with subspace optimization meth-

ods. Kamei and Pratt (2013) reduced the interparameter contaminations by varying the

attenuation scaling term in the preconditioning operator for viscoacoustic FWI. Truncated-

Newton optimization methods are promising for the capability of inverse multiparameter

Hessian in suppressing the unwanted interparameter contaminations (M�etivier et al., 2013,

2015; Pan et al., 2017; Keating and Innanen, 2017; Biondi et al., 2017).

The coupling e�ects between di�erent physical parameters are signi�cantly controlled

by the physical relationships of these parameters and the subsurface model parameteri-

zation choice. In recent decades, intensive research has been undertaken in the study of

interparameter tradeo� for multiparameter FWI. Tarantola (1986) analyzed the coupling ef-

fects between di�erent physical parameters in various model parameterizations for isotropic-

elastic FWI using the \scattering" (or \radiation") patterns, which were �rst investigated in

earthquake seismology (Wu and Aki, 1985). An appropriate model parameterization should

have scattering radiation patterns associated with di�erent physical parameters as di�erent

as possible. Gholami et al. (2013) concluded that for acoustic FWI in vertical transverse

isotropic media, the horizontal-vertical velocity parameterization introduces limited inter-

parameter tradeo� in comparison with the Thomsen-parameter parameterization. K•ohn

et al. (2012) showed that for di�erent model parameterizations in isotropic-elastic FWI, the

inverted density distributions su�er from the strongest parameter leakages. Modrak (2017)

examined the performances of di�erent model parameterizations in isotropic-elastic FWI

with di�erent mis�t functions.
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The objective of this paper is to evaluate the interparameter tradeo�s in various model

parameterizations for isotropic-elastic FWI and determine the appropriate model parame-

terization choice. Five di�erent model parameterizations are considered: velocity-density

(D-V) (P-wave velocity � , S-wave velocity � and density � 0), modulus-density (D-M) (bulk

modulus � , shear modulus� and density � ), impedance-density (D-IP) (P-wave impedance

I P , S-wave impedanceI S and density � 00), velocity-impedance-I (V-IP-I) (P-wave velocity

� 0, S-wave velocity � 0 and P-wave impedanceI 0
P ), and velocity-impedance-II (V-IP-II) (P-

wave velocity � 00, S-wave velocity � 00and S-wave impedanceI 0
S). Note that a summary

of the acronyms used in this paper is given in Table 1. P-wave impedance and S-wave

impedance are important elastic properties for reservoir characterization. For near-o�set

seismic data which primarily involve pre-critical re
ections, impedance is normally recon-

structed rather than density or velocity independently. Thus, the model parameterizations

of D-IP, V-IP-I and V-IP-II are involved in isotropic-elastic FWI for comparison. Note

that we use di�erent symbols to distinguish the same physical parameter in di�erent model

parameterizations. Most of the current multiparameter estimation studies are qualitative

analysis based upon scattering radiation patterns. However, the coupling e�ects between

di�erent physical parameters are nevertheless still incompletely explained and understood

due to their limitations (Podgornova et al., 2015). In this paper, the scattering radiation

patterns in various model parameterizations are �rst given for analysis. Furthermore, a new

framework is developed to evaluate the interparameter tradeo�s based upon multiparameter

Hessian-vector products: multiparameter point spread functions (MPSFs) and interparam-

eter contamination sensitivity kernels (ICSKs). Compared with the scattering radiation

patterns, they provide quantitative, second-order measurements of the interparameter con-

4
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taminations. This strategy has also been employed to quantify the source-structure tradeo�s

in full-waveform ambient noise inversion recently (Sager et al., 2018).

In the numerical experiments section, the MPSFs are �rst calculated by applying mul-

tiparameter Hessian to spike model perturbations with a perfect acquisition geometry. The

interparameter contaminations between di�erent physical parameters measured by MPSFs

vary signi�cantly in strengths, spreading widths and polarities. Inversion experiments based

on simple Gaussian-anomaly models are performed to verify the predictions about inter-

parameter tradeo�. The observations about interparameter tradeo� with simple Gaussian-

anomaly models may do not apply to complex models with surface re
ection survey. Thus,

synthetic experiments based on more complex Marmousi model with re
ection survey are

carried out. The ICSKs are calculated to quantify the relative strengths and characteris-

tics of the interparameter contaminations. In D-V, D-M and D-IP model parameterizations,

density property su�ers from the strongest interparameter contaminations, which may make

the density models under-estimated, over-estimated or spatially distorted. With the �nal

outputs of the inversion experiments, the D-V and V-IP-II parameterizations outperform

the other choices for reconstructing all of the physical parameters reliably. The recovered

density distributions by V-IP-II parameterization appear to experience a lower degree of

interparameter tradeo�. Finally, we demonstrate the process on the Hussar land dataset

and the �eld data model reconstructions con�rm the results of the synthetics.

The paper is organized as follows. First, the basic principle of isotropic-elastic FWI with

di�erent model parameterizations is reviewed. Scattering radiation patterns associated with

di�erent isotropic-elastic parameters are illustrated for interparameter tradeo� analysis.

The MPSFs and ICSKs are introduced to quantify the relative strengths and characteristics

5
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of the interparameter contaminations. In the numerical experiments section, we analyze

the interparameter tradeo� in various model parameterizations with MPSFs and ICSKs.

Synthetic inversion experiments based on simple Gaussian-anomaly models and complex

Marmousi model are given to evaluate the performances of various model parameterizations.

Finally, the application of isotropic-elastic FWI with di�erent model parameterizations to

the Hussar land dataset is given.

[Table 1 about here.]

FULL-WAVEFORM INVERSE PROBLEM IN ELASTIC MEDIA

Seismic full-waveform inversion (FWI) methods estimate the subsurface model properties

by minimizing the di�erences between the seismic observationuobs
i (x r ; t) and synthetic seis-

mogram ui (x r ; t) subjects to the elastodynamic wave equation, which gives the Lagrangian

functional � (Plessix, 2006; Liu and Tromp, 2006; Tromp et al., 2008; M�etivier et al., 2013):

� =
1
2

X

x r

Z t0

0

�
ui (x r ; t) � uobs

i (x r ; t)
� 2

dt

�
Z t0

0

Z



� i (x ; t)

�
� (x) @2

t ui (x ; t) � @j (cijkl (x) @l uk (x ; t)) � f i (xs)
�

dxdt;

(1)

where � and cijkl (i; j; k; l take on the values ofx; y; z) represent density and elastic tensor,

x r denotes the receiver location,t0 is the maximum recording time, f i (xs) is the source

function in the i th direction at the location xs, 
 indicates the whole volume containing

all subsurface locationx and � i (x ; t) is the Lagrangian multiplier. The synthetic wave�eld

ui (x ; t) is solved subject to the free-surface boundary condition:cijkl (x) @l uk (x ; t) n̂j =

0 (n̂ = [ n̂x ; n̂y ; n̂z] is the unit vector normal to the volume surface @
) and the initial

6
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conditions: ui (x ; 0) = @t ui (x ; 0) = 0. To achieve the minimum of the mis�t function � , its

di�erential form is required to be zero with respect to the variables. Here, we consider the

perturbations of the variables � , cijkl and ui (x ; t). After integration by parts and divergence

theorem, variation of the Lagrangian functional becomes:

� � =
Z t0

0

Z




X

x r

�
ui (x r ; t) � uobs

i (x r ; t)
�

� (x � x r ) � ui (x ; t) dxdt

�
Z t0

0

Z




�
� (x) @2

t � i (x ; t) � @j (cijkl (x) @l � k (x ; t))
�

� ui (x ; t) dxdt

�
Z t0

0

Z




�
� cijkl (x) @j � i (x ; t) @l uk (x ; t) + � � (x) � i (x ; t) @2

t ui (x ; t)
�

dxdt

+
Z t0

0

Z

@

(� i (x ; t) � cijkl (x) @l uk (x ; t) + � i (x ; t) cijkl (x) @l � uk (x ; t)) n̂j dsdt

�
Z t0

0

Z

@

� ui (x ; t) cijkl (x) @l � k (x ; t) n̂j dsdt

+
Z



� (x) (� ui (x ; t) @t � i (x ; t) � � i (x ; t) @t � ui (x ; t)) jt

0

0 dx;

(2)

where � (x � x r ) is the Dirac delta function, and s represents volume surface area respec-

tively. Perturbing cijkl and ui (x ; t) in the boundary and initial conditions gives � cijkl (x) @l uk (x ; t) n̂j +

cijkl (x) @l � uk (x ; t) n̂j = 0 and � ui (x ; 0) = @t � ui (x ; 0) = 0. Furthermore, when tempo-

rally ignoring the variations of the model parameters, setting the coe�cient of wave�eld

perturbation � ui (x ; t) to zero gives the adjoint-state equation:

� (x) @2
t � i (x ; t) � @j (cijkl (x) @l � k (x ; t)) =

X

x r

�
ui (x ; t) � uobs

i (x ; t)
�

� (x � x r ) ; (3)

where the Lagrange multiplier wave�eld � i (x ; t) satis�es the boundary condition: cijkl (x) @l � k (x ; t) n̂j =

0 on @
 and the end conditions: � i (x ; t0) = @t � i (x ; t0) = 0. Thus, the variation quantity
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� � in equation (2) is reduced to:

� � = �
Z t0

0

Z




�
� cijkl (x) @j � i (x ; t) @l uk (x ; t) + � � (x) � i (x ; t) @2

t ui (x ; t)
�

dxdt: (4)

For isotropic-elastic media described by modulus-density parameterization, variation of the

functional can be formulated as:

� � =
Z



(K � (x) � � (x) + K � (x) � � (x) + K � (x) � � (x)) dx; (5)

where � � , � � and � � represent the perturbations of bulk modulus, shear modulus and

density, respectively. K � , K � and K � are the corresponding sensitivity kernels:

K � = � hh @i ~ui @kuk ii ; (6a)

K � = � hh @j ~ui (@i uj + @j ui ) �
2
3

@i ~ui @kuk ii ; (6b)

K � = � hh ~ui @2
t ui ii ; (6c)

where hh�ii =
P

x s

P
x r

Rt0

0

R

 dtdx and the adjoint wave�eld ~ui (x ; t) is de�ned as the

time-reversed Lagrangian multiplier wave�eld: ~ui (x ; t) = � i (x ; t0� t). To solve the inverse

problem, at each non-linear iteration, the model is updated by:

m k+1 = m k � ~� � m k ; (7)

where k is the iteration index, ~� is the step length, which can be obtained with line search

methods (Nocedal and Wright, 2006). In steepest-descent optimization method, the gradient

8
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updates mix the parameters of di�erent characters and physical dimensionalities (Kennett

et al., 1988) and are contaminated by parameter cross-talk artifacts. In this study, we

use a standard non-linear conjugate-gradient method for model updating, within which the

search direction is a linear combination of the gradientr m � k with previous search direction

(M�etivier and Brossier, 2016):

� m k = r m � k + ~� k � m k� 1; (8)

where ~� k is a scalar selected such that �m k and � m k� 1 are conjugate. In this research,

~� k is determined following the \Fletcher-Reeves" method (Nocedal and Wright, 2006).

Sensitivity kernels in various model parameterizations

Isotropic-elastic media are commonly parameterized in terms of� , � and � 0, which we refer

to as the D-V parameterization. The corresponding sensitivity kernels can be written as:

K � = �hh 2� 0�@i ~ui @kuk ii ; (9a)

K � = �hh 2� 0� (@j ~ui (@i uj + @j ui ) � 2@i ~ui @kuk )ii ; (9b)

K � 0 = �hh
�
� 2 � 2� 2�

@i ~ui @kuk +
�
� 2@j ~ui (@i uj + @j ui ) + ~ui @2

t ui
�
ii : (9c)

9
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In D-IP parameterization, the isotropic-elastic media are described byI P = �� 00, I S = �� 00

and � 00. The corresponding sensitivity kernels are given by

K I P = � hh 2
I P

� 00@i ~ui @kuk ii ; (10a)

K I S = � hh 2
I S

� 00(@j ~ui (@i uj + @j ui ) � 2@i ~ui @kuk )ii ; (10b)

K � 00 = hh
1

(� 00)2

�
I 2

P � 2I 2
S

�
@i ~ui @kuk ii

+ hh
I 2

S

(� 00)2 @j ~ui (@i uj + @j ui ) � ~ui @2
t ui ii :

(10c)

In V-IP-I parameterization, the sensitivity kernels for � 0, � 0 and I 0
P are given by

K � 0 = � hh 2I 0
P

�
� 0

� 0

� 2

@i ~ui @kuk + I 0
P @i ~ui @kuk ii

+ hhI 0
P

�
� 0

� 0

� 2

@j ~ui (@i uj + @j ui ) +
I 0

P

(� 0)2 ~ui @2
t ui ii ;

(11a)

K � 0 = � hh 2
I 0

P

� 0� 0(@j ~ui (@i uj + @j ui ) � 2@i ~ui @kuk )ii ; (11b)

K I 0
P

= hh2
(� 0)2

� 0 @i ~ui @kuk � � 0@i ~ui @kuk ii

� hh
(� 0)2

� 0 @j ~ui (@i uj + @j ui ) +
1
� 0~ui @2

t ui ii :

(11c)
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In V-IP-II parameterization, we describe the isotropic-elastic media with � 00, � 00and I 0
S.

Explicit expressions of the sensitivity kernels are given by

K � 00 = � hh 2
I 0

S

� 00�
00@i ~ui @kuk ii ; (12a)

K � 00 = hhI 0
S

�
� 00

� 00

� 2

@i ~ui @kuk + 2 I 0
S@i ~ui @kuk ii

� hh I 0
S@j ~ui (@i uj + @j ui ) �

I 0
S

(� 00)2 ~ui @2
t ui ii ;

(12b)

K I 0
S

= hh2� 00@i ~ui @kuk �
(� 00)2

� 00 @i ~ui @kuk ii

� hh � 00@j ~ui (@i uj + @j ui ) +
1

� 00~ui @2
t ui ii :

(12c)

Multiparameter estimation analysis with scattering radiation patterns

Most previous multiparameter estimation studies for multiparameter FWI are based on

scattering radiation patterns, which describe the amplitude variations of the partial deriva-

tive wave�elds caused by local heterogeneities. The tradeo�s between di�erent physical

parameters with di�erent wave modes can be qualitatively inferred from the scattering ra-

diation patterns. However, recent studies also revealed that the scattering radiation patterns

may fail to characterize the interparameter tradeo� due to the limitation of high-frequency

approximation (He et al., 2018).

Figure 1 illustrates the scattering radiation patterns for the isotropic-elastic parameters

in various model parameterizations. For D-V parameterization, the P-SV, SV-P and SV-

SV scattering radiation patterns of � and � 0 overlap at near-o�set (opening angle 0o� 30o

and 330o� 360o) or mid-o�set (opening angle 30o� 60o and 300o� 330o) signi�cantly, which

11
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suggeststhat with a re
ection seismic survey, strong coupling between� and � 0 is expected.

In D-M parameterization, all of the scattering radiation patterns associated with � , � and

� appear to overlap, which is suggestive that D-M parameterization su�ers from strong

interparameter tradeo�. For the D-IP parameterization, the scattered wave�elds due to � 00

perturbation mainly propagate forward. This means that in re
ection seismic survey, recov-

ering � 00distributions will be challenging. For V-IP-I parameterization, the P-P scattering

radiation patterns of � 0 and I 0
P are well separated meaning weak interparameter tradeo�.

The tradeo� between � 0and I 0
P for P-SV, SV-P and SV-SV scatterings appears to be strong.

For V-IP-II parameterization, the P-SV, SV-P, and SV-SV scattering radiation patterns of

� 00and I 0
S are separated very well meaning weak interparameter tradeo�.

[Figure 1 about here.]

However, the scattering radiation patterns may not be able to fully quantify the in-

terparameter tradeo� due to their inherent limitations. First, the scattering radiation

patterns are derived based on Born approximation and the assumption that an incident

plane-wave is scattered due to a local point heterogeneity embedded in an isotropic-elastic

and homogeneous background. Second, the scattering radiation patterns only describe the

amplitude variations of the scattered waves with high-frequency approximation. The in-


uences of traveltime and �nite-frequencies on the interparameter tradeo� should also be

considered. Furthermore, the analysis based on scattering radiation patterns also neglects

the spatial-interparameter tradeo�s between di�erent physical parameters . The scattering

radiation patterns provide insightful inferences about the interparameter tradeo� when us-

ing high-frequencies for inversion but may result in misleading conclusions when starting

12
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the inversion experiments with low frequencies.

Interparameter tradeo� quanti�cation with multiparameter Hessian-vector

products

The interparameter tradeo� between di�erent physical parameters is directly measured by

the o�-diagonal blocks of multiparameter Hessian. However, for large-scale seismic inverse

problems, the multiparameter Hessian is a very large and dense matrix and explicitly calcu-

lating the whole matrix is computationally impracticable. In this section, we demonstrate

that characteristics of the multiparameter Hessian can be inferred with multiparameter

Hessian-vector products, which are then employed to quantify the interparameter tradeo�

for isotropic-elastic FWI.

Multiparameter point spread functions

We �rst consider the model perturbation vector � m:

� m = [ � � � � � � 0 ]y = [ 0 � (x0� z) 0 ]y; (13)

in which perturbations of � and � 0 are zeros and the perturbation of� is point located at

position z with a unit strength. The symbol \ y" means matrix transpose. Multiplying the

13
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multiparameter Hessian matrix with vector � m gives the Hessian-vector producth:

h =

2

6
6
6
6
6
6
4

h �

h �

h � 0

3

7
7
7
7
7
7
5

=

2

6
6
6
6
6
6
4

H �� H �� H �� 0

H �� H �� H �� 0

H � 0� H � 0� H � 0� 0

3

7
7
7
7
7
7
5

2

6
6
6
6
6
6
4

0

� (x0� z)

0

3

7
7
7
7
7
7
5

; (14)

where the sub-Hessian-vector producth � preserves one column in multiparameter Hessian

diagonal block H �� :

h� (x) =
Z



H ��

�
x ; x0� �

�
x0� z

�
dx0 = H �� (x ; z) : (15)

It is noticed that h � describes the \correct" update for � without containing contaminations

from other parameters. The sub-Hessian-vector productsh � and h � 0, which preserve the

columns in multiparameter Hessian o�-diagonal blocksH �� and H � 0� , measure the map-

pings from � to � and � 0at local position z. Following the common convention in exploration

geophysics,H �� (x ; z), H �� (x ; z) and H � 0� (x ; z) are referred to as multiparameter point

spread functions (MPSFs). Applying the multiparameter Hessian to the spike model per-

turbations � � = � (x � z) and � � 0 = � (x � z) allow us to calculate the MPSFsH �� (x ; z),

H � 0� (x ; z), H �� 0 (x ; z), and H �� 0 (x ; z). These MPSFs measure the relative strengths, phase

characteristics and spreading widths of the local interparameter tradeo� by taking �nite-

frequency e�ects and source-receiver illumination into consideration.
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Interparameter contamination sensitivity kernels

However, the MPSFs are limited to characterize the interparameter tradeo�s due to their

local signatures. To evaluate the interparameter tradeo� of di�erent physical parameters in

the whole volume of interest, we introduce the \interparameter contamination" sensitivity

kernels (ICSKs). According to the Newton equation system for multiparameter isotropic-

elastic FWI, the sensitivity kernel K � in D-V parameterization can be re-written as:

K � (x) = �
Z




�
H ��

�
x ; x0� � �

�
x0� + H ��

�
x ; x0� � �

�
x0� + H �� 0

�
x ; x0� � � 0�

x0�� dx0

= K � $ � (x) + K � ! � (x) + K � 0! � (x) ;

(16)

where the model perturbation � � , blurred by the multiparameter Hessian diagonal block

H �� , forms the �rst term K � $ � which is referred to as diagonal second-order kernel (DSK)

without containing contaminations from other parameters. However, the model perturba-

tion � � , blurred by the multiparameter Hessian o�-diagonal block H �� , is also mapped

into the � update via the second termK � ! � . Similarly, the contamination from � 0 into

� is described by the third term K � 0! � . In this paper, K � ! � and K � 0! � are referred to

as ICSKs. Finally, the full kernel K � , i.e., the sum of DSK and the ICSKs, is referred to

as the �rst-order sensitivity kernel (FSK). The FSKs K � and K � 0 for � and � 0 also involve

interparameter contaminations:

K � (x) = �
Z




�
H ��

�
x ; x0� � �

�
x0� + H ��

�
x ; x0� � �

�
x0� + H �� 0

�
x ; x0� � � 0�

x0�� dx0

= K � ! � (x) + K � $ � (x) + K � 0! � (x) ;

(17)
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K � 0 (x) = �
Z




�
H � 0�

�
x ; x0� � �

�
x0� + H � 0�

�
x ; x0� � �

�
x0� + H � 0� 0

�
x ; x0� � � 0�

x0�� dx0

= K � ! � 0 (x) + K � ! � 0 (x) + K � 0$ � 0 (x) :

(18)

Here K � $ � and K � 0$ � 0 are the DSKs for � and � 0 without containing contaminations from

other parameters. K � ! � , K � 0! � , K � ! � 0 and K � ! � 0 are the corresponding ICSKs.

Examining the relative strengths and characteristics of the FSKs, DSKs and ICSKs pro-

vides a direct means to understand how the interparameter tradeo� a�ects model updates

in the inversion process. If the magnitudes of ICSKs are stronger than the magnitudes of

DSKs, the FSKs will be dominated by the contamination, meaning strong interparameter

tradeo�. If the magnitudes of ICSKs are much smaller than the magnitudes of the DSKs,

interparameter tradeo� is expected to be weak, and can be ignored. In this paper, the

full Hessian is replaced with its Gauss-Newton approximation. In Appendix A, we have

shown that the product of multiparameter Gauss-Newton Hessian with an arbitrary model

perturbation vector can be calculated e�ciently with the adjoint-state method.

NUMERICAL EXPERIMENTS

In the numerical experiments presented in this paper, the spectral-element method is em-

ployed for forward modelling and adjoint simulation with the open-source software package

SPECFEM2D (Komatitsch and Tromp, 2005).
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Multiparameter point spread functions

The MPSFs are �rst calculated to investigate the interparameter tradeo� in various model

parameterizations for isotropic-elastic FWI. Figure 2a shows the 2D isotropic-elastic model

with one spike model perturbation embedded in a homogeneous background. The model

parameters of� , � and � 0 of the background model are 2:0 km/s, 1:4 km/s and 1:2 g/cm3,

respectively. The model has a size of 1:0 km � 1:0 km. A number of 50 elements are

uniformly distributed in both vertical and horizontal dimensions. A P-SV mode source

with Ricker wavelet (dominant frequency f 0 = 8 Hz) is used for forward modeling. A total

of 60 sources and 200 receivers are arranged along all boundaries of the model regularly

with a source spacing of 62:5 m and a receiver spacing of 20 m.

We �rst apply spike model perturbations of � � (z) = 0 :1 km/s, � � (z) = 0 :1 km/s and

� � 0(z) = 0 :1 g/cm3 at position z, respectively. The MPSFs are calculated by multiplying

multiparameter Hessian with these model perturbation vectors and then arranged in a

block structure in consistent with their positions in multiparameter Hessian, as shown in

Figure 2b. At each row of the MPSF panel, magnitudes of the MPSFs describing the

interparameter contaminations are normalized by the magnitude of the MPSF associated

with the multiparameter Hessian diagonal block. Contaminations from� to � and � 0appear

to be very weak. However,� produces strong mappings into� and � 0 but su�ers from the

weakest contaminations. This may be caused by the fact that� perturbation only produces

P-P scattering. However, the perturbations of � and � also produce scattered S-waves, as

shown in Figure 1a. Furthermore, the polarities, spreading widths and characteristics of the

MPSFs di�er signi�cantly, which can not be inferred from the scattering radiation patterns.
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[Figure 2 about here.]

The MPSFs associated with the parameters in D-M, D-IP, V-IP-I and V-IP-II param-

eterizations are also calculated and presented in Figures 3a-3d. In the MPSF panel for

D-M parameterization (Figure 3a), � su�ers from strong polarity-preserved and -reversed

mappings from � and � , respectively. The MPSFs spread widely meaning strong spatial-

interparameter tradeo�s. In the MPSF panel for D-IP parameterization (Figure 3b), I P

su�ers from strong polarity-reversed contaminations from I S and � 00but produces weak

contaminations into other parameters. In the MPSF panel of V-IP-I model parameteriza-

tion (Figure 3c), all of the three parameters (� 0, � 0 and I 0
P ) produce strong contaminations

into each other. In the MPSF panel for V-IP-II parameterization (Figure 3d), the interpa-

rameter contaminations among� 00, � 00and I 0
S are mostly weak.

[Figure 3 about here.]

Synthetic inversion experiments with Gaussian-anomaly models

Inversion experiments are then carried out using simple Gaussian-anomaly models. For

each of these parameterizations, we design the true Gaussian-anomaly models by embedding

three isolated Gaussian perturbations in a homogeneous background, as shown in the �rst

rows of Figures 4-8. The strengths of the Gaussian perturbations are approximately 15% of

the background model parameters. The model size, acquisition arrangements, source type

and initial models are the same with previous example for calculating MPSFs. A number

of 20 iterations are performed. The relative least-squares error (RLSE)E is employed to
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evaluate the quality of the inverted model:

Ep =
km e

p � m t
pk

km 0
p � m t

pk
; (19)

where m t
p, m 0

p and m e
p are true, initial and inverted models for parameter p.

The second and third rows of Figures 4-8 show the FSKs and inverted models in di�erent

model parameterizations. We plot the inverted models with color axes di�erent from those

of the true models for displaying the interparameter contaminations in the inverted models.

For the D-V parameterization (Figure 4), � produces strong contaminations into � and

� but su�ers from weak contaminations from other parameters. In Figure 5, � is worst

recovered due to the strong contaminations from� and � in the D-M parameterization. For

the D-IP parameterization (Figure 6), the inverted models for all of the three parameters

are exposed to obvious interparameter contaminations. In V-IP-I parameterization (Figure

7), � 0 and I 0
P produce strong contaminations into each other in the inverted models. The

contaminations from � 0 to � 0 and I 0
P are gradually reduced as iteration proceeds. For V-

IP-II parameterization (Figure 8), only � 00produces moderate contaminations into� 00and

I 0
S and weak contaminations appear in the inverted models.

[Figure 4 about here.]

[Figure 5 about here.]

[Figure 6 about here.]

[Figure 7 about here.]
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[Figure 8 about here.]

[Figure 9 about here.]

Figure 9 shows the reductions of the model errors in the inversion experiments with these

di�erent model parameterizations. Combining with the analysis above, the D-M and D-IP

model parameterizations su�er from the strongest interparameter tradeo�s and show the

poorest performance in reducing the model errors. The V-IP-II parameterization performs

best with the weakest parameter leakages. The conclusions obtained from simple Gaussian-

anomaly models with perfect acquisition geometry may do not apply to complex models

with re
ection seismic survey. Thus, synthetic inversion experiments based on a complex

Marmousi model with surface re
ection survey are then carried out.

Synthetic inversion experiments with Marmousi model

Figure 10 shows the true models, initial models and true model perturbations for the

isotropic-elastic parameters of P-wave velocity, S-wave velocity, bulk modulus, shear mod-

ulus, P-wave impedance, S-wave impedance and density. The model is 3:4 km wide in

horizontal direction and 1:2 km deep in vertical direction. A number of 120 and 40 ele-

ments are uniformly distributed in horizontal and vertical dimensions. We deploy 33 sources

regularly with a spacing of 100 m and 330 receivers regularly with a spacing of 10 m along

top surface of the model. An explosive source is used for synthetic forward modelling with a

Ricker source wavelet (dominant frequencyf 0=15 Hz). Both vertical and radial components

data are acquired with a land survey and then used for inversion. The in
uence of surface

waves is not considered with absorbing boundary condition at top surface of the model.
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[Figure 10 about here.]

Interparameter tradeo� quanti�cation

To quantify the relative strengths and characteristics of the interparameter contaminations,

the FSKs, DSKs, and ICSKs associated with di�erent physical parameters in various model

parameterizations are �rst calculated by multiplying the multiparameter Hessian block ma-

trices with the true model perturbation vectors. In Figure 11 the FSKs (K � , K � and K � 0),

DSKs (K � $ � , K � $ � and K � 0$ � 0), and ICSKs (K � ! � , K � 0! � , K � ! � , K � 0! � , K � ! � 0 and

K � ! � 0) in D-V parameterization are plotted. In Figure 11, A indicates the maximum magni-

tude of the kernel. To evaluate the relative strengths of the interparameter contaminations,

we introduce the ICSK-to-DSK amplitude ratio &. For example &� ! � represents:

&� ! � =
A � ! �

A � $ � ; (20)

where A � ! � and A � $ � are the maximum magnitudes of ICSK K � ! � and DSK K � $ � ,

respectively. Larger ratio means stronger interparameter contamination. In Figure 11,&� ! �

and &� ! � are approximately 0:48 and 0:15, meaning that � update experiences polarity-

reversed contamination from� moderately but weak contamination from � 0. The FSK K � is

weakly contaminated by � and � 0 (&� ! � � 0:13 and &� 0! � � 0:11). However, some features

in K � 0 are very close to the features inK � ! � 0(&� ! � 0 � 1:72), as indicated by the arrows in

Figures 11c and 11f. These observations are strongly suggestive that the update for� 0 is

dominated by the contamination from � .

In Figures 12-15, the FSKs, DSKs, and ICSKs for the model parameters in D-M, D-
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IP, V-IP-I and V-IP-II parameterizations are illustrated, respectively. In Figure 12, the

FSK K � is weakly contaminated, with &� ! � � 0:05 and &� ! � � 0:16. However, the FSK

K � experiences the strongest polarity-reversed contaminationK � ! � from � (&� ! � � 3:78),

which dominates the characteristics ofK � . For the D-IP parameterization (Figure 13), I S

experiences the weakest contaminations (&I P ! I S � 0:16 and &� 00! I S � 0:30) but produces

strong polarity-reversed contamination K I S ! � 00 (&I S ! � 00 � 2:16) into K � 00. All of the sensi-

tivity kernels in V-IP-I parameterization appear to have high spatial resolution, as shown

in Figure 14. The parameter � 0 experiences the weakest contaminations (&I 0
P ! � 0 � 0:48 and

&� 0! � 0 � 0:24). However, the updates for� 0 and I 0
P are changed a lot by the interparameter

contaminations. For the V-IP-II parameterization in Figure 15, the FSK K � 00 is weakly

contaminated (&� 00! � 00 � 0:16 and &I 0
S ! � 00 � 0:32). The FSKs K � 00 and K I 0

S
are moderately

contaminated (&� 00! � 00 � 0:44 and &� 00! I 0
S

� 0:53). Furthermore, the scattering radiation

patterns of � 00and I 0
S (Figure 1e) are well separated. These observations are suggestive that

the V-IP-II parameterization has a higher chance to recover density distributions correctly.

[Figure 11 about here.]

[Figure 12 about here.]

[Figure 13 about here.]

[Figure 14 about here.]

[Figure 15 about here.]
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Inversion experiments

Inversion experiments are then carried out with these �ve di�erent model parameteriza-

tions. A multi-scale inversion strategy is adopted by expanding the frequency band from

[3Hz, 6Hz], to [3Hz, 8Hz], [3Hz, 10Hz] and [3Hz, 12Hz] with a maximum of 60 iterations

at each frequency band. The �nal inverted models by D-V, D-M, D-IP, V-IP-I and V-IP-II

parameterizations are illustrated in Figures 16 and 17. The combinations of di�erent physi-

cal parameters are commonly used to characterize the hydrocarbon reservoirs. The optimal

model parameterization is expected to reconstruct all of the physical parameters reliably.

Hence, following Beller et al. (2018), other elastic parameters are also built aposterior by

nonlinear combination of the optimization parameters for comparison. Figure 18 shows the

model error reductions for di�erent isotropic-elastic parameters in these parameterizations.

In Figures 16 and 18a, we observe that S-wave impedance is best inverted and most of

other model parameters are also well reconstructed in the D-V parameterization. The whole

density model is inverted well, as shown in Figure 16g. However, some density structures

are over-estimated (as indicated by the black arrows) and some false density layers appear

(as indicated by the gray arrows), which result from the interparameter tradeo�. The D-M

parameterization reconstructs the model parameters of S-wave velocity (Figure 16i), shear

modulus (Figure 16k), P-wave impedance (Figure 16l) and S-wave impedance (Figure 16m)

well. However, the magnitudes of the inverted bulk modulus model (Figure 16j) are very

weak. The inverted density model (Figure 16n) is distorted and the density model error, as

shown in Figure 18b, increases as iteration proceeds. The D-IP parameterization recovers

most of the model parameters well. However, the density distributions are almost wrongly

inverted with the largest model error as shown in Figures 16u and 18c. For the V-IP-I
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model parameterization, the model parameters of S-wave velocity, shear modulus, P-wave

impedance and S-wave impedance are inverted well, as shown in Figures 17b, 17d, 17e, and

17f. In the inverted P-wave velocity model (Figure 17a), only the structure boundaries are

recovered known as cycle-skipping problem, which may be caused by that the FSKK � 0

(Figure 14a) is dominated by high wavenumber components. The density model (Figure

17g) is recovered well overall but also contaminated by mappings from other parameters (as

indicated by the arrows). Furthermore, the bulk modulus structures (Figure 17c) are neg-

atively inverted. The V-IP-II model parameterization provides all of the model parameters

reliably, as shown in Figures 17 and 18e. Even though, the inverted density model (Figure

17n) is blurred a little bit.

[Figure 16 about here.]

[Figure 17 about here.]

Density represents one important rock physics property for predicting 
uid reservoirs.

However, all of the model parameterizations discussed in this paper invert density distri-

butions with the largest model errors, as indicated by the blue-dash-dot lines in Figure 18.

In Figure 19, we plot the inverted density models by various model parameterizations at

sub-region A (as indicated by the red-dash box in Figure 10g) for comparison in detail.

In V-IP-II parameterization, bene�ting from the weaker tradeo� between � 00and I 0
S, the

magnitudes of the inverted density layers approach the true density model better and the

false estimates appear to be weaker compared to the inverted density model by D-V pa-

rameterization, as indicated by the black and grey arrows in Figures 19b and 19f. From the

above observations and analysis, the D-V and V-IP-II parameterizations outperform the
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other choices for reconstructing the parameters in isotropic-elastic media.

[Figure 18 about here.]

[Figure 19 about here.]

Field dataset application

The geology of the studied area (central Alberta in western Canada) is characterized by

plains where the underlying surface formations are Cretaceous and Tertiary relatively soft

and 
at beds (Smith et al., 1994; Gavotti, 2014; Cui, 2015). The oldest Cretaceous rocks

belong to the Manniville Group which is discomformably overlain by the Colorado Group

and is underlay by the older Paleozoic carbonates. The Manniville Group consists of coal

formations with lower impedance in the upper parts and interbeded continental sand in the

base.

The seismic experiment was carried out in Hussar (about 100km east of Calgary), with

the purpose of acquiring low frequency data to be used in FWI methods (Margrave et al.,

2012). The 2D seismic survey line is 4.5km in length. The multicomponent data recorded

by 10 Hz 3C (three-component) geophones generated by dynamite sources (2 kg charges at

15 m depth) are used for inversion. A total of 269 sources and 448 geophones were deployed

with a regular source spacing of 20 m and a regular receiver spacing of 10 m. The raw seismic

dataset was preprocessed with a series of operations including: gain correction for amplitude

recovery, static corrections for compensating the topographic variations, surface waves and

monochromatic noise removal. Figures 20a and 20b show the processed vertical and radial

components shot gathers within the frequency band of [3Hz, 35Hz]. A minimum phase
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sourcewavelet is estimated from seismic data (Pan et al., 2018a). Figures 21a-21g show

the linear initial models of P-wave velocity, S-wave velocity, bulk modulus, shear modulus,

P-wave impedance, S-wave impedance and density models, respectively. The black line in

Figure 21a denotes the well log (14-35) position. The inversion experiment is carried out by

expanding the frequency band from [3Hz, 5Hz] to [3Hz, 8Hz], [3Hz, 10Hz] and then [3Hz,

12Hz]. At each frequency band, both the data and source wavelet are band-pass �ltered

and a maximum of 15 iterations are performed.

The �nal inverted models by di�erent model parameterizations are illustrated in Figures

21 and 22. Figure 23 shows the comparison of the inverted models with the well log data.

In the inverted models by the D-M parameterization (Figures 21o-21u), even though some

geological structures can be identi�ed, magnitudes of the inverted parameters are mostly

weak and deep parts are not recovered well, as indicated by the blue-solid lines in Figure

23. Furthermore, the density distributions are highly under-estimated or over-estimated,

as shown in Figures 21u and 23g. In the inverted models by the model parameterizations

of D-IP (Figures 22a-22g) and V-IP-I (Figures 22h-22n), the geological formations can be

observed more clearly. However, deeper parts of the model parameters are still not re-

constructed well, as indicated by the green-solid and cyan-solid lines in Figure 23. The

inverted density models are either weakly updated (Figure 22g) or contaminated by strong

noise (Figure 22n). In the inverted models by the model parameterizations of D-V (Figures

21h-21n) and V-IP-II (Figures 22o-22u), the geological formations are obviously resolved

and most of the layers are 
at, which is consistent with the previous impedance inversion

studies (Lloyd, 2013; Gavotti, 2014; Cui, 2015; Esmaeili, 2016). In Figure 23, general trend

variations of the inverted models match the well log data, as indicated by the red-solid
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and magenta-solid lines. In the deeper parts (1:2 � 1:5 km), the depth shifts between the

inverted models and well log data may be caused by that the in
uences anisotropy and

attenuation are not considered in the inversion experiments. Compared with the inverted

density model by D-V parameterization, the inverted density structures by V-IP-II param-

eterization appear to match the well log data better, as indicated by the arrows in Figures

21n, 22u, 23g and 23n. Figure 24 shows the comparisons of the synthetic data obtained

from the initial models and inverted models with the observed data within the frequency

band of [3Hz, 12Hz]. Both of the re
ected P-wave and S-wave in the vertical and radial

components data (Figures 24b, 24f, 24h and 24l) obtained from the inverted models by

D-V and V-IP-II model parameterizations match the observed data closer than those of

other parameterization choices, as indicated by the blue and black arrows. These observa-

tions are generally consistent with the conclusions obtained from the synthetic examples,

which suggest that both D-V and V-IP-II model parametrerizations are better choices for

isotropic-elastic FWI. The geological formation tops of Basal Belly River (red-dash), Base

Fish Scale (blue-dash), Mannville (green-dash) and Medicine River Coal (magenta-dash)

are plotted in the inverted P-wave impedance section (Figure 22s) and well log data (Figure

23l) for quality control. The inverted P-wave impedance values at the stratigraphic units

of Basal Belly River and Base Fish Scale (Colorado Group) match the well log data closely.

The P-wave impedance values of Medicine River Coal section (upper Mannville Group) are

not identical to the well log data. However, the relative P-wave impedance reduction at

this unit is successfully inverted.

[Figure 20 about here.]
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[Figure 21 about here.]

[Figure 22 about here.]

[Figure 23 about here.]

[Figure 24 about here.]

DISCUSSION

In the paper of Pan et al. (2018a), the interparameter tradeo�s in velocity-density param-

eterization for isotropic-elastic FWI are analyzed. This paper focuses on quantifying the

interparameter tradeo�s in di�erent model parameterizations for isotropic-elastic FWI and

determining the appropriate model parameterization choice. The strengths and charac-

teristics of the interparameter contaminations are in
uenced by the acquisition geometry

signi�cantly. For example, some of the observations about interparameter tradeo� in ver-

tical seismic pro�le survey (Pan et al., 2018b) are di�erent from the observations with

re
ection seismic survey presented in this paper. Evaluating the interparameter tradeo�

with the scattering radiation patterns associated with di�erent physical parameters is just

equivalent to diagonal elements of the multiparameter Gauss-Newton Hessian o�-diagonal

blocks. The multiparameter Hessian-vector products measure interparameter contamina-

tions with o�-diagonal elements from the multiparameter Hessian o�-diagonal blocks by

taking amplitude, travel-time, phase and acquisition geometry into consideration. This

new tool can also be used to quantify the interparameter tradeo�s in anisotropic FWI.

Di�erent physical parameters are simultaneously inverted in the synthetic examples and
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�eld dataset application. Inverting the dominant parameters �rst and then simultaneously

inverting all of the parameters should provide more reliable inverted models. A standard

non-linear conjugate gradient method is used for model updating and no preconditioning is

applied to scale the updates of di�erent physical parameters. In the advanced truncated-

Newton methods, the inverse multiparameter Hessian is approximately applied to the gra-

dient updates by solving the Newton-equation with linear conjugate-gradient algorithm,

which promises to reduce the interparameter tradeo�s. Furthermore, normalization, block

diagonal multiparameter Hessian preconditioning and calculating di�erent step lengths for

the updates of di�erent physical parameters should help alleviate the interparameter trade-

o� di�culty. At each frequency band, we set the maximum iteration number to terminate

the inversion for evaluating the performances of di�erent parameterizations comparatively.

A better strategy is to stop the iteration when the data mis�t reaches the minimum toler-

ance. All of these strategies will be considered and applied for isotropic-elastic FWI in our

future studies.

We evaluate the performances of various model parameterizations for isotropic-elastic

FWI based on the qualities of the inverted models. The data mis�t reduction histories are

not plotted and compared. Because reduction of the data mis�t can not make sure that the

model parameters are inverted correctly. We only discuss the in
uence of model parameter-

ization for isotropic-elastic FWI. However, successful applications of isotropic-elastic FWI

depend on many factors, including data quality, geological setting, source wavelet and low

frequencies. For the �eld dataset application in this research, a weak gain correction is ap-

plied to the acquired seismic data, which may damage the amplitude of the data and result

in unreliable density or impedance estimations. Furthermore, we ignored the in
uences of
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anisotropy and attenuation, which also play important roles for inverting subsurface elastic

properties and should be considered in future studies.

CONCLUSION

The interparameter tradeo� and inversion performances of various model parameterizations

in isotropic-elastic FWI are evaluated in this paper. The scattering radiation patterns in

di�erent model parameterizations are �rst used to infer the interparameter tradeo� qualita-

tively. Furthermore, a new framework is developed and employed for interparameter tradeo�

analysis based upon multiparameter Hessian-vector products. In the numerical experiments

section, we have observed that the interparameter contaminations between di�erent physi-

cal parameters vary signi�cantly in strengths, spatial resolution and phase characteristics.

Overall, the velocity-density (P-wave velocity, S-wave velocity and density) and velocity-

impedance-II (P-wave velocity, S-wave velocity and S-wave impedance) parameterizations

outperform the other choices and reconstruct all of the physical parameters reliably. Fur-

thermore, the inverted density distributions by the velocity-impedance-II parameterization

su�er from less parameter crosstalk artifacts. The �eld data application of isotropic-elastic

FWI with di�erent model parameterizations also veri�es these observations.
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APPENDIX A

REVIEW OF THE ADJOINT-STATE METHOD FOR

MULTIPARAMETER HESSIAN-VECTOR PRODUCT

CALCULATION

Following M�etivier et al. (2013), we consider minimizing the following Lagrangian mis�t

functional:

~� (m; u; � ) =
Z t0

0

Z



(u�

n (x ; t) �

� � i (x ; t)
�
� (x) @2

t ui (x ; t) � @j (cijkl (x) @l uk (x ; t)) � f i (xs)
��

dxdt;

(A-1)

where the symbol \*" means complex conjugate, � i (x ; t) is the new Lagrangian multi-

plier and � is an arbitrary function in wave�eld space. Variation of functional due to the

perturbations of model parameters and wave�eld is given by

� ~� = �
Z t0

0

Z



� � (x) � i (x ; t) @2

t ui (x ; t) + � cijkl (x) @j � i (x ; t) @l uk (x ; t) dxdt

+
Z t0

0

Z




�
� �

�
� (x) @2

t � i (x ; t) � @j (cijkl (x) @l � k (x ; t))
��

� un (x ; t) dxdt:

(A-2)
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Equation (A-2) is stationary with respect to wave�eld perturbation � un (x ; t) when its

coe�cient is zero, which gives the adjoint-state equation:

� (x) @2
t � i (x ; t) � @j (cijkl (x) @l � k (x ; t)) = �; (A-3)

where� serves as the adjoint source and the Lagrangian multiplier wave�eld solution �i (x ; t)

is given by

� i (x ; t) =
Z t0

0
Gin

�
x ; t � t00� �dt 00: (A-4)

The Fr�echet derivatives of the mis�t functional (equation (A-1)) with respect to � and cijkl

are given by

r � ~� = �hh @2
t ui Gin � ii ; r cijkl ~� = �hh @l uk@j Gin � ii : (A-5)

The multiparameter Gauss-Newton Hessian-vector product can be obtained by replacing�

in equation (A-5) with a Jacobian-vector product J m = ( r m u) v (v = [� �; � cijkl ]), which

can be obtained by solving the following equation:

� (x) @2
t � ui (x ; t) � @j (cijkl (x) @l � uk (x ; t)) = � � � (x) @2

t ui (x ; t) � � cijkl (x) @l uk (x ; t) :

(A-6)

For example, the Fr�echet derivative of the mis�t functional (equation (A-1)) with respect

to � is:

r � ~� = �hh 2� 0�@kuk@i Gin � ii : (A-7)
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Replacing � in equation (A-7) with Jacobian-vector product J � = ( r � u) � � gives the

ICSK K � ! � = � H �� � � as:

K � ! � (x) = �
Z



H ��

�
x ; x0� � �

�
x0� dx0

= � hh 4
�
� 0� 2 ��@ kuk (x) @i Gin (x) @j 0Gn0i 0

�
x0� � �

�
x0� � @i 0uj 0

�
x0� + @j 0ui 0

�
x0�� ii

+ hh8
�
� 0� 2 ��@ kuk (x) @i Gin (x) @i 0Gn0i 0

�
x0� � �

�
x0� @l0uk0

�
x0� ii :

(A-8)

The MPSFs are calculated by replacing the model perturbation vectors with point-localized

model perturbations.
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15 The FSKs, DSKs and ICSKs in V-IP-II parameterization. (a), (b) and (c)

show the FSKsK � 00, K � 00 and K I 0
S
; (d), (h) and (l) show the DSKs K � 00$ � 00,

K � 00$ � 00 and K I 0
S $ I 0

S
; (e), (f), (g), (i), (j) and (k) show the ICSKs K � 00! � 00,

K I 0
S ! � 00, K � 00! � 00, K I 0

S ! � 00, K � 00! I 0
S

and K � 00! I 0
S
. . . . . . . . . . . . . . . . 61

16 (a)-(g) are the inverted models of P-wave velocity, S-wave velocity, bulk mod-

ulus, shear modulus, P-wave impedance, S-wave impedance and density with

D-V model parameterization; (h)-(n) are the corresponding inverted models

with D-M model parameterization; (o)-(u) are the corresponding inverted

models by D-IP model parameterization. . . . . . . . . . . . . . . . . . . . . 62

17 (a)-(g) are the inverted models of P-wave velocity, S-wave velocity, bulk mod-

ulus, shear modulus, P-wave impedance, S-wave impedance and density with

V-IP-I model parameterization; (h)-(n) are the corresponding inverted mod-

els with V-IP-II model parameterization. . . . . . . . . . . . . . . . . . . . . 63

18 (a), (b), (c), (d) and (e) show the model error reductions of the isotropic-

elastic parameters in D-V, D-M, D-IP, V-IP-I, and V-IP-II model param-

eterizations, respectively. The black-solid, black-dash, black-dot, red-solid,

red-dash, red-dot and blue-dash-dot lines indicate the model error reductions

for P-wave velocity, S-wave velocity, bulk modulus, shear modulus, P-wave

impedance, S-wave impedance and density. . . . . . . . . . . . . . . . . . . 64
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19 Comparison of the inverted density models by various model parameteriza-

tions in sub-region A. (a) shows true density model in sub-region A. (b), (c),

(d), (e) and (f) show the inverted density models by D-V, D-M, D-IP, V-IP-I

and V-IP-II model parameterizations. . . . . . . . . . . . . . . . . . . . . . 65

20 (a) and (b) are the observed vertical and radial components data after pro-

cessing. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

21 (a)-(g) are the initial models of P-wave velocity, S-wave velocity, bulk mod-

ulus, shear modulus, P-wave impedance, S-wave impedance and density re-

spectively; (h)-(n) are the corresponding inverted models with D-V model

parameterization; (o)-(u) are the corresponding inverted models with D-M

model parameterization. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

22 (a)-(g) are the inverted models of P-wave velocity, S-wave velocity, bulk mod-

ulus, shear modulus, P-wave impedance, S-wave impedance and density with

D-IP model parameterization; (h)-(n) are the corresponding inverted models

with V-IP-I model parameterization; (o)-(u) are the corresponding inverted

models with V-IP-II model parameterization. In (s), the red-dash, blue-dash,

green-dash and magenta-dash lines indicate the depths of the Basal Belly

River, Base Fish Scale, Mannville and Medicine River Coal units, respectively. 68
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23 (a)-(g) show the comparison of the well log data (black-solid), initial mod-

els (gray-solid) and the inverted models by D-V (red-solid) and D-M (blue-

solid) model parameterizations for the isotropic-elastic parameters of P-wave

velocity, S-wave velocity, bulk modulus, shear modulus, P-wave impedance,

S-wave impedance and density, respectively; (h)-(n) show the comparison

of inverted models by D-IP (green-solid), V-IP-I (cyan-solid) and V-IP-II

(magenta-solid) model parameterizations with the well log data for these pa-

rameters. In (l), the red-dash, blue-dash, green-dash and magenta-dash lines

indicate the depths of the Basal Belly River, Base Fish Scale, Mannville and

Medicine River Coal units, respectively. . . . . . . . . . . . . . . . . . . . . 69

24 (a)-(f) are the comparisons of the observed vertical component data with the

synthetic vertical component data calculated from the initial models and the

inverted models by D-V, D-M, D-IP, V-IP-I and V-IP-II model parameter-

izations; (g)-(l) are the comparisons of the observed radial component data

with the synthetic radial component data. At each panel, the left and right

parts are the observed and synthetic data, respectively. The blue and black

arrows indicate the re
ected P- and S-waves. . . . . . . . . . . . . . . . . . 70
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Figure 1. (a), (b), (c), (d) and (e) show the scattering radiation patterns of different physical parameters in 
D-V, D-M, D-IP, V-IP-I and V-IP-II model parameterizations, respectively. The first, second and third 

columns are the corresponding P-P (scattered P-wave due to incident P-wave), P-SV (scattered SV-wave due 
to incident P-wave) and SV-SV (scattered SV-wave due to incident SV-wave) scattering radiation patterns. 
The SV-P (scattered P-wave due to incident SV-wave) scattering radiation patterns are similar to the P-SV 

scattering radiation patterns for different model parameterizations. For each parameterization, the 
scattering radiation patterns associated with different physical parameters are indicated by cyan-dash, 

orange-solid and blue-dash lines. 
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Figure 2. (a) Acquisition geometry for calculating MPSFs. Black stars and gray circles represent sources and 
receivers positions. The black square indicates the location of the spike model perturbation ( z=(0.5  km, 0.5 

km)). (b) The MPSF panel for isotropic-elastic parameters �(�& �) and �*�+ in D-V parameterization. Ã PSF indicates 
the normalized magnitude of the MPSF. The symbols ``+" and ``-" mean positive and negative values, 

respectively. 
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Figure 3. (a), (b), (c) and (d) show the MPSF panels for D-M, D-IP, V-IP-I and V-IP-II model 
parameterizations respectively. 
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Figure 4. (a), (b) and (c) show the true models of ���� ��  and ���� in D-V parameterization; (d), (e) and (f) show 

the FSKs K �� , K ��  and K ����; (g), (h) and (i) show the corresponding inverted models. 
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Figure 5. (a), (b) and (c) show the true models of ���� ��  and ��  in D-M parameterization; (d), (e) and (f) show 

the FSKs K ��, K ��  and �� ; (g), (h) and (i) show the corresponding inverted models. 
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Figure 6. (a), (b) and (c) show the true models of Ip, Is and ����  in D-IP parameterization; (d), (e) and (f) 

show the FSKs K Ip , K Is  and K ����; (g), (h) and (i) show the corresponding inverted models. 
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Figure 7. (a), (b) and (c) show the true models of ������ ���� and Ip' in V-IP-I parameterization; (d), (e) and (f) 

show the FSKs K ����, K ���� and K Ip' ; (g), (h) and (i) show the corresponding inverted models. 
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Figure 8. (a), (b) and (c) show the true models of ������ ���� and Is' in V-IP-II parameterization; (d), (e) and (f) 

show the FSKs K ����, K ���� and K Is' ; (g), (h) and (i) show the corresponding inverted models. 
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Figure 9. (a), (b), (c), (d) and (e) show the model error reductions of the isotropic-elastic parameters in D-
V, D-M, D-IP, V-IP-I and V-IP-II model parameterizations. 
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Figure 10. (a)-(g) show the true models of P-wave velocity, S-wave velocity, bulk modulus, shear modulus, 
P-wave impedance, S-wave impedance and density, respectively; (h)-(n) show the corresponding initial 

models of these isotropic-elastic parameters; (o)-(u) are the corresponding true model perturbations; The 
red-dash box in (g) indicates the sub-region A for comparing the inverted density models. 
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Figure 11. The FSKs, DSKs and ICSKs in D-V parameterization. (a), (b) and (c) show the FSKs K �#, K �$ and 

K�%�&; (d), (h) and (l) show the DSKs K �#�� �#, K �$�� �$ and K �%�&�� �%�&; (e), (f), (g), (i), (j) and (k) show the ICSKs 

K�$�� �#, K �%�&�� �#, K �#�� �$, K �%�&�� �$, K �#�� �%�& and K �$�� �%�&. 

262x135mm (300 x 300 DPI) 

Page 59 of 72 GEOPHYSICS

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60

This paper presented here as accepted for publication in Geophysics prior to copyediting and composition. 
© 2019 Society of Exploration Geophysicists.

D
ow

nl
oa

de
d 

01
/2

7/
19

 to
 1

92
.1

2.
18

4.
7.

 R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
S

E
G

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 T
er

m
s 

of
 U

se
 a

t h
ttp

://
lib

ra
ry

.s
eg

.o
rg

/



 

Figure 12. The FSKs, DSKs and ICSKs in D-M parameterization. (a), (b) and (c) show the FSKs K �$, K �% and 

K�&; (d), (h) and (l) show the DSKs K �$�� �$, K �%�� �% and K �&�� �&; (e), (f), (g), (i), (j) and (k) show the ICSKs K �%�� �$, 

K�&�� �$, K �$�� �%, K �&�� �%, K �$�� �& and K �%�� �&. 
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Figure 13. The FSKs, DSKs and ICSKs in D-IP parameterization. (a), (b) and (c) show the FSKs K Ip , K Is  and 

K�$�%; (d), (h) and (l) show the DSKs K Ip �� Ip , K Is �� Is  and K �$�%�� �$�%; (e), (f), (g), (i), (j) and (k) show the ICSKs 

KIs �� Ip , K �$�%�� Ip , K Ip �� Is , K �$�%�� Is , K Ip �� �$�% and K Is �� �$�%. 
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Figure 14. The FSKs, DSKs and ICSKs in V-IP-I parameterization. (a), (b) and (c) show the FSKs K �%�&, K �'�& and 

KIp' ; (d), (h) and (l) show the DSKs K �%�&�� �%�&, K �'�&�� �'�& and K Ip' �� Ip' ; (e), (f), (g), (i), (j) and (k) show the ICSKs 

K�'�&�� �%�&, K Ip' �� �%�&, K �%�&�� �'�&, K Ip' �� �'�&, K �%�&�� Ip'  and K �'�&�� Ip' . 
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Figure 15. The FSKs, DSKs and ICSKs in V-IP-II parameterization. (a), (b) and (c) show the FSKs K �%�&, K �'�& 

and K Is' ; (d), (h) and (l) show the DSKs K �%�&�� �%�&, K �'�&�� �'�& and K Is' �� Is' ; (e), (f), (g), (i), (j) and (k) show the 

ICSKs K �'�&�� �%�&, K Is' �� �%�&, K �%�&�� �'�&, K Is' �� �'�&, K �%�&�� Is'  and K �'�&�� Is' . 
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Figure 16. (a)-(g) are the inverted models of P-wave velocity, S-wave velocity, bulk modulus, shear 
modulus, P-wave impedance, S-wave impedance and density with D-V model parameterization; (h)-(n) are 

the corresponding inverted models with D-M model parameterization; (o)-(u) are the corresponding inverted 
models by D-IP model parameterization. 
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Figure 17. (a)-(g) are the inverted models of P-wave velocity, S-wave velocity, bulk modulus, shear 
modulus, P-wave impedance, S-wave impedance and density with V-IP-I model parameterization; (h)-(n) 

are the corresponding inverted models with V-IP-II model parameterization. 
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Figure 18. (a), (b), (c), (d) and (e) show the model error reductions of the isotropic-elastic parameters in D-
V, D-M, D-IP, V-IP-I, and V-IP-II model parameterizations, respectively. The black-solid, black-dash, black-

dot, red-solid, red-dash, red-dot and blue-dash-dot lines indicate the model error reductions for P-wave 
velocity, S-wave velocity, bulk modulus, shear modulus, P-wave impedance, S-wave impedance and density. 
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Figure 19. Comparison of the inverted density models by various model parameterizations in sub-region A. 
(a) shows true density model in sub-region A. (b), (c), (d), (e) and (f) show the inverted density models by 

D-V, D-M, D-IP, V-IP-I and V-IP-II model parameterizations. 
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Figure 20. (a) and (b) are the observed vertical and radial components data after processing. 
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Figure 21. (a)-(g) are the initial models of P-wave velocity, S-wave velocity, bulk modulus, shear modulus, 
P-wave impedance, S-wave impedance and density respectively; (h)-(n) are the corresponding inverted 

models with D-V model parameterization; (o)-(u) are the corresponding inverted models with D-M model 
parameterization. 
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Figure 22. (a)-(g) are the inverted models of P-wave velocity, S-wave velocity, bulk modulus, shear 
modulus, P-wave impedance, S-wave impedance and density with D-IP model parameterization; (h)-(n) are 

the corresponding inverted models with V-IP-I model parameterization; (o)-(u) are the corresponding 
inverted models with V-IP-II model parameterization. In (s), the red-dash, blue-dash, green-dash and 

magenta-dash lines indicate the depths of the Basal Belly River, Base Fish Scale, Mannville and Medicine 
River Coal units, respectively. 
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Figure 23. (a)-(g) show the comparison of the well log data (black-solid), initial models (gray-solid) and the 
inverted models by D-V (red-solid) and D-M (blue-solid) model parameterizations for the isotropic-elastic 

parameters of P-wave velocity, S-wave velocity, bulk modulus, shear modulus, P-wave impedance, S-wave 
impedance and density, respectively; (h)-(n) show the comparison of inverted models by D-IP (green-solid), 

V-IP-I (cyan-solid) and V-IP-II (magenta-solid) model parameterizations with the well log data for these 
parameters. In (l), the red-dash, blue-dash, green-dash and magenta-dash lines indicate the depths of the 

Basal Belly River, Base Fish Scale, Mannville and Medicine River Coal units, respectively. 
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Figure 24. (a)-(f) are the comparisons of the observed vertical component data with the synthetic vertical 
component data calculated from the initial models and the inverted models by D-V, D-M, D-IP, V-IP-I and V-
IP-II model parameterizations; (g)-(l) are the comparisons of the observed radial component data with the 

synthetic radial component data. At each panel, the left and right parts are the observed and synthetic data, 
respectively. The blue and black arrows indicate the reflected P- and S-waves. 
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