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Abstract

We report first principles calculations of electronic gaps, lifetimes and photoelectron

spectra of a series of molecules, performed by efficiently combining the computation

of electron-electron and electron-phonon self-energies. The dielectric matrix is repre-

sented in terms of dielectric eigenpotentials, utilized for both the calculation of G0W0

quasi-particle energies and the diagonalization of the dynamical matrix; virtual elec-

tronic states are never explicitly computed and all self-energies are evaluated over the

full frequency spectrum. Our formulation enables electronic structure calculations at

the many-body perturbation theory level, inclusive of electron-phonon coupling, for

systems with hundreds of electrons.
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Introduction

The key role of the electron-phonon interaction in solids has been understood since the

fifties, leading, e.g. to the explanation of the mechanism underlying conventional supercon-

ductivity.1–5 Likewise, the importance of the coupling between electronic and vibrational

excitations in determining the spectroscopic properties of molecules has been recognized

since at least the sixties.6,7 However, the ability to carry out first principles calculations of

electronic properties of molecules and solids including electron-phonon (e-ph) coupling has

been acquired much more recently, and even today such calculations remain challenging for

systems with hundreds of electrons.1,8–12
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Figure 1: Photoelectron spectra (A, see text) of adamantane (C10H16, left panel), diaman-
tane (C14H20, middle panel), and triamantane (C18H24, right panel) calculated using the
G0W0 approximation for the electron-electron self-energy, and either the PBE13 or G0W0

14

approximations for the electronic energy levels entering the e-ph self-energy. The symbol
HR denotes the use of the Huang-Rhys broadening technique to account for the Jahn-Teller
effect due to ionization (See SI). All spectra are normalized to the area of the first peak,
hence measured15,16 and computed spectra are directly comparable.

The accurate evaluation of e-ph coupling is critically important to understand a wide

variety of material properties, e.g. the zero-point motion and temperature dependent band

structures,17–19 the excitation spectra of carbon-based solids and molecules,18,20–22 the photo-

electron spectra of several 2D materials,23–25 the electronic properties of aqueous systems,26,27

hot-carrier lifetimes in semiconductors28,29 and transport in superconductors.8,30–32

The high computational cost to obtain e-ph coupling with standard electronic structure

methods (e.g. using density functional perturbation theory33–35) has limited calculations
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to relatively small systems. Standard methods require separate computations of electron-

electron (e-e) and e-ph interactions, and usually include the evaluation of expensive sums

over unoccupied electronic states and inversion of large dielectric matrices.1,8,36 The Stern-

heimer formulation of the e-ph self-energy used by Gonze et al.37 successfully removed the

sum over virtual states but treated the frequency-dependence of the self-energy in an approx-

imate manner; such an approximation is not appropriate, e.g. for carbon-based materials

including diamond, polyethelyne and adamantane.21,38 Further works19,39 have shown that

the frequency dependence can be included in a Sternheimer formulation.

In addition, e-ph self-energies have most often been evaluated with electronic energies

computed with semi-local density functional theory (DFT),13,40 which in many cases is not

sufficiently accurate for the prediction of spectral properties. Improved results can be ob-

tained using GW quasi-particle energies,14,41 which however have so far been considered

prohibitively expensive to compute, when evaluating e-ph scattering for systems with more

than a few atoms. Nevertheless, GW quasi-particle energies have been used in approximate

formulations, for example by shifting e-ph spectral functions by the difference between GW

and DFT energies,21 or by computing the e-ph self-energy at the DFT level and the e-e

self-energy42 at the GW level of theory.

In this paper we propose a method to combine the calculation of e-ph and e-e self-

energies, and to efficiently evaluate e-ph self-energies using G0W0 quasi-particle energies.

The dielectric matrix is represented in terms of eigenpotentials, which are used as a basis set

for both G0W0 calculations and the diagonalization of the dynamical matrix. The calculation

of virtual electronic states43–46 is avoided and the Lanczos algorithm is utilized to compute

all self-energy energies over the full frequency spectrum.47 All these features combined lead

to unprecedented computational savings and to the ability of including e-ph interactions in

electronic structure calculations of systems with hundreds of electrons. Below we discuss

the efficiency of the method for molecules and nanoparticles and we show that the use of

the G0W0 approximation is necessary in many cases to obtain quantitative agreement with
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experiments.

The rest of the paper is organized as follows: we first describe the proposed method to

combine the calculation of e-ph and e-e self-energies, and then we present our results on

several molecules, followed by a conclusion session.

Method

We start by outlining the main features of the method proposed here. Within the Born-

Oppenheimer and harmonic approximations, we write the electron-phonon self-energy as the

sum of the Fan-Migdal (ΣFM) and the Debye-Waller (ΣDW ) self-energies:9,10 Σep
nk(ω, T ) =

ΣFM
nk (ω, T ) + ΣDW

nk (T ) where:

ΣFM
nk (ω, T ) =

1

Nq

∑
qν

∑
m

〈ψnk| ∂−qνVscf |ψmk+q〉

× F FM
qν (εmk+q, ω, T ) 〈ψmk+q| ∂qνVscf |ψnk〉

(1)

and within the rigid-ion approximation:9

ΣDW
nk (T ) =

∑
IαJβ

∑′

m

〈ψnk| ∂IαVscf |ψmk〉

× FDW
IαJβ(εmk, εnk, T ) 〈ψmk| ∂JβVscf |ψnk〉

(2)

with:

F FM
qν (εmk+q, ω, T ) =

B(Ωqν , T ) + 1− f(εmk+q, T )

ω − εmk+q − Ωqν − iη

+
B(Ωqν , T ) + f(εmk+q, T )

ω − εmk+q + Ωqν − iη

(3)

FDW
IαJβ(εmk, εnk, T ) = − 1

Nq

∑
qν

B(Ωqν , T ) + 1
2

εnk − εmk

×

(
ξqνIαξ

−qν
Iβ

2MIΩqν

+
ξqνJαξ

−qν
Jβ

2MJΩqν

) (4)
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Here εmk and ψmk are electronic single particle energies and wavefunctions, respectively;

Ωqν and ξqνIα are the eigenvalues and eigenvectors of the dynamical matrix (I and J denote

ionic coordinates and α and β their Cartesian components), η is a small energy shift to pre-

vent divergences, B and f are the Bose-Einstein and Fermi-Dirac distributions, respectively.

The primed sum in Eq. 2 excludes terms for which the denominator in Eq. 4 vanishes.

The variation of the self-consistent potential (Eqs. 1 and 2) is defined as ∂qνVscf =∑
Iα

ξqνIα√
2MIΩqν

∂IαVscf where MI is the mass of the ion I. Within DFT, Vscf = Vext+VH +Vxc

where Vext, VH and Vxc are the electron-ion, Hartree and exchange-correlation potential,

respectively. In the following, Eqs. 1 and 2 are evaluated at the Γ point in the Brillouin

Zone (hence k and q are (0,0,0) and thus omitted).
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Figure 2: The electron-electron (τe−e) and electron-phonon (τe−ph) contributions to the life-
times for adamantane (C10H16,left panel), cyclo-hexamantane (C26H30, middle panel) and
C87H76 (right panel) as a function of energy, where EHOMO and Egap are the energy of the
highest occupied molecular orbitals and the energy of the electronic gap, respectively. The
electronic structure was calculated at the G0W0 level of theory, starting from PBE eigenval-
ues and wavefunctions.

The calculation of ΣFM , ΣDW and that of the electronic self-energy ΣGW
e−e are combined, by

recognizing that there is a common quantity that enters the expression of all self-energies: the

dielectric matrix of the system (here G is the Green function and W the screened Coulomb

interaction). We use a spectral decomposition of the dielectric matrix43,44 and we define

a basis set of dielectric eigenpotentials which are then utilized to compute G0W0 quasi-

particle energies as well as to diagonalize the dynamical matrix, DIαJβ = 1√
MIMJ

∂Iα∂JβEtot.
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In particular we write:

∂Iα∂JβEtot =
∑
n∈v

〈ψn| ∂IαVext |∂Jβψn〉+ c.c.

+
∑
n∈v

〈ψn| ∂Iα∂JβVext |ψn〉+ CIαJβ
ion−ion

(5)

where the sum runs only over the valence states (v) and Cion−ion is the second derivative

of the ion-ion interaction energy. A common procedure to evaluate D is to determine |∂Iαψn〉

self-consistently from the solution of the Sternheimer equation:33

(H − εn) |∂Iαψn〉 = −Pc∂IαVscf |ψn〉 (6)

where Pc is the projector onto the virtual electronic states and H is the Kohn-Sham (KS)

Hamiltonian.40

We recast the calculation of the first two terms in Eq. 5 (denoted as Cel) in terms of the

solution of a non-self-consistent Sternheimer equation,

(H − εn) |∂Iαψbaren 〉 = −Pc∂IαVext |ψn〉 (7)

where |∂Iαψbaren 〉 corresponds to the solution for a single iteration of the self-consistent Stern-

heimer equation (Eq. 6) and we obtain

CIαJβ
el =

∑
n∈v

〈ψn| ∂IαVext |∂Jβψbaren 〉+ c.c

+

∫
drdr′∂Iαρbare(r)WHxc(r, r

′)∂Jβρbare(r
′)

(8)

The derivation of Eq. 8 proceeds as follows.

We derive |∂Iαψn〉 from Eq. 6:

|∂Iαψn〉 = −Pc(H − εn)−1Pc∂IαVscf |ψn〉 (9)

6
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The insertion of Eq. 9 into Eq. 5 yields:

CIαJβ
el = −

∑
n∈v

〈ψn| ∂IαVextPc(H − εn)−1Pc∂JβVscf |ψn〉+ c.c. (10)

where

|∂Jβψbaren 〉 = −Pc(H − εn)−1Pc∂JβVext |ψn〉 (11)

and

∂Iαρbare(r) =
∑
n

ψ∗n(r)∂Iαψ
bare
n (r) + c.c (12)

Hence Eq. 10 becomes,

CIαJβ
el =

∑
n∈v

〈ψn| ∂IαVscf |∂Jβψbaren 〉+ c.c. (13)

We now write ∂IαVscf as:

∂IαVscf = ∂IαVext +WHxc∂Iαρbare (14)

where WHxc is the test-electron screened Coulomb interaction written beyond the Random

Phase Approximation (RPA):

WHxc = fHxc + fHxc
χ0

1− fHxcχ0

fHxc (15)

where fHxc is defined as:

fHxc =
δVH
δρscf

+
δVxc
δρscf

, (16)

and χ0 is the independent particle polarizability. The second term on the right hand size of

Eq. 14 is derived by proving the following relation:

δVscf = δVext +WHxcδρbare (17)

7
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By definition:

δVscf = δVext + δVHxc (18)

which can also be rewritten as:

δVscf = δVext +
δVHxc
δρbare

δρbare. (19)

We now prove that δVHxc
δρbare

= WHxc. Using the chain rule for functional derivatives, we have:

δVHxc
δρbare

=
δVHxc
δρscf

δρscf
δρbare

(20)

where the integration on the right hand side of Eq. 20 is implicit. By definition, δVHxc
δρscf

= fHxc

and from Ref. 48, we know that

δρscf
δρbare

= 1 +
χ0

1− fHxcχ0

fHxc . (21)

Inserting Eqs. 16 and 21 into Eq. 20, we obtain:

δVHxc
δρbare

= fHxc + fHxc
χ0

1− fHxcχ0

fHxc (22)

where the right hand side of Eq. 22 and Eq. 15 coincide; hence we have proven that

WHxc =
δVHxc
δρbare

. (23)

Thus Eq. 17 holds and from it, Eq. 14 follows.

The term WHxc in Eqs. 8 and 14 is computed without summing over virtual states and

without inverting large dielectric matrices by using as a basis the eigenvectors of χ0.43,44

This is the same basis set required for G0W0 calculations of the quasiparticle energies.45

Finally, the sum over virtual electronic states in Eqs. 1 and 2 is performed by using

projectors Pc over the unoccupied manifold. In particular, we write a general function of the

8
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deflated Hamiltonian, H̃ = PcHPc as:

∑
m∈c

|ψm〉F (εm) 〈ψm| = F (H̃), (24)

and using the Lanczos algorithm47 we express matrix functions of the Hamiltonian49 in

Lancozs basis |q̃R` 〉 with eigenvalues dR` :

〈L|F (H̃) |R〉 =
∑
`

〈L|q̃R` 〉F (dR` ) 〈q̃R` |R〉 , (25)

where |L〉 and |R〉 are generic vectors. Using the Lanczos algorithm one recursively constructs

a set of NLanczos orthonormal vectors Q = {|qR` 〉; ` = 1, Nlanczos; |qR1 〉 = |R〉}, used to recast

the deflated Hamiltonian in a tridiagonal form:

Ĥ =



α1 β2

β2 α2 β3

β3
. . . . . .

. . . . . . βn

βn αn


(26)

where

αn = 〈qn| H̃ |qn〉 (27)

βn+1 = ||(H̃ − αn) |qn〉 − βn |qn−1〉 || (28)

The basis |qn〉 is kept orthogonal by using the recursion relation,

|qn+1〉 =
1

βn+1

[(H̃ − αn) |qn〉 − βn |qn−1〉] (29)

The diagonalization of the tridiagonal matrix (Eq. 26) gives the eigenvalues d` and

9
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eigenvectors U`. A modified Lanczos basis is then obtained as:

|q̃`〉 =
∑
k

U`k |qk〉 (30)

Using the modified Lanczos basis set (Eq. 30), the FM (Eq. 1) and DW (Eq. 2) self-

energies are expressed in the following way:

ΣFM
n = ΣFM

n,occ +
∑
`ν

〈ψn| ∂νVscf |q̃n,ν` 〉

× F FM
ν (dnν` , ω, T ) 〈q̃n,ν` | ∂νVscf |ψn〉

(31)

ΣDW
n = ΣDW

n,occ +
∑
IαJβ

∑
`νµ

ξµIαξ
ν
Jβ 〈ψn| ∂µVscf |q̃

n,ν
` 〉

× FDW
IαJβ(dnν` , εn, T ) 〈q̃n,ν` | ∂νVscf |ψn〉

(32)

where the first terms on the right hand side of Eqs. 31 and 32 contain only sums over

occupied states. The same modified Lanczos basis is used for both the Fan-Migdal and

Debye-Waller self-energies which are thus obtained with a single calculation.

In our work, we computed the electron-phonon self-energy at the G0W0 level by using

the Hamiltonian,

HG0W0 =
∑
n

|ψn〉 εG0W0
n 〈ψn|+ Pc (H + ∆G0W0)Pc (33)

where the deflated Kohn-Sham Hamiltonian is shifted by the constant ∆G0W0 determined

from the low-lying unoccupied quasiparticle energies:

∆G0W0 =


1
NC

∑LUMO+NC
n=LUMO (εG0W0

n − εKSn ) εG0W0
LUMO ≤ 0

0 εG0W0
LUMO > 0

(34)
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Here, NC is chosen to obtain the correct LUMO level (i.e. the one computed at the G0W0

level of theory), irrespective of the possible different order of states in G0W0 and PBE

calculations. In Eq. 34, the second condition is required because the unoccupied quasi-

particle energies in the diamondoids are unbound and their energy shifts relative to DFT

did not show a systematic trend. The viability of making the approximation ∆G0W0 = 0 was

tested for the electron-phonon self-energy in adamantane, by computing the self-energies

with Nc = 7 or Nc = 172 unoccupied G0W0 eigenvalues. The resulting self-energies differed

by less than 0.02 eV.

Results and Discussion

We now turn to the discussion of our results for photoelectron spectra, electron-phonon

energies and electron-phonon lifetimes for a set of diamondoid molecules. In Figure 1, we

report the photoelectron spectra of several diamondoids computed including e-e (G0W0) and

e-ph interactions; the single particle energies entering the e-ph self-energy are computed

using either the PBE or G0W0 approximation. The spectra displayed in the figure are the

convolution of the spectral function A(ω):

− 1

π

∑
n∈v

ImΣtot
n

[εKSn +ReΣtot
n − Vxc − ω]2 + [ImΣtot

n ]2
(35)

with the Huang-Rhys (HR) spectral function (see SI), normalized by the area of the first

peak. In Eq. 35, Σtot
n (ω) = ΣG0W0

n + Σe−ph
n , and the energies corresponding to the poles of A

are the roots of the equation: Etot
n = εKSn +ReΣtot

n (Etot
n )− V n

xc.

Fig. 1 shows that when using PBE eigenvalues in Σe−ph, the agreement with experiment is

not satisfactory, with underestimates up to 50% of the e-ph renormalization. These findings

indicate that in order to obtain quantitative agreement with measured spectra, it is necessary

to compute quasi-particle energies at the G0W0 level when evaluating not only e-e but also e-

ph interactions. Such a requirement may be necessary also for more complex carbon systems,
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such as graphite and graphene.

Next we used our formulation to compute e-ph and e-e lifetimes as a function of energy

for diamantane, hexamantane and C87H76; these are shown in Fig. 2 and they are defined

as:

(
τ e−en

)−1
= 2|ImΣG0W0

n (Etot
n )| (36)(

τ e−phn

)−1
= 2|ImΣep

n (Etot
n )| (37)

where e-ph self-energies are obtained using the Hamiltonian:

HG0W0 =
∑
n∈v

|ψn〉 εG0W0
n 〈ψn|+ Pc (H + ∆G0W0)Pc. (38)

The constant ∆G0W0 is determined from the G0W0 corrections to the PBE eigenvalues for

the low-lying unoccupied quasiparticle energies (see SI).

We found that e-ph scattering dominates in the region 0.5–1 Eg below the highest oc-

cupied molecular level (the exact value depending on the size of the molecule), while e-e

scattering becomes dominant for deeper states. The inverse lifetimes (τe−ph)
−1(ε) are fairly

well approximated by the electronic density of states (EDOS), although clear differences

relative to EDOS(ε) are apparent in some part of the spectra (see SI); in large diamondoids,

e.g. C87H76, we found that (τe−e)
−1(ε) has a quadratic dependence on the energy below the

gap, although it does not vanish close to the gap, as observed in bulk systems (e.g. in Si28).

The results of Fig. 2, including a system with more than 400 electrons and phonon modes,

show that lifetimes can now be efficiently computed in nanoparticles, paving the way to

investigate lifetimes, e.g. in specific nanocrystals used in photovoltaic devices.50,51

Values of the e-ph renormalization of the HOMO-LUMO gap (∆Eg) of carbon-based

molecules are presented in Table 1. We found that ∆Eg decreases with size, and it is

smaller in sp2 bonded systems (C60 and (C60)2) relative to diamondoids of similar size; in

addition functionalization appears to reduce ∆Eg of diamondoids. For the systems studied
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Table 1: The difference between the electronic gap (∆Eg (eV)) computed by omitting and
including the electron-phonon interaction: ∆Eg in the second and third columns are com-
puted at the G0W0 and PBE levels of theory, and by inserting G0W0 and PBE eigenvalues in
the expression of the e-ph self-energy, respectively. In the fourth column, we report results
obtained in Ref. 52 using LDA and frozen-phonon calculations. The value for diamond is
from Ref. 53 where the static Fan-Migdal-Debye-Waller self-energy was computed using the
LDA. The calculations for (C60)2 were carried out in the dumbell structure.

System
∆EG0W0

g

(eV)
∆EPBE

g

(eV)
∆ELDA

g

(eV)

C10H16 -0.38 -0.43 -0.33
C14H20 -0.28 -0.34 -0.12
C18H24 -0.26 -0.31 -0.22
C22H28 -0.19 -0.29 -0.26
C26H32 -0.25 -0.30 -0.26
C26H30 -0.24 -0.29 -0.30
C10H12S -0.11 -0.11
C22H28SH -0.07 -0.11
C26H30SH -0.18 -0.18
C87H76 -0.19 -0.22
C60 -0.14 -0.14
(C60)2 -0.12 -0.12
Diamond -0.41

here the differences between ∆EPBE
g and ∆EG0W0

g are minor (for almost all molecules 0.05

eV or smaller). Our results for ∆EPBE
g are similar to those computed in Ref. 52 using

frozen-phonon calculations, which do not include the rigid-ion approximation adopted here to

evaluate the Debye-Waller self-energy. However, the negligible differences between our results

and those of Ref. 52 (< 50 meV) for systems with more than 50 atoms do not unambiguously

prove that, for these systems, the rigid-ion approximation is reasonably accurate. We note

that frozen-phonon calculations may not be used to determine dynamical quantities such as

spectral functions and lifetimes.

Conclusions

In summary we proposed a method to efficiently combine the calculation of e-ph and e-

e self-energies, and to evaluate e-ph self-energies using G0W0 quasi-particle energies. The
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method permits the computation of spectral functions, lifetimes and in general electron-

phonon coupling for systems with hundreds of electrons. We reported results for molecules

and nanoparticles indicating that, in order to obtain a quantitative agreement with exper-

iment, quasi-particle energies instead of DFT eigenvalues should be used to evaluate both

e-e and e-ph scattering. The formulation presented here, implemented in a periodic GW

code,45,46 can be used also for solids. However, to make it fully efficient, wavevector in-

terpolation techniques are necessary for solids and their development for large systems is

underway.
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