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bDepartment of Civil, Environmental, and Architectural Engineering, University of Colorado Boulder, Boulder, CO 80309,
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Abstract

The formulation of large strain anisotropic hyper-elastoplasticity of geomaterials is examined. Attention
is given to the role of structure tensors (also called fabric tensors), especially in context of the Eshelby-
Mandel stress and large inelastic volume changes attributable to porosity. Both (hyper-)elastic and inelastic
orthotropic symmetry, reducing to the particular case of transverse isotropy, are considered. Specific material
assumptions and constitutive choices are identified for the development of a novel Anisotropic Drucker-
Prager/Cap (ADPC) model formulated within the intermediate configuration consistent with multiplicative
split of the deformation gradient. The model is calibrated to existing experimental measurements, including
high pressure large strain triaxial compression of lithographic (Solnhofen) limestone and triaxial compression
measurements on Tournemire shale assessing elastoplastic anisotropy. Manifest implications of constitutive
theory are investigated, including consequences of recognizing (or not) the Eshelby-Mandel stress as energy
conjugate to the plastic velocity gradient and including (or not) contribution from the skew-symmetric parts
of the Mandel stress to the plastic anisotropy. Numerical simple shear experiments and large deformation
simulated indentation experiments are provided in order to investigate model predictions and demonstrate
the overall robustness in finite element modeling.

Keywords: Eshelby-Mandel, Drucker-Prager, Anisotropy, Finite deformation, Geomaterials, Plasticity

1. Introduction

This work is concerned with the formulation of large strain anisotropic elastoplasticity for geomate-
rials within the confines of hyper-elasticity and thermodynamic consistency, i.e., the anisotropic hyper-
elastoplasticity of geomaterials. In particular, the aspect of inelastic volume changes and the role of the
Eshelby stress (Eshelby 1951, 1956, 1975) are addressed. A novel large strain Anisotropic Drucker-Prager
with compression Cap (ADPC) model for geomaterials is developed and presented. Although the model is
developed with geomaterials in mind, we note that Drucker-Prager/Cap type models have been found to be
appropriate for other porous particulate materials with proper choice of material parameters (e.g. Jiang and
Wu 2012, Krairi et al. 2017, Shen et al. 2017, Holmen et al. 2017, Lou and Yoon 2018), and so the provided
framework and model may be relevant for these other various materials as well (cf. Bennett et al. 2018, Ben-
nett and Luscher 2018). The model is developed for orthotropic material symmetry, within which transverse
isotropy is captured. Both elastic and plastic anisotropy are included in the context of hyper-elasticity and
the multiplicative decomposition of the deformation gradient.

Essential for the description of anisotropy presented here (and arguably for any general hyper-elastoplastic
description of anisotropy) is attention to tensor representation theorem and the related concept of second
order structure tensors (cf. Boehler 1979, Zheng 1994), which allow the necessary scalar valued tensor
functions, namely the free-energy, plastic potential, and yield function, to be expressed as isotropic functions
representing an anisotropic material response (Rivlin and Ericksen 1955, Bilby et al. 1955, Wang 1970,
Spencer 1971, 1987). The relevance of tensor representation theorem for describing anisotropic plasticity has
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been addressed by numerous authors (e.g., Miehe 1998, Svendsen 2001, Regueiro et al. 2002, Oller et al. 2003,
Itskov and Aksel 2004, Mackenzie-Helnwein et al. 2005), including current configuration descriptions (Miehe
1996, Menzel and Steinmann 2003, Caminero et al. 2011), intermediate configuration descriptions (Sansour
et al. 2006, 2007), considerations of induced anisotropy (Svendsen et al. 2006), and specifically applications
to geomaterials (Anandarajah and Dafalias 1986, Cazacu et al. 1998, Semnani et al. 2016, Vorobiev and
Rubin 2018, Zhao et al. In-Press).

Although the relevance of structure tensors in forming the constitutive equations is generally well un-
derstood, the precise formulation with respect to material specific modeling remains a topic of development
(e.g., Reese et al. 2009, Vladimirov et al. 2010, Dafalias 2011, Luscher et al. 2012, Balieu and Kringos 2015,
among others). Especially with respect to geomaterials, the precise role of structure tensors–or what are
often called in this context fabric tensors (cf. Zysset and Curnier 1995)–within the constitutive equations
is a question of interest (e.g., Li and Dafalias 2011, Wang and Sun 2016, Wang et al. 2017, Wang and Sun
2018). The details provided herein differ from these other works by providing a large strain formulation and
accompanying material model for particulate materials in terms of an Eshelby-like stress relevant to hyper-
elastoplasticity(cf. Cleja-Tigoiu and Maugin 2000, Clayton 2011, Clayton and Tonge 2015), which we call
the Eshelby-Mandel stress and has been shown to be especially relevant for geomaterials undergoing inelastic
changes in volume (Bennett et al. 2016). The formulation is carried out in the stress-free, elastically-relaxed
so-called intermediate configuration. Some other particular constitutive assumptions, especially with respect
to modeling the anisotropy, are provided and discussed. For example, the assumption of an affinely embed-
ded bedding plane, including the skew-symmetric parts of the Mandel stress in developing the fourth-order
plastic anisotropy tensor, and other various necessary constitutive choices for modeling the anisotropy are
examined.

We propose a new general form for updating the structure (fabric) that is decomposed into kinematically
and kinetically motivated parts. The kinematically motivated part is to assume that the structure is described
by an affinely embedded bedding plane that convects with the plastic deformation but does not otherwise
evolve, what can be described as a pure rotation of the structure. The kinetically (thermodynamically)
motivated part is to provide a canonical form of the evolution of the structure identifying an additional
constitutive equation that is a function of the thermodynamic force(s) energy conjugate to the structure
tensor(s). In order to provide an example of the what we see as the most basic physically motivated
assumption about evolving structure in the specific ADPC model that we provide, we choose to update
the structure according to the kinematic assumption only, i.e., without induced anisotropy; however, the
provided framework includes the possibility of developing material specific constitutive equations inclusive
of induced anisotropy.

The discretization of the model is provided in terms of implicit (backward Euler) integration and reso-
lution algorithm for implementation with the finite element method (FEM). The provided ADPC model is
implemented within a VUMAT material model subroutine in Abaqus Explicit (Abaqus 2011b) FEM software.
Calibration of model parameters is performed for triaxial compression measurements of various geomate-
rials, including isotropic limestone at high pressure and large strain, and measurements characterizing the
anisotropic elastoplasticity of Tournemire shale. Numerical experiments to large strain are also performed,
including theoretical simple shear and indentation of the anisotropic Tournemire shale.

The notation and basic kinematics are described in Section 2. The role of the Eshelby-Mandel stress in
anisotropic hyper-elastoplasticity is elucidated in Section 3, where the hyper-elastic constitutive equations
and the thermodynamically consistent flow rule and evolution equations for the internal state variables
(ISV’s) are developed. The description of how the structure tensors enter the stress constitutive equation
and evolution equations is provided in Sections 4 and 5, respectively, as are the specific assumptions and
constitutive choices that are adopted for the ADPC model. Sections 6 and 7 provide examples of the model
predictions, including numerical experiments, simulation of high confining pressure triaxial compression of
lithographic limestone measurements provided by Edmond and Paterson (1972), and the characterization of
the anisotropic elastoplastic properties of Tournemire shale provided by Niandou et al. (1997).

2. Notation and kinematics

Tensors are indicated in direct notation (boldface), e.g., A, although indicial notation (and summation
convention), e.g., AIJ , is sometimes used for clarity. Fourth order tensors are indicated by double-bold font,
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Fig. 1: Configurations showing schematically planes of transverse anisotropy at a material point.

e.g., A. Standard operations, such as the trace, tr [A] = A:1 = AII , are indicated with square brackets
around the argument, where the notation for the second order identity, 1, and the double contraction (:) are
used. Contraction over a single index is implied in tensor juxtaposition, with dyadic products being specified
by the ⊗ symbol, e.g., A = BC implies AIJ = BIKCKJ and A = a⊗a implies AIJ = aIaJ . The transpose
and inverse are indicated by superscript notation, e.g., AT and A−1, with the inverse transpose denoted by
A−T . Cartesian coordinates are assumed.

The multiplicative decomposition of the deformation gradient (cf. Lee 1969),

F = F eF p, (1)

and the accompanying notion of an elastically-unloaded/plastically-deformed intermediate configuration, B,
of the material are assumed (see Figure 1). Generally (with exceptions noted), uppercase letters are used
to denote quantities and indices in the reference configuration, B0, e.g., A, AIJ , and lowercase letters to
denote those in the current configuration, Bt, e.g., a, aij . Uppercase with an over-bar is used for those in
the intermediate configuration, B, e.g., A, AĪJ̄ . x = ϕt(X) describes a mapping from B0 to Bt, and the
deformation gradient is defined by F :=∇Xx = ∂Xϕt(X). An infinitesimal line segment is mapped by

dx = F dX, dxi = FiIdXI .

dX = F pdX, dXI = F p
II
dXI ,

(2)

where ϕt is a mapping from B0 to Bt at time t. Defining the Jacobian determinant, J = det[F ] > 0, such
that J = JeJp, the Jacobian maps of infinitesimal volumes are given by,

dv = J dV = JedV ,

dV = JpdV = Je
−1

dv,
(3)

where dV , dV , and dv are differential volumes in the reference, intermediate, and current configurations,
respectively. If it is assumed balance of mass, m, is satisfied, it follows that the Jacobian maps the mass
density, ρ = dm/dv, by

ρ0 = Jρ = Jpρ̄,

ρ̄ = Jeρ = Jp
−1

ρ0,
(4)

where the Lagrangian density, ρ0 = dm/dV , is the differential mass per differential reference volume.

3
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3. Thermodynamic consistency

We wish to enforce, i.e., be consistent with, the second law of thermodynamics, which is expressed by
the Clausius-Duhem inequality for the rate of internal entropy production (cf. Truesdell and Toupin 1960,
Holzapfel 2000, among others), ∫

Bt

(
σ:l− ρė+ ρθη̇ − 1

θ
q·∇xθ

)
dv ≥ 0, (5)

where σ is the Cauchy stress, l is the velocity gradient, ρ is the mass density, e is the internal energy per
unit mass, θ is the temperature, η is the entropy per unit mass, and q is the heat flux vector. By assuming
homogeneous and isothermal temperature, i.e., that ∇xθ = 0 and θ̇ = 0, the Clausius-Duhem inequality
reduces to the form known as the Clausius-Planck inequality,∫

Bt

(σ:l− ρė+ ρθη̇) dv ≥ 0. (6)

If the Helmholtz free energy per unit mass is introduced, Ψ = e − θη, we may write −ρΨ̇ = −ρė + ρθη̇,
where isothermal conditions are assumed (θ̇ = 0). While the isothermal assumption is appropriate for most
geomaterial applications, we note that there are situations where it is not (e.g., Wang et al. 2015), and we
refer to other relevant details for these cases in Clayton and Tonge (2015) and relevant discussion to the
present work also provided in Bennett et al. (2016). The Clausius-Planck inequality is then written (noting
the longhand notation, D/Dt, for the material time derivative) as∫

Bt

(
σ:l− ρΨ̇

)
dv =

∫
Bt

(
σ:l− ρD(Ψ)

Dt

)
dv ≥ 0. (7)

Making use of the Jacobian map of Eq. (3), the integral can be written over the intermediate configuration
as, ∫

B

(
σ:l− ρD(Ψ)

Dt

)
JedV =

∫
B

(
Jeσ:l− ρD(Ψ)

Dt

)
dV ≥ 0. (8)

Localization theorem considers this to hold in the vicinity of any point P ∈ B, i.e., for an arbitrarily
small volume element, to obtain the local form of the Clausius-Planck inequality in B, also known as the
local dissipation inequality Dloc,

Dloc := Jeσ:l− ρD(Ψ)

Dt
≥ 0. (9)

If the material changes volume plastically, i.e., ρ 6= ρ0, application of the chain rule and Eq. (4) provides

ρ
D(Ψ)

Dt
=
D(ρΨ)

Dt
+ (ρΨ)

J̇p

Jp
, (10)

where the second term on the RHS of Eq. (10) is an additional contribution to the dissipation from the
volumetric plastic deformation. Further, the rate of mechanical work (stress-power) Jeσ : l, appearing in
the first term of Eq. (9), can be expanded, first making use of the additive split of the velocity gradient

l = le + lp

= Ḟ eF e
−1

+ F eLpF e
−1

,
(11)

where Lp = Ḟ
p
F p
−1

is the plastic velocity gradient in B. The expression for the stress in the intermediate
configuration is given by the second Piola-Kirchhoff stress S through a Piola map (Truesdell and Toupin
1960), defined by

σ =
1

Je
F eSF e

T

, σij =
1

Je
F e
iI
SIJF

e
jJ
. (12)
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Carrying out the contraction in Eq. (9) gives

l:σJe = (Ḟ eF e):S +Lp:(CeS)

=
1

2
Ċ
e

:S +Lp:M ,
(13)

where we have introduced the generally non-symmetric Mandel stress M := CeS (Mandel 1974) defined

according to the elastic right Cauchy-Green deformation tensor Ce = F e
T

F e acting on S. The dissipation
inequality can hence be written as

Dloc =
1

2
Ċ
e

:S +Lp:M − D(ρΨ)

Dt
− (ρΨ)

J̇p

Jp
≥ 0. (14)

The free energy per unit plastically deformed volume (ρΨ) is postulated with respect to the elastically-
unloaded intermediate configuration. It is assumed to be a function of the state of the material, allowing
for the introduction of internal variables associated with the dissipation mechanisms. The elastic part of the
free energy, ρ̄Ψe, depends on the strain energy density through the elastic right Cauchy-Green tensor and
the set of n second order projection tensors, also called structure tensors, {A(1), ...,A(n)}, which allow it to
be expressed as an isotropic function representing an anisotropic material response, i.e,

ρ̄Ψe(Ce,A(1), ...,A(n)). (15)

The free energy is also assumed to consist of an uncoupled stored energy potential ρ̄Ψs(Z(1), ..., Z(m)), where
the Z(α) for α = 1, ...,m, are scalar valued strain-like internal state variables (ISV’s). Accordingly, the free
energy density in B takes the form

ρΨ = ρ̄Ψe(Ce,A(1), ...,A(n)) + ρ̄Ψs(Z(1), ..., Z(m)). (16)

Such that
D(ρΨ)

Dt
=
∂(ρΨ)

∂Ce
:Ċ

e

+

n∑
α=1

∂(ρΨ)

∂A(α)
:Ȧ

(α)

+

m∑
α=1

∂(ρΨ)

∂Z(α)
Ż

(α)
. (17)

Combining Eq’s. (14) and (17) provides,

Dloc =

(
1

2
S − ∂(ρΨ)

∂Ce

)
:Ċ

e

+ M :Lp − (ρΨ)
J̇p

Jp
−

n∑
α=1

∂(ρΨ)

∂A(α)
:Ȧ

(α)

−
m∑
α=1

∂(ρΨ)

∂Z(α)
Ż

(α)
≥ 0. (18)

Following the standard arguments of what is known as the “Coleman and Noll method” (Coleman and

Noll 1963, Coleman and Gurtin 1967), Eq. (18) must hold for any arbitrary elastic deformation (hence ∀ Ċe),
such that the first term on the RHS of Eq. (18) must vanish, yielding the hyperelastic constitutive equation
for the Second-Piola Kirchhoff stress,

S = 2
∂(ρΨ)

∂Ce
. (19)

And we recognize and define from Eq. (18) the set of thermodynamic forces {β(1), ..., β(m)}, energy conjugate
to the scalar internal state variables,

β(α) :=
∂(ρΨ)

∂Z(α)
, for α = 1, ...,m, (20)

as well as the set of thermodynamic forces {Y (1), ...,Y (n)} energy conjugate to the structure tensors,

Y (α) =
∂(ρΨ)

∂A(α)
, for α = 1, ..., n. (21)

5
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The reduced dissipation (also called the plastic dissipation) inequality in B is then given by

Dloc = M :Lp − (ρΨ)
J̇p

Jp
−

n∑
α=1

Y (α):Ȧ
(α)

−
m∑
α=1

β(α)Ż
(α)
≥ 0. (22)

Recall that Jp := det [F
p
], hence J̇p = JpF p

−T
:Ḟ

p
and

J̇p

Jp
= F p

−T
:Ḟ

p
,

J̇p

Jp
= F p

−1

II
Ḟ p
II
. (23)

Also recall that Lp
IJ

:= Ḟ p
II
F p
−1

IJ
, such that the contribution to the dissipation from the volumetric plastic

deformation is the trace of the plastic velocity gradient, tr
[
Lp
]

= 1 : Lp, i.e.,

δĪJ̄ L̄
p
ĪJ̄

= δIJ Ḟ
p

II
F p
−1

IJ
= F p

−1

II
Ḟ p
II

=
J̇p

Jp
. (24)

Then the plastic dissipative terms energy conjugate to Lp which occur in Eq. (22) can be written as

M :Lp − (ρΨ)
J̇p

Jp
=
(
M − (ρΨ)1

)
:Lp

= Ξ:Lp
(25)

where Ξ is what we call the Eshelby-Mandel stress (cf. Bennett et al. 2016), being recognized as the (negative
of) the Eshelby stress (Eshelby 1975) in the intermediate configuration (compare also with Maugin 1994),

Ξ := M − (ρΨ)1. (26)

The Eshelby-Mandel stress being energy conjugate to Lp in Eq. (22), the dissipation inequality then can be
expressed as

Dloc = Ξ:Lp −
n∑
α=1

Y (α):Ȧ
(α)

−
m∑
α=1

β(α)Ż
(α)
≥ 0. (27)

It is emphasized that if the plastic deformation is volume preserving (isochoric flow), J̇p = 0 and Eq. (27)
reduces to the frequently used form (e.g., Simo 1998) where the Mandel stress is energy-conjugate to the
plastic velocity gradient,

Dloc

∣∣
Jp≡1

= M :Lp −
n∑
α=1

Y (α):Ȧ
(α)

−
m∑
α=1

β(α):Ż
(α)
≥ 0. (28)

3.1. Structure tensors and their representation in B

Directional dependence of the constitutive behavior requires identifying distinct directions of the material.

This gives rise to the notion of unit vector fields, a
(α)
0 (X), where ‖a(α)

0 ‖ = 1, describing material directions.
Second order structure tensors (Smith and Rivlin 1957, Lokhin and Sedov 1963) in B0 can be constructed
from these unit vector fields. For example, the directional dependence of the constitutive behavior at a
material point may be described by the second order tensors (cf. Holzapfel 2000, Holzapfel et al. 2000),

A(α) := a
(α)
0 ⊗ a(α)

0 , A
(α)
IJ = a

(α)
0I
a

(α)
0J
, (29)

for α = 1, ..., n. Most particulate materials can be described as orthotropic, typically being well described
by a single axis of symmetry, i.e., transversely isotropic (e.g., Oda and Nakayama 1989, Kirkgard and Lade
1993, Chang and Liu 2013). For the development of specific constitutive models herein (and also for the sake
of clarity), a single material direction a0 will therefore be considered as a preferential direction, comprising
the single structure tensor A. The direction a0 is associated with the bedding plane normal, as is typical
for the case of geomaterials (e.g., Chang and Bennett 2015, Bennett et al. 2015).

6
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Under plastic flow, the bedding plane is assumed to convect with the material (i.e., it is embedded
affinely), and it is assumed that the local anisotropy at a material point remains transversely isotropic. In
other words, it is assumed that planes of transverse isotropy remain planes of transverse isotropy and convect
with plastic deformation. The unit vector field, a, describing the axis of symmetry in the plastically deformed
intermediate configuration is thus obtained through the deformation. It is normalized by its plastic stretch
λp to retain unit length, and given by

a = λpF p
−T
a0 , āĪ = λpF p

−1

IĪ
a0I , (30)

where λp :=
∥∥∥F p−Ta0

∥∥∥−1

. The intermediate and reference configuration structure tensors are thus related

in terms of F p by,

A = (λp)
2
F p
−T
AF p

−1

, AĪJ̄ = (λp)
2
F p
−1

IĪ
AIJF

p−1

JJ̄
. (31)

Eq. (30) is a pure rotation, and so also is Eq. (31). The relation between reference and intermediate
configuration structure can thus be written as a rotation,

a = Qpa0, (32)

where Qp is a rotation tensor not necessarily equal to Rp from the polar decomposition of F p = RpUp (cf.

Dafalias 1998), although Qp = Q̂
p
(F p), i.e., it depends solely on F p. The corresponding structure tensor in

the intermediate configuration is similarly equivalently to Eq. (31) given by

A = QpAQpT , AĪJ̄ = Qp
ĪI
AIJQ

p
J̄J
. (33)

Notably, a0 is a covariant vector, being the surface normal to the material bedding plane. Eqs. (30)
and (31) are therefore covariant push forward operations from B0 to B (without stretch). This is markedly

different than many other descriptions found in the literature where the a
(α)
0 are contravariant vectors, for

example associated with embedded fibers (e.g., Holzapfel 2000, Holzapfel et al. 2000), which is a constitutive
choice recognized also as possible by Dafalias (2011). It is emphasized that Eqs. (30) and (31) are a purely
kinematic description of the re-orientation of the bedding plane under plastic deformation (cf. Dafalias 1998),
not a constitutive description of induced anisotropy and/or changes in anisotropy due to microstructural
processes (i.e., not changes in fabric or texture as described for example in Zhu et al. 2010, Kuhn et al. 2015,
Buechler et al. 2016, Lai et al. 2016, Angus et al. 2016, Fang et al. 2017, Bubeck et al. 2017, among others).
The implications of this, what we see as a most basic assumption for re-orientation of the material axes
under plastic deformation, will be discussed more in the following with respect to the plastic dissipation of
energy and also in Section 7 with respect to large deformation kinematics.

3.2. Evolution equations

The basic forms of the evolution equations can be obtained by recognizing the thermodynamic conjugacy
of the pairs (also called “thermodynamic duals”, e.g., Cleja-Tigoiu and Maugin 2000) in Eq. (27). For
example, the thermodynamic conjugacy suggests the “flow rule” describing the evolution of the plastic
deformation can be expressed in terms of Lp in general by

Lp = 〈 ˙̄λ〉N̂(Ξ,Y (α), β̄(α);F p,A(α), Z̄(α)), (34)

where N̂ is a tensor valued function providing the “direction” of plastic flow, 〈·〉 is the Macaulay bracket and
λ̄ is the scalar plastic multiplier (cf. Simo and Hughes 1998, Dafalias 1998). The α superscripts in Eq. (34)
denote the {Y (1), ...,Y (n)} and {β(1), ..., β(m)} and similarly their conjugate state variables (where for the
particular case of transverse isotropy n = 1).

In associative plasticity, it is common to invoke the principle of maximum plastic dissipation (PMPD),
(von Mises 1928, Hill 1948b, Mandel 1964) to obtain thermodynamically consistent evolution equations for
the plastic deformation and other strain like ISV’s. The formal application of the PMPD in associative
elastoplasticity has been described by Lubliner (1984), Simo (1988), among others, and examples of the
PMPD involving Eshelby-like stresses can be found in the works of Rakotomanana (2004) and Miehe and
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Gürses (2007). However, based on experimental evidence, it is often customary to relax the PMPD for
particulate materials by assuming the existence of a plastic potential function G that differs from the yield
function F, i.e., G 6= F, which frames the constitutive model within non-associative plasticity (Vermeer and
de Borst 1984). It is important to recognize that relaxing the PMPD is not synonymous with violating the
second law of thermodynamics, i.e., the second law may still be satisfied with suitable selection of plastic
potential function G (usually similar in functional form to the yield function F, but with different material
parameters). Of particular utility in this regard are non-associative flow rules that satisfy the PMPD in the
limiting case of G = F, to which we will confine the formulations herein.

Non-associative flow rules of this kind for geomaterials have been shown to satisfy the plastic dissipation
inequality under the constraint that the dilation angle ψ is less than (or equal to) the friction angle φ, i.e.,
ψ ≤ φ (cf. Polizzotto 1998, Runesson et al. 1999, Borja and Andrade 2006, Borja 2013, among others),
which is consistent with empirical observation (cf. Vermeer and de Borst 1984) and is a constraint assumed
herein. Examples of comparing plastic dissipation for associative and non-associative flow rules during
isotropic compression for an isotropic Drucker-Prager/Cap model were provided by Bennett et al. (2016),
showing positive plastic dissipation when ψ < φ. It is emphasized that the classical treatment for enforcing
Eq. (27) through the PMPD is recovered for ψ = φ (associated flow). Some further details with respect to
the constraint 0 ≤ ψ ≤ φ ≤ π/2 and the specific yield and plastic potential functions adopted herein are
provided in Appendix B.

Motivated by Eq. (27), the general form of the plastic potential (not necessarily equal to the yield
function) is identified

G := Ĝ(Ξ, {Y (1), ...,Y (n)}, {β(1), ..., β(m)}). (35)

However, our previous kinematic assumption of transverse isotropy in B, i.e., relating A to A through a
rigid body rotation associated with the plastic deformation (Section 3.1) requires some further consideration
with respect to the effect that this assumption has on the plastic dissipation. The rate form of Eq. (31) (or
equivalently Eq. (33)) is

Ȧ = Q̇
p
AQpT +QpAQ̇

pT

. (36)

It is worth remarking that Eq. (36) is consistent with the notion of constitutive spin described by Dafalias

(1998, 2011), where defining the anti-symmetric so-called constitutive spin tensor ωp := Q̇
p
QpT , Eq. (36)

can be expressed as,

Ȧ = ωpA−Aωp. (37)

Eq. (37) is in the nomenclature of Dafalias (1998, 2011) a “non-evolving” (simply spinning with plastic
deformation) constitutive choice for the so-called physico-geometrical coupling of the embedding of A.

Although we advocate the embedding described by Eq. (36) (and Eq. (37)) on physical grounds, this

essentially constitutive choice implies non-zero energy dissipation of Y :Ȧ in Eq. (27). In fact, the only
possible choice for relating the structure from reference to intermediate configuration without dissipating

energy (with Y 6= 0) is to take Ȧ ≡ 0 =⇒ A = A, which we consider an un-physical choice for geologic
materials2. A modified plastic dissipation that is unaffected by the structure simply spinning with plastic
deformation is identified as

D∗loc := Dloc + H, (38)

where

H := Y :

(
Q̇
p
AQpT +QpAQ̇

pT
)

= Y :
(
ωpA−Aωp

)
. (39)

Eq. (39) is the energy dissipated by plastic (constitutive) spin of the structure, such that the modified

2This point of view, which we do not advocate for geologic materials, would equate to assuming fixed material axes unaffected
by plastic deformation. Although this may be reasonable for small plastic strains, it is contrary to common notions of large
plastic deformation of geologic (or particulate) materials (e.g., Loret 1983, Li and Yu 2010, Gao and Zhao 2017).
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dissipation (Eq. 38) is consistent with the notion no energy is dissipated by such, i.e.,

D∗loc = Ξ:Lp −
m∑
α=1

β(α)Ż
(α)
− Y :Ȧ+ H(Y ;F p,A). (40)

Notably by (and only by) virtue of Eq. (36), the modified plastic dissipation with structure spinning with
plastic deformation but not otherwise evolving is expressed as

D∗loc
∣∣
Ȧ=ωpA−Aωp

= Ξ:Lp −
m∑
α=1

β(α)Ż
(α)
. (41)

We emphasize that the actual plastic dissipation is given by Eq. (27); however, the modified plastic dissipation
of Eq. (40) allows the kinematic assumptions of Section 3.1 to be imposed without affecting the plastic
potential G, which will be shown to be useful for posing evolution equations for A and identifying the
precise constrained optimization problem that is solved in the following. It is worth remarking as well that
since Qp depends only on F p, as shown in detail in Dafalias (1998, 2011), H can be expressed as a function
of the plastic multiplier and yet another constitutive function; however, we advocate the approach outlined
herein for the reason that the constitutive function for evolution of the structure is separated from the
constitutive choice for its spin, as described in the following.

The method of Lagrange multipliers can be used to maximize the modified dissipation in the standard
way as a constrained optimization problem. The Lagrangian is defined,

L := −D∗loc + ˙̄λG

= −Ξ:Lp +
m∑
α=1

β(α)Ż
(α)

+ Y :Ȧ−H(Y ;F p,A) + ˙̄λG(Ξ, β̄(α),Y ;F p,A, Z̄),
(42)

to maximize D∗loc with G ≤ 0, where associated flow and enforcement of the PMPD are obtained for G = F

and non-associative flow for G 6= F. For poly-convex G, the necessary and sufficient conditions are found:

Lp = λ̇
∂G

∂Ξ
, (43a)

Ȧ = − ˙̄λ
∂G

∂Y
+
∂H

∂Y
, (43b)

Ż
(α)

= −λ̇ ∂G

∂β(α)
for α = 1, ...,m, (43c)

along with the Karush-Kuhn-Tucker (Karush 1939, Kuhn and Tucker 1951) and consistency conditions (cf.
Simo and Hughes 1998, Lubliner 2008, Borja 2013, among others),

˙̄λ ≥ 0 , F ≤ 0 , ˙̄λF = 0 ; ˙̄λḞ = 0. (44)

Taking the plastic potential to have no dependence on Y , as is the particular constitutive choice subsequently
adopted herein, the evolution for the structure is found to be exactly Eq. (36) consistent with the assumptions
described in Section 3.1, i.e.,

Ȧ = − ˙̄λ
�
�
�7

0

∂G

∂Y
+
∂H

∂Y
= Q̇

p
AQpT +QpAQ̇

pT

. (45)

Although specific constitutive models described in the subsequent sections will make use of this (what we see
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as the most basic)3 form of the structure evolution under plastic deformation (Eq. 45), we suggest that the
more general form of Eq. (43b) may have great utility for describing plastically induced anisotropy without
the need to further describe kinematic re-orientation of the material (structure) axes.

Eq. (43a) provides an equation for the evolution of Lpa := Skw[Lp], because Ξ is in general non-symmetric,
i.e., Ξ = Sym[Ξ] + Skw[Ξ] = Ξs+Ξa (note the subscript notation for symmetric and anti-symmetric parts).
This is an essentially constitutive choice (cf. Dafalias 1998, Montáns and Bathe 2007), where we have chosen
to set

Lpa = λ̇
∂G

∂Ξa

. (46)

The solution for Ḟ p is then obtained from Lp = Ḟ pF p
−1

and Eq. (43a),

Ḟ p = λ̇
∂G

∂Ξ
F p, (47)

and the yield function, similar to the plastic potential, is of the general form

F := F̂(Ξ, {Y (1), ...,Y (n)}, {β(1), ..., β(m)}), (48)

Further discussion on the choice of yield and plastic potential functions is subsequently given, where the
specific functions and the associated complete expressions of the constitutive and evolution equations are
provided in Sections 4 and 5.

With regard to Eq. (48), it is warranted to remark that M , although non-symmetric, has real eigen-
values. This is evident by examining its spectral representation. Recall the spectral decomposition F e =∑3
i=1 λ

e
i n̂

e
i ⊗ N̂

e

i , where the λei are the principal elastic stretches (for i = 1, 2, 3) and the n̂ei and N̂
e

i are
the associated eigenvectors (also called principal directions) in the intermediate and current configurations,
respectively. The spectral representation of M is given by

M = CeS = F e
T

F eS

=

(
3∑
i=1

λei N̂
e

i ⊗ n̂
e
i

) 3∑
j=1

λejn̂
e
j ⊗ N̂

e

j

( 3∑
k=1

SkV̂ k ⊗ V̂ k

)

=

(
3∑
i=1

λe
2

i N̂
e

i ⊗ N̂
e

i

)(
3∑
k=1

SkV̂ k ⊗ V̂ k

)

=
3∑
i=1

λe
2

i Sicos[αi]N̂
e

i ⊗ V̂ i,

(49)

where Si are the eigenvalues of S with associated eigenvectors V̂ i (not necessarily coaxial with N̂
e

i ), and
the elastic non-coaxiality angle, ᾱ, is defined by the dot product of the principal directions

cos[ᾱi] := N̂
e

i ·V̂ i (no sum on i). (50)

Notably, M can only be non-symmetric when there is elastic non-coaxiality, i.e., when cos[ᾱi] 6= 1. The
eigenvalues of M , M i, are clearly real, i.e., in R, being the product of real scalars,

M i = λe
2

i Si cos[αi]. (51)

The plastic potential and yield function of Eqs. (35) and (48), respectively, are therefore both functions
of stress in R3, the Mandel stress (and therefore also the Eshelby-Mandel stress), belonging to the space

3Eq. (45) is notably equivalent to Eq. (9) of Dafalias (1998), where setting G(Y ) ≡ 0 herein is equivalent to setting the
so-called constitutive corotational rate to zero therein.
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of linear transformations in R3, i.e., L (R3,R3). This result is perhaps as expected, considering that

M = JeF e
T

σF e
−T

; however, Eqs. (49) through (51) should dispel any doubts arising from the non-symmetry
of M .

4. Description of anisotropic elasticity

4.1. Anisotropic elastic stored energy represented as an isotropic function of its intergity basis

The elastic energy density is posed in B in terms of the elastic right Cauchy-Green deformation tensor
Ce and the material structure tensor A, i.e.,

ρ̄Ψe = ρ̄Ψ̂e(Ce,A). (52)

A scalar function of second order tensors can be expressed as a function of the invariants forming its integrity
basis according to tensor representation theory (cf. Boehler 1979, Zheng 1994). Consider then, for example,
the integrity basis for Eq. (52) formed from the three invariants of Ce,

Īe1 = tr
[
Ce
]
, (53a)

Īe2 = tr
[
Ce2

]
, (53b)

Īe3 = detCe = Je
2

, (53c)

plus two new invariants of the pair (Ce,A),

Īe4(Ce,a) = a·Cea = Ce : A = tr
[
ACe

]
, (54a)

Īe5(Ce,a = a·Ce2a = Ce2 : A = tr
[
ACe2

]
. (54b)

This allows the general expression of the free energy as

ρ̄Ψe = ρ̄Ψ̂e(Īe1 , Ī
e
2 , Ī

e
3 , Ī

e
4 , Ī

e
5). (55)

With this invariant basis in hand, the constitutive choice of an appropriate free-energy function remains.
The total elastic free-energy is taken to be additively composed from isotropic and anisotropic parts, i.e.,

Ψe = Ψe
iso + Ψe

ani, (56)

such that

S =
∂(ρ̄Ψ)

∂Ce
=
∂(ρ̄Ψe

iso)

∂Ce
+
∂(ρ̄Ψe

ani)

∂Ce
= Siso + Sani. (57)

A simple form for a transversely isotropic Saint-Venant type material that produces a constant elasticity
tensor while providing enough material constants to reproduce the small strain version was suggested by
Bonet and Burton (1998),

ρ̄Ψe
iso = ρ̄Ψe

sv =
1

2
Λ̄
(

tr
[
Ee
])2

+ ḠEe:Ee, (58a)

ρ̄Ψe
ani =

(
ā1 + ā2(Īe1 − 3) + ā3(Īe4 − 1)

)
(Īe4 − 1)− 1

2
ā1(Īe5 − 1), (58b)

where here Λ and G are the Lamé parameters, Ee = 1/2(Ce − 1), and ā1, ā2, and ā3 are the anisotropic
elastic material constants. The corresponding constitutive equation for the stress is thus

Siso, sv = Λ̄ tr [Ee] 1 + 2ḠEe, (59a)

Sani = 2ā2(Īe4 − 1)1 + 2
(
ā1 + ā2(Īe1 − 3) + 2ā3(Īe4 − 1)

)
A− ā1

(
CeA+ACe

)
, (59b)

where the SV subscript denotes Saint-Venant.
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Geomaterials may undergo high pressure changes accompanied by nonlinear volumetric elastic deforma-
tion (e.g., beneath foundations, earthworks construction, etc.). It may, therefore, be preferable for these types
of materials to adopt instead a partially compressible neo-Hookean approach, and introduce a volumetric
term such as (Īe3−1) — or replacing this with another nonlinear volumetric term such as (lnJe)2 = (ln Īe3)2/2.
This can be achieved by taking the isotropic part of the free energy to be of a neo-Hookean type such as

ρ̄Ψe
iso = ρ̄Ψe

neo =
Λ

2
(Je − 1)2 −G ln Je +

G

2
( tr
[
Ce
]
− 3)

=
Λ

2
(Īe

1/2

3 − 1)2 +
G

2

(
Īe1 − 3− ln Īe3

)
,

(60)

providing the alternative isotropic part of the stress as

Siso, neo = Ḡ(1−Ce−1

) + Λ̄Je(Je − 1)Ce−1

, (61)

where the “neo” subscript denotes neo-Hookean. The neo-Hookean model (along with the anisotropic model
of Eq. 58b) is adopted in the subsequent simulations within Sections 6 and 7. We note that for the choice of
invariants of Eqs. (53),

∂Īe1
∂Ce

= 1,
∂Īe2
∂Ce

= 2Ce,
∂Īe3
∂Ce

= Īe3C
e−1

, (62)

and for those of (54),

∂Īe4
∂Ce

= A,
∂Īe5
∂Ce

= a⊗Cea+ aCe ⊗ a = ACe +CeA. (63)

Assuming the stored energy part of the free-energy has no dependence on A, the solution for Y is found
as

Y : =
∂ρ̄Ψe

∂A

=

5∑
β=1

∂ρ̄Ψe

∂Īeβ

∂Īeβ

∂A
.

(64)

Noting the solutions corresponding to the choice of invariants of Eqs. (53) and (54),

∂Īe1
∂A

=
∂Īe2
∂A

=
∂Īe3
∂A

= 0,
∂Īe4
∂A

= Ce,
∂Īe5
∂A

= Ce2 , (65)

and from the definition of ρ̄Ψe
ani in Eq. (58b),

Y = 2ā3(Īe4 − 1)Ce − 1

2
ā1Ī

e
5C

e2 . (66)

4.2. Stored energy potential

The stored energy potential is taken as the type proposed by Bennett et al. (2016), where linear cohesive
hardening/softening in the β̄(1) and optional linear or exponential hardening in the β̄(2) terms are obtained
by specifying

ρ̄Ψs :=
H1

2
Z(1)2

+
H2

2

(
Z(2)2

+
κ̄

ω̄
(exp[−ω̄Z(2)]− 1)2

)
(67)

The stress-like ISV’s are then obtained according to Eq. (20) as

β̄(1) = β̄
(1)
0 +H1Z

(1), β̄(2) = β̄
(2)
0 +H2

(
Z(2) − κ̄(exp[−ω̄Z(2)]− 1)exp[−ω̄Z(2))

)
. (68)

H1 and H2 are the cohesive and volumetric hardening moduli, respectively. H2 is strictly positive corre-
sponding to hardening under compaction, but H1 can be positive or negative corresponding to either cohesive
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hardening or softening, respectively (or of course zero). The dimensionless volumetric hardening material
parameters ω̄ and κ̄ describe the nonlinearity, where linear hardening is recovered by setting κ̄ = 0.

5. Anisotropic plasticity

An anisotropic yield surface (and plastic potential) are obtained by realizing a transformed stress, which
the anisotropic yield function is a function of (Betten 1988, Semnani et al. 2016, Versino and Bennett 2018).
This notion traces back to Hill (1948a), who proposed a generalization of von Mises (J2) plasticity to an
anisotropic quadratic yield function described by a particular fourth order tensor, what is now often called
Hill’s tensor, taking the place of the identity in the norm of the deviatoric stress (cf. Semnani et al. 2016,
Versino and Bennett 2018). In what follows, we derive a similar fourth order tensor, A, from the irreducible
integrity basis of the pair {M ,A}. The deviatoric part of the yield function, being a function of the deviatoric
part of the Mandel stress (where Dev[Ξ] ≡ Dev[M ]), then takes on a form similar to Hill plasticity. The
spherical (hydrostatic) part of the yield function that is dependent on the Eshelby-Mandel stress (where
Sph[Ξ] 6= Sph[M ]), is then, it will be shown, obtained from the spherical part of the transformed (by A)
Mandel stress and the elastically anisotropic free energy.

An invariant basis for {M ,A} can be constructed from the irreducible integrity basis of the pair (cf.
Zheng 1994). Consider the invariant basis B(Ī1, Ī

s
2, Ī

a
2 , Ī3, Ī4, Ī

s
5, Ī

a
5 , Ī6), where

Ī1(M) := tr
[
M
]

= tr
[
M s

]
, (69a)

Īs2(M) := tr
[
M2

s

]
, (69b)

Īa2(M) := tr
[
M2

a

]
, (69c)

Ī3(M) := tr
[
M3

]
= Det[M ], (69d)

Ī4(M ,A) := tr
[
AM

]
= tr

[
AM s

]
, (69e)

Īs5(M ,A) := tr
[
AM2

s

]
, (69f)

Īa5(M ,A) := tr
[
AM2

a

]
, (69g)

Ī6(Ma,A) := tr
[
A2M2

aAMa

]
= tr

[
Ma(AMa)2

]
. (69h)

An analogous integrity basis for strictly the deviatoric part of the Mandel stress may be obtained by sub-
stituting M ′ := Dev[M ] for M in Eqs. (69) such that Īi → Ī′i. For example, Ī′1(M ′) = tr

[
M ′] = 0 (e.g.,

Sansour et al. 2006). Alternatively, the approach taken herein is to develop a fourth order anisotropy tensor
based on the invariants (69), which, as will be subsequently shown, produces the same result when contracted
with Dev[M ] from both sides.

The fourth order anisotropy tensor A is derived by requiring (as a constitutive choice) that it be the
solution for the second derivative of a purely quadratic function of the invariants, i.e.,

A :=
∂2φ̄

∂M∂M
(70)

is constant such that φ̄ = (1/2)M :A:M . The purely quadratic function φ̄ is proposed,

φ̄ :=
1

2

(
b̄1Ī1 + b̄s2Ī

s
2 + b̄a2 Ī

a
2 + b̄3(Ī4)2 + b̄s4Ī

s
5 + b̄a4 Ī

a
5

)
, (71)
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where b̄1, b̄
s
2, b̄

a
2 , b̄3, b̄

s
4, b̄

a
4 are parameters. The solution for A is then found by

A =
∂2φ̄

∂M∂M
=

∂

∂M

(
5∑
i=1

∂φ̄

∂Īi

∂Īi

∂M

)

=
1

2

∂

∂M

(
2b̄1Ī1

∂Ī1

∂M
+ b̄2

∂Ī2

∂M
+ 2b̄3Ī4

∂Ī4

∂M
+ b̄4

∂Ī5

∂M

)
=

1

2

∂

∂M

(
2b̄1Ī11 + b̄2M + 2b̄3Ī4A+ b̄4(MA+AM)

)
= b̄11⊗ 1 + b̄s2Is − b̄a2Ia + b̄3A⊗A+

1

2
b̄s4Js −

1

2
b̄a4Ja,

(72)

where Js
ĪJ̄K̄L̄

:= (ĀĪK̄ δ̄J̄L̄ + ĀĪL̄δ̄J̄K̄ + ĀL̄J̄ δ̄ĪK̄ + ĀK̄J̄ δ̄ĪL̄)/2, Ja
ĪJ̄K̄L̄

:= (ĀĪK̄ δ̄J̄L̄ − ĀĪL̄δ̄J̄K̄ + ĀL̄J̄ δ̄ĪK̄ −
ĀK̄J̄ δ̄ĪL̄)/2, and the intermediate solutions were used,

∂Ī1

∂M
= 1,

∂Īs2
∂M

= 2M s,
∂Īa2
∂M

= −2Ma,
∂Ī4

∂M
= A,

∂Īs5
∂M

= M sA+AM s,
∂Īa5
∂M

= −MaA−AMa,

(73)
and

∂2Īs2

(∂M)2
= 2Is,

∂2Īa2

(∂M)2
= −2Ia,

∂2(Ī4)2

(∂M)2
= 2A⊗A, ∂2Īs6

(∂M)2
= Js,

∂2Īa6

(∂M)2
= −Ja. (74)

Notably, the only non-symmetric parts of A are b̄a2 Īa and b̄a4Ja/2 arising from the b̄a2 Ī
a
2 and b̄a4 Ī

a
5 terms in

Eq. (71), respectively.
Choosing for the convenience of discussion the coordinate system to coincide with the material axes,

such that E3 = a0, it is elucidative to examine the matrix representation for A in Mandel (orthonormal
basis) notation. Notation convention of [A] = [A11 A22 A33 A(23) A(13) A(12) A[23] A[13] A[12]]

T

is adopted, where the (··) and [··] subscripts denote the symmetric and anti-symmetric parts of the off
diagonal pairs in the standard way (cf. Brannon Accessed: 2018). Before any yielding accompanied by
plastic deformation has occurred, e.g., at time t = t0, the intermediate configuration is coincident with the
reference configuration, i.e., a = a0, A = A, and the matrix representation for A in Mandel notation is
[A|t=t0 ] = 

b̄1 + b̄s2 b̄1 b̄1 0 0 0 0 0 0
b̄1 b̄1 + b̄s2 b̄1 0 0 0 0 0 0
b̄1 b̄1 b̄1 + b̄s2 + b̄3 + b̄s4 0 0 0 0 0 0

0 0 0 b̄s2 +
b̄s4
2

0 0 0 0 0

0 0 0 0 b̄s2 +
b̄s4
2

0 0 0 0
0 0 0 0 0 b̄s2 0 0 0

0 0 0 0 0 0 −b̄a2 − b̄a4
2

0 0

0 0 0 0 0 0 0 −b̄a2 − b̄a4
2

0
0 0 0 0 0 0 0 0 −b̄a2


. (75)

The corresponding fourth order deviatoric/anisotropic projector is defined as A′ := P:A:P, such that
[A′|t=t0 ] =



1
9

(
6b̄s2 + b̄3 + b̄s4

)
1
9

(
−3b̄s2 + b̄3 + b̄s4

)
1
9

(
−3b̄s2 − 2

(
b̄3 + b̄s4

))
0 0 0 0 0 0

1
9

(
−3b̄s2 + b̄3 + b̄s4

)
1
9

(
6b̄s2 + b̄3 + b̄s4

)
1
9

(
−3b̄s2 − 2

(
b̄3 + b̄s4

))
0 0 0 0 0 0

1
9

(
−3b̄s2 − 2

(
b̄3 + b̄s4

))
1
9

(
−3b̄s2 − 2

(
b̄3 + b̄s4

))
2
9

(
3b̄s2 + 2

(
b̄3 + b̄s4

))
0 0 0 0 0 0

0 0 0 b̄s2 +
b̄s4
2 0 0 0 0 0

0 0 0 0 b̄s2 +
b̄s4
2 0 0 0 0

0 0 0 0 0 b̄s2 0 0 0

0 0 0 0 0 0 −b̄a2 −
b̄a4
2 0 0

0 0 0 0 0 0 0 −b̄a2 −
b̄a4
2 0

0 0 0 0 0 0 0 0 −b̄a2


(76)

We emphasize that the principal directions of the structure tensors evolve with the plastic deformation
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(as described in Section 4.1), and so also will A; however, noting the initial alignment with the Cartesian
coordinate axis, makes it possible to compare A of Eq. (75) with Hill’s (symmetric small strain) anisotropy
tensor (Hill 1948a, 1950). Hill’s tensor in matrix notation is

[A′]Hill =



G+H −H −G 0 0 0 0 0 0
−H F +H −F 0 0 0 0 0 0
−G −F F +G 0 0 0 0 0 0
0 0 0 L 0 0 0 0 0
0 0 0 0 M 0 0 0 0
0 0 0 0 0 N 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0


. (77)

In comparison with Hill’s tensor, we see that the Hill coefficients are related to the ones we use here by

b̄s2
b̄3
b̄s4

=
=
=

N
−9H − 2M + 5N
2M − 2N,

(78)

with the constraints
N = F + 2H = G+ 2H , L = M, (79)

which were provided also by Hill (1950) as restrictions on the coefficients for the case of transverse isotropy.
As noted by Hill (1950), further constraints are that L,M and N are strictly positive, which translates to
the restriction that b̄s2 and b̄s2 + b̄s4/2 are strictly positive. We note that b̄3 can be negative, as can be b̄s4
as long as the aforementioned constraint with respect to its value relative to b̄s2 is satisfied (e.g., if b̄s2 = 1,
then b̄s4 > −2). For completely spherical symmetry (isotropy), Hill provided the necessary restriction on the
coefficients,

L = M = N = 3F = 3G = 3H, (80)

which corresponds to the coefficients b̄3 = b̄s4 = 0, with only b̄s2 being nonzero. Setting b̄s2 = 1 in this case
recovers the identity, i.e., b̄s2 = 1 =⇒ As → Is (and As′ → P, where P is the deviatoric projection tensor).

Hill’s tensor (77) has no antisymmetric parts, so no comparison can be made for the b̄a2 and b̄a4 terms. These
terms could obviously be set to zero in order to obviate any anisotropy with respect to the antisymmetric
parts. Another, perhaps intuitive, approach would be to set them equal to their symmetric counterparts,
i.e., set b̄a2 = b̄s2 and b̄a4 = b̄s4. These choices are examined in numerical experiments in Section 6.

With the fourth order anisotropic projector in hand, it is convenient to define the transformed Mandel
stress tensor

M∗ := A:M , (81)

such that the deviatoric part is given by

M
′∗ := Dev[M∗] = A:P:M = A:M ′, (82)

and the spherical part is given by

M sph∗ := Sph[M∗] = M∗ −M∗′ = p̄M̄
∗
1, (83)

where p̄M̄
∗

:= 1/3M∗:1 is the mean (hydrostatic) transformed Mandel stress. The corresponding trans-
formed spherical part of the Eshelby-Mandel stress is then defined

Ξsph∗ := Sph[M∗ − ρ̄Ψ1] = p̄Ξ̄∗1, (84)

where
p̄Ξ̄∗ := p̄M̄

∗
− ρ̄Ψ. (85)

The yield function F is of the Drucker-Prager type (Drucker and Prager 1952) with a smooth transition

15



M
ANUSCRIP

T

 

ACCEPTE
D

ACCEPTED MANUSCRIPT

into a pressure cap, which can be divided into two general parts: a part that depends on the deviatoric
stress, F′, and a part that depends on the hydrostatic part of the stress and the stress-like internal state
variables, Fh, i.e.,

F = F′(M ′,A) + Fh(Ξsph,A, β1, β2) ≤ 0. (86)

The deviatoric part is defined similarly to the anisotropic Mises yield criteria of Hill (op. cit.) as

F′(M ′,A) := M ′:A:M ′ = M :A′:M = M :P:A:P:M = M ′:M
′∗, (87)

where A′ := P:A:P. The equivalences in Eq. (87) stem from the properties of P = ∂MM
′ = P:P, and

we note that if the integrity basis B was posed with respect to the deviatoric part M ′ only, such that
φ̄(M ,A)→ φ̄′(M ′,A), an alternative and equivalent definition for A′ could be given by

A′ :=
∂2φ̄′

∂M ′∂M ′
. (88)

Making use of the transformations and definitions in Eq’s. (81)-(87), the anisotropic yield function can
conveniently be written as

F(Ξ,A) = F′(M
′
,M

′∗) + Fh(p̄Ξ̄∗ , β1, β2). (89)

5.1. Anisotropic Drucker-Prager/Cap surfaces

The anisotropic yield function is of the Drucker-Prager type with a smooth transition into a pressure
cap, which we call the Anisotropic Drucker-Prager/Cap (ADPC) model. The general form is based on
isotropic Drucker-Prager/Cap models first presented by Regueiro and Ebrahimi (2010) and further modified
by Bennett et al. (2016) and Bennett and Borja (2018), presented here in anisotropic form and in terms of
the Eshelby-Mandel stress of the intermediate configuration:

F :=F′ + Fh

=M ′:A:M ′ − Fφcap
(
Aφβ̄1 −Bφp̄Ξ̄∗

)2

=M ′:M
′∗ − Fφcap

(
Aφβ̄1 −Bφ(p̄M̄

∗
− ρ̄Ψ)

)2

≤ 0,

(90)

where,

Aφ :=
2
√

6 cosφ

3 + r sinφ
, Bφ :=

2
√

6 sinφ

3 + r sinφ
, −1 ≤ r ≤ 1, (91a)

Fφcap := 1− 〈β̄2 − 3(p̄Ξ̄∗)〉 β̄2 − 3(p̄Ξ̄∗)

(Xφ − β̄2)2
, (91b)

〈β̄2 − 3(p̄Ξ̄∗)〉 :=
1

2

[∣∣∣β̄2 − 3(p̄Ξ̄∗)
∣∣∣+ (β̄2 − 3(p̄Ξ̄∗))

]
, (91c)

Xφ := β̄2 −R
(
Aφβ̄1 −Bφβ̄2

)
. (91d)

The parameters φ and β̄1 are the friction angle and the cohesion-stress parameter, respectively. The pa-
rameter β̄2 is associated with the preconsolidation stress, the position of the cap along the 3p̄Ξ̄∗ axis being
given by Xφ. The parameter R controls the ellipticity of the cap, and the shape of the yield surface on the
octahedral plane is controlled by −1 ≤ r ≤ 1, such that r = 1 and r = −1 coincide with the intersection
of the triaxial extension (TE) and triaxial compression (TC) corners of the Mohr–Coulomb yield surface,
respectively. |(·)| is the absolute value, and 〈·〉 is the Macaulay bracket. For non-associative plasticity, we use
a similar functional form for the plastic potential function G as for the yield function F, the only difference
being that the dilatation angle ψ replaces the friction angle φ in Eq. (90) such that

G := M ′:M
′∗ − Fψcap

(
Aψβ̄1 −Bψ(p̄Ξ̄∗)

)2

, (92)

where the superscripts denote ψ is used in place of φ in Eqs. (91a)–(91d).
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The solution for the plastic velocity gradient (43a) is then found through identifying

∂G

∂Ξ
=
∂G′

∂Ξ
+
∂Gh

∂Ξ

=
∂G′

∂Ξ′
:
∂Ξ′

∂Ξ
+

∂Gh

∂p̄Ξ̄∗

∂p̄Ξ̄∗

∂Ξ∗
:
∂Ξ∗

∂Ξ

= A′:M ′ +M ′:A′ + C1:A,

(93)

where
∂G′

∂Ξ
= P:A:M ′ +M ′:A:P = A′:M ′ +M ′:A′, (94)

and
∂Gh

∂Ξ
= C1:A, (95)

with

C := 2(Aψβ̄1 −Bψp̄Ξ̄∗)

[
FψcapB

ψ

3
− 〈β̄2 − 3p̄Ξ̄∗〉

(Xψ − β̄2)2
(Aψβ̄1 −Bψp̄Ξ̄∗)

]
. (96)

The ISV evolution equations (43c) are completed by noting the solutions,

∂G

∂β̄1
= 2Aψ(Aψβ̄1 −Bψp̄Ξ̄∗)

[
R(Aψβ̄1 −Bψp̄Ξ̄∗)〈β̄2 − 3p̄Ξ̄∗〉 β̄2 − 3p̄Ξ̄∗

(Xψ − β̄2)3
− Fψcap

]
, (97)

and

∂G

∂β̄2
= 2〈β̄2 − 3p̄Ξ̄∗〉

(
Aψβ̄1 −Bψp̄Ξ̄∗

Xψ − β̄2

)2(
1 +

RBψ

Xψ − β̄2

)
. (98)

5.2. Implicit integration and return mapping algorithm

The implicit time integrated flow rule, making use of the exponential map (cf. Hirsch and Smale 1974,
Gurtin 1981, de Souza Neto et al. 2008) is obtained from Eq. (47),

F pn+1 = exp

[
∆λ̄

∂G

∂Ξ

∣∣∣∣
n+1

]
F pn (99)

The first order approximation of the exponential map provides,

F pn+1 =

(
1 + ∆λ̄

∂G

∂Ξ

∣∣∣∣
n+1

)
F pn. (100)

Similarly from Eq. (43c), the implicit integrated update equations for the strain like ISV’s are

Z
(1)
n+1 = Z(1)

n −∆λ̄
∂G

∂β̄1

∣∣∣∣
n+1

, Z
(2)
n+1 = Z(2)

n −∆λ̄
∂G

∂β̄2

∣∣∣∣
n+1

. (101)

The constitutive assumption of an affinely embedded bedding plane as expressed in Eq. (31) can be
equably written as an update equation making use of the incremental deformation gradient fn+1 :=
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F n+1F
−1
n = 1 +∇xn [∆u], by

An+1 = λp
2

n+1F
p−T

n+1AF
p−1

n+1

= λp
2

n+1 F
eT

n+1f
−T
n+1F

e−T

n︸ ︷︷ ︸
=F p

−T
n+1 F p

T
n =fp

−T
n+1

F p
−T

n AF p
−1

n︸ ︷︷ ︸
= 1

λ
p2
n

An

F e
−1

n F−1
n+1F

e
n+1︸ ︷︷ ︸

=F pnF
p−1

n+1=fp
−1

n+1

=

(
λpn+1

λpn

)2

fp
−T

n+1Anf
p−1

n+1,

(102)

where we define the incremental plastic deformation gradient of the intermediate configuration, fpn+1 :=

F e
−1

n+1fn+1F
e
n = F pn+1F

p−1

n .
Yet, recall the more general form for the structure evolution suggested by Eq. (43b) including also an

induced anisotropy term, which is given in integrated from by

An+1 = An −∆λ̄
∂G

∂Y

∣∣∣∣
n+1

+
∂H

∂Y

∣∣∣∣
n+1

. (103)

Combining the notions of the embedded bedding plane and evolving structure tensor, i.e., Eqs. (102)
and (103), suggests a general form for the structure tensor update,

An+1 =

(
λpn+1

λpn

)2

fp
−T

n+1Anf
p−1

n+1 −∆λ̄
∂G

∂Y

∣∣∣∣
n+1

, (104)

for which we here choose not to introduce to the plastic potential dependence on Y , and so for our case,
Eq. (104) reduces to Eq. (102), i.e., the structure tensor only convects with plastic deformation and does
not evolve in any other way for the constitutive equations we have specified. We note that changes in fabric,
i.e., induced anisotropy, could be modeled by identifying an empirically motivated anisotropy potential, say

A, of the form A = Â(Y , ...), such that G = GADPC + A, where GADPC is the ADPC potential of Eq. (92),
(cf., Svendsen 2001, Montáns and Bathe 2007, among others). However, although Eq. (104) provides a
description of how induced anisotropy could be included within the provided framework, exploring this type
of material specific behavior is beyond the scope of the present work.

Although we advocate Eq. (104) as a most general form for the update ofA allowing for the introduction of
empirically motivated constitutive equations A(Y , ...), we emphasize that no such material specific equations
for induced anisotropy are introduced herein. Eq. (104) thus reduces to simply a rotation of the material
(reference configuration) structure to the intermediate configuration coordinates as described in Eq. (33),

An+1 = Qp
n+1AQ

pT

n+1. (105)

Nevertheless, we propose Eq. (104) as a more general form allowing for induced anisotropy with utility for
developing empirically motivated constitutive equations for specific materials.

This completes the set of constitutive and evolution equations describing the ADPC model. For the
strain driven problem, the stress and stress like ISV’s are updated through their constitutive equations. A
regula falsi method (cf. Dowell and Jarratt 1971, Barbin et al. 2012) is employed to enforce the consistency
condition and solve for the plastic multiplier at each time step, i.e., the so-called return mapping algorithm
(cf. Versino and Bennett 2018). A more detailed description of the practical implementation of the model
within the VUMAT subroutine is provided in Appendix A.

6. Example comparison with measurements

Simulations of triaxial compression (TC) measurements of rock were performed in order to evaluate
the significance of considering the Eshelby-Mandel stress in the constitutive model formulation, and also to
demonstrate the performance of the model in capturing experimental observations of elastoplastic anisotropy.
High confining pressure TC measurements are typically required to carry out TC to large strains because
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rocks typically exhibit brittle behavior at lower confining pressures (e.g., Homel and Herbold 2017, Choo
and Sun 2018). High confining pressure TC data on rocks is relatively scarce in the literature, with mea-
surements less commonly conducted much above 200 MPa or so (possibly due to added practical difficulty
of maintaining high pressures and necessary equipment). Indeed, we were not able to find any high confin-
ing pressure TC measurements that included also adequate measurements of anisotropy. The significance
of the Ehelby-Mandel stress at large strain (high pressure) TC and the model’s performance in simulating
anisotropic elastoplastic behavior are therefore demonstrated separately in the following comparisons with
different appropriate TC measurement data. Numerical simulations with the anisotropic calibrated material
parameters are carried out to large strain in Section 7.

In order to evaluate the significance of the Eshelby-Mandel stress, an alternative formulation of the model
was performed by substituting the Mandel stress for the Eshelby-Mandel stress in the yield function and
plastic potential, i.e., the alternative Mandel formulation was obtained by taking

F(Ξ, ...)→ F(M , ...) , G(Ξ, ...)→ G(M , ...). (106)

Notably, the “Mandel” formulation would be appropriate if there were no inelastic changes in volume, for
which case it is consistent with Eq. (28); however, we emphasize that it is not thermodynamically consistent
for geomaterials where inelastic changes in volume are expected, as detailed in Section 3. Nevertheless, it
seems prudent to quantify by comparison with material measurements the significance of formulating the
hyper-elastoplastic equations with the Eshelby-Mandel stress versus simply the Mandel stress.

Two sets of experimental measurement are considered: (1) the high pressure TC measurements of litho-
graphic limestone by Edmond and Paterson (1972), and (2) the measurements of the anisotropic elastoplastic
properties of Tournemire shale by Niandou et al. (1997). The calibration of material parameters and com-
parison of model simulations with measurements is described in the following. All stresses and strains are
reported in terms of typically reported spatial quantities: Cauchy stress, σ, and logarithmic strain, ε := ln[v],
respectively (where v is the left stretch tensor v = (FF T )1/2).

6.1. High pressure triaxial compression of isotropic lithographic limestone

The high pressure TC measurements on lithographic limestone of Edmond and Paterson (1972) were
chosen to provide a means of evaluating the significance of considering the Eshelby-Mandel stress in the
constitutive model formulation. The limestone was reported to be elastoplastically isotropic by the authors.
The difference between the Mandel stress M and the Eshelby-Mandel stress Ξ is the free energy (Eq. 26),
so it is expected that differences between Mandel and Eshelby-Mandel model formulations would be most
evident at high free energy levels because of high elastic energy density and/or high stored energy potential
(see Eq. 16). The measurements of Edmond and Paterson (1972) were thus chosen because they were
performed at high pressure (up to 800 MPa confining pressure) and to large strain (near 22% axial strain).

The authors provided differential stress (difference between maximum and minimum principal stresses)
and percent volume change (∆V/V0) versus axial strain measurements for TC tests at confining pressures of
100, 200, 400, 600, and 800 MPa. They did not provide evaluation of preconsolidation pressure or friction
angle, other than that deducible from these measurements. However, since they stated that the lithographic
limestone was assumed to be Solnhofen limestone, other experimental studies were able to be referenced to
obtain material parameters to begin the calibration process with. Specifically, the experimental investigation
of Baud et al. (2000) was looked to in order to evaluate reasonable material properties defining the initial
yield surface of a friction angle φ between 20◦ to 35◦, cohesion intercept between 200 to 300 MPa, and
preconsolidation stress value of greater than at least 450 MPa. The bulk modulus was also estimated from
the slope of the pressure versus volume curve of isotropic compression tests to be approximately between 60
and 80 MPa. Starting with these values, the hardening moduli were calibrated to the curves, while slightly
changing the other initially estimated values to best fit the measurements. The shear modulus was also
calibrated to the initial portion of the low confining pressure deviator stress versus axial strain curves.

Although lithographic limestone is known for having material properties that vary relatively little between
samples, some variability is surely expected in the specimens tested. A single set of parameters was calibrated
to best match the measurements at all confining pressures. In this way, the capability of the model to
capture the overall trends is exhibited, keeping in mind that the material properties in actuality probably
varied slightly between specimens. The material parameters calibrated in this way are provided in Table 1
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in the “Value #1” column, and a comparison of the model simulations with the measurements is provided
in Figure 2. The figure shows that the model matches reasonably well the overall trends exhibited in the
measurements, but noticeably over predicts the compaction and early slope of the hardening curve at high
confining pressure. The Mandel and Eshelby-Mandel formulations of the model produced nearly identical
simulation results for all tests except the highest confining pressure test (800 MPa), which showed only a
slight difference in the results between the two formulations, where the Mandel formulation results are shown
in dash-dotted red lines.

An alternative calibration was performed for the sake of comparison, where all material parameters except
the dilation angle were kept the same for all simulations. The parameters calibrated in this way are reported
in Table 1 in the “Value #2” column, and a comparison of the simulation results with measurements is
reported in Figure 3. The figure shows that the model with parameters calibrated in this way is able to
more closely simulate the compression and hardening behavior exhibited at high confining pressures. The
comparison with Mandel and Eshelby-Mandel formulations is similar as the previously described case of a
single set of material parameters, although the difference between the formulations is slightly less.

Another data-set on high pressure TC of lithographic limestone was found in the literature in the early
work of Griggs (1936). These measurements were performed to slightly higher confining pressures of 6,000,
8,000, and 10,000 atmospheres (607.95, 810.60, and 1013.25 MPa) and slightly larger strains, and also exhib-
ited strong softening at a relatively high confining pressure of 6,000 atmospheres. Although the dependability
of these measurements with respect to modern measurement techniques may be questioned on the basis of
the state of the art at the time, the trends exhibited at high pressure and large strain provide an opportunity
to examine further simulation differences between Mandel and Eshelby-Mandel formulations. Starting with
the parameters calibrated to the Edmond and Paterson (1972) measurements, the model was calibrated
to best fit the measurements of Griggs (1936) as well, although no volumetric strain measurements were
provided, only differential stress versus axial strain. The marked softening at the lowest (although still high)
confining pressure of 6,000 atmospheres required that the cohesive hardening modulus H1 be varied between
confining pressures. A linear variation of the H1 modulus was found to fit the measurements well of the
form

H1 = Hpp
σ −Hpcp

σ
c , (107)

where pσ is the confining pressure, pσc is the (Cauchy stress) preconsolidation pressure, and Hp and Hpc

are constants. The volumetric hardening modulus H2 was also varied slightly. The parameters calibrated
to Griggs (1936) are provided in Table 2, and a comparison of the model simulations with measurements is
provided in Figure 4. The figure shows Mandel and Eshelby-Mandel formulations compare similarly as for
the case of the Edmond and Paterson (1972) TC tests, where slight differences are exhibited at the highest
confining pressure. However, these simulations also show an accentuated difference at the lowest confining
pressure when stronger softening than that exhibited in the Edmond and Paterson (1972) measurements is
evident.

Table 1: Model parameters calibrated to lithographic limestone TC measurements of Edmond and Paterson (1972). Multiple
values of the dilation angle, ψ, for “Value #2” correspond to cases of confining pressure decreasing from 800 to 100 MPa.

Type Parameter Value #1 Value #2 Units

Elastic
Λ 49.0 49.0 GPa

G 14.0 14.0 GPa

Yield Surface

β̄
(1)
0 122.0 70.0 MPa

β̄
(2)
0 -58.0 -5.5 MPa
φ 19.5 28.65 Deg.
ψ 13.18 12.6/12.6/10.31/4.58/2.86 Deg.
r -1 -1 -
R 7.9 16.0 -

Hardening
H1 -32.0 -58.0 MPa

H2 20.0 12.0 GPa
κ̄ 0.0 0.0 -
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Table 2: IDPC model parameters established from measurements of high pressure Solnhofen limestone, where pc = 1100 MPa.

Type Parameter Value Units

Elastic
Λ 47.0 GPa

G 23.17 GPa

Yield Surface

β̄
(1)
0 93.00 MPa

β̄
(2)
0 -150.0 MPa
φ 16.0 Deg.
ψ 10.0 Deg.
r -1 -
R 11.8 -

Hardening
H1 -180/-50/+130 MPa

Hp 0.775 -

Hpc 0.533 -

H2 6.1/7.6/4.6 MPa
κ̄ 0.0 -
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Fig. 2: Comparison of model simulations using single set of calibrated parameters to lithographic limestone TC measurements
of Edmond and Paterson (1972): differential stress (Left) and volume change (Right). Measurements shown with solid lines,
Eshelby-Mandel formulation model results with black dashed lines, and Mandel formulation with red dash-dotted lines.
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Fig. 3: Comparison of model simulations calibrated with varying dilation angle to lithographic limestone TC measurements
of Edmond and Paterson (1972): differential stress (Left) and volume change (Right). Measurements shown with solid lines,
Eshelby-Mandel formulation model results with black dashed lines, and Mandel formulation with red dash-dotted lines.
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Fig. 4: Comparison of model simulations calibrated with varying hardening moduli to measurements of lithographic limestone
TC of Griggs (1936). Measurements shown with solid lines, Eshelby-Mandel formulation model results with black dashed lines,
and Mandel formulation with red dash-dotted lines.

6.2. Anisotropic TC measurements of Tournemire shale

The TC measurements of Niandou et al. (1997) exhibited significant anisotropy between specimens pre-
pared with the bedding in-plane direction oriented at angles of θ = 0◦, θ = 45◦, and θ = 90◦ to the axial
direction (major by absolute value principal stress direction). TC at confining pressures of 30, 40, and
50 MPa were performed for each orientation, except the θ = 45◦ orientation, where only 40 and 50 MPa
confining pressures were reported. The TC measurements of Niandou et al. (1997) were accompanied by
assessment of anisotropic elastic properties by isotropic compression measurements, as well as a compendium
of other anisotropic elasticity measurements from the literature provided by the authors. This enabled the
anisotropic elastic parameters of the model to be estimated directly (without calibration). The anisotropic
plasticity parameters were then determined by calibration to the TC measurements while keeping the elas-
ticity parameters fixed. Similar to the case of lithographic limestone, material parameters were initially
estimated as typical values for shale, and then varied to best fit the measurements; however, the plastic
anisotropy parameters b̄1, b̄

s
2, b̄3, and b̄s4 were also varied to best match the trends in plastic anisotropy ex-

hibited in the tests. Also similar to the case of lithographic limestone, a single set of material parameters
was calibrated to best represent the overall trends exhibited by the collection of all TC tests, even though
specimen variability is expected.

Figure 6a compares the model simulation results to the measurements for the single set of calibrated
parameters presented in Table 3 in the “Value all” column. The anisotropic plasticity exhibited in the test
data appears to be captured reasonably well by the model. For this calibration, no softening was allowed
(positive cohesive hardening modulus), although the measurements exhibited some softening in bedding
plane normal oriented (θ = 90◦) tests. The bedding plane parallel (θ = 0◦) measurements did not exhibit
any dependence of strength on confining pressure other than differences in points of cataclysmic brittle
failure, i.e., there was no observed pressure dependence of strength properties other than in cataclysmic
failure (which is unusual). The ADPC model is not applicable to the modeling of brittle failure, so the
θ = 45◦ measurements are interpreted as essentially identical for all confining pressures. The 40 MPa at
θ = 45◦ measurements appear to be offset in a way that suggests a possible seating load issue with start of
TC. All simulations were carried out to 4% strain in order to exemplify the anisotropic strength predictions
of the model. The calibrated anisotropic yield surface is plotted in principal stress space aligned with the
material axes in Figure 7.

A second calibration to only the 40 MPa confining pressure tests was performed to provide an alternative
better match with anisotropic plasticity observations, especially the softening behavior exhibited in the
θ = 90◦ measurements. This calibration is provided in order to provide a better match to the onset of
softening behavior; however, we suggest that the previous “Value all” set of parameters may be preferable
for certain general boundary value problems, where for example it is desirable to avoid mesh dependency
of the result due to localization of plastic strain. The θ = 45◦ simulations were also shifted consistent with
the assumption that the seating load wasn’t fully applied until just over 2% axial strain. The calibrated
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Fig. 5: First model calibration to all confining pressures of the Tournemire shale TC measurements of Niandou et al. (1997).
Measurements shown with solid lines, and simulations with dashed lines: (a) θ = 0◦; (b) θ = 90◦; (c) θ = 45◦.

parameters are presented in Table 3 in the “Value 40 MPa” column, and a comparison of the simulations
with measurements is provided in Figure 6b.

Table 3: Model parameters calibrated to Tournemire shale TC measurements of Niandou et al. (1997).

Type Parameter Value all Value 40 MPa Units

Elastic

Λ 9.874 9.874 GPa

G 8.531 8.331 GPa
ā1 3.328 3.528 GPa
ā2 0.211 0.211 GPa
ā3 -0.455 -0.455 GPa

Yield Surface

β̄
(1)
0 10.00 1.50 MPa

β̄
(2)
0 -30.0 -150.0 MPa
φ 20.28 19.5 Deg.
ψ 6.88 14.32 Deg.
r -1 -1 -
R 4.5 2.7 -

Aniso Yield
b̄1 0.20 0.245 -
b̄s2 0.90 2.15 -
b̄3 -2.20 -1.75 -
b̄s4 2.785 0.50 -

Hardening
H1 130.0 -180.0 MPa

H2 71.0 290.0 GPa
κ̄ 0.0 0.0 -

7. Numerical experiments

Numerical experiments were conducted to investigate the significance of including the skew-symmetric
plastic anisotropy parameters, and also for the sake of demonstrating the overall robustness of the model.
Two types of numerical experiments were conducted: (1) simple shear experiments (also called direct simple
shear when referring to laboratory measurements) at high and low confining pressures, and (2) unconfined
indentation experiments with a spherical indenter. The anisotropic parameters calibrated to the Tournemire
shale measurements described in Section 6.2 were used for the simulations: the “40 MPa only” parameters
were used for the simple shear experiments, and the “all confining pressures” parameters were used for the
simulated indentation.
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Fig. 6: Second model calibration to the Tournemire shale TC measurements of Niandou et al. (1997) 40 MPa confining pressures
only. Measurements shown with solid lines, simulations with black dashed lines, and Mandel formulation (M-sim.) with red
dash-dotted lines: (a) θ = 0◦; (b) θ = 90◦; (c) θ = 45◦.

Fig. 7: 3D yield surface calibrated to all Tournemire shale measurements of Niandou et al. (1997) in principal stress space (MPa)
aligned with material axes. Bedding plane normal defines the axis of transverse anisotropy aligned with the red principal stress
axis. Showing also hydrostatic axis (dashed line) and π-plane at origin.
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(a) (b) (c)

Fig. 8: Simple shear applied with element BC’s (a), and red arrows showing orientation of bedding plane normal defining axis of
material symmetry at the start (b) and completion (c) of simple shear. High confining pressure test (200 MPa) shown exhibits
volume expansion during simple shear.

7.1. Simple shear

The simple shear experiments utilized a single C3D8I element (Abaqus 2011b), which was first isotropi-
cally compressed and then sheared with the bedding plane normal initially aligned with the direction of shear
(see Figure 8). Shearing was performed at two confining pressures: a “low” pressure of 50 MPa and a “high”
pressure of 200 MPa. After consolidation, simple shear of the element was performed with the confining
pressure load kept on the shearing surface and the other directions fixed (closely simulating a laboratory
direct simple shear test4).

Figure 9 plots the shear and stress-strain predictions. There are slightly noticeable differences in the
Mandel formulation predictions for the high confining pressure test, but negligible difference for the low
confining pressure. With the bedding plane normal oriented in the direction of shear, simple shear induces
rotation of the material axes, ∆θ, which is evident from Figure 8 and plotted in Figure 10. Non-symmetry of
the Mandel stress is also induced, which suggests that including the coefficients of the skew-symmetric plastic
anisotropy terms of Eq. (72) may affect the results. Indeed, the results show some difference when the skew
symmetric coefficients were set equal to their symmetric counterparts (b̄a2 = b̄s2 = 2.15 and b̄a4 = b̄s4 = 0.50),
shown in the green dashed curves of Figure 10. The small differences can be in part explained by the relatively
small skew part of the Mandel stress in comparison to the symmetric part even at the largest strains. For
example, at the end of the tests the final Mandel stress vectors [Mf ] for the low and high confining pressure
tests were respectively,

[M low
f ] =

[
−87.85 −51.08 −66.90 0.00 0.00 26.74 0.00 0.00 0.20

]T
MPa,

[Mhigh
f ] =

[
−487.54 −159.52 −339.65 0.00 0.00 183.78 0.00 0.00 4.12

]T
MPa,

where the skew part of M12 highlighted in red in the 9-th row is considerably smaller than the symmetric
part in the 6-th row.

For this analysis, the ᾱi (for i = 1, 2) of Eq. (50) in the plane of shear are equivalent (both sets of
eigenvectors being orthonormal), and so the subscript is dropped to write ᾱ, i.e., the elastic non-coaxiality
is described by a single angle. ᾱ is plotted on the right hand side of Figure 10, which shows that at both
high and low confining pressures, relatively high elastic non-coaxiality was obtained, with the low pressure
test exhibiting a faster increase in ᾱ early on and then plateauing. Interestingly, while including the skew
anisotropy parameters made a small but noticeable difference in model predictions, negligible differences
were observed between Eshelby-Mandel and Mandel formulations in either ᾱ or ∆θ.

4Laboratory direct simple shear experiments may typically differ slightly in the sense that consolidation, application of a
seating load, and confinement in the out of plane directions poses practical challenges/solutions that a simulation does not (cf.
DeGroot et al. 1996, Liu et al. 2016).
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Fig. 9: Stress-strain (Left), volume strain (Middle), and shear strain (Right) results of numerical simple shear experiments
using Tournemire shale parameters calibrated “40 MPa”. Mandel formulation results shown in red dash-dotted curves.
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Fig. 10: Results of simple shear numerical experiments (solid black lines) showing rotation angle of material axes, ∆θ, from
initial alignment at beginning of test (Left), and evolution of elastic non-coaxiality parameter ᾱ giving rise to non-symmetric
Mandel stress. Results including skew plastic anisotropy parameters shown in green dashed lines.
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Fig. 11: Deformed state (indent) at end of numerical indentation experiment on Tournemire shale using the parameters calibrated
to “all” confining pressures in Table 3: maximum in-plane principal strain field (Left), and close-up of bedding plane normals
convected by plastic deformation in post-indented region (Right).

7.2. Simulated indentation

The simulated indentation was carried out in order to demonstrate the robustness of the model formu-
lation and also to provide a macroscopic example of how the bedding plane normal defining the axis of
transverse isotropy convects with the plastic deformation. The bedding plane normal was prescribed to be
oriented normal to the free surface of indentation so that an axisymmetric model could be employed taking
advantage of the material symmetry (see Figure 11). A perfectly rigid spherical indenter was used, and the
boundary conditions were prescribed as: symmetric along the centerline axis of symmetry, laterally fixed on
the far (right) edge, completely fixed along the bottom, and completely free along the top surface. A total
of 760 uniformly spaced CAX4R elements (Abaqus 2011b) were used. The anisotropic material properties
were assigned to be those of the Tournemire shale calibrated to “all” measurements of Niandou et al. (1997)
reported in Table 3.

Figure 11 shows the deformed state of the material after indentation and the indenter has been removed,
i.e., the impression of the indent. Locked in elastic strains (stresses) are expected to be present in post-
indented regions (e.g., Bennett et al. 2015, Bennett 2016), such that the total deformation evident in the figure
consists of both elastic and plastic parts. The right hand side of Figure 11 plots the convected bedding plane
normals on the deformed configuration. Recall that the material axes convect with the plastic deformation
only (Eq. 30). The results show qualitatively that the bedding plane normals convect as expected, for
example, looking along the top edge of the deformed region on the right hand side of Figure 11.

The indentation was simulated also with the Mandel formulation of the model in order to compare
macroscopic results. Figures 12 and 13 compare the Eshelby-Mandel and Mandel formulations at peak
indenter load and after the indenter has been removed, respectively. At peak load (Figure 12), the Mises
stress appears to be similarly distributed for both formulations, but with the Mandel formulation consistently
under-predicting the magnitude by as much as approximately 35 MPa. The pressure distribution below and
around the indenter evident in the bottom of Figure 12 shows marked differences between Eshelby-Mandel
and Mandel formulations, although the overall magnitudes differ by only about 7 MPa. The locked in stresses
after removal of the indenter apparent in Figure 13 exhibit similar trends, with the Mandel formulation
predicting a Mises stress concentration near the edge of the indented region not evident in the Eshelby-
Mandel formulation, where the highest residual concentration of Mises stress is directly below the center of
the indent. A region of concentrated pressure coincides with the Mises stress concentration in the Mandel
simulation, which is not evident in the Eshelby-Mandel (where the greatest concentration of pressure by
absolute value is again below the center of the indent). The Mandel formulation also predicts overall lower
magnitudes of residual pressure values in comparison to the Eshelby-Mandel.

Figures 14 and 15 show the Mises stress and pressure time-histories for the elements directly below the
tip and at the edge of the indenter, respectively. Under-prediction of peak Mises stress by the Mandel
formulation is evident for each of the elements, although there is variability between the elements (in space)
as well as in the time-history of each element. The pressure distribution is over-predicted in some elements
and under-predicted in others by the Mandel formulation, but the residual pressure is consistently higher
while the residual Mises stress is consistently lower for the elements shown.
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Fig. 12: Comparison of Eshelby-Mandel (Left) versus Mandel formulation (Right) predictions of Mises stress (Top) and pressure
(bottom) at peak load. Units are MPa.
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Fig. 13: Comparison of Eshelby-Mandel (Left) versus Mandel formulation (Right) predictions of Mises stress (Top) and pressure
(bottom) after indenter removed. Units are MPa.
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Fig. 14: Comparison of Mises (Left) and mean (Right) stress histories of element directly below indenter tip. Solid black lines
are Eshelby-Mandel formulation and dashed red lines are Mandel.
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Fig. 15: Comparison of Mises (Left) and mean (Right) stress histories of element at edge of indenter. Solid black lines are
Eshelby-Mandel formulation and dashed red lines are Mandel.

8. Conclusion

This work has examined the role of the Eshelby-Mandel stress in the formulation of large strain anisotropic
hyper-elastoplastic constitutive models for geomaterials, where the constitutive and evolution equations
are posed with respect to the intermediate configuration associated with multiplicative decomposition of
the deformation gradient. Implications of the Eshelby-Mandel stress being energy-conjugate to the plastic
velocity gradient are identified for the case of material anisotropy, and general forms of anisotropic elastic
free-energy, plastic flow potential, and yield criteria have been developed within the constraints of tensor
representation theorem and thermodynamic consistency.

Necessary constitutive choices for representing elastoplastic anisotropy and evolution of the material
anisotropy tensor (structure tensor) have been considered, and the particular choice of an affinely convecting
bedding plane of transverse isotropy (without induced anisotropy) explored. A novel anisotropic Drucker-
Prager/Cap (ADPC) model appropriate for geologic and particulate materials has been presented as part of
this work. Calibration of the ADPC model has been performed through simulation of triaxial compression
(TC) tests exhibiting pressure dependence of strength and dilation behavior, and also with TC measurements
exhibiting elastoplastic anisotropy. The importance of including the Eshelby-Mandel stress (as opposed to
the Mandel stress) in the constitutive model formulation has been evaluated by comparing simulation results
of Eshelby-Mandel versus Mandel formulations of the ADPC model with high pressure and large strain TC
measurements. The results show that even at volume changes at less than 10%, some differences between
the formulations are noticeable for the cases considered, especially at high confining pressures and/or with
strong hardening/softening. The simulation of anisotropic TC of Tournemire shale also showed differences
arising even at relatively low confining pressure and small strain for certain orientations of the principal
stress directions with the material axes.

The ADPC model was implemented within a VUMAT subroutine in Abaqus Explicit finite element
software (Abaqus 2011b). Numerical experiments were performed in order to investigate the consequence of
considering (or not) skew parts of the Mandel stress in the definition of the anisotropy tensor, to illustrate the
ability of the proposed model to evolve the material axes of anisotropy with deformation, and to demonstrate
the model’s overall robustness. Numerical simple shear experiments have illustrated how non-coaxiality of
the Mandel stress and elastic stretch principal directions, i.e., elastic non-coaxiality, and non-coaxiality of
the shearing plane with the material axes evolve during simple shear, as well as the consequence of including
anisotropy with respect to the skew-symmetric part of M . Simulated indentation of Tournemire shale with a
spherical indenter has provided qualitative assessment that the proposed method of convecting the material
axes by covariant push forward of the bedding plane normal is intuitively reasonable, while demonstrating
the model’s robustness for use with finite element modeling analysis. Differences between Eshelby-Mandel
and Mandel formulated model predictions demonstrate that using a Mandel formulation leads to significant
differences in the distribution and overall magnitudes of the stress fields below and around the indenter. For
this reason and also in order to ensure thermodynamic consistency as described in Section 3, we advocate
the use of the Eshelby-Mandel stress in the constitutive model formulation (not the Mandel stress) for
geomaterials. It is also worth remarking that for situations where the isothermal assumption may not be
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appropriate and the free energy thus depends on temperature through the specific heat, temperature/entropy
could affect the driving force for plastic flow (the Eshelby-Mandel stress) in an unanticipated way. Future
work may consider more complex constitutive equations for evolving structure tensors and application to
higher pressure loadings including compaction and associated induced anisotropy in geomaterials experienced
during impact loading, as well as investigate non-isothermal effects for such situations. Another possible
future application of the provided ADPC model is simulation of geologic scale tectonic deformations, for
which the provided model would be well suited.
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Reese, S., Pietryga, M.P., Vladimirov, I.N., 2009. Anisotropic finite plasticity based on structural tensors–different

strategies and application to forming simulations. Int. J. Mater. Form. 2, 459–462.
Regueiro, R.A., Bammann, D.J., Marin, E.B., Garikipati, K., 2002. A nonlocal phenomenological anisotropic finite

deformation plasticity model accounting for dislocation defects. J. Eng. Mater. Technol. 124, 380–387.
Regueiro, R.A., Ebrahimi, D., 2010. Implicit dynamic three-dimensional finite element analysis of an inelastic biphasic

mixture at finite strain Part 1: Application to a simple geomaterial. Comp. Meth. Appl. Mech. Engng. 199, 2024–
2049.

Rivlin, R.S., Ericksen, J.L., 1955. Stress-deformation relations for isotropic materials. Journal of Rational Mechanics
and Analysis 4, 323–425.

Runesson, K., Ristinmaa, M., Mähler, L., 1999. A comparison of viscoplasticity formats and algorithms. Mechanics of
Cohesive-frictional Materials: An International Journal on Experiments, Modelling and Computation of Materials
and Structures 4, 75–98.
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Appendix A: VUMAT implementation

Abaqus Explicit can be used for semi-static (and quasi-static) analysis by designating relatively long
time interval (Abaqus 2011a). Implementation of the ADPC model within an Abaqus Explicit VUMAT
subroutine (as well as in an Abaqus Standard UMAT subroutine) requires working directly with the de-
formation gradient and returning the Cauchy stress rotated back to the so-called corotational basis. This
is because Abaqus elements (calling the VUMAT) assume a hypo-elastoplastic formulation and require the
user material subroutine to specify the corotated stress (Abaqus 2011b, §1.5.3), σR, defined as

σRn+1 := RT
n+1σn+1Rn+1, (108)

where R is the rotation obtained from the polar decomposition of the deformation gradient, e.g., F = RU .
Because F n+1 is passed to the VUMAT subroutine at each time step (for each integration point), an entirely
hyper-elastoplastic material model can be employed within the VUMAT as long as the true Cauchy stress
(in the deformed basis) is rotated to the corotational basis according to Eq. (108) before being returned.

Our implementation stores (F pn)−1 (and F en for convenience) as “Solution Dependent Variables” (SDV’s)
along with all the material model ISV’s. The initial guess for F en+1 is then obtained from F e,trn+1 =
F n+1(F pn)−1, i.e., a perfectly elastic step where the tr superscript denotes the trial value. If the yield
criterion is met, an iterative process is used to solve for F pn+1 (and in so doing also F en+1), i.e., for the
return mapping algorithm. We use a regula falsi method in VUMAT where no tangent is required for the
explicit FE solution. Regula falsi methods (and the Illinois Algorithm version that we employ specifically)
are bracketing methods for solving a system of equations of one unknown. We refer to the literature for their
implementation, e.g., Dowell and Jarratt (1971), Barbin et al. (2012), among many others.

Although solving F pn+1 by Eq. (99) requires solving 10 unknowns (the 9 components of ∂ΞG and the

plastic multiplier), ∂ΞG is ultimately only dependent on ∆λ̄ through the constitutive equations for the stress
and stress-like ISV’s. In other words, there is a unique value of ∆λ̄ that simultaneously satisfies all of the
constitutive equations and the consistency condition, making the use of a bracketing iterative method (such
as regula falsi) possible. The solution for ∆λ̄ lies between 0 and its maximum possible value for a given
increment of deformation. We estimate the maximum increment as perfectly plastic increment, which is not
a strict upper bound, but has proven to be effective in the calculations presented here. The purely plastic
increment is calculated by letting F en+1 = F en in F n+1 = F en+1F

p
n+1 with F pn+1 given by Eq. (99). With

some manipulation, the solution is obtained

∆λ̄max ≈ ln[(F en)−1F n+1(F pn)−1]:
∂G

∂Ξ

∣∣∣∣
n+1

, (109)

where ∆λ̄max is estimated by the perfectly plastic increment. Notably, ∂ΞG changes with ∆λ̄max, so the
value corresponding to ∆λ̄ = 0 is used as an initial guess. If the yield function evaluated with ∆λ̄max
determined from this initial guess is greater than zero, a new ∆λ̄max is recalculated with ∂ΞG determined
from an incrementally larger value of ∆λ̄ (the old value of ∆λ̄max seems to work well). In our experience,
the regula falsi method employed in this way always converges in relatively few iterations, where the “Illinois
algorithm” version we employ has order of convergence 1.442.
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Appendix B: On positiveness of plastic dissipation with constraint ψ ≤ φ for ADPC

We briefly show here that the constraint ψ ≤ φ leads to positive dissipation with non-associative flow for
the ADPC model in certain cases. The simple case of isotropy and absence of hardening is considered where

A = P. We set β̄(1) = β̄
(1)
0 = 0 consistent with the requirement that β̄1 ≥ 0 and set β̄(2) = β̄

(2)
0 < 0 in order

to render a clear expression of the requirements for Dloc ≥ 0 in this particular case. Accordingly, the plastic
dissipation inequality becomes

Dloc = Ξ:Lp = λ̇

(
p
∂G

∂pΞ̄
+ q

∂G

∂qΞ̄

)
≥ 0, (110)

where the non-associative flow rule of Eq. (43a) was used (as well as the fact that G is a function of the first
two stress invariants only). Using the Kuhn-Tucker condition that λ̇ ≥ 0, the expression within the brackets
must be greater than or equal to zero to satisfy the inequality. Solving (see intermediate solutions within
Section 5.1) for the partial derivatives, we require

3pΞ̄C +
4

3
(qΞ̄)2 ≥ 0. (111)

For non-zero plastic strain rate, F = 0, providing that 4/3(qΞ̄)2 = 2Fφcap(−BφpΞ̄)2. Using the definition of
C in Eq. (96) and re-arranging, we obtain

Fφcap

(
Bφ

Bψ

)2

≥ 3
[Fψcap

3
− (−pΞ̄)

〈β̄2 − 3pΞ̄〉
(Xψ − β̄2)2

]
. (112)

In the following we examine the two possible cases where 〈β̄2 − 3pΞ̄〉 = 0 or 〈β̄2 − 3pΞ̄〉 > 0 in Eq. (112).
For the case of 〈β̄2 − 3pΞ̄〉 = 0 in Eq. (112), Fφcap = Fψcap = 1, and Eq. (112) reduces to

Bφ

Bψ
≥ 1, (113)

which is always satisfied because Bψ < Bφ for ψ < φ by examination of Eq. (91a) for 0 ≤ ψ ≤ π/2 and
0 ≤ φ ≤ π/2.

For the case of 〈β̄2 − 3pΞ̄〉 > 0 in Eq. (112),

Fφcap

(
Bφ

Bψ

)2

︸ ︷︷ ︸
≥1

≥ Fψcap − 3(−pΞ̄)︸ ︷︷ ︸
≥0

. (114)

Since the fraction multiplying Fφcap on the LHS is greater than 1, and the term subtracted from Fψcap on the

RHS is positive, we need only show that Fφcap ≥ Fψcap. Inserting the definitions from Eq. (91b), we find

1

Bφ
≤ 1

Bψ
, (115)

which is always satisfied because Bφ ≥ Bψ for ψ ≤ φ.
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• Formulation of large strain anisotropic hyper-elastoplasticity of geomaterials is examined.  
• Attention is given to describing role of structure tensors and Eshelby-Mandel stress. 
• A novel Anisotropic Drucker-Prager Cap (ADPC) model is presented. 
• Comparison with limestone and shale triaxial compression measurements is provided.  
• Simulated numerical indentation experiments elucidate consequences of constitutive choices.   
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