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Abstract: The conductor-like polarizable continuum model (C-PCM) with
switching/Gaussian smooth discretization is a widely used implicit solvation model in
quantum chemistry. We have previously implemented C-PCM solvation for Hartree-Fock
(HF) and density functional theory (DFT) on graphical processing units (GPUs), enabling
the quantum mechanical treatment of large solvated biomolecules. Here, we first propose
a GPU-based algorithm for the PCM conjugate gradient linear solver that greatly
improves the performance for very large molecules. The overhead for PCM related
evaluations now consumes less than 15% of the total runtime for DFT calculations on
large molecules. Second, we demonstrate that our algorithms tailored for ground state C-
PCM are transferable to excited state properties. Using a single GPU, our method
evaluates the analytic gradient of the linear response PCM time-dependent density
functional theory (TDDFT) energy up to 80X faster than a conventional central
processing unit (CPU)-based implementation. In addition, our C-PCM algorithms are
transferable to other methods that require electrostatic potential evaluations. For example,
we achieve speedups of up to 130x for restricted electrostatic potential (RESP) based
atomic charge evaluations, compared to CPU-based codes. We also summarize and
compare the different PCM cavity discretization schemes used in some popular quantum
chemistry packages as a reference for both users and developers.
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1. Introduction

The evolution of computational hardware and algorithms has enabled quantum
mechanical (QM) studies for large molecules, including not only static properties but also
dynamic processes. This has led to fully QM calculations of biomolecular dynamics in
solvated environments.! Implicit solvent models based on a dielectric continuum
approximation are an attractive conceptual framework to describe solvent effects within a
QM approach due to their high efficiency.?®> Methods such as the polarizable continuum
model* (PCM) and its variants such as conductor-like models (COSMO,>” C-PCM?, also
known as GCOSMQ?’, and IEF-PCM'%!") are the most popular and accurate of these
implicit solvent models in the context of ab initio quantum chemistry.

In early implementations of PCM methods, geometry optimization and molecular
dynamics were troublesome, as most models led to discontinuous gradients of the
solvation energy. These discontinuities were caused by the discretization of the cavity
surface: apparent surface charges (ASCs) at the boundary of two adjacent atoms were
abruptly switched on and off (exposed or buried in the cavity surface), making the
solvated potential energy surface non-smooth. This problem has recently been overcome
by using improved discretization schemes and Gaussian smearing of the ASCs.!*!4

Unfortunately, the application of PCM in QM calculations of large-scale
biomolecular systems can still be limited by CPU bottlenecks.!” On the one hand,
calculation of the solvent-solute Coulomb interaction involves one-electron integrals
(OEI), with effort scaling as O(MN?), where M and N denote the number of ASCs and
basis functions, respectively. For small proteins with hundreds of atoms, the typical
values of M and N are of the order of 10*and 10°, respectively. On the other hand, the
most straightforward algorithm (direct inversion) for solving the linear equations for
PCM requires O(M?) time and O(M?) memory. Many efforts have aimed to make PCM
methods more efficient. Fast summation techniques like the fast multipole method'®!’
(FMM) were introduced to PCM!® to reduce the cost of evaluating Coulomb interactions.

An elegant domain decomposition strategy (ddCOSMO)!®?* has been proposed as a

linear scaling approach to COSMO and implemented with semiempirical methods.
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Recently, we presented a completely different strategy to solve the C-PCM
problem for large molecules.”> We exploited the high parallelizability of GPUs to
accelerate the evaluation of PCM-related OEIs. The linear equations were solved with a
highly efficient Randomized Block-Jacobi (RBJ) preconditioner for conjugate gradient
(CG),?® and we introduced a dynamic CG convergence threshold to greatly reduce the
number of CG iterations without affecting the final accuracy. Since the publication of that
work,?> we now also build the matrix-vectors products on-the-fly on the GPUs, greatly
reducing the memory requirement for large molecules. With these techniques, we are able
to perform C-PCM HF?’ or DFT?® calculations of energies and gradients for any
molecule that is tractable in isolation. The GPU-based PCM-related OEI builds and linear
solver techniques are the foundation for accelerating PCM calculations in more advanced
quantum chemistry methods, such as TDDFT.?*? The algorithms are also transferrable
to other methods that require evaluation of the electrostatic potential (ESP), as is often
used for determining atomic charges.**>’

The article is organized as follows: 1) We briefly review the basic formalism of
C-PCM, summarizing the different cavity discretization schemes implemented in various
quantum chemistry packages. 2) We then illustrate the necessity of accelerating C-PCM
quantum chemistry calculations with GPUs, and briefly review the strategies we used. 3)
We introduce recent improvements to the linear solver for very large molecules. 4) We
demonstrate the transferability of our algorithms to other quantum chemistry methods
and benchmark their performance. 5) Finally, we conclude with comments about future

extensions of GPU-accelerated PCM.
2. Basic Formalism

2.1 Conductor-like Polarizable Continuum Model

Prior to explaining the basics of the C-PCM method, it is useful to review key
notation used in this article: contracted atomic orbitals (AOs) are indexed with s, v,k 5 7
and primitive AOs are indexed with p, q. We use brackets to denote integrals over
primitive basis functions and parentheses to denote integrals for contracted basis

functions. Molecular orbitals (MOs) are indexed with i, j for occupied orbitals, and a, b

Exploiting GPUs for PCM — Liu, et al. — Page 3



for virtual orbitals. Energies are differentiated with respect to an external perturbation

(e.g., the nuclear coordinate or an external field) denoted as &.

The basic idea of C-PCM is shown schematically in Figure 1. The reaction
potential generated by the solute charge distribution is described in terms of an apparent
charge distribution spread over the solute cavity surface. Outside the surface is a
dielectric continuum with dielectric constant €2, whereas the cavity containing the solute
has unit dielectric constant. For numerical convenience, the cavity boundary is usually
discretized into M surface elements (tesserae). Each of these tesserae has an ASC, with
charge qk, that describes the electric field of the polarized continuum. The values, q, of
the ASCs are determined with a set of linear equations:*!?

Kq=RV (1)

where K and R depend on the particular PCM method (representing geometric
information concerning the cavity and the dielectric screening, respectively), and V is a
vector that represents the solute electrostatic potential at each tesserae. Then the
electrostatic component of the solvation free energy is given by the interaction between
the polarization charges and solute, in addition to the self-energy of the surface charges.

In the context of a self-consistent field (SCF) calculation, it is given as

1
AG = Equ )

In a PCM calculation of a QM solute molecule, two quantities must be
determined: the polarization charges q and the solute electron density matrix P. In the
simplest case, assuming closed shell HF or KS calculations, the solute density matrix is

computed as:

Fsol\'atcdc _ SCE (3)
P = 2_2_1: C.C. (4)
where F*M js the Fock matrix of the solvated system, C are the MO coefficients, and S

is the AO overlap matrix.

Fsolvated

The solvent contributes to through terms containing cavity charges q
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M = F° + AF®(q) (5)

where F° is the gas phase Fock matrix, and AF®(q) is given as:

AF Q=D gL, (6)
L, ==[ ], (7)o, (F)dr (7)

where Lﬁv represents the electrostatic potential of the basis pair, ¢ﬂ(r)¢v(r) at tessera k,

and the exact form of the operator .};M"d depends on the cavity discretization scheme.

For example, in the crudest treatment, when the ASCs are represented by point charges,

et ___L ®)
|r_rk|

and L';Vhas the same form as the usual nuclear-electron attraction integrals.’®

To determine ¢, one can construct the ESP for the kth tesserae, Vi, from

contributions of the nuclei and solute electron density:

V=V +V; ©)
v = ZZJI.}:“""““é(r—RJ)dr (10)
J=1
ve=2.p,L, (11)
av

where V™¢ and V¢ are the ESP contributions from the solute nuclei and electrons,

respectively; Ry is the location of the Jth nucleus with atomic radius R,. The construction
of V¢ is very similar to AF®(q), but the integrals (L’;w) are contracted over basis function
pairs (p and v) rather than tesserae (k).

Therefore, in a PCM-SCF iteration, the computationally intensive steps include
three parts:

(1) constructing V¢, i.e. Eq. (11);

(2) solving the linear system in Eq. (1);
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(3) constructing AF*, i.e. Eq. (6)

We discuss reducing the computational cost for these steps in Section 2.3 and Section 4.

2.2 Comparison of Cavity Surface Discretization Schemes

There exist many versions of PCM in different quantum chemistry packages that
give slightly different results, which can sometimes cause confusion. Here we briefly
summarize the similarities and differences of these implementations.

The first difference lies in the integral equations, as reflected in the detailed
formulas for both the K and R matrices in Eq. 1. This distinguishes the conductor-like
models from other PCM models such as SS(V)PE* or IEF-PCM.!*!! For further detail,
see the detailed discussion by Lange and Herbert. !

The second difference lies in the cavity surface discretization scheme. Even with
the same model, e.g. C-PCM, there still exist many variations in different quantum
chemistry packages that are distinguished only by the discretization scheme, as embodied
by the K matrix in Eq. (1). To define a cavity surface discretization scheme, two elements
are needed: cavity type (defining the shape of the molecular surface) and tessellation
scheme (discretization of the molecular surface).

Cavity type: Most cavity types fall into one of the following three categories: (1)
the van de Waals cavity; (2) the solvent accessible surface (SAS);’ or (3) the solvent
excluded surface (SES or Connolly Surface*”) which are shown schematically in
Figure 2. It is worth noting that in the literature, the same terminology may refer to
different types of cavities. For instance, SAS was originally defined as shown in
Figure 2d.° The fused vdW surface (Figure 2b, scaling factor a=1) is first expanded by
the solvent radius (Figure 2¢) and then contracted by a distance 8¢, leading to a cavity
with some creases without tesserae at the boundary between atoms. However, in more
recent publications,'>!3 SAS refers to Figure 2b, a fused vdW surface with expanded
atomic radii (a>1). The SES removes cusps at boundaries by introducing “probe spheres”
(see Figures 2e-f). In our implementation, we always employ the modern definition of
SAS (Figure 2b).

Tessellation scheme: There are more ways to tessellate than types of cavity

construction. In total, there are two important aspects regarding tessellation. 1) How is
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the surface charge distribution on each tessera represented? 2) How is the molecular
surface discretized into small segments? For the first aspect, one could represent the
charge distribution as a point charge or a Gaussian distribution centered on the tessera.
This choice, combined with the techniques defining exposure and burial of the tesserae,
determines the continuity of the analytic gradient of the solvation energy. For the second
aspect, the discretization methods can be grouped into two categories: polyhedron based
and Lebedev grid*' based. The original COSMO model by Klamt generates the grid
points on a sphere from iterative refinement of triangles starting from an icosahedron.’
Although developed independently, GEPOL**** has a similar procedure for polyhedron
refinement, and is still widely used in modern implementations of C-PCM methods in
popular electronic structure packages, such as GAMESS-US,**7 GAUSSIAN,*® and
ORCA.* The Lebedev grid, which is often used for numerical quadrature in DFT,>*!
was introduced to solvent surface discretization by Karplus and coworkers.'? The
Lebedev grid benefits from its advantages in numerical quadrature stability and ease of
construction compared to the polyhedron method. It is used in more recent
implementations of C-PCM, for example, in Q-CHEM!**?3 and TERACHEM.?6-28:3450 The
choices of charge representation and surface discretization are independent and can be
combined in different ways. For example, a surface discretized with GEPOL can either
be represented by point charges, as implemented in GAMESS-US,****** or by Gaussian-
smeared distributions, as implemented in GAUSSIAN.!'* Similarly, the Lebedev grid can be
either used in the switching/Gaussian (SWIG)!? or improved SWIG (ISWIG)!? scheme to
obtain continuous energy gradients, or it can be used with point charges associated with
fixed tesserae area. Both of these methods are implemented in Q-CHEM and TERACHEM.
A summary of different cavity discretization schemes used in some popular quantum
chemistry packages is provided in Table 1.

In the following sections, we focus on the SWIG/ISWIG implementation of C-
PCM, which benefits from a simple discretization scheme and a smooth analytical

gradient of solvation energy. In this context, R in Eq. (1) is a scalar

R=-"— (12)

and the K matrix is given as:

Exploiting GPUs for PCM — Liu, et al. — Page 7



_ erf(g, |;-|.k_‘r_j |)

o

K Vk#1 (13)

I7, -7l

Ci
V2r

Ky=

S, (14)

4

(1) VWi

where 7 is the location of the kth Lebedev point, & = is the Gaussian

exponent for the kth point where  is an optimized exponent for the specific Lebedev
quadrature level being used (as tabulated'> by York and Karplus), wy is the Lebedev

quadrature weight for the kth point, and Ry is the radius of the atom (J) associated with

the kth point. Finally, CH=£ is the combined exponent that emerges when
Vo +4;

describing the Coulomb interaction of two Gaussian charge distributions. The matrix S
in Eq. (14) is the switching function which smoothes the boundary of adjacent vdW
spheres corresponding to different atoms (and thus makes the solvation energy
continuous), and is a function of only the positions of the PCM grid points and solute
nuclei. Using Gaussian distributions to represent the ASC, the operator .};M"d for the

kth tessera has the form

j:(.‘r(’(ﬁi?(ﬁd — erf(g_]‘g l r_._ rk |) (15)
lr—7 |
and thus
{ e IF=F ),
Ly = [0, () =20, (r)ar (16)
k
f -R
V-kmlc — ZJ €1 (lé.';:,ic |_rkR ‘ ! D (17)
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where Eq. (16) is a generalized version of the nuclear-electron attraction integral, and is
sometimes referred to as the Coulomb attenuated nuclear-electron attraction integral.

With SWIG/ISWIG, smooth analytical gradients are available for the solvated SCF

energy gradient with respect to the nuclear coordinates &. The PCM contribution to the

gradient can be obtained by differentiating Eq. (2):

1 1
AGY) = E(qu)('f) = E(RVTK’IV)“’)
(18)
— qu(-f) _ 1 R—quK(ﬁ)q
2

In the derivation we utilize Egs. (1), (12) and the equation for the derivative of the

inverse of a matrix: (K ') = - K 'K“K

2.3 Need for GPU Acceleration of PCM

GPUs are characterized as stream processors, and are especially suitable for
massively data-parallel computing. To take the most advantage of CPU/GPU
heterogeneous programming in quantum chemistry calculations, there are two important
considerations: (1) which parts are most time-consuming; (2) which parts are most
“stream-friendly”, or benefit most from highly parallelizable architectures. For typical
molecules with up to ~15,000 basis functions at the HF/DFT level of theory, building the
electron repulsion integrals (ERI) is the most computationally expensive part. However,
this cost can be dramatically decreased if we take advantage of the high ratio of compute
to data transfer in constructing the ERIs. Therefore, it is a common approach for many
developers to accelerate just the ERIs on GPUs and leave the less costly portions of the
calculations, e.g. OEIs and linear algebra, on CPUs.>>>’

As mentioned above, the three computationally intensive steps are: 1)
constructing V¢, 2) solving the linear system in Eq. (1), and 3) computing AF*. Steps 1)
and 3) involve OEIs only, and step 2) is linear algebra. One might think that there was no
need to accelerate these PCM components on GPUs, since the cost of the SCF is
dominated by the evaluation of two-electron repulsion integrals (ERI). However, in large
systems the PCM-related OEIs become comparable in cost to ERIs, and GPU

acceleration becomes greatly needed. Figure 3 shows the percentage of time taken by

Exploiting GPUs for PCM — Liu, et al. — Page 9



OEI evaluations on CPUs and GPUs for the PCM calculation of a peptide. If only the
ERIs are accelerated with GPUs, while the PCM related evaluations remain on CPUs, the
PCM portion will take 88% of the total runtime. Therefore, one should expect a

considerable speed-up if PCM evaluations are also accelerated with GPUs.

3. Methods

Our GPU accelerated PCM and related methods have been implemented within
TERACHEM.’"™ The excited state C-PCM implementation is currently available in a
development version of TERACHEM. All other C-PCM functionalities discussed in this
article are available in the commercial release v1.9. Timings for this program have been
obtained using an Intel Xeon E5-2680 v2 CPU clocked at 2.80GHz with a NVIDIA
Tesla P100 GPU. For comparison, ground and excited state PCM calculations have been
conducted with the CPU-based electronic structure package Q-CHEM,'***>% which uses
the same cavity definition and PCM scheme. The restrained ESP (or RESP) charge®’-®!
calculations have been conducted with another CPU based electronic structure package
GAMESS-US,**7 since it has the same definition of molecular electrostatic potential
(MEP)*37 points as TERACHEM. Timings of Q-CHEM and GAMESS-US have been
obtained using the faster Intel Xeon E5-2643 CPU clocked at 3.30GHz.

For a performance test of the ground state PCM implementation, we use
microsolvated trans-penta-2,4-dieniminium cation (CsHsN*, trans-PSB3),%? including up
to 186 explicit water molecules (and a dielectric continuum surrounding the
microsolvated cluster). Molecular geometries for the microsolvated clusters were
obtained using the Amber 12 simulation package® by taking snapshots from a classical
molecular dynamics simulation. These dynamics simulations used the general AMBER
force field (GAFF)®**% to describe the solute molecule and the three-site transferable
intermolecular potential (TIP3P)% to describe water molecules. In the PCM calculations,
the ®PBEh®’ exchange-correlation functional was used with the 6-31G* basis set.®® For
Fock matrix diagonalization, the Matrix Algebra on GPU and Multicore Architectures
(MAGMA)®-! library is used for matrices larger than 1500x1500. Smaller Fock matrices
are diagonalized with Intel MKL*° on the CPU.

For performance tests of linear response (LR)’*7* PCM for TDDFT/TDA, we
examine a series of microsolvated umbelliferone molecules with explicit water molecules
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in a sphere with radius ranging from 2-10A. The TDDFT/TDA energy and analytical
gradient calculations were conducted with the 6-31G* basis set and the ®wPBEhO®’
functional, which is widely used in TDDFT calculations in order to avoid spurious low-
lying charge transfer states.

For performance tests of RESP, the SCF and RESP fitting is conducted on the
same set of benchmark molecules for LR-PCM. The HF/6-31G* level of theory is used,
since this choice has been made in the development of many popular force fields®6%7577
based on RESP charges. The MEP grid used for fitting the charges is built from 4 layers

of Connolly surfaces with radii scaling factor starting from 1.4 and incrementing by 0.2

per layer, with a grid density of 5.0 points/AZ.
4. Results and Discussion

4.1 Acceleration of C-PCM on GPUs

In previous work,” we introduced a GPU-accelerated SCF-PCM code where the
SCF iterations were accelerated by: (1) computing the PCM related OEIs with a parallel
algorithm on GPUs and (2) using a dynamic CG threshold with a RBJ preconditioner. In
addition, we have now developed an implementation where the matrix-vector products
are built on GPUs without explicit storage of the matrices. This further enhanced the

performance for large systems.

Benchmarking results for C-PCM single point energy evaluation are shown in
Figure 4. The total run time includes both gas phase DFT evaluations and the PCM terms.
The observed scaling of O(N'®%) is very similar to the scaling of the gas phase
counterpart. The scaling of the PCM integrals and the linear solver are sub-quadratic and
quadratic, respectively. Based on Eq. (15), the total number of elementary integrals scales
as O(MN?), as discussed in section 1. Since M and N both grow linearly with the number
of atoms for these benchmarking systems (as shown in Figure 4b), the PCM OEI might
be expected to scale as ~O(N*). However, our implementation is observed to scale as
O(N'®) for medium/large sized molecules (with more than 250 atoms and 1500 basis
sets). The scaling gains come from exploiting sparsity. The OEI in Eq. (16) are calculated

as summations of OEIs over primitive basis functions
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be &y A
L, =2 el 2, 1557 1,1 (19)
71 g1

where ¢, is the contraction coefficient. When we contract L’;v to build the Fock matrix
contribution AF°(q) in Eq. (6), only significant primitive pairs ( X, X,) are included, as

determined by using a Schwartz-like bound’® with a cutoff, g==, of 10"'> atomic units:

L2, | T | 4120 V(2,2 | 2,2, 17 <™ (20)

When building the ESP, V: in Eq. (11), the screening criteria is augmented with the

corresponding density matrix element:
Fscreened 172 screen
[xP|Jk |Zq]z0 V|ler|[1plq|xqu] <& (21)

In both cases, only the surviving pair quantities are preloaded to the GPU global memory
and participate in the integral calculation.

For small systems, the observed scaling looks even better, but it is mainly because
the GPU cores are not saturated with tasks for very small systems. Our linear solver is
observed to scale as O(N'?), close to the expected O(N?) scaling of matrix-vector
multiplication in CG. With the acceleration of a single GPU, the C-PCM oPBEh/6-31G*
calculation for the largest system studied in this work (707 atoms, 4495 basis functions)
can be completed within 8 minutes.

We previously showed that the GPU-accelerated RBJ preconditioned conjugate
gradient method achieved significant speed-ups over both direct inversion and Jacobi
preconditioned CG on CPUs. However, as our previous algorithm explicitly stored the K
matrix in memory, it required O(M?) memory which becomes prohibitive for molecules
with M > 10* (ca. 200 atoms assuming a Lebedev grid density of 110 pts/atom). To
improve upon this, we implemented the matrix-vector product, Kq, on GPUs without
storing the K matrix. This is accomplished in two steps: 1) Pre-computation (on the CPU)
of the diagonal elements Ky based on Eq. (14) 2) Construction of the off-diagonal

elements Ky on the GPU simultaneously with evaluation of the matrix-vector product

Kq, as shown schematically in Figure 5. In detail, each thread is assigned a tessera, Z (r,
&), and accumulates contributions to the ESP at this tessera from all other tesserae:
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q}.erf(g“ . |r, —r; V|, —rj| for i=. We pre-load ({J_,rj) to shared memory in a coalesced

pattern to reduce memory traffic. Finally, the Kq vector is copied back to the CPU and
the contributions from diagonal elements of K are added in (on the CPU). The whole
process requires only O(M) memory on both GPU and CPU. The standard Jacobi
preconditioner is used in this algorithm for simplicity. However, the RBJ and other
preconditioners could also be applied with minor modification.

In Figure 6, we compare the GPU-based CG solver with the CPU based RBJ CG
solver. For small molecules (less than =32 atoms with grid density of 110 points/atom),
the overhead for CPU-GPU data transfer is relatively significant and the CPU based
solver is slightly more efficient (Figure 6a). For larger molecules, the GPU solver is
significantly faster than the CPU version. Furthermore, we can take advantage of efficient
single-precision arithmetic on GPUs, which can significantly accelerate the calculation.
For our tests on P100 GPUs, the CG runtime is reduced by about half for large systems.
Larger gains will be achieved when using commodity cards that have poor double
precision support. Our benchmark data shows that the use of single-precision for the GPU
calculation of off-diagonal contributions does not introduce significant errors to the total
energy of the solvated system (Figure 6¢). In this case, we use double precision for the
diagonal elements that are calculated on the CPU. Thus, what we call “single precision”
here is actually a mixed-precision scheme. Because of this, the absolute errors in both the
total energy and solvation energy introduced by single precision arithmetic are always
less than 10 Hartree even for large molecules with thousands of basis functions and tens
of thousands of tesserae. Thus, CG implemented with mixed GPU single precision/CPU
double precision will usually be preferred. Due to the significant acceleration achieved in
CQG, the ratio of time spent on PCM related evaluations (PCM integrals and CG) relative
to total time is greatly reduced (Figure 6d). With the CPU-based CG solver, PCM takes
25%-38% of the total runtime and this percentage increases with system size. The GPU-
based mixed-precision solver decreases this ratio to less than 15% for large molecules,
significantly outperforming our previously reported®® typical ratio of 30% for both CPU-
and GPU-based implementations.

It is worth noting that the GPU-based algorithm for C-PCM can be adapted for
other ACS based PCM variants like [IEF-PCM or SS(V)PE with minor modification. The

Exploiting GPUs for PCM — Liu, et al. — Page 13



algorithms for constructing V¢and AF*will be exactly the same. Minor modification is
needed for the GPU-based matrix-free linear solver, because of the differences in the
definition of K and R. In Appendix A, we brief describe a strategy for implementing
SS(V)PE.

4.2 Extensions of C-PCM implementation on GPUSs: other electronic structure methods
Our C-PCM implementation with GPU acceleration is not only important for
ground state HF/DFT, but also lays the foundation for GPU accelerated C-PCM
implementation of higher-level quantum chemistry methods. For gas phase quantum
chemistry methods, the GPU algorithms for the J and K builds (Coulomb and exchange

3659 are the basis for the implementation of higher-level methods.

operators, respectively
GPU acceleration of CIS/TDDFT” and CASSCF**®! can be easily achieved through

reformulation of the methods in terms of J and K builds. Similarly, for C-PCM, the OEI

build ( AF® and V®) and the linear solver play a pivotal role. Implementation of C-PCM
in more complicated quantum chemistry methods can be realized by formulation in terms
of these fundamental builds. Such high-level methods might include CIS/TDDEFT,
CASSCF,**86 CASPT2,*"%® and newly emergent multi-reference DFT methods like
REKS.¥“? We are especially interested in multi-state versions of the last three

methods,”*’

which are able to treat electronic excited and ground states in a balanced
way,”®1% to correctly describe conical intersections.'”” As an example, here we present
our GPU accelerated C-PCM implementation of CIS/TDDFT.

To study the excited state properties of solvated molecules, we implemented both
the state-specific (SS)’*!% and linear response (LR)’*’* PCM for TDDFT/TDA, with
both equilibrium and non-equilibrium!*1% solvation. For SS-PCM, the PCM term only
enters the ground state SCF iterations, leaving the working equations of TDDFT virtually
unchanged. Only minor modifications need to be performed to separate the “fast” and

104-105 and an external iteration'®*'% is performed for TDDFT. The

“slow” polarizations,
LR-PCM implementation is more complicated, as PCM terms directly enter the TDDFT
working equations. These terms also change the coupled-perturbed Kohn-Sham
(CPKS)!7 110 equations needed for analytical gradient evaluation. However, they can be

reformulated in terms of the PCM OEI builds for both energy and gradient evaluation.
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The LR-PCM TDDFT/TDA energies are computed by solving Eq. (16), which represents
a solvated version of the gas-phase Casida equation, shown here for TDDFT with the

Tamm-Dancoff approximation (TDA):*°32

A¥X = wX (22)

The matrix A*! is the response matrix of the solvated system and defined as the sum of

the gas phase response matrix A and a PCM correction term M

AL b =i i T M (23)
mo’ Jba! = Z{LjfcraQ( ).’c.f b’ (24)

Here, Lfm represents the electrostatic potential at tessera k induced by the charge

distribution of the KS orbital pair y_(r)y (r), and is the MO transform of wa in

Eq. (15). The matrix, Q(&)=K 'R, is often called the response matrix,”* because the
action of @Q(£) on V produces the surface charges, q, that are induced in response to the
electrostatic potential V. The linear-response dielectric constant is represented by ¢ ,

which can represent the solvent static dielectric constant for equilibrium solvation, or the

111

optical dielectric constant for non-equilibrium solvation. In the Davidson' " iteration of

TDDFT/TDA, we only evaluate the matrix-vector product of the response matrix with a

trial eigenvector, A™NX, which leads to a PCM contribution in the AO basis of the form

=¥M, X =Y¥L 0)LX, (25)
¥

ook

This term can be reformulated in terms of ground state PCM builds in the following
steps:

(1) Build the ESP induced on the cavity surface by the transition density X
ehr 1 4
V=YL X (26)
¥T
Notice, this step reuses the GPU module for building V¢ of the ground state.

(2) Solve for surface charges in response to V:"r:
G=Q(e )V @7

Exploiting GPUs for PCM — Liu, et al. — Page 15



i.e. K{§=RV®" with accelerated CG.

(3) Build a I-electron Fock-like contribution 7 = ZL’LV@{. Again, this benefits
. -~

from GPU code reuse, exploiting the module for building AF' Ii .

To evaluate the analytical gradient of the LR-PCM excited state energy,''>!!® the
PCM correction matrix M of Eq. (24), and its partial derivatives with respect to nuclear
gradient, enter both the CPKS equation and the analytical gradient of the excited state
energy. The detailed formulas are available elsewhere.!'?!'* Here we just describe how
these terms can be evaluated with the ground state GPU accelerated PCM module. In the
CPKS of LR-PCM, all PCM terms are expressed in terms of the matrix-vector product
shown in Eq. (25). For the final gradient evaluation, the derivatives of M with respect to

nuclear coordinates are also needed:

2 M(Sfr ),(fv),x/'. )(,',fv er

1y KA

= 2 Z(Lﬁv )@) Q(ﬁlr)ﬁ'{ LLVXﬂ"XKﬂ. + Z Z LI,:J\’Q(€II')A'[ (quv )(S)X#VXK‘A

Lvxd &kl L w2kl (28)
k oy
+ Z ZL,WQ(GIr)kl Lu\JvaXrﬁ,

uv.id &

— 2(2("1T (Ve,h')[‘g) _ %qu+Kff)q]

k

The right-hand-side has similar form as the ground state solvation energy gradients in

Eq. (18). The only difference is that the ESP, V', and the PCM charge vector, ¢ now

correspond to the transition density, as defined in Eq. (26) and (27). Therefore, it can be
calculated with the same subroutine used for the ground state solvation energy gradients
implementing Eq. (18).

We tested the performance of the GPU based LR-PCM analytical gradient
evaluation with a series of microsolvated 7-hydroxycoumarin (Umbelliferone) molecules
with explicit water molecules in spheres ranging from 2-10 A as shown in Figure 7.
Umbelliferone (CoHeO3, Scheme 1) is a well-known fluorophore with high quantum

dl 14-116

yiel and has industrial uses as a sunscreen agent.'!” Its lowest electronic excitation

(So—81) is a HOMO-LUMO transition consisting of a TT—Tt" excitation. The number of
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basis functions and the number of PCM grid points increase linearly with system size, as
shown in Figure 7. Figure 8 shows the total wall time for each calculation of the analytic
gradient in microsolvated Umbelliferone. The GPU-based LR-PCM calculation is only
negligibly more time-consuming than the GPU-based gas phase TDDFT implementation,
and both of these are significantly faster than CPU-based implementations, as
demonstrated by comparison with the CPU-based Q-CHEM code. The speed-up compared
to the CPU-based Q-CHEM code grows rapidly from about 20x for small molecules to
80x for medium sized molecules. Speed-ups for larger molecules are not shown because

the CPU-based calculations are too time-consuming.

4.3 Extensions of C-PCM implementation on GPUs: ESP charge fitting
Apart from the obvious application to solvation models, our GPU-based PCM
algorithm also benefits other types of calculations that require evaluation of the ESP. A

33-37

typical example is ESP-based calculation of atomic charges, which are crucial for the

development of empirical force fields.''® The ESP charges are fitted to reproduce the

molecular electrostatic potential (MEP)¥-7

at a large number of points defined on three-
dimensional surfaces around the molecule of interest. The procedure for building the
MEP grid is very similar to building the PCM cavity surface, and evaluating the MEP is
equivalent to evaluating V¢ in Eq. (11). Due to the similarities between PCM and ESP
evaluation, the GPU based PCM OEI modules can be directly adapted for computing the
ESP. The MEP grid discretization schemes®>#*!1%-121 are often different from the ones
used in PCM, and vary for different types of force field development. For the Amber
force fields,%>'?%123 the MEP is usually calculated on a series of Connolly surfaces.®>*
Multiple layers of Connolly surfaces are built outside the vdW surface of the molecule
with a constant increment of the radius (Figure 9). Figure 6 shows how the number of
MEP and PCM grid points increase with molecular size for a representative example. The
restrained ESP (or RESP) charge model®®¢! is a variation of ESP charge fitting developed
by Kollman and coworkers. It applies weak hyperbolic restraints to address the ill-
behaved ESP charges associated with statistically poorly determined centers (“buried”
atoms'**12%), In the following discussion we focus on the RESP charge fitting
implemented in TERACHEM. However, our MEP evaluation algorithm could also be

easily adapted to calculate any atomic charges based on the ESP.
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We compared the runtime of RESP charge calculation of TERACHEM and GAMESS
on the same set of molecules used for benchmarking LR-PCM -calculations in the
previous section (Figure 10). With the TERACHEM GPU implementation, the total
runtime of RESP (including HF/DFT SCF, MEP evaluation and charge fitting) is only
1.2x-1.4x of the time for a pure SCF run. In other words, the extra cost to obtain RESP
charges is almost negligible compared to the preceding SCF calculation. This fast RESP
implementation is not only useful for force field parameterization, but also applicable to
other methods that require calculation of electrostatic interaction energies. Examples

126

include various embedding methods, as well as fragment-based methods'“® such as the

recently developed ab initio exciton model.'?’

5 Conclusions

We have briefly reviewed the formalism of C-PCM and its implementations in
many quantum chemistry packages. We demonstrated the necessity of accelerating PCM
on GPUs as a result of the GPU acceleration of the solvent-free calculations. Motivated
by this, we developed the techniques to accelerate the SWIG/ISWIG version of C-PCM
in our previous work. We further demonstrated our recent implementation of matrix-free
CG build on GPUs significantly improves both the memory and the time scaling for PCM
calculations of very large molecules. The O(N'®%) time scaling for C-PCM HF/DFT
calculations shows that our C-PCM code is one of the most efficient ones available.

Our GPU algorithms are highly transferrable and enable C-PCM implementation
for other quantum chemistry methods besides HF and DFT, by exploiting modular PCM
OEI and linear equation solver routines. As an example, we discussed the reformulation
of PCM-related terms in LR-PCM TDDFT/TDA energy and gradient evaluations. We
achieve speedups compared to conventional CPU-based codes of 20-80X for small to
medium-size molecules. We further demonstrated the transferability of our algorithm to
methods other than PCM that require ESP evaluations, with the RESP charge derivation
as an example. We achieved speedups compared to CPU-based codes of 20-130X for
small to medium-size molecules, and the computational overhead introduced by RESP
calculation is less than 50%. This enables efficient atomic charge evaluation for force

field development and embedding methods.
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In the future, we will extend our acceleration strategies to PCM implementation in
multi-reference quantum chemistry methods, such as CASSCF, CASPT2, and REKS.
Accelerating PCM in these methods will enable excited state ab initio molecular
dynamics of molecules in solvent environment, thus shedding light on photochemical

mechanisms in biological systems.
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Appendix: Strategy to generalize the GPU-based linear solver for SS(V)PE

Here, we show how we can adapt our GPU-based C-PCM linear solver for

SS(V)PE.** As discussed by Lange and Herbert,' IEF-PCM and SS(V)PE models are
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formally equivalent at the level of integral equations, but have distinct forms of K at
discretization level. At the level of integral equation, both methods contain an operator
ﬁT that is absent in C-PCM. This operator acts on surface charge distribution o(s)to
produce the negative of the normal component of the electric field:

n(5—5)

D'o(5)= [o(s)=—d's (A1)

|5 -5
where § denotes the coordinate of a point on the cavity surface, 7 is the outward-

pointing unit vector normal to the cavity surface at 5, and the adjoint of D' is defined as
D.

At the discretization level, the linear equations of IEF-PCM and SS(V)PE contain
the corresponding matrix form, D. For instance, the K matrix of SS(V)PE has the

following symmetrized form:

CPCM (5_1\( 1\ CPCM crcM
K=K _LEJLEJ(DAK +K“MADD (A2)

where we denote the K matrix for C-PCM as K“*™. Matrix A is the diagonal consisting
of the surface element arca, whose evaluation is trivial. The D matrix, in the

SWIG/ISWIG scheme, is defined as:

2 F T |G
Jx

D=\ el [r -7, -

fN2m
2R

7

|77

C (A3)
D =

il

where R, is the radius of the atomic sphere on which the point 7 resides, ﬁj_ is the

outward-pointing unit vector normal to the cavity surface at point F, , and other variables

have the same definitions used in Eq.(13) and (14).

In CG iterations, we need to evaluate the product Kq
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CPCM (g—l\( 1\ cPaM crcMm
T

e\ 1) _ N
=1 lag) @ATHPAT))

(A4)

where

quC-PCMq (AS)

The evaluation of q on GPU has been described in the main text. The product Ag can be

trivially calculated since A is diagonal. Thus the only task left is evaluation of Eq. (A4),
which is the product of D and a vector = Aq. Since the diagonal and off-diagonal
elements of D have different formulae (Eq. (A3)), which is analogous to the situation for
K“™™, we can calculate off-diagonal contribution on GPU and accumulate with a pre-
calculated diagonal contribution on the CPU. The GPU algorithm will also be very

similar to that for K“*® (Figure 5), but a little more data loading is needed here for the

surface norm vectors (ﬁj), in addition to the surface charges, Gaussian exponents, and

coordinates.
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Table 1. Combinations of tessellation schemes (rows) and cavity types (columns) in C-
PCM implementations for some representative quantum chemistry software packages.
Abbreviations used are: GAMESS (GM), Gaussian (GS), NWChem (NW), ORCA (OR),
Q-CHEM (QC) and TERACHEM (TC).

Scaled SES
VDW/SAS
GEPOL-GB*# GM,0OR GM,0OR
34
non-smooth | polyhedron GEPOL-AS GM GM
34
gradient GEPOL-RT GM GM
Klamt's® TC
Lebedev grid Fixed QC, TC QC
polyhedron SWIG12 (Klamt’ss) NW
smooth CSC (GEPOL)™ GS GS
)
gradient Lebedev grid SWIG TG, QC QC
ISWIG!? TC,QC QC
other FIXPVA'# GM GM
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Figure 1: Schematic demonstration of polarizable continuum model.
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(a) (b)

. R=aqRY4W4Rsolv

.

(Bt . (f

Figure 2: The construction of different types of solute cavities (schematic), using a water
molecule as an example solute. (a) Interlocking spheres with scaled van der Waals radii
centered on the solute atoms (scaling factor a >1). (b) Remove the surface buried inside
the cavity and form the scaled van der Waals surface. This is the currently used definition
of solvent accessible surface (SAS). (c) Form the surface built in (b), expand by the
solvent radii R**". (d) Contract the radii of surface built in (c) by ¢ and form the Klamt
solvent accessible surface (SAS(K)) in the original COSMO method. (e¢) Roll a probe
(representing the solvent) around the SAS in (b). (f) Take the area explored by center of
the probe as the solvent excluded surface (SES, or Connolly surface).
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Figure 3: Percentage of time taken by OEIs in a polarizable continuum model calculation
of'a peptide (PDB ID: 2KJM) with TERACHEM and Q-CHEM.
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Figure 4: Timing for C-PCM oPBEhW/6-31G* single point energy evaluation for trans-
PSB3 and a series of microsolvated trans-PSB3 molecules. (a) The total timing involves
the whole SCF calculation (both gas phase portion and PCM related). The time for PCM
integrals includes calculating the electrostatic potential and building the Fock matrix
contribution. The structures for trans-PSB3 molecule and its microsolvated forms in
water spheres of radii 6 A and 10 A are shown with respective cavity surfaces in the
inset. C, N, O, H atoms are colored with cyan, blue, red, and white, respectively.
Timings were obtained using 1 NVIDIA Tesla P100 GPU accelerator. For the run time, a
power law fit is conducted separately for small-medium systems (up to 1067 basis
functions) and larger systems. Intel MKL and GPU-based MAGMA libraries are used for
the Fock matrix diagonalization, respectively. (b) Number of basis functions and number
of PCM grid points as a function of the number of atoms in the benchmark molecules.
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Figure 5: Algorithm for bulding Kq product on GPUs. At the top of the graph, the pale
green array represents data for each tessera (Gaussian charge distribution), including the
center coordinates, Gaussian exponents, and charge. The GPU cores are represented by
orange squares (threads) embedded in pale yellow rectangles (1 dimensional blocks with
ny=16 threads/block). The algorithm includes two steps. (a) Each thread fetches the data
of the tessera corresponding to its thread index and copies it to shared memory as a
coalesced transfer. (b) Each thread is assigned to the data of a tessera corresponding to its
ID, i, and loops over all tesseraec j loaded in the shared memory to calculate the

contribution to the i-th entry of the Kq product: Kijqj. Since the number of tesserae is

usually larger than the block size, the tessera data will be loaded in batches into shared
memory, and the two steps will be repeated until j loops over all tesseraec. We show only
the Oth block. For block b, the tessara indices i corresponding to each thread in the block
are b*ny, b*npt1, ..., (b+1)*ny-1
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Figure 6: Timing for different TERACHEM PCM CG solver implementations for trans-
PSB3 and a series of microsolvated trans-PSB3 molecules. The CPU (packed) RBJ solver
explicitly stores the upper-triangle of the PCM matrix and uses MKL on the CPU to
perform the matrix-vector product. GPU(DP) and GPU(SP) refer to forming the matrix-
vector product on the GPU (without explicit storage of the matrix) using double precision
(DP) and single precision (SP). Empirical scaling of run time is obtained from a power
law fit. The fit is done separately for (a) small/medium (up to 1067 basis functions) and
(b) large systems, respectively. (c) Absolute error in total energy of the solvated system
(Etwt) and solvation energy (Esolv) calculated with GPU(SP) compared with GPU(DP). (d)
Ratio of time spent on PCM related evaluations (PCM integrals and CG solver) with
respect to the total run time (PCM + gas phase).
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Scheme 1: Chemical structure of Umbelliferone (IUPAC name: 7-Hydroxychromen-2-
one)
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Figure 7: Systems used for benchmarking LR-PCM and RESP calculations: a series of
microsolvated umbelliferone molecules with increasing numbers of explicit water
molecules. Red dots show the number of basis functions in each system (6-31G* basis
set). Blue dots show the number of cavity surface points used for LRPCM benchmarking,
with Lebedev grid density of 110 points/atom and cavity radii scaling factor of 1.2. Green
dots show the number of ESP grid points used for RESP charge benchmarking, with 4
layers of Connolly surfaces with radii scaling factor starting from 1.4 and an increment of
0.2 per layer. Grid density is 5.0 points/A2.
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Figure 8: Timings for TDDFT/TDA oPBEhW/6-31G* gradient evaluation in gas phase
and in LR-PCM equilibrium solvation for a series of microsolvated umbelliferone
molecules. Red and blue dots show timings for TERACHEM using 1 NVIDIA Tesla P100
GPU accelerator. Green dots are the timings for Q-CHEM LR-PCM calculations using 1
Intel Xeon E5-2643 CPU clocked at 3.30GHz. The speed-up for TERACHEM vs Q-CHEM
for LRPCM is shown by black Xs.
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Figure 9 (a) RESP grid points for microhydrated umbelliferone. MEP grid points were
built from 4 layers of Connolly surface with radii scaling factor starting from 1.4 and an
increment of 0.2 per layer. Grid density is 5.0 points/A%. The molecules are represented
with ball and sticks, with C, O, H colored as cyan, red, and white, respectively. Blue dots
represent grid points. (b) Slice of the grid points in the plane of the aromatic ring,
highlighting the four-layer structure of the RESP grid.
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Figure 10: Timings for HF/6-31G* RESP charge calculation for a series of
microhydrated umbelliferone molecules. (a) Red and blue dots represent the timings for
TERACHEM using 1 NVIDIA Tesla P100 GPU accelerator. Green dots are the timings for
GAMESS LR-PCM calculations using 1 Intel Xeon E5-2643 CPU clocked at 3.30GHz.
RESP timing includes both SCF and the following RESP charge evaluation. (b) The
percentage of time taken by RESP charge evaluation in an SCF calculation followed by
RESP charge evaluation is shown with red dots and blue dots, for TERACHEM and
GAMESS, respectively. The speed-up of TERACHEM compared to GAMESS for the RESP
charge evaluation is shown as blue dots.
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