
LA-UR-18-20884 (Accepted Manuscript)

Bayesian calibration of strength parameters using hydrocode
simulations of symmetric impact shock experiments of Al-5083

Walters, David J.; Biswas, Ayan; Lawrence, Earl Christopher; Francom,
Devin Craig; Luscher, Darby Jon; Fredenburg, David A.; Moran, Kelly
Renee; Sweeney, Christine Marie; Sandberg, Richard L.; Bolme, Cynthia
Anne; Ahrens, James Paul

Provided by the author(s) and the Los Alamos National Laboratory (2019-02-20).

To be published in: Journal of Applied Physics

DOI to publisher's version: 10.1063/1.5051442

Permalink to record: http://permalink.lanl.gov/object/view?what=info:lanl-repo/lareport/LA-UR-18-20884

Disclaimer:
Approved for public release. Los Alamos National Laboratory, an affirmative action/equal opportunity employer, is operated by the Los Alamos
National Security, LLC for the National Nuclear Security Administration of the U.S. Department of Energy under contract DE-AC52-06NA25396.
Los Alamos National Laboratory strongly supports academic freedom and a researcher's right to publish; as an institution, however, the
Laboratory does not endorse the viewpoint of a publication or guarantee its technical correctness.



Bayesian Calibration of Strength Parameters using Hydrocode Simulations of
Symmetric Impact Shock Experiments of Al-5083

David J. Walters,1, a) Ayan Biswas,2 Earl C. Lawrence,2 Devin C. Francom,2 Darby J. Luscher,1 D. Anthony
Fredenburg,3 Kelly R. Moran,4 Christine M. Sweeney,2 Richard L. Sandberg,5 James P. Ahrens,2 and C.A. Bolme6

(Los Alamos National Laboratory, Los Alamos, New Mexico 87545, USA)
1)Theoretical Division
2)Computer, Computational, and Statistical Sciences Division
3)Theoretical Design Division
4)Duke University
5)Center for Integrated Nanotechnologies
6)Shock and Detonation Physics

(Dated: 16 October 2018)

Abstract: Predictive modeling of materials requires accurately parameterized constitutive models. Param-
eterizing models that describe dynamic strength and plasticity require experimentally probing materials in
a variety of strain rate regimes. Some experimental protocols (e.g. plate impact) probe the constitutive
response of a material using indirect measures such as free surface velocimetry. Manual e�orts to parameter-
ize constitutive models using indirect experimental measures often lead to non-unique optimizations without
quanti�cation of parameter uncertainty. This study uses a Bayesian statistical approach to �nd model pa-
rameters and to quantify the uncertainty of the resulting parameters. The technique is demonstrated by
parameterizing the Johnson-Cook strength model for aluminum alloy 5083 by coupling hydrocode simula-
tions and velocimetry measurements of a series of plate impact experiments. Simulation inputs and outputs
are used to calibrate an emulator that mimics the outputs of the computationally intensive simulations. Vary-
ing the amount of experimental data available for emulator calibration showed clear di�erences in the degree
of uncertainty and uniqueness of the resulting optimized Johnson-Cook parameters for Al-5083. The results
of the optimization provided a numerical evaluation of the degree of con�dence in model parameters and
model performance. Given an understanding of the physical e�ects of certain model parameters, individual
parameter uncertainty can be leveraged to quickly identify gaps in the physical domains covered by completed
experiments.

Keywords: hydrocode simulation, shock compression, Johnson-Cook strength model, emulation, optimization

I. INTRODUCTION

Many industries (e.g. aerospace, automotive, defense)
bene�t from the ability to accurately predict the high-3

rate loading behavior of materials. Understanding this
response of materials has been the focus of continuous
research for several decades. Physical experimentation6

with materials was one of the �rst forms of exploration of
materials’ properties that continues today and will carry
on into the future. The ability to predict the constitutive9

response of a material in a simple experiment, combined
with numerical modeling and simulation enables estimat-
ing the response of more complex systems in which phys-12

ical experimentation is limited or impossible.
Inelastic deformation modes often dominate the devi-

atoric response during shock and impact loading of ma-15

terials. Strength and plasticity models which are used to
represent much of this behavior commonly employ a nu-
merical approximation of the 
ow stress of the material.18

Many models1{3 for the 
ow stress, Yf , used for approx-
imating dynamic plastic deformation are expressed as a
function of the accumulated e�ective plastic strain, "p;21

a)Corresponding author: djwalters@lanl.gov

plastic strain rate, _"p; temperature, T ; and model spe-
ci�c parameters, P, i.e.:

Yf = Ŷf ("p; _"p; T ; P): (1)24

When such parameters are not known directly from
physical principles, they may be determined by com-
paring the predicted response of the material under27

controlled experimental conditions to the corresponding
measurement from the experiment. For example, a �t to
measured stress versus strain data can be obtained by30

comparing predictions of the stress state given a set of
physical conditions, �calc("p; _"p; T ; P) to those observed
experimentally, �exp("p; _"p; T ). Convenient error norms33

employed in the material science community include the
mean relative di�erence, i.e.4:

� =
1
N

NX

i=1
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�
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� ;

(2)36

or the square root of the sum of square errors, i.e.5,6:

� =

"
NX

i=1

(�calc("i; :::) � �exp("i; :::))2

#1=2

; (3)

such that the optimal parameter set, P�, minimizes the39
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estimated error norm over the set of experiments, i.e.
@�
@P = 0.

Empirically-derived models such as the Johnson-42

Cook model1 or the Zerilli-Armstrong model2 receive
widespread application due to their relatively few param-
eters and broad range of applicability. However, these45

models have di�culty covering a large range of condi-
tions ("p; _"p; T ) with a single set of unique parameters for
any given material4. More sophisticated models with the48

aim of covering a larger physical range (e.g. MTS7{10,
BCJ11{13, PTW3,14, and others15{17) have the conse-
quence of employing more parameters than those pre-51

viously cited. Parameterizing these more complex mod-
els would only become marginally more di�cult if direct
comparisons between stress and strain could be made54

with a set of experiments.
While the material state variables, stress, strain, and

temperature, as well as strain rate, can be measured57

and/or controlled during quasistatic ( _� = O(10�8 �
100)s�1) or split Hopkinson pressure bar (SHPB) dy-
namic experiments ( _� = O(102 � 104)s�1), such mea-60

surements cannot be directly obtained from experiments
that characterize higher strain-rate deformation, such as
plate impact experiments ( _� O(106)s�1). Instead, sim-63

ulations are used to estimate observable quantities such
as free surface velocity measured using VISAR18, or lat-
tice strain using X-ray di�raction19 to infer the internal66

state of a material. The computational cost of running
simulations generally increases with the implementation
of more complex material models and with application to69

more complex experimental con�gurations. For example,
Winey and Gupta20,21 used velocimetry measurements to
calibrate models for the anisotropic shock response of sin-72

gle crystal LiF and PETN, Addessio et al.22 calibrated
a model for � to 
 phase transformation in RDX, and
Versino and Bronkhorst23 used velocimetry to estimate75

parameters for a micromechanics model of ductile spall
in tantalum. Prime et al.24 developed an approach using
hydrodynamic calculations of Richtmyer-Meshkov insta-78

bility to assess the 
ow stress at high strain rates in poly-
crystalline copper. In these and the broader literature,
very little description is provided on the process of esti-81

mating of parameters. Presumably, the parameters are
often estimated by manually adjusting them until they
produce an acceptable visual match. Brown and Hund25

84

is a notable exception from the statistics literature. They
follow a procedure similar to the one that we use, al-
though they handle the functional nature of the output87

in a di�erent manner. Ali et al. 26 also used a more rigor-
ous approach to estimate the uncertainty in equation of
state parameters by employing iterative forward analy-90

sis. They used both Monte Carlo and perturbation meth-
ods to propagate the experimental uncertainties into the
equation of state parameters26.93

An increasing number of experiments and/or simu-
lations are required to explore the full domain of pa-
rameters as the number of model parameters increases.96

Coupled with increasingly challenging simulations, �nd-

ing optimized parameters can be a slow and tedious en-
deavor. The likelihood of �nding non-unique optimiza-99

tions also increases when more parameters are involved
and the experimental data is limited. Additionally, opti-
mization routines that directly minimize the error norms102

highlighted above do not provide a probability distri-
bution of the parameter space characterizing the uncer-
tainty of the model inputs or outputs.105

Bayesian model calibration27,28 (BMC) provides a
solution. This rigorous statistical approach provides
a framework to compare a computationally intensive108

physics model with experimental data in order to esti-
mate the input parameters that make the model best
match the data. In addition to estimates of the best pa-111

rameters, the procedure also provides uncertainty about
these estimates in terms of a probability distribution.
Further, the procedure can be made to account for esti-114

mates, with uncertainty, of systematic discrepancies be-
tween the computational physics model and experimental
measurement. The approach has been successful in ap-117

plication areas including cosmology29 and nuclear density
functional theory30. The key ingredient of this approach
is an emulator, a statistical model that attempts to mimic120

the computationally intensive physics model, but much
faster. Based on a training set, the emulator gives predic-
tions, with uncertainty, for the physics model at new in-123

puts in a fraction of a second, whereas the physics model
may take minutes, hours, or even weeks. The fast pre-
dictor can then be used as part of a Bayesian estimation126

scheme to give the desired results.
Figure 1 provides a generic illustration of the approach

with a toy example having a single data point and a sin-129

gle unknown parameter. Experimental data with a value
of 0:8 is observed and shown as a horizontal line with
error bars shown around it in light gray. The data is132

compared to our physics model, which is shown as the
sigmoid curve to determine which value of the input � (x-
axis) calibrates the model to match the data. However,135

the physics model is computationally expensive, so it can
only be evaluated at four values of �. An interpolating
regression model is �t through those points that can be138

used to predict the physics model at all other values of �.
This regression model, which is called an emulator can
be evaluated quickly enough to explore the range of the141

input. It also returns estimates of its own uncertainty
about the predictions for the physics model. These are
shown by the bubbles that bulge out around the sigmoid144

between the physics model evaluations. The emulator
can now be compared with the experimental data to esti-
mate a distribution for � that produces probabilistically147

reasonable matches. This distribution is shown as the
histogram on the x-axis.

This approach has several advantages over the mostly150

hand-tuned velocimetry-matching work cited earlier.
First, the procedure is grounded in statistical principles,
so the resulting uncertainties have meaningful statisti-153

cal interpretations. Second, the procedure is fully auto-
mated. Third, it is easy to incorporate multiple obser-
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FIG. 1. Illustration of model calibration with a toy exam-
ple. Experimental data with a value of 0:8 is shown as a
horizontal line with error bars displayed around it in light
gray. The physics model shown as the sigmoid curve is used
to determine which value of the input � (x-axis) calibrates
the model to match the data. The computationally expensive
physics model is evaluated at four values of �. An interpolat-
ing regression model is �t through those points to predict the
physics model at all other values of �. This regression model,
called an emulator can be evaluated quickly enough to ex-
plore the range of the input. It also returns an estimate of its
own uncertainty about the predictions for the physics model,
shown by the bulges around the sigmoid between the physics
model evaluations. The emulator compares with the exper-
imental data to estimate a distribution for � that produces
probabilistically reasonable matches, shown as the histogram
on the x-axis.

vations. Finally, parameter estimates are given with un-156

certainty and correlation, rather than single valued best
�ts.

In this paper we demonstrate the utility of Bayesian159

model calibration by applying it to a case study using
aluminum symmetric plate impact data from Boteler and
Dandekar 31 and the Johnson-Cook plasticity model1.162

Each experiment is simulated many times over a range
of Johnson-Cook model parameters. These simulations
are used to train the emulator, which is compared with165

data to produce distributions of plausible parameter val-
ues and predictions.

The Johnson-Cook model was selected for this purpose168

due to its relative simplicity and wide use in the material
science community5,32{35. Other more physically based
models such as PTW3, and those put forth by Austin and171

McDowell 15 and Luscher et al. 17 would be well suited for
this analysis, but are unnecessarily complicated for the
demonstration presented here.174

The next section presents the relevant details of the
experiments and the Johnson-Cook calculations. Section
III gives an overview of our statistical approach (further177

detail is provided in the Appendix). The results of this
procedure are shown in Section IV. Finally, we conclude
with a discussion of the performance of our approach and180

its application in other settings.

II. EXPERIMENT AND SIMULATION DETAILS

A. Boteler and Dandekar Experimental Data183

A series of transmission impact experiments were con-
ducted by Boteler and Dandekar 31 to investigate the
Hugoniot Equation of State (EOS) and the Hugoniot186

Elastic Limit (HEL) of Al-5083. Using a 102 mm
bore single-stage light gas-gun, impact pressures between
1:5 � 8:0 GPa were achieved in symmetric and asymmet-189

ric normal impacts (within 1 mrad of arc)31. Of the eight
transmission impact tests performed by Boteler and Dan-
dekar 31 , we selected three shots to calibrate the Johnson-192

Cook parameters for Al-5083. The three shots chosen
were all symmetric impact tests; thus involving only one
material for characterization rather than introducing the195

uncertainty of a second material.
Shots 0104S, 0105S, and 0106S from Boteler and Dan-

dekar 31 exhibited a range of specimen thicknesses and198

impact velocities. All samples were 38 mm in diameter31.
A summary of the shot characteristics of the chosen
specimens are reproduced in Table I to include values201

such as: 
yer and target thicknesses; 
yer velocity at
impact (Vimpact); stress, particle velocity, and density
at the HEL (�HEL, ue, and �e respectively); and the204

shock velocity, stress, particle velocity, and density at
the fully compressed state (Us, ��nal, up, and � re-
spectively). The velocimetry traces were recorded us-207

ing VISAR interferometry18 (with reported 1% precision
over the entire range of compression) and are shown in
Figure 2. Charged pins were used to obtain Vimpact with210

an uncertainty of less than 2%31. The VISAR traces were
recorded with 0:5 ns resolution providing high temporal
resolution for Johnson-Cook parameter optimization.213
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FIG. 2. Experimental velocimetry pro�les of symmetric im-
pact shots 0104S, 0105S, and 0106S from Boteler and Dan-
dekar 31 .
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TABLE I. Impact experiment parameters and results as reported by Boteler and Dandekar 31 .

Experimental Data Elastic compression Final compression
Shot Flyer/target Vimpact �HEL ue �e Us ��nal up � �0

�No. (thickness, mm) (km/s) (GPa) (km/s) (g/cm3) (km/s) (GPa) (km/s) (g/cm3)
0104S 3.950/5.965 0.2040 0.6254 0.0360 2.683 5.452 1.584 0.1020 2.7159 0.9823
0105S 3.957/9.940 0.3549 0.5844 0.0337 2.682 5.510 2.697 0.1775 2.7542 0.9687
0106S 3.969/5.961 0.4838 0.6429 0.0370 2.683 5.718 3.766 0.2419 2.7837 0.9584

B. Hydrocode Simulations

Data for training the emulator to compute optimized
parameters and their uncertainty is provided by a series216

of hydrocode simulations. The experimental shots taken
by Boteler and Dandekar 31 are simulated using a multi-
physics continuum hydrodynamics code, FLAG. FLAG219

is a research code developed by Los Alamos National
Laboratory to simulate high strain-rate and large defor-
mation response of materials and components36{38. The222

following will discuss details regarding material constitu-
tive models, simulation and solver details, and selection
of parameterized variables.225

1. Constitutive Models

All experiments conducted by Boteler and Dandekar 31

that are used here involve aluminum alloy 5083 with228

strain hardening treatment designated H131. The vol-
umetric response of the material in the simulation is pro-
vided by a Mie-Gr�uneisen equation of state while the231

deviatoric response is modeled by the aforementioned
Johnson-Cook strength model. Each model is described
in detail below.234

a. Equation of State The equation of state for
compression is described using a Mie-Gr�uneisen form in
which the reference cold curve is de�ned using a cubic237

function of compression ratio. This results in a poly-
nomial equation which describes the pressure, P , in a
material as a function of density, �, and speci�c internal240

energy, Em, according to

P = c1� + c2�2 + c3�3 +
�

0 + 
1� + 
2�2�

�0Em: (4)

Here, � = �=�0 � 1 relates the current density to the243

reference density, �0, ci are the cold curve pressure co-
e�cients, and 
i are coe�cients de�ning a quadratic
variation of the Gr�uneisen parameter with compression;246

over the range of pressures expected, these linear and
quadratic coe�cients are assumed zero, 
1 = 
2 = 0.
The remaining terms are summarized in Table II.249

b. The Johnson-Cook Plasticity Model The
Johnson-Cook model for describing dynamic strength
and plasticity is attractive for this demonstration due to252

the relatively small number of parameters needed (5) to

TABLE II. Fixed parameters for the equation of state de-
scribed in Eqn. 4.

Params. Nominal Value
c1 (MBar)39 0.7797
c2 (MBar)39 0.2239
c3 (MBar)39 1.668

0 (-)40 2.13
�0 (g cm�3) 2.668
Tref (K) 298
cv (J kg�1 K�1) 900

�t the model. The 
ow stress is de�ned as1:

Yf =
�
A + B"n

p
� �

1 + C ln
_"p

_"0

�
[1 � (T �)m] : (5)255

In this equation, A is the initial yield stress and B and
n control strain hardening e�ects related to the equiva-
lent plastic strain, "p. The dependence of 
ow stress on258

plastic strain rate, _"p, is a�ected by parameter C and
related to a nominal strain rate set here as, _"0 = 1:0 s�1.
Thermal softening behavior is described in terms of the261

homologous temperature T � de�ned (by Johnson and
Cook 1) as

T � =
T � Tref

Tmelt � Tref
; (6)264

and the exponent m where T; Tref; and Tmelt are the
current, reference, and melt temperatures of the material.

Parameterizing the Johnson-Cook model can be ac-267

complished by tuning the 5 parameters described above
to bring simulation results into agreement with a set of
dynamic experiments (e.g. gas-gun impact, Split Hop-270

kinson bar pressure tests, etc.) conducted on the de-
sired material. Previous parameterization e�orts of this
model on Al-5083 were conducted by Gray et al. 4 for273

a series of low ( _� = O(10�8 � 100)s�1) and intermedi-
ate ( _� = O(102 � 104)s�1) strain rates. Gray et al. 4

published four di�erent sets of optimized parameters as276

shown below in Table III which resulted from di�erent
restrictions on the experimental data set as indicated in
the table. These sets of parameters were discussed qual-279

itatively, but as with many parameterizations currently
in the literature, numerical estimates of the uncertainty

http://dx.doi.org/10.1063/1.5051442
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were not provided. The results from the previous param-282

eterization are compared to the parameters generated in
this work by Bayesian calibration to gas-gun plate im-
pact experiments at much higher strain rates conducted285

by Boteler and Dandekar 31 . The identi�ed model pa-
rameters could vary depending on the range of conditions
examined as demonstrated by the variability of model pa-288

rameters identi�ed by Gray et al. 4 for Al-5083 listed in
Table III.

TABLE III. Parameterization of the Johnson-Cook model by
Gray et al. 4 for Al-5083 subjected to strain rates between
0.001{7,000 s�1 and temperatures between 77{473 K.

Params. All _",
all T a

High _",
all T b

All _",
T > RTc

High _",
T > RTd

A (MPa) 210 200 270 170
B (MPa) 620 600 470 425
C 0.0125 0.0200 0.0105 0.0335
n 0.375 0.380 0.600 0.420
m 1.525 1.500 1.200 1.225

a Full range of strain rates and temperatures, T � uses Tref = 0 K
b Strain rates > 2; 000 s�1 and the full range of temperatures, T �

uses Tref = 0 K
c Full range of strain rates and temperatures above reference

temp, T � uses Tref = 298 K.
d Strain rates > 2; 000 s�1 and temperatures above reference

temp, T � uses Tref = 298 K.

2. Simulation Setup291

The simulations use a one dimensional Lagrangian
mesh with a contact slideline interface between the alu-
minum 
yer plate and the aluminum target. Since each294

experimental shot has di�erent 
yer and target thick-
nesses (see Table I), a consistent element size of approx-
imately 4 �m per cell is chosen to achieve a balance be-297

tween adequate resolution of the shock wave and compu-
tation time. The simulations are run for a total of 4.0 �s
(enough time to reach the saturation velocity) with an300

automatic time stepping routine and a speci�ed initial
time step size of �tinit = 1 � 10�7 �s and a maximum
step size of �tmax = 2 � 10�3 �s. The 
yer velocity ob-303

served in the experimental data is applied as an initial
condition to the region associated with the aluminum

yer and positioned with no initial gap between the 
yer306

and the target. Due to the �2% uncertainty reported
by Boteler and Dandekar 31 , the initial 
yer velocity is
included as one of the variable parameters for Bayesian309

calibration.
Arti�cial viscosity is also an important factor enabling

numerical simulation of shocked materials. Arti�cial vis-312

cosity acts to smear the shock front resulting from an
impact across multiple cells within a model. Without it,
only a single cell at a time would be impacted by the315

shockwave inducing a discontinuous change in internal

state (e.g. pressure, density, etc.). This often causes an
individual cell to collapse completely in one timestep due318

to the discontinuous nature of the change induced to that
cell | therefore causing the simulation to crash.

To alleviatiate this problem, the two term Barton ar-321

ti�cial viscosity41 is employed with constant parameters
for the linear term, q1 = 0:10 and the quadratic term,
q2 = 1:0. These parameters were optimized manually to324

produce the steepest (most realistic) shockwave pro�les
in the velocimetry traces while damping out overshoot
and ringing behavior of the particle velocity at the edge327

of the plastic plateu (c.f. Figure 4). These parameters
remained �xed for all simulations conducted in this study.

3. Selection of Variables to Include in Parameterization330

Uncertainty permeates several aspects of both the
model and the experimental conditions associated with
measurements. Indeed, there is uncertainty in the ap-333

propriate equation of state and strength model to use,
and the corresponding parameters of each. In order to
maintain a simple and narrow focus for this e�ort, we336

do not consider uncertainty (or parameter variations) in
all possible aspects of the model. For example, although
there is (certainly) uncertainty in the parameters for the339

equation of state25, they were held �xed in this work.
We primarily restrict our attention to the variation of
model parameters for the Johnson-Cook strength model,342

although there are a few additionally included variables
noted here. The statistical approach we use (described in
Section III) requires a simulation suite spread over plau-345

sible ranges of these parameters. Here we describe those
parameters and their ranges.

The shear modulus, G, provides a coupling between348

the volumetric and deviatoric behavior. Since it physi-
cally depends upon the density and temperature of the
material42, the shear modulus increases and decreases351

with increases in density and temperature, respectively.
The implementation of the Johnson-Cook model in

FLAG is associated with a �xed, constant shear mod-354

ulus, i.e. G = G0 is independent of density and temper-
ature. Because the velocity of a longitudinal wave, e.g.
the elastic precursor, depends upon the shear modulus,357

neglecting its density (and consequently pressure) depen-
dence will result in incorrect wave arrival times for simu-
lations that span multiple impact velocities since each re-360

sults in a di�erent compressed density or shock pressure.
Therefore, we employ a constant shear modulus within
the simulations of a particular shot, but allow shots at363

higher shock pressures to have a larger constant value as
described below.

Additionally, Boteler and Dandekar 31 describe a �2%366

uncertainty of the 
yer velocity at impact. The impact
velocity signi�cantly a�ects the �nal velocity of the target
free surface. Therefore, the 
yer velocity for each shot369

was varied around the corresponding nominal values to
include this source of experimental uncertainty.

http://dx.doi.org/10.1063/1.5051442
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Table IV shows the selected ranges of parameters var-372

ied for the Bayesian calibration. Parameters are sam-
pled between these ranges 1,000 times according to a
Latin hypercube design. Each of the three shots (S104S,375

S105S, and S106S) utilized this set of 1,000 parame-
ter realizations while using the �xed equation of state
and setup parameters described previously. In Ta-378

ble IV, simulations for shot S104S utilize the variables
A; B; C; n; m; V1; and G1, S105S utilize the variables
A; B; C; n; m; V2; G1; and �2, and S106S utilize381

the variables A; B; C; n; m; V3; G1; �2; and �3.
In order to keep the basis between the sets of simula-
tions the same, the average shear modulus for shot S105S384

is computed from G2 = G1 + �2, and for shot S106S
G3 = G2 + �3 = G1 + �2 + �3.

TABLE IV. Variable parameter ranges utilized for Bayesian
calibration. The �rst set of variables refer the the Johnson-
Cook strength model, the middle set refer to the experimen-
tal uncertainty of impact velocity, and the last set refer to
changes in the average shear modulus across each shot.

Parameter Min. Value Max. Value
A (MBar) 0.0005 0.01
B (MBar) 0.0005 0.01
C (-) 0.0 0.03
n (-) 0 1.5
m (-) 0 3

V1 (cm �s�1) 0.0192 0.0216
V2 (cm �s�1) 0.0334 0.0376
V3 (cm �s�1) 0.0455 0.0513

G1 (MBar) 0.2 0.5
�2 (MBar) 0 0.1
�3 (MBar) 0 0.2

The size of the simulation suite, 1,000 runs, is chosen to387

provide su�cient coverage of the parameter space. This
number greatly exceeds the rule-of-thumb number of ten
points per input dimension43. This rule-of-thumb makes390

assumptions about smoothness and e�ect sparsity that
are di�cult to verify, so we attempted to make a con-
servative choice by choosing a much larger number. The393

cross-validation results shown below in Figure 6 suggest
that our choice was more than su�cient.

Free surface velocity time history results of the 1,000396

simulations along with the corresponding experiment are
shown in Figures 11-13 (sims in blue, experiment in red).
The experimental results have each been shifted in time399

to approximately line up with the simulations. The shift
is necessary due to unknown timing �delity provided by
the experimentalists in Boteler and Dandekar 31 . The402

equation of state may also be a small source of uncer-
tainty. However, as will be described later, absolute tim-
ing accuracy for the feature �nding routines is unneces-405

sary; only relative timing between features is important.

III. BAYESIAN MODEL CALIBRATION

A. Bayesian Statistics408

Bayesian statistics is an approach to statistics in which
all uncertainty is captured with a probability distribu-
tion. In e�ect, this means that anything with uncer-411

tainty is treated as a random variable whose distribution
we attempt to estimate. Under the Bayesian framework,
a statistical model is built from two components. One414

component is called the likelihood, denoted f(yj�) and it
describes the distribution of the data, y, conditional on
the parameters, �. It is important to note that ‘data’ in417

this context is an output observable resulting from either
a measurement (e.g. experimental data) or a model (e.g.
simulation result). The second component, called the420

prior distribution, denoted �(�), describes initial beliefs
about the marginal distribution of the unknown parame-
ter. Prior distributions can be used to represent informa-423

tion based on past experiments and scienti�c intuition, or
be relatively uninformative, containing little more than
an acceptable range of parameters and necessary physi-426

cal constraints. Following the rules of probability, the two
components are multiplied together to give a joint distri-
bution for unknowns and observables, which can then be429

conditioned on the observations to give a distribution for
the unknowns given data.

p(�jy) / f(yj�)�(�) (7)432

This distribution, called the posterior distribution,
can be sampled using Markov chain Monte Carlo44,45

(MCMC). MCMC is a procedure that produces a cor-435

related series of samples from a distribution. It is a pow-
erful technique that can be used for any distribution,
although it may not always be e�cient. It is also in-438

herently serial and may require many evaluations of the
posterior distribution. The resulting sample can be used
to estimate quantities of interest like the expected value441

and quantiles.

B. Model Calibration

Here, we try to provide an introduction and high-level444

view of the approach. More detail is provided in the Ap-
pendix and a thorough description of the BMC approach
is given by Higdon et al. (2008)28.447

Let M(�) represent our implementation of the
Johnson-Cook model with input parameters � =
(A; B; C; m; n; V1; V2; V3; G1; �2; �3). Let yi; 8i 2450

f104; 105; 106g be the velocimetry pro�le, or a vector of
extracted features, from each experiment. We will as-
sume that the experimental data for each shot follows453

a multivariate Gaussian distribution with a mean vector
given by the prediction from FLAG at some best value
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FIG. 3. Top: Unconditional draws from a Gaussian process.
Center: Observed points along a potential function. Bottom:
Gaussian process draws conditioned on the observed points.

of �,456

yi � N (M(��); �) ; (8)

where � is a possibly unknown covariance matrix. In
our case, we will assume that � is a diagonal matrix459

where the standard deviations are �xed at 1% of the ob-
servations, a value based on typical VISAR behavior18.
In principle, prior distributions could be assigned to the462

unknown parameters and the posterior sampled with
MCMC evaluating (or calling) the hydrocode simulations
directly. However, at the resolution used for these simu-465

lations, each computation requires on the order of several
minutes, while an acceptable MCMC sample may require
as many as a million calls to the hydrocode (standard468

single site Metropolis updates would require a call for
every parameter in every MCMC iteration, thus 100,000
MCMC samples for a model with 10 parameters would re-471

quire a million hydrocode evaluations). Thus, the direct
evaluation of the hydrocode simulation for each MCMC
sample is computationally intractable.474

Instead, we expand the scope of the statistical infer-
ence to include direct FLAG hydrocode simulations. In
addition, to estimating the unknown parameters, we also477

estimate the output of FLAG over a large region of its
input space. To do this, we supplement the set of observ-
ables with a carefully selected set of FLAG input-output480

pairs. Our statistical model for this part of the infer-
ence is based on a Gaussian process46 (GP). A GP can
be viewed as a distribution on functions. When points483

along a function are observed, we can estimate the pre-
dictive distribution for other points along the function.

Figure 3 illustrates the basic idea of a Gaussian process486

and its use in this context. The top panel shows random
draws from a Gaussian process with one input dimen-
sion. The smoothness of these curves is controlled by489

the statistical parameters of the distribution. The mid-
dle panel shows three points that we take as observations
of the unknown function represented by the curve. The492

bottom panel shows draws of a Gaussian process that are
conditioned to pass through those observations.

Let z be a function of some d-dimensional vector of495

inputs x. A Gaussian process says that any collection of
~z follows a mean-zero multivariate Gaussian distribution
with a highly structured covariance matrix that depends498

on the values of x. There are many possible choices, but
we use � = �2R(X; ~�), where

Ri;j =
dY

k=1

�4(�i;k��j;k)2

k : (9)501

Thus, the correlation between any zi and zj is a function
of the weighted distance between inputs �i and �j . As the
distance goes to zero, the correlation goes to one and zi504

and zj become identical. As the distance goes to in�nity,
zi and zj become completely uncorrelated.

Of course, the output of a computationally intensive507

physics model is often multivariate as it is in our case.
For such cases, we �rst use the training runs to compute
an orthogonal basis using a singular value decomposition510

(the result is basically the same as principal component
directions). The training runs are projected onto this
basis and the weights are modeled as functions of the513

inputs with an independent GP model for each set of
weights.

This additional layer inference for the emulator is com-516

bined with the model for the data in Equation 8. MCMC
can then be applied to simultaneously estimate both the
unknown physics parameters and the hyperparameters of519

the Gaussian process (sets of �2 and � for various dimen-
sions and basis weights).

C. Feature Extraction522

The conventional approach to analyzing shock exper-
iments is based on matching features in velocimetry
curves. For these experiments, we focus on four phys-525

ically meaningful points along each velocimetry curve,
shown in Figure 4. The height of the elastic plateau,
often called the Hugoniot elastic limit, marks the on-528

set of plastic 
ow. The height of the plastic plateau
is related to the �nal Hugoniot particle velocity. The
approximate slope of the curve between the end of the531

elastic plateau and the beginning of the plastic plateau
is related to the strain rate of the material as it is com-
pressed. Scientists can usually identify these locations by534

eye. Here we present an algorithm to extract them au-
tomatically based on modeling the velocimetry curves as
a linear combination of Gaussian cumulative distribution537

functions.
Denote one of the curves for which we want to �nd

features as y(�), where � 2 T and �0 is the in�mum of540

T . Here, � denotes time and T is the time interval for
which the simulation/experiment was run. Now, after
standardizing y(�) to have minimum zero and maximum543

one, we model y(�) as the cumulative density function
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FIG. 4. The four features extracted from each curve for the
purposes of analysis. They are the height of of the elastic and
plastic plateaus and two points along the curve between these
plateaus that de�ne the slope of this part of the curve. These
are computed from the simulations and experiments for all
three shots.

(CDF) of a mixture of Gaussian densities. Below, we de-
scribe how the features we are interested in correspond to546

the tails of certain mixture components. First, consider
the Gaussian mixture CDF,

y(�) =
Z �

�0

kX

i=1

�iN(xj�i; �2
i )dx (10)549

where
Pk

i=1 �i = 1 and N(xj�; �2) =
(2��2)�1=2 expf�:5(x � �)2=�2g. Here, the values
of f�i; �i; �2

i gk
i=1 are unknown, but �tted with statistical552

techniques described in Appendix B. We group the
mixture components into \early" and \late" components
depending on their means. The jump-o� and elastic555

plateau features are then the 0.01 and 0.99 quantiles
of the early components. Similarly, the slope features
are the 0.1 and 0.9 quantiles of the late components.558

An example early and late grouping of components, as
well as the corresponding feature locations, is shown in
Figure 5. The plastic plateau is the 0.995 percentile of561

the original CDF y(�).

IV. RESULTS

A. Emulator Performance564

As discussed above, part of the calibration process pro-
duces a statistical approximation to FLAG for the ex-
periments that we simulated. Figure 6 summarizes the567

results of the emulation process using cross-validation.
Cross-validation proceeds by rebuilding the emulator

with 999 of the simulations and using this emultor to pre-570

dict the remaining simulation. This process is repeated
1,000 times holding out a di�erent run each time. The
predictions for each held out simulation are in Figure 6573

with the true simulation values on the x-axis and the pre-
diction on the y-axis. Thus, points that fall close to the
y = x line are predicted well. Each color shows results576

for a di�erent feature. Although the emulator predic-
tion is not perfect, it generally predicts the physics-based
FLAG simulation very well. The root mean squared er-579

ror (RMSE) across all of the simulations and features
is 5:5 m/s. Individual feature RMSEs vary around the
all-feature average RMSE fairly closely, with the worst582

feature-level RMSE being 8:6 m/s.

B. Single Shot Results

The �rst three rows of Figure 7 show the parameter es-585

timation results for the Johnson-Cook parameters based
on separate calibrations to each experimental shot. Re-
call that the MCMC procedure produces a sample of588

points from the posterior distribution. We use an MCMC
sample of size 250,000 for each single-shot calibration.
The distributions in each row can be interpreted as the591

distribution of parameters that give a good match to the
experimental data from the corresponding shot. Note
that the full distribution is seven dimensional, but we594

are not showing the results for velocity and shear modu-
lus of each shot. A few insights on the parameterization
are evident from these plots. First, some of these param-597

eters show considerable uncertainty based only on indi-
vidual shots. For example, Shot 104 essentially returns
the prior distribution for B (the posterior spans the en-600

tire range with no strong peaks), which indicates that
the experimental data provide almost no constraint on
the parameter B. The other two shots moderately favor603

higher values of B, but leave considerable posterior prob-
ability over the whole range. An approach that simply
returns the best �tting value would not reveal that many606

other values are also plausible. Second, the experiments
appear to provide con
icting information on the expo-
nential n parameter. It may be expected that in isola-609

tion each shot, individually probing only a narrow range
of state space, provides ambiguous or con
icting informa-
tion on the strain hardening and temperature sensitivity612

terms in the model. One advantage of the Bayesian ap-
proach is the ease with which these experiments can be
combined.615

C. Three Shot Results

The last row of Figure 7 and all of Figure 8 summa-
rize the parameter information based on matching all618

three experimental shots simultaneously. These results
are based on an MCMC sample of size 175,000.

The last row of Figure 7 demonstrates how combining621
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on whether the bulk of each component mass is below a cuto� c. The tails of the sum of early components identify the �rst
two features, while the sum of the late components identify the third and fourth features. Right, identi�ed features on top of
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FIG. 6. Comparison of cross-Validation predictions of indi-
vidual feature values versus the corresponding feature value
from simulation for all 12 features (four points along each
of the three shot curves) in each simulation. RMSE for all
12 features over all (1,000) simulation cases is 5:5 m/s. The
RMSE computed for individual features over all simulations
cases range from 1:8 m/s to 8:6 m/s.

data from across shots can handle con
icting information
and reduce uncertainty. The exponent parameters n and,
to a lesser extent, m have bimodal marginal distributions.624

Figure 8 shows more information on the joint distri-
bution. Plots along the diagonal of these �gures show
the density estimates of the posterior for each param-627

eter individually. The o�-diagonal plots show contours

A B C n m

104S
105S

106S
all

0.0027 0.0079 0.0026 0.0079 0.0076 0.0260 0.34 1.20 0.68 2.30

FIG. 7. Summary of Johnson-Cook parameter posterior dis-
tributions for calibrations to each of the three shots individu-
ally and to all three shots simultaneously. Parameters A and
B have units of MBar, all other parameters are unitless. The
single-shot calibration results are based on 250,000 MCMC
samples and the joint calibration results are based on 175,000
MCMC samples. The black lines show the corresponding four
optimal parameters �t by Gray et al. 4 . Note that the highest
value of C from Gray is actually outside the range of our prior
distribution.
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FIG. 8. Summary of 175,000 MCMC samples from the pos-
terior distributions of input parameters following parameter
estimation attempting to match all three experimental shots
simultaneously. The range in each parameter corresponds to
the parameter input bounds from Table IV. (A full page ver-
sion of this �gure is provided in the supplementary materials.)

of the estimates of the marginal bivariate posteriors for
each pair of parameters. Collectively, these give a sense630

of correlations and trade-o�s between the parameters.
For example, G1 demonstrates some correlation with the
velocity estimates. There is some evidence that one of633

the modes of n is associated with a wider range for (i.e.
larger uncertainty in) C than the other mode.

Some of the parameters, for example �3, have poste-636

rior distributions with a mode located close to one of the
prior parameter bounds. This can indicate some poten-
tial problems that we discuss later. In this case, this re-639

sult is not overly concerning because the calibrated model
matches the data reasonably well.

Figure 9 shows several pieces of information in the fea-642

ture space of the three shots (four points along each of
the three shot curves). The diagonal shows results for
each feature individually and the o�-diagonal plots show645

the relationship between pairs of features. The red points
indicate experimental results. The blue points show the
results from the 1000 training simulations. The green648

points show predictions based on propagating the sample
shown in Figure 8 through the emulator. These predic-
tions do a good job of recovering the experiment with651

adequate uncertainty. Fig. 10 shows the same thing, but
using the actual FLAG calculation. Again, the predic-
tions do a good job of recovering the experimental data,654

but the uncertainty here is somewhat larger. In part,
this re
ects the emulator error from Fig. 6. This error

FIG. 9. Information in the feature space of the three shots
(four points along each of the three shot curves). The diagonal
shows results for each feature individually and the o�-diagonal
plots show the relationship between pairs of features. The
red points and lines indicate experimental results. The blue
densities show the results from the 1000 training simulations.
The green densities show predictions based on propagating
the sample shown in Figure 8 through the emulator. These
predictions do a good job of recovering the experiment with
adequate uncertainty. All units are in m/s. See Figure 6
for approximate ranges. (A full page version of this �gure is
provided in the supplementary materials.)

may be larger on average because of the parameter esti-657

mates near the edge where emulator uncertainty can be
larger than average. Nevertheless, the reconstruction is
good and represents a rigorous accounting of all sources660

of error.

Figures 11-13 compare the velocity time histories for
each of the three shots, respectively. As before, the blue663

traces correspond to results from the training simula-
tions, the green traces are from the FLAG simulations
using 100 posterior samples of parameter space from Fig-666

ure 8, and the red trace represents the experimental mea-
surement. Note that the experimental time history (red
trace) has been shifted by a constant time because of a669

timing o�set that we are unable to resolve. Aside from
absolute timing, the posterior traces appear to represent
a reasonable set of predictions, accounting for uncer-672

tainty. The heights of the elastic and plastic plateaus,
as well as the approximate shape of the transitional rise
between elastic precursor and following shock, all seem675

to be well matched. The variability (green) includes un-
certainty from the measurement uncertainty, parameter
uncertainty, and emulation uncertainty.678

http://dx.doi.org/10.1063/1.5051442


11

FIG. 10. Information in the feature space of the three shots
(four points along each of the three shot curves). The diag-
onal shows results for each feature individually and the o�-
diagonal plots show the relationship between pairs of features.
The red points and lines indicate experimental results. The
blue densities show the results from the 1000 training simu-
lations. The green densities show predictions based on prop-
agating the sample shown in Figure 8 through FLAG. These
predictions show more uncertainty than is shown in Figure 9
re
ecting the emulator error. All units are in m/s. See Figure
6 for approximate ranges. (A full page version of this �gure
is provided in the supplementary materials.)

FIG. 11. Comparison of free surface velocity time histories for
Shot 104S. Training simulations in blue. Experimental data
in red. Simulations using 100 posterior samples from Figure
8 in green. Note that the timing of the experiment has been
adjusted by a constant (0:08 �s subtracted from the times) to
align with the simulation results.

FIG. 12. Comparison of free surface velocity time histories for
Shot 105S. Training simulations in blue. Experimental data
in red. Simulations using 100 posterior samples from Figure
8 in green. Note that the timing of the experiment has been
adjusted by a constant (0:45 �s subtracted from the times) to
align with the simulations.

FIG. 13. Comparison of free surface velocity time histories for
Shot 106S. Training simulations in blue. Experimental data
in red. Simulations using 100 posterior samples from Figure
8 in green. Note that the timing of the experiment has been
adjusted by a constant (2:75 �s subtracted from the times) to
align with the simulations.

V. DISCUSSION

A. Comparison with Gray et al. 4

Optimizing a model’s parameters accurately has been681

done in numerous places for several di�erent materials
and experiments using a variety of techniques. Like these
other methods, the Bayesian emulator can provide accu-684

rate parameter predictions. The Bayesian methods pre-
sented here also provide a robust measurement of un-
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certainty. Its accuracy in this particular case can be687

validated with a comparison to the optimized parame-
ters reported by Gray et al. 4 . Fig. 7 shows that within
the numerical uncertainty reported by the emulator, the690

optimized Johnson-Cook parameters overlap with those
listed in Table III4. These results a�rm that the ma-
terial models used for the simulations to train and cal-693

ibrate the emulator appropriately predict the material
response given reasonable parameters. When taken with
the RMSE cross validation in Fig. 6, these results also696

re
ect the accuracy of the emulator at representing the
numerical output of the simulations conducted here.

B. Using Uncertainty to Guide Experiment699

The uncertainty associated with the optimized param-
eters can be a useful tool for guiding further experi-
mentation or simulation. The Johnson-Cook 
ow stress702

model (see Eq. 5) empirically associates its parameters
with physical aspects of the material response (described
previously in Section II B 1 b). It is apparent from the705

posterior distributions that the only parameter well con-
strained when optimizing to individual shots was A, the
initial yield stress. The remaining Johnson-Cook param-708

eters contained a wider band of uncertainty | likely due
to probing a limited space of strain, strain rate, and
temperature with just a single shot. Without constraint711

from experimental data su�ciently spanning this phys-
ical space of strain, strain rate, and temperature, sev-
eral equally ‘good’ sets of parameters can non-uniquely714

reproduce the experiments; thus, parameterization to in-
dividual shots led to a large degree of uncertainty in the
model parameters. When all three experimental shots717

were considered, the uncertainty in several parameters
was reduced by the additional constraint of experimental
data that more broadly spanned the physical space.720

Some uncertainty remained after including three ex-
perimental shots. For example, focusing on the marginal
parameter distributions in Figures 8 and 7, both expo-723

nential terms n and m have a bi-modal distribution of
calibrated parameters. The exponent n refers to the
characteristic power-law strain hardening behavior and726

m refers to the power-law temperature softening of the
material. The bi-modal distribution could suggest simi-
lar modeled outcomes resulting from n picked from the729

top of its range and m picked from the bottom of its
range, or vice-versa.

Further examination of the physical data set up to732

replicate the three experimental shots showed the ranges
of relevant physical states achieved by the material. For
example, the di�erent impact velocities resulted in sim-735

ulated maximum strain rates of approximately 0.7 �s�1,
1.75 �s�1, 3.4 �s�1 for shots 0104S, 0105S, and 0106S
respectively | a well explored range of strain rates. A738

more limited range of temperatures were probed with
all shots experiencing the same initial temperature of
298 K and reaching maximums of 309 K, 322 K, and741

365 K respectively. The variability in maximum strain
achieved was quite small with simulated maximums of
approximately 0.015, 0.020, and 0.028 for each respective744

shot. The limited range of physical states of temperature
and strain likely contributed to the wide uncertainty ex-
hibited by parameters most related to temperature and747

strain.
An envisioned application of this framework is to pro-

vide relatively rapid feedback and evolution of an ex-750

perimental design during an ongoing sequence of exper-
iments, for example, suggesting in this case that addi-
tional shots be performed at di�erent initial temperatures753

to probe a wider temperature space to reduce uncertainty
in the distributions of m. Alternatively, redesigning the
speci�cations of the 
yer and/or target could be imple-756

mented to achieve signi�cantly di�erent ranges of strain.

C. Making Sense of the Results

Undesirable levels of uncertainty or unexpected op-759

timized parameter distributions could also indicate the
need to adjust aspects of the emulator training data. For
certain optimized patterns, such as when distributions of762

parameters favor the boundary of the initial parameter
range, one may need to provide a larger range of possible
values. In addition to providing a robust technique for765

parameter optimization, the tabulated uncertainty and
prediction of possible outputs could provide an indication
of the validity of the training data when compared to re-768

ality. Perhaps the constitutive models used to describe
the material behavior inadequately capture the physics of
the problem. In this case, we can add a discrepancy term771

to the statistical model as described in Higdon et al. 28 .
This term can estimate systematic biases between the
physics model and the experiments. These biases may774

re
ect this missing physics and correct for it empirically.
As noted earlier, posterior parameter distributions

that are pushed up against prior boundaries can indicate777

a problem. Such occurrences are consistent with sev-
eral possible explanations. First, it may simply be the
case that this is the best distribution to characterize the780

particular parameter given the experimental data. More
problematically, it may indicate that our prior bounds
were badly chosen, or it may indicate that the physics783

model is not capable of predicting all aspects of the ex-
perimental data. In this latter case, the calibration pro-
cess may favor parameter values near their bounds where786

the Gaussian process emulator has a large uncertainty
about what the physics simulation should be. In other
words, there may be very little uncertainty about the fact789

that the physics model does not match the data over pa-
rameters safely within the bounds, therefore the most
plausible region is that with the most uncertainty about792

what the physics model might predict. These two poten-
tial problems are related because our prior bounds may
have excluded parts of the parameter space that would795

have enabled the model to match the experimental data.
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FIG. 14. Illustration of model calibration when the physics
model is not capable of matching the experimental data over
the prior ranges. Unlike the demonstration in Figure 1, the
model is unable to match the experimental data. See Figure
1 for an explanation of the details of this �gure.

A further test of these conditions is to verify whether or
not the posterior parameter distribution produces predic-798

tions that match the experimental data reasonably well.
Figure 14 demonstrates this by recreating Figure 1, but
with the model unable to match the data (see Figure 1801

for an explanation). The resulting posterior for the pa-
rameter is pushed against the boundary to compensate
as much as possible, which is why this behavior can be804

an indicator of model inadequacy.
In our current study, the output predictions of both

the calibrated emulator and simulator match the features807

of the experimental velocimetry curves well (Figures 9
and 10) indicating a good performance of the underlying
constitutive model. This gives us a strong indication that810

we are not su�ering from the type of model inadequacy
just discussed, despite some of the parameter posterior
distributions being close to the edges of prior boundaries.813

Along with the uncertainty of the optimized parame-
ters, Figures 11-13 show how the uncertainty can prop-
agate to the predicted output. Another utility of the816

emulator is the ability to calibrate across multiple data
sets. This was demonstrated here by optimizing param-
eters for individual experimental shots, then combining819

the data from all three shots to improve the optimiza-
tion by narrowing the uncertainty in several parameters.
Theoretically, other types of experiments (such as those822

conducted by Gray et al. 4) could also be incorporated to
augment the set of data available for training the emula-
tor.825

VI. SUMMARY

This e�ort is particularly directed towards develop-
ing parameter estimation approaches that can be used in828

the context of dynamic materials experiments (e.g. gas-
gun plate impact) to rapidly inform experimentalists and
modelers on the implications to model parameters from831

experimental data including velocimetry. Consequently,
we focused this e�ort on Al-5083 because of the avail-
ability of relevant velocimetry data31, as well as previous834

model parameterizations from dynamic experiments in
other strain-rate regimes. The Johnson-Cook strength
model and its associated parameters for the plastic de-837

formation of Al-5083 were chosen for this study due its
simplicity, the relatively wide use of the model, and the
availability of other parameterizations and experimental840

data. The EOS was selected to maintain consistency with
the previous work by Boteler and Dandekar 31 .

The power of Bayesian emulation was demonstrated843

here by reasonably optimizing material parameters, pre-
dicting the resulting output related to experiments, and
quantifying the variability of the optimized parameters846

and predicted output. This tool can be applied across
multiple data sets (experiments) to quickly evaluate op-
timal parameters, model adequacy, and suggest areas of849

further exploration through the computation of uncer-
tainty. These tools might be especially well suited to
dynamic compression sciences at next generation light852

sources such as X-ray free electron lasers where dynamic
experiment rates are rapidly accelerating47{49.

VII. SUPPLEMENTARY MATERIAL855

Full page versions of Figures 8, 9, and 10 are provided
as supplementary materials to better illustrate small de-
tails contained within the plots.858
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Appendix A: Details of the Gaussian process calibration867

approach for multivariate output.

Let �(t) represent the FLAG output for d-dimensional
input vector t. We will assume that there is some true870

input vector � that predicts our actual experimental value
y, within measurement error �

y = �(�) + �; � � N(0; �y): (A1)873

We assume a prior distribution for �, denoted �(�) that
is uniform over some hyper-rectangle C based on upper
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and lower bounds for each input parameter. This gives a876

posterior for the unknown parameters of

p(�jy) / L(yj�(�))�(�); (A2)

where879

L(yj�(�)) = exp
�

1
2

(y � �(�))0��1
y (y � �(�))

�
; (A3)

is the likelihood and comes the Gaussian model for the
data. Because �(t) is slow and unknown over most of882

the input space, we include it in our inference. Let �� =
(�(t1); : : : ; �(tm)) be simulation output from a collection
of inputs t1; : : : ; tm. This will add a component to both885

the likelihood and the prior

�(�; �(�)jy; ��) / L(yj�(�))�L(��j�(�))��(�(�))��(�) (A4)

For convenience, we assume that we are working with888

standardized output. In practice, we standardize the
training simulations and the experimental data by the
mean vector and a scaling factor computed from the sim-891

ulation training set.
Our estimate for �(�) is called an emulator. For sim-

plicity, scale the inputs such that t 2 [0; 1]d It starts with894

a basis decomposition

�(t) =
qX

i=1

�iwi(t) + �; t 2 [0; 1]d; (A5)

where f�1; : : : ; �qg are orthogonal basis vectors, the wi(t)897

are weights depending on the input, and � is an error
term, assumed to be small, that accounts for de�ciencies
in the basis representation. This formulation assumes900

that the structure of the simulation output, as repre-
sented by the basis set, is constant over the input and
that the weights vary with the input. In practice, this903

seems to work well.
Each wi(�) is modeled with a Gaussian process.

wi(t) � N
�
0; ��1

wi R(t; �i)
�

; (A6)906

where �wi is the marginal precision (inverse variance) and
R(t; �i) is a correlation matrix with entries dependent
given by the correlation function909

Corr(wi(t); wi(t0)) =
pY

k=1

�4(tk�t0
k)2

ik (A7)

Let wi = (wi(t1); : : : ; wi(tm))0 for i = 1; : : : ; q. Fur-
ther, Let R(t; �i) be the m�m correlation matrix result-912

ing from applying equation (A7) to each pair of input
settings, where the p-vector �i gives the correlation dis-
tances for each of the input dimensions. Then we can915

write
0

B@

w1
...

wq

1

CA � N

0

B@

0

B@

0
...
0

1

CA ;

0

B@
��1

w1R(t; �1) 0 0

0
. . . 0

0 0 ��1
wqR(t; �q)

1

CA

1

CA :

(A8)

More succinctly, we can write w � N(0; �w).918

The unknown GP parameters are given gamma priors
for the precisions and beta priors for the correlations

�(�wi) / �aw�1
wi e�bw�wi ; i = 1; : : : ; q; (A9)921

�(�ik) / �a��1
ik (1 � �ik)b��1; i = 1; : : : ; q; k = 1; : : : ; p:

The basis decomposition should result in the variance of
the wi(t) being near one. Thus, we choose aw = bw = 5.924

Additionally, we typically expect that only a subset of
the inputs will have a large e�ect on the output. This
implies �ik is often near one. For this reason, we choose927

a� = 1 and b� = 0:1, which gives Pr(�ik < 0:98) � 1
3 a

priori.

Returning to the error term � in the basis decomposi-930

tion, we will treat this as independent Gaussian. Let �
be the vector obtained by stacking all of the n(ti) and let
� = [Im 
 �1; � � � ; Im 
 �q]. Now we can write933

�jw; �� � N
�

�w;
1

��
I
�

: (A10)

we give �� a Gamma prior with parameters (a�; b�).

The experimental data is now modeled using the basis936

representation as well

y = �yw(�) + � (A11)

where w(�) is the q-vector (w1(�); : : : ; wq(�))0, the basis939

weights evaluated at the unknown best input, and �y
are the basis vectors interpolated onto the index for the
physical data, if di�erent than the simulations. We repa-942

rameterize the variance of the data in terms of a preci-
sion, ��1

y as �yWy, where �y can be estimated as scaling
parameter. This gives945

yjw(�); �y � N(�yw(�); (�yWy)�1); (A12)
�y � Ga(ay; by): (A13)

We constrain the scaling parameter near one by setting948

ay = by = 5.

We can now write the entire posterior distribution.

http://dx.doi.org/10.1063/1.5051442


15

First, de�ne951

a�
� = a� +

m(n� � q)
2

;

b�
� = b� + 1

2 �0(I � �(�0�)�1�0)�;

ŵ = (�0�)�1�0�:954

ŵy = (�0
yWy�y)�1�0

yWyy;
a�

y = ay + 1
2 (n � q);

b�
y = by + 1

2 (y � �yŵy)0Wy(y � �yŵy);957

�y = �y�0
yWy�y;

�� = ���0�;
Iq = q � q identity matrix;960

�wyw =

0

B@
��1

w1R(�; ��; �1) 0 0

0
. . . 0

0 0 ��1
wqR(�; ��; �q)

1

CA ;

ẑ =
�

ŵy
ŵ

�
;

�ẑ =
�

��1
y 0
0 ��1

�

�
+

�
Iq �wyw

�0
wyw �w

�
:963

The posterior can now be written as

�(��; �w; �; �y; �jẑ) /

j�ẑj�
1
2 exp

�
� 1

2 ẑ0��1
ẑ ẑ

	
� �a�

��1
� e�b�

��� (A14)966

�
qY

i=1

�aw�1
wi e�bw�wi �

qY

i=1

pY

k=1

�a��1
ik (1 � �ik)b��1

��a�
y�1

y e�b�
y�y � I[� 2 C];

where C denotes the p-dimensional rectangle de�ned by969

the prior parameter ranges.
The best �t inputs and all of the statistical parameters

can be sampled using Markov chain Monte Carlo.972

Appendix B: Details of the velocimetry feature extraction

Typical methods for �nding f�i; �i; �2
i gk

i=1 assume
that we have independent and identically distributed975

samples from g(x), say x1; : : : ; xn � g, where g(x) =Pk
i=1 �iN(xj�i; �2

i ). While we do not have samples, we
can easily generate them using the probability integral978

transform. To demonstrate this, consider the random
variable x � g. Then a new random variable z = y(x)
has Uniform(0,1) distribution, since y is the CDF of x.981

We can generate a sample x1; : : : ; xn � g by �rst gen-
erating z1; : : : ; zn and using the inverse transformation
to get xi = y�1(zi) for i = 1; : : : ; n. While we do not984

have an analytical version of y(�) to invert, our observed
y(�) is on a dense enough grid of t values that we can
get a good approximation of the inverse function y�1 by987

linearly interpolating the (y(�); �) pairs.
We use a sample of 10,000 values from g(x) to �nd

f�i; �i; �2
i gk

i=1 using an expectation maximization algo-990

rithm. Where it may seem like two mixture components

(k = 2) would be su�cient for our feature �nding pur-
poses, we �nd that using more components allows us to993

(1) capture tail behavior that is heavier than Gaussian,
and (2) accurately model the CDF when there are clearly
more than two jumps in y(�). Speci�cally, we use �ve996

mixture components (k = 5). The mixture components
for one curve are shown in Fig. 15.

Upon obtaining our �ve components de�ned by999

f�i; �i; �2
i g5

i=1, we split them into two groups, which we
call the early and late groups. If �i +2�i < c, component
i is assigned to the early group, indicating that most of1002

the mass of the component occurs before c. The cuto� c
is visually identi�able when all the data are plotted to-
gether (a time point between the elastic plateau feature1005

and the �rst elastic-plastic slope feature).
Inherent in the algorithm is the assumption of mono-

tonicity. While not physically justi�ed in this case, this1008

is a practical assumption given the shapes of the veloc-
ity curves that we observe. The curves have some high
frequency signal that can have negative slope. However,1011

that signal is very small relative to the low frequency
signal, and can be ignored for our purposes. This can
present problems when we build the inverse CDF func-1014

tion y�1, because the inverse is not well-de�ned. The re-
sulting linear interpolation is slightly unstable, but that
instability is small in comparison to the general shape1017

of the function. To use this approach for non-monotonic
curves, we could allow for negative weights, essentially
treating the Gaussian densities as basis functions.1020
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FIG. 15. Using the probability integral transform, samples from a density function look like the derivative of the curve of
interest (left plot). The density function is approximated with a mixture of Gaussians (middle plot), which can be integrated
to get an approximation of the curve of interest (right plot).
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