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Abstract 10 
The resistive Magneto-hydrodynamic (MHD) model describes the behavior of 11 

a strongly ionized plasma in the presence of external electric and magnetic fields.  12 

For problems involving the plasma with an open boundary to very low 13 

pressure/vacuum regions the continuum assumption is no longer valid in the 14 

entire domain of interest.  For example, this is seen in a plasma accelerator where 15 

a dense plasma expands into a vacuum background.  A common practice to deal 16 

with this issue is to assign small values of density and pressure to the vacuum 17 

regions and proceed to solve the continuum based MHD equations throughout the 18 

domain.  We show that this approach fails to produce solutions consistent with the 19 

physics of the problem and can give rise to unacceptable artifacts such as spurious 20 

shocks.  We develop a plasma-vacuum interface tracking approach to mitigate this 21 

problem.  The plasma-vacuum interface is tracked in a physically consistent 22 

manner and the MHD equations are solved only in the regions that contain the 23 

plasma.  The interface tracking is achieved using a face-flux formulation derived 24 

from the theoretical solution to a 1D free expansion problem.  Coupled with a 25 

threshold based approach, the interface tracking is implemented for both explicit 26 

and implicit time stepping frameworks on generalized unstructured grids. 27 

Simulations of magnetized thermal plasma jets expanding into a vacuum 28 

background indicate plume profiles devoid of the unphysical shock obtained using 29 

the small background density approach. In the context of resistive MHD 30 

simulations, the interface tracking approach overcomes the numerical stiffness 31 

induced by specifying a large background resistivity in the vacuum regions, 32 

resulting in significant wall-clock time gains.  33 

 34 
            KEYWORDS: Interface-tracking; lmplicit schemes; Unstructured grids; Magneto-35 

hydrodynamics; Finite volume methods; 36 

 37 

1.  Introduction  38 

 39 

 The Magneto-hydrodynamics (MHD) governing equations are a continuum based 40 

description of electrically conducting gas flow (i.e. plasmas) subjected to external or induced 41 
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electric and magnetic fields.  The system of equations consists of the compressible Navier-Stokes 42 

equations that describe the flow behavior of the plasma coupled with the Maxwell’s equations 43 

that describe the coupled electromagnetic fields.  The electromagnetic fields affect the flow 44 

properties through the Lorentz force, which causes an acceleration of the plasma and Ohmic 45 

heating which increases the bulk plasma temperature.  These electromagnetic fields are in turn 46 

generated by the plasma currents resulting in a tightly coupled non-linear equation system.  The 47 

MHD equations model a wide variety of physical phenomena, e.g. in astrophysics [1], 48 

hypersonic aerodynamics [2], and in electric propulsion devices [3].   49 

This paper is concerned with the development of a simulation approach for the study of 50 

MHD phenomena where a relatively dense plasma is sustained or accelerated into a vacuum or 51 

near-vacuum environment.  An important application where such phenomena is encountered is 52 

the coaxial plasma accelerator.  These devices utilize the Lorentz forcing caused by a self-53 

induced magnetic field to accelerate the plasma to large velocities (~10’s km/s).  The finite 54 

volume and discontinuous Galerkin formulations have been used successfully to solve the MHD 55 

equations, discretized on a domain representative of the accelerator geometry [3,4].  The MHD 56 

equations for the plasma accelerator problem present a high degree of mathematical stiffness 57 

owing to the disparate time scales associated with the different sub-physics such as flow 58 

convection and magnetic field diffusion.  This has motivated the design of numerical schemes 59 

with time-stepping algorithms that overcome stiffness imposed by the operator with the smallest 60 

characteristic time scale.  Sankaran et al. [5] used a flux splitting method with artificial diffusion 61 

and an explicit fractional time-stepping scheme to simulate a Magnetoplasmadynamic (MPD) 62 

thruster device.  Their emphasis was the steady state simulation of the device, which motivated 63 

design of the fractional time stepping scheme.  The time-stepping algorithm partially overcame 64 

restrictions imposed by the explicit integration of a stiff diffusion operator by modifying the 65 

number of times the convective flux was evaluated.  Sitaraman and Raja [4] used a semi-implicit 66 

time stepping scheme for both the convective and diffusive fluxes to simulate the unsteady 67 

plasma acceleration process in two dimensions.  The semi-implicit treatment of the fluxes was 68 

achieved by analytically deriving flux Jacobians and the resultant linear system was solved using 69 

a matrix free LU-SGS method [6].  The two-dimensional Multiblock Arbitrary Coordinate 70 

Hydromagnetic (MACH2) code [7,8] has been used to perform steady state simulations of the 71 

MPD thruster by explicitly resolving the fast plasma waves arising from the convective operator 72 
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and implicitly treating the stiff diffusive terms [9].  Recently, Xisto et al. [10] developed an 73 

MHD extension of the PISO method [11] where an AUSM-MHD flux was used to perform 74 

steady state simulations of an MPD thruster.   75 

In addition to the challenge of integrating operators with disparate time scales, the specific 76 

plasma accelerator operation mode that is the focus of this study poses special challenges.  Here 77 

we are interested in the so-called ‘deflagration mode’, that involves the acceleration of a 78 

magnetized plasma into a hard vacuum background [12].  This is a highly unsteady phenomenon 79 

characterized by a smooth rarefaction of the dense plasma into vacuum.  The increase in the 80 

Knudsen number (ratio of particle mean free path to the gradient length scale of the plasma) as 81 

one moves towards the rarefied regions of the plasma, leads to a breakdown of the continuum 82 

based model [13].  Consequently, an MHD numerical scheme that is derived from the continuum 83 

based formulation predicts a plasma jet profile that is inconsistent with the physics of free 84 

expansion [4]. Therefore, in addition to dealing with the disparate time scales, our application 85 

necessitates the design of an MHD numerical scheme that incorporates a physically consistent 86 

treatment of the plasma-vacuum expansion.  87 

One approach is to use a hybrid continuum/particle solver where the rarefied regions are 88 

treated using a particle approach while the high density regions are modelled using a continuum 89 

formulation [14].  This method can be exceedingly expensive and the physics of interest in the 90 

plasma accelerator occurs at the continuum level [12] with an accurate resolution of the rarefied 91 

region being superfluous.  An alternative approach that is commonly followed [4] is to replace 92 

the vacuum with a low density, low pressure gas followed by a continuum based numerical 93 

treatment of the entire domain. It is assumed that the expansion of the high density gas/plasma 94 

into the rarefied background would mimic free expansion into vacuum [4]. This approach has 95 

been consistently used [3-10] to perform steady state simulations of plasma accelerators.  Here, 96 

the values of the background density/pressure are inconsequential towards the final solution 97 

since the transients associated with the plasma-background interaction eventually convect out of 98 

the simulation domain.  However, in the context of unsteady simulations of plasma jets 99 

expanding into a vacuum background, the choice of a low background density/pressure as a 100 

substitute for vacuum results in unphysical plume profiles.   Specifically, this approach leads to 101 

the formation of a strong shock at the region where the plasma jet interacts with the background 102 

gas.  Such a behavior of the numerical solution is inconsistent with physics of free expansion, a 103 
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process characterized by a single rarefaction wave.  This issue was previously identified for a 104 

pure gas dynamic expansion into vacuum by Munz et al. [15], where they proposed a gas-105 

vacuum interface tracking algorithm for the one-dimensional inviscid Euler’s equations using an 106 

explicit time integration method.  This approach is termed the Vacuum Riemann Solver (VRS).  107 

In this work, we extend the treatment of Munz to the 2D resistive MHD system in the context of 108 

a fully implicit time integration scheme.  We present a threshold based plasma-vacuum interface 109 

tracking algorithm for the MHD simulation of coaxial plasma accelerators.  The interface 110 

tracking scheme uses the underlying structure of the computational mesh to track the expanding 111 

plasma-vacuum interface in a physically consistent manner.   112 

     The remainder of this paper is organized as follows.  Section 2 presents the resistive MHD 113 

model.  Section 3.1 presents an overview of the spatial discretization schemes for the convective 114 

and magnetic diffusion operators followed by section 3.2 that outlines the fully-implicit time 115 

integration scheme. Sections 4.1 and 4.2 illustrate the failure of the low background density 116 

approach in capturing free expansion in a 2D plasma accelerator and a 1D gas-dynamic shock 117 

tube setup respectively.   The shock formation is identified in section 4.2 as being associated 118 

with the convergence properties of the underlying convective flux scheme.  The threshold based 119 

plasma-vacuum interface tracking algorithm is proposed in section 4.3 and is compared against a 120 

theoretical solution to a 1D free expansion problem.  A 2D interface-tracking algorithm for 121 

generalized unstructured grids is presented in section 4.4 in the context of an explicit time 122 

stepping scheme for the Euler’s equations. This approach is used to perform simulations of 123 

unmagnetized thermal plasma jets expanding into a vacuum background to illustrate the absence 124 

of a shock-front as compared to the low background density approach.  Section 4.5 presents an 125 

extension of the interface tracking formulation in the context of an implicit time stepping 126 

scheme.  Section 4.6 extends the fully-implicit interface tracking framework towards the ideal 127 

MHD and resistive MHD systems.  Ideal MHD simulations of magnetized plasma jets are shown 128 

to exhibit a front devoid of the shock and resistive MHD simulations indicate considerable gains 129 

in wall-clock times as compared to the background density approach.   Finally, section 5 closes 130 

with conclusions.  131 

 132 

2. Resistive MHD equations 133 

 134 
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    The MHD model is a ‘single-fluid’ description of plasma with a single temperature under the 135 

local thermodynamic equilibrium (LTE) approximation used to define plasma composition and 136 

its thermodynamic properties [16].  Furthermore, the plasma is assumed to have a high enough 137 

density that the quasi-neutral approximation is valid throughout the domain of interest [17].  The 138 

resistive MHD equations comprise two parts.  The hydrodynamic part which consists of the 139 

compressible Navier-Stokes equations with magnetic Lorentz force and Joule heating source 140 

terms [18].  These are coupled with the Maxwell’s equations; namely the Faraday’s and 141 

Ampere’s laws.  The entire system is closed by an equation of state and the Ohm’s law.  A 142 

detailed derivation can be found in [19].  Of interest here is the development of a consistent 143 

MHD model to study plasma acceleration in coaxial plasma accelerators. Shown in Fig. 1 is the 144 

basic operating principle of the accelerator. A radial current induces an azimuthal magnetic field 145 

generating an axial Lorentz force that accelerates the plasma to large axial velocities. 146 

 147 

 148 

    The coaxial geometry of the device motivates the use of a cylindrical polar coordinate system.  149 

The plasma acceleration is assumed to be axisymmetric thereby transforming the 3D model into 150 

a 2D resistive MHD system, the focus of this paper.   The primary challenge associated with 151 

designing a numerical scheme for the MHD system is the satisfaction of the zero-divergence 152 

constraint for the magnetic induction vector.  Several hyperbolic divergence cleaning techniques 153 

 
 

Figure 1. Schematic illustrating the working principle of the coaxial plasma accelerator. A radial 

current induces an azimuthal magnetic field generating an axial Lorentz force. 
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have been proposed to ensure that the magnetic induction vector is divergence free [22].  154 

However, in the specific case of the coaxial plasma accelerator, the axisymmetric cylindrical 155 

polar coordinate system leads to the divergence-free criterion being trivially satisfied.  In the 156 

plasma accelerator simulations, the magnetic induction vector is convected/diffused into the 157 

simulation domain from the boundaries [4,5].   A net radial current (Fig. (1)) is simulated by 158 

imposing a purely azimuthal magnetic field at the inlet boundary of the device.  An examination 159 

of the time-evolution equation for the magnetic induction vector indicates that a zero-magnetic-160 

field initial condition coupled with a purely azimuthal field boundary condition ensures that the 161 

magnetic induction vector is oriented in the azimuthal direction at all times.  The contribution of 162 

such an initial field topology, ��� = (0, ��(	, 
�, 0� (here �, 	, 
 denote the azimuthal, radial and 163 

axial directions) towards the production of radial and axial magnetic field components are 164 

essentially zero.  This ensures that the magnetic induction vector will always be given by 165 ���(
, 	, 
� = (0, ��(
, 	, 
�, 0�, where 
 denotes time.  Such a profile will always satisfy the 166 

divergence-free criterion.  This enables a simplification of the equation system since the radial 167 

and axial magnetic field components need not be solved for, thereby reducing the number of 168 

unknowns in the axisymmetric resistive MHD equations from 7 to 5.  169 

The resistive MHD equations in conservative form are written as 170 

 171 ���
 + � ∙ ������ = 0 

 

(1) 

��
 ������ + � ∙ ��������� − � �� + ���2��� = 0 

 

(2) 

��
 (���� + � ∙ ������� − ������� = −� × �� � × ����� �   
 

(3) 

 172 

��
 (�!" + ��� ⋅ ���2�� � + � ∙ $� �!" + ����� + � � ��� − ��� ⋅ ����� ���% = − 1�� � ∙ ���� × ���� × ����    
 

(4) 

 173 

�. ��� = 0 (5) 

 174 
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The large Reynold’s number and fast plasma transient allow for the viscous and conductive heat 175 

transfer effects to be ignored.  �, �, ��� and ��� represent the plasma density, pressure, velocity and 176 

magnetic induction vector, respectively.  Additionally, � represents the plasma resistivity and !" 177 

the specific total energy that is composed of the specific internal energy ! and the specific 178 

kinetic energy 
()���⋅)���(� , that is !" = ! + ()���⋅)���(� .  The plasma resistivity � is a function of the plasma 179 

pressure and temperature.  A tabulation based on the Spitzer resistivity model [20] is used to 180 

calculate the plasma resistivity as a function of the temperature and pressure. The Spitzer 181 

resistivity [36] model is given by  182 

 183 

 184 

� = (*+,*�-.(/�
01

23 . (6) 

 185 

The tabulation uses the hydrogen resistivity data from [21] to back out the parameter 4.  The real 186 

gas formulation with a variable gas constant is used to define the equation of state [18]. This 187 

modified equation of state also gives the relationship between the internal energy density and the 188 

temperature.  These are given by 189 

 190 

!(5� = 6(5�57 − 1  (7) 

 191 � = �6(5�5 
(8) 

 192 

The specific internal energy data from [21] is used to find the gas constant as a function of 193 

temperature. Eq. (1) - (5) with the closure relations given by Eq. (6) – (8) provide a consistent 194 

description of the dense thermal plasma in coaxial plasma accelerators.  195 

 196 

3. Numerical formulation  197 

    3.1 Spatial discretization 198 

    In order to perform the spatial discretization, the MHD equation system is written in the 199 

following conservative form: 200 
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�8�
 + � ∙ 9: = � ∙ 9; + < . (9) 

 201 

 202 

Here, 8, 9: , 9;
 and <  represent the vectors of conservative variables, convective (hyperbolic) 203 

flux, magnetic resistive flux and source term respectively.  Furthermore, the equation system 204 

Eqs. (1) - (4) presented in the previous section is non-dimensionalized using a length scale =>, a 205 

pressure scale ?> and a temperature scale 
>.  The scaling eliminates the permeability constant 206 

that appears in the resistive diffusion term thereby making the equations more suitable for 207 

subsequent numerical treatment.  The vectors in Eq. (9) are written out in a cylindrical polar 208 

coordinate system as follows: 209 

 210 

8 =
@A
AA
AB

���;��C��
�!" + ���2 DE

EE
EF , 9: =

@A
AA
AA
AB �(�;	̂ + �C
̂ �
��;(�;	̂ + �C
̂� − �� + ���2 � 	̂
��C(�;	̂ + �C
̂� − �� + ���2 � 
̂

��(�;	̂ + �C
̂�(�!" + ��� + ��(�;	̂ + �C
̂� DE
EE
EE
EF

, 9; =
@A
AA
B 000����������DE

EE
F  

 

 

(10) 

 211 

Here, �; is the radial velocity, �C the axial velocity, 	̂ and 
̂ denote the unit vectors in the radial 212 

and axial coordinate directions respectively.  The source term is given by 213 

< =
@A
AA
AA
AB − H)I;− H)I3;− H)I)J;− )IKL;− +MNONKL3; DE

EE
EE
EF

 +
@A
AA
AB 000P; QQ; (���� − RKL;3   S; ��� QKLQ; + P; QRQ; ���DE

EE
EF

. 

 

 

 

(11) 

 214 

The non-dimensionalized equation system (Eq. (9)) is spatially discretized using a cell-centered 215 

finite volume formulation on generalized unstructured grids.  The resulting ordinary differential 216 

equation (ODE) system obtained after the discretization is performed is as follows: 217 

 218 
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�8T�
 UT + V 9W: ∙ XYWZW.[\]1^
= V 9W; ∙ XYWZW.[\]1^

+ <TUT  (12) 

 219 

Here, 8T denotes the vector of conservative variables associated with the finite volume cell 220 

indexed using the subscript “i”, that has a volume UT.  Within the finite-volume framework it is 221 

assumed that the vector of conservative variables 8T  and source terms <T are piecewise constant 222 

over the cell “i”.  The convective and resistive diffusion fluxes 9W: and  9W; are computed at a face 223 _  using the data from the two cells that lie adjacent to the face.  Since face _ belongs to the cell 224 

“i”, one of these adjacent cells will be cell “i”.  The other adjacent cell, indexed using the 225 

subscript “j”, is a cell that shares face _ with cell “i”.  A schematic of the finite volume flux 226 

computation is shown in Fig. 2.  227 

 228 

The convective flux is computed using the Harten-Lax-Van Leer (HLL) scheme [23].  The 229 

HLL approximate Riemann solver uses the integral form of the conservation law to define a 230 

single state between the fastest waves perturbing the initial data.  This is achieved by integrating 231 

the conservation law between the fastest left and right running waves and spatially averaging the 232 

integral to obtain a single intermediate state [24].  The face flux is then obtained by applying the 233 

integral conservation law to a control volume having one of its boundaries at the face center.  234 

The face-flux is given by 235 

 
 

Figure 2. Schematic of the finite volume framework on unstructured grids showing cells “i” and 

“j” sharing a face “f” between them. 
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9W: =
àaa
b
aaa
c 9T:         d_ <- ≥ 0   9f:          d_ <; ≤ 0 (<;9T: − <-9f: + <;<-(8f − 8T��<; − <-         d_ <- < 0 < <;    

 

 

 

(13) 

 236 

Here, 9T: and  9f: denote the cell-centered convective fluxes that are calculated using the data 237 

from the cells “i” and “j” respectively.  <-, <; represent estimates for the fastest left-running and 238 

right-running waves respectively.  In the case of the hyperbolic MHD system these wavespeeds 239 

approximate the left and right moving fast-magnetosonic waves.  They are given by <- = ij. −240 

k̃W  and <; = ij. + k̃W, where kW is the fast-magnetosonic velocity given by kW = mnOH + KL3H  and 241 

i. denotes the velocity component normal to the face _.  The wave speed estimates are derived 242 

as Roe-averaged estimates for the magnetosonic speed and flow velocity using the left and right 243 

state data of the face-centered Riemann problem.  These are the wave-speed estimates as 244 

proposed by Einfeldt [13] and Davis [25] and are recommended for use in practical applications 245 

by Toro [24] as  246 

 247 

ij. = o�TiT. + o�fif. o�T +  o�f  
(14) 

k̃W = o�TkTW + o�fkfWo�T + o�f  
(15) 

 248 

Here,  iT., if. , kTW, kfW denote the face normal velocities and magnetosonic speeds obtained using 249 

the data at the cells “i” and “j”.   250 

   On unstructured grids, reconstruction of the diffusive flux involves a form of cell-centered 251 

gradient reconstruction procedure such as the least-squares reconstruction, followed by an 252 

averaging of the adjacent cell-centered gradients to obtain the face gradient. However, it is 253 

known that this procedure could lead to checker-boarding effects that pollute the final solution 254 

[26].  This issue was addressed by Haselbacher and Blazek [26] who proposed the addition of an 255 
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extra term while performing the face reconstruction, to combat any possible checker-boarding.  256 

This scheme is notionally given by: 257 

�pqr+ = �pT + �pf2   
 �pW = �pqr+ − ��pqr+ . stTf�stTf + pf − pTsTf stTf  
 

 

(16) 

Here, p represents a general variable that is subjected to gradient reconstruction, �pqr+  denotes 258 

the gradient obtained by averaging the cell-centered reconstructed gradients on the cells “i” and 259 

“j” that lie adjacent to the face. stTf  represents the unit vector from the centroid of cell “i” to cell 260 

“j”, and sTf  represents the distance between the respective cell centroids.  A schematic 261 

illustrating this reconstruction scheme is shown in Fig. 3.  262 

 263 

 264 

The Haselbacher scheme is used to obtain the resistive diffusion flux which is given as follows: 265 

 266 

 9W; =
@A
AA
AA
B 000 u�T + �f2 v ��W
u�T + �f2 v u��T + ��f2 v ��WDE

EE
EE
F
  

 

 

(17) 

 

 
Figure 3. Schematic illustrating the elements of the Hasselbacher diffusion scheme. 
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   267 

    3.2 Temporal discretization 268 

    In order to setup the temporal discretization, the system ODE is formulated.  This is the ODE 269 

which governs the time evolution of conservative variables in all the cells associated with the 270 

finite-volume discretization.  The spatially discretized equations are written in residual form by 271 

summing the fluxes over all the faces and collecting them into corresponding residual operators. 272 

Since the fluxes are obtained using data from the two cells adjacent to a face, the residual 273 

operators are a function of the cell data and the data of the cells which neighbor (share a common 274 

face) the cell “i”.  Symbolically this is given by 275 

 276 �8T�
 UT + 6T:(8T, w.x>� = 6T;(8T , w.x>� +  6T>(8T� 

 

(18) 

 277 

Here, 6T: = ∑ 9W: ∙ XYWZW.[\]1^  is the convective residual, 6T; = ∑ 9W; ∙ XYWZW.[\]1^  is the magnetic 278 

diffusion residual, and 6T> = <TUT is the source residual.   w.x> are the conservative variables that 279 

belong to the cells neighboring the cell “i”.  The ODE system is obtained by collecting the 280 

residual form ODE’s and combining them into one single system given by 281 

  282 �w�
 + 6:(w� = 6;(w� +  6>(w�, (19) 

 283 

where 284 

 

 

w = z 8PUP⋮8|U|},     ~� = z6P:⋮6|: },        ~� = z6P;⋮6|; },        ~� = z6P>⋮6|> } . 

 

(20) 

 285 

Here, � denotes the total number of cells in the domain.  A large disparity in the characteristic 286 

timescales associated with the various residual operators results in a stiff ODE system.  For the 287 

dense thermal plasma typically observed in the coaxial plasma accelerator experiment, 288 

convection takes place at a characteristic timescale determined by the fast magnetosonic speed 289 

that is ~10,�s whereas the  resistive diffusion occurs at a timescale ~10,P*s.  The disparity in 290 

timescales renders explicit methods (constrained to follow diffusion  timescale) infeasible due to 291 
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the large number of timesteps ~10�  required to resolve a microsecond acceleration transient.  292 

This leaves the implicit time integration scheme as the method of choice for performing the time 293 

integration.  The implicit scheme is written as follows 294 

 295 w.NP − w.�
 + 6:(w.NP� = 6;(w.NP� +  6>(w.NP�. 
 

(21) 

The scheme produces an algebraic system of equations at every time step that can be 296 

symbolically represented as 297 

 �(w� = 0 �(w� = w,w��" + 6(w�      ; 6(w� = 6:(w� − 6;(w� − 6>(w�. 
(22) 

 298 

The Newton method is used to solve the system of non-linear equations and is given by 299 

 300 

�(w�� + Q�(w��Qw� (w�NP − w�� = 0. (23) 

 301 

The vector of conservative variables at the new iterate w�NP is obtained by a matrix inversion, 302 

that involves the solution of a large system of sparse linear equations.  Expanding out the 303 

function � as given by Eq. (22) yields the functional form of the linear system that is solved at 304 

every iterate:   305 

 306 

w�NP = w� −  � ��
 + �6:�w − �6;�w − �6>�w �,P uw� − w.�
 + 6(w��v. 
 

where 

 ��(w���w� = ��
 + �6:�w − �6;�w − �6>�w  

 

(24) 

In Eq. (24) the partial derivatives of the residual operators with respect to the vector of 307 

conservative variables are referred to as the residual Jacobians.  The residual Jacobians are 308 

analytically derived by differentiating the underlying fluxes (Eq. (12)) that constitute each 309 

residual operator.  The convergence of the Newton iteration is defined by a relative tolerance 310 

criteria, the system being deemed as converged if the =� norm of the function � reduces by four 311 
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orders of magnitude. This relative tolerance criterion employs the fact that the solution iterate 312 w�NP converges to w.NP through the course of the newton iterations (as k increases). The sparse 313 

linear system inversion at each Newton step is carried out using the Generalized Minimum 314 

Residual (GMRES) algorithm using the block-Jacobi and ILU preconditioners implemented in 315 

the Portable and Extensible Toolkit for Scientific Computing (PETSc) library [27].       316 

 317 

4. Plasma-vacuum interface tracking algorithm 318 

    4.1 Motivation 319 

    The algorithm described in this paper is motivated with the goal of performing physically 320 

consistent and scalable simulations of electromagnetic acceleration devices that operate in 321 

rarefied/vacuum backgrounds.  A nominal simulation set up indicating the initial and boundary 322 

conditions prescribed to simulate a coaxial plasma accelerator is shown in Fig. 4. 323 

 324 

     325 

    The simulation domain consists of the coaxial electrode geometry and an additional plume 326 

region to capture the jet emanating from the accelerator.  In the experiments [28] the device 327 

operates in the deflagration mode which is achieved practically by completely evacuating the 328 

 
 

Figure 4. Schematic of simulation domain. The simulated domain (black boundary) includes all 

regions starting from the inlet where the thermal plasma is formed and includes the subsequent 
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interelectrode volume before introducing the plasma from the inflow boundary.  Earlier attempts 329 

to simulate this mode of operation involve specifying a low density �x~10,���/�S and low 330 

pressure �x~1�� initial condition (i;x = 0, iCx = 0, ��x = 0� to mimic the vacuum background 331 

[4].  It was assumed that the expansion of the high density �T~10,S��/�S, high pressure 332 

�T~10*�� thermal plasma into the low-density background would approximate free expansion 333 

into vacuum [15].   334 

 335 

 336 

However, contrary to the intuition behind this approach, the low background values generate 337 

plume profiles that are inconsistent with physics of free expansion into vacuum.  Free expansion 338 

physics dictates that a plume expanding into vacuum exhibits a smooth transition in density, 339 

pressure, and temperature as one moves from the core of the jet towards its periphery [29].  On 340 

the other hand, the simulations depict temperature and velocity profiles (Fig. 5) that indicate the 341 

presence of an abrupt shock in the region where the plasma jet interacts with the background. 342 

The simulation shown in Fig. 5 was performed using quadrilateral mesh elements with a uniform 343 

mesh element size of 0.00625 cm in the radial direction and 0.015 cm in the axial directions. The 344 

inflow conditions employ a supersonic inlet boundary condition at a pressure and density of �T =345 10*�� and �T = 10,S��/�S. The initial conditions involve specifying a background density 346 

and pressure of �x = 10,���/�S and �x = 1��. As shown in Fig. 1 an inviscid wall boundary 347 

             

 
 
Figure 5. Coaxial plasma accelerator simulations of the deflagration mode ��� after discharge 

initiation indicating abrupt shock at the jet-tip (a) Axial velocity (b) Temperature 
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condition is imposed on the electrodes, axisymmetric boundary condition on the axis and a 348 

supersonic outflow boundary condition on the far-field boundaries. A CFL value of 0.9 was used 349 

to determine the timestep based on the maximum convective wavespeed. 350 

    Prior efforts to simulate these devices do not encounter this issue because the accelerator 351 

operated in a background pre-filled with a low-density gas [5,7,8].  This mode of operation, 352 

referred to as the ‘detonation mode’, is characterized by the formation of a shock that travels 353 

down the length of the accelerator [30].  The specification the pre-filled gas density along with 354 

the thermal plasma inlet boundary condition (Fig. 4) sets up the Initial Boundary Value Problem 355 

(IBVP) to capture this moving shock.   356 

    As the background gas is evacuated, the mode of operation transitions from the detonation to 357 

the deflagration mode [30,31].  The mode transition produces a significant difference in the 358 

acceleration physics within the accelerator.  As opposed to the detonation mode that exhibited a 359 

moving shock, the deflagration mode is characterized by a free expansion into vacuum.  360 

However, efforts to simulate this mode using the same IBVP setup as the detonation mode but 361 

with a significantly lower background density to mimic vacuum are unable to capture this mode 362 

transition.  As seen in Fig. 5, the moving shock associated with the detonation mode persists in 363 

these low background density deflagration simulations.  Capturing the acceleration physics 364 

associated with the deflagration mode requires a reformulation of the MHD numerical scheme.  365 

In this regard, the objective of this paper is to present a plasma-vacuum interface tracking 366 

algorithm, based completely on the continuum formulation, that resolves the expanding plasma-367 

vacuum front in a physically consistent manner.  368 

  369 

 370 
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 371 

4.2 Failure of HLL solver in low density backgrounds 372 

   To isolate the reason behind the shock production, we consider numerical tests on a simplified 373 

1D shock-tube problem.  The shock-tube is designed to capture purely gas-dynamic effects.  The 374 

objective is to demonstrate the failure of the low background density approach in approximating 375 

free expansion into vacuum.  To this end, a shock-tube problem is simulated with a fixed left 376 

state representing the driver gas and a low background density driven/right state approximating 377 

the vacuum background.  The driver gas in this test consists of hydrogen at a pressure of 50kPa 378 

and a temperature of 20000K.  These are nominal inlet boundary conditions used to simulate 379 

plasma accelerators [4].  The pressure and temperature values produce a driver gas density of 380 6.06 × 10,� kg/mS.   Four different values of background densities/pressures are considered as 381 

approximations to the vacuum state on the right.  The background temperature is fixed at 300 K 382 

[4] and the background density is varied from 10Pa to 10,� Pa.  This gives rise to four different 383 

sets of background pressure/density states with the following values: 384 

                                       

 
 

Figure 6: Comparison of the theoretical free expansion solution with the low-pressure 

background simulations at � =   �� for 4 different test cases with progressively lower 

background pressures. 
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 (?x , �x� = (10 Pa, 8.08 × 10,¢ kg/mS �, (1 Pa, 8.08 × 10,� kg/mS �, (0.1 Pa, 8.08 ×385 10,£ kg/mS �, (0.01 Pa, 8.08 × 10,� kg/mS �.  The theoretical solution [15] consists of a single 386 

rarefaction/expansion fan that processes the driver gas, bringing about a smooth transition of 387 

pressure, density and temperature to the zero background values.  A comparison between the 388 

numerical test cases and the theoretical free expansion solution is shown in Fig. 6.  389 

    Progressively lowering the background pressure/density produces density/pressure profiles 390 

that show good agreement with the theoretical solution.  The temperature and velocity profiles 391 

however, indicate the presence of a shock that is contrary to the smooth transition predicted by 392 

the free expansion solution.  The observed behavior of the numerical solution occurs due to the 393 

convergence properties of the underlying flux scheme.  The HLL scheme constructs the face flux 394 

at the interface between two cells, by averaging the theoretical solution to the face-centered 395 

Riemann problem between the fastest left and right-running waves [23,24].  Hence, in the limit 396 

of the cell sizes going to zero, the HLL solution converges to the theoretical solution [24].  Each 397 

of computational test cases presented here have an equivalent theoretical solution. The 398 

theoretical solution to a shock tube problem with a high density/pressure gas as the left state and 399 

low density/pressure gas as the right will always give rise to a solution that has a rarefaction 400 

wave, a contact discontinuity and a shock as one moves from left to right in the domain.  This 401 

structure is observed as long as the right state has a finite density.  Hence, if the initial value 402 

problem to capture free expansion is set up using a low background density vacuum 403 

approximation, the HLL scheme will predict a solution that by construction contains a shock.  404 

The shock strength, estimated by the temperature rise, increases with decreasing background 405 

densities.  The behavior of the numerical scheme, while consistent with the shock-containing 406 

theoretical solution, exhibits a large deviation from the desired free expansion theoretical 407 

solution.  In this context, the objective is to develop a flux scheme and an algorithmic framework 408 

that predicts solutions that resemble a free expansion as opposed to the unphysical shock 409 

obtained using the current implementation of the HLL scheme.   410 

    411 

4.3 Gas-Vacuum Interface tracking algorithm 412 

    The numerical problem illustrated in section 4.2 was identified by Munz [15] who proposed a 413 

numerical approach for the 1D gas dynamic shocktube problem with vacuum as one of the initial 414 

states.  This approach does not employ a low pressure/low density background to approximate 415 



19 

 

the vacuum state. Instead, a zero pressure/density background is used and the face flux 416 

reconstruction at the gas-vacuum interface is carried out by approximately solving a Vacuum 417 

Riemann problem (VRP) at the interface.  The main feature of the algorithm proposed is a 418 

physically consistent tracking mechanism for the vacuum-gas interface, which is a point in 1D.  419 

The point divides the Eulerian grid into two types of cells, those containing gas (left of the point) 420 

and those containing vacuum (right of the point).  During the course of the simulation the 421 

interface point moves in the fixed grid filling up the cells initially containing vacuum with gas, a 422 

process representative of free expansion of gas into vacuum.  The conservative variables of the 423 

newly filled gas cell are updated using a gas-vacuum face flux [15].  424 

    While the above approach works well in 1D, it is not suitable for multi-dimensional MHD 425 

simulations of gas-vacuum expansion.  The point tracking method becomes cumbersome to 426 

implement in 2D and 3D.  The tracked points are always associated with particular cells and 427 

faces.  Maintaining this association in 2D and 3D for an arbitrarily shaped time evolving 428 

interface becomes complex and time consuming.  For instance, the simple problem of simulating 429 

the 2D expansion of a kernel of gas into vacuum, requires the generation of a series of new 430 

points and tracking their associated faces and cells.  At the same time there exists the situation of 431 

two points moving into the same cell which requires a destruction of one of the points.  Tracking 432 

an arbitrarily shaped interface within this framework of dynamically creating and destroying 433 

tracking points becomes quite inconvenient from an implementation perspective.  This issue is 434 

resolved in our algorithm by realizing that the interface doesn’t need to be tracked to a level 435 

below grid resolution. The structure of the grid itself can be used to track the time evolving gas-436 

vacuum interface.  The algorithm divides the computational domain into three types of cells, 437 

those which contain gas referred to as gas cells, cells that contain vacuum but share a face with a 438 

gas cell referred to as interface cells and non-interface cells that contain vacuum referred to as 439 

vacuum cells.  The gas-vacuum interface is resolved by the faces in the mesh as the collection of 440 

all those faces which have one adjacent cell as a gas cell and another as an interface cell.  This 441 

gives rise to three types of faces, ones that have gas cells on both sides referred to as gas faces, 442 

ones which have a gas cell on one side and interface cell on another referred to as gas-interface 443 

faces and faces that have vacuum cells on both sides referred to as vacuum faces.  The proposed 444 

algorithm loops though the gas faces computing the face flux using the standard HLL scheme as 445 

outlined in section 3.1.   This computation is valid since both the cells adjacent to the gas face 446 
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have a continuum gas/plasma and give wave speeds which have a physical meaning.  Vacuum 447 

faces are never looped over.  Lastly, the gas-interface faces have their face flux computed by 448 

approximately solving a vacuum Riemann problem [15], centered at the face, with the gas cell 449 

data as the left data.   450 

 451 

 452 

 453 

The construction of the approximate solution is similar to the HLL scheme.  However, since the 454 

interface cell contains conservative and flux variables that are identically zero, these vectors do 455 

not appear in the flux reconstruction.  An illustration of a gas-interface face and the wave speeds 456 

that constitute the approximate Riemann solution are shown in Fig. 7.  The fastest right-moving 457 

wave speed is obtained as the tip speed of the rarefaction that processes the gas as it expands into 458 

the interface cell [15].  Using the wave speed estimates shown in Fig. 7, the flux reconstruction 459 

at the gas-interface face given by: 460 

 461 

9¤T: =
àab
aac

9¤q>:          d_ <- ≥ 0    (<;9¤q>: − <;<-8¤q>�<; − <-         d_  <- < 0    
 

 

 

(25) 

 
 

Figure 7: Approximate solution to the gas-interface centered Vacuum Riemann Problem 

with a gas cell to the left and an interface cell to the right, the cell boundary is indicated by 

red dashed lines and the fastest wave speeds by black dashed lines. 



21 

 

 462 

Here,  <- = i.¤q> − kW¤q>
 and  <; = i.¤q> + �:[¥\^

n,P . The subscript “gi” is used on the face-flux 463 

expression in Eq. (25) to refer to the flux computed on the gas-interface face. It is useful to point 464 

out here that the derivation of the vacuum Riemann flux as given in Eq. (25), with the wave 465 

speed estimates used above, is only valid when the magnetic field is oriented in a purely 466 

azimuthal direction. Under this condition, the solution has the same wave structure as a 1D 467 

unmagnetized free expansion problem with the acoustic velocities replaced by the magnetosonic 468 

velocities. For the case where the magnetic field has poloidal components, the analytical vacuum 469 

Riemann solution would exhibit Alfven waves. In this case, the wavespeeds would be different 470 

from the estimates obtained for the purely azimuthal case. Hence, for the poloidal field 471 

orientation the analytical vacuum Riemann problem would have to be solved to obtain the fastest 472 

left and right moving waves that would then be used to construct the approximate vacuum 473 

Riemann flux. Since this is out of the scope of our application, the derivation of an approximate 474 

flux with poloidal fields has been temporarily omitted. The flux scheme obtained in Eq. (25) 475 

would remain the same for the HLLC scheme as well. Since the analytical vacuum Riemann 476 

solution is constructed by merging the tip of the rarefaction with the contact surface, the fastest 477 

right moving wave and the contact wave coalesce into a single wave. Hence the HLLC scheme, 478 

that explicitly introduces a separate wavespeed estimate for the contact surface, would yield the 479 

same result as the HLL scheme for the approximate vacuum Riemann flux. Using the 480 

formulation in Eq. (25), the time update is illustrated in the context of an explicit time-stepping 481 

scheme. Here, the subscript _ on the convective flux as used in Eq. (13) has been dropped and 482 

replaced by the type of face (gas/gas-interface) on which the flux is evaluated. The magnetic 483 

diffusion terms are temporarily ignored. The algorithm updates the gas cells as follows, 484 

  485 8¤q>.NP − 8¤q>.�
 + V 9W: ∙ XYWZW.[\]1^
= 0 (26) 

 486 

The face flux 9W:  is chosen as 9¤: (Eq. (13)) if the face is a gas-face and 9¤T:   (Eq. (25)) if the face 487 

is a gas-interface face.  The flux 9¤T:  fluxes gas into the interface cells that lie adjacent to the gas 488 
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cells. This layer of interface cells are the only vacuum cells that are updated in the time-stepping 489 

algorithm.   The interface cell update is given by 490 

 491 8T.".NP − 8T.".�
 + V 9¤T: ∙ XYWZW.[\]1^
= 0 (27) 

 492 

The flux from the gas cell into the interface cell changes the values of its conservative variables 493 

which physically represents the filling up of the interface cell with gas.  Though it would seem 494 

logical to assume that this would necessarily result in the transition of the interface cell to a gas 495 

cell, initial implementation of this idea results in very small values of the conservative variables.  496 

A similar issue arises with the point tracking algorithm of Munz.  The movement of the point 497 

into a vacuum cell at every new iteration causes the filling up of this cell with gas.  The fluxes 498 

responsible for this fill up produce small values of density and pressure giving rise to incorrect 499 

wave speeds and consequently over-predicting the interface location.  In order to avoid this issue, 500 

our algorithm implements a threshold for the interface cell to transition to a gas cell.  The 501 

interface cell accumulates flux, as given by Eq. (27), and transitions to a gas cell only when its 502 

density is above a certain threshold value. During the course of the computation, the density 503 

within the interface cells is tracked and even though some of these cells accumulate a non-zero 504 

density they transition to a gas cell only when their density exceeds the threshold.  The threshold 505 

is calibrated using the theoretical free expansion solution as a reference.   506 
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 507 

A comparison between the theoretical free expansion solution and the interface tracking 508 

algorithm presented above is shown in the Fig. 8.  The threshold is calibrated by matching the 509 

front location predicted using the interface tracking approach with the theoretical free expansion 510 

solution. In order to calibrate the threshold, 1D simulations are carried out using the interface 511 

tracking approach for a wide range of threshold values. Then at a time of 1�Z, the velocity 512 

contours in solutions obtained using these values are compared to the theoretical free expansion 513 

solution. The threshold value that gives the closest location of the plasma-vacuum front, defined 514 

as the location associated with the sudden jump in axial velocity, is chosen as the value of the 515 

calibrated threshold. For the driver section density used in the shock tube problem in section 4.2 516 

the threshold is found to be equal to 2 × 10,���/�S.  The solution obtained using a low 517 

background density approach is also shown as reference.  It is found that the solution is a strong 518 

function of the choice of the density threshold.  The absence of a density threshold leads to the 519 

over prediction of the tip speeds and the tracking of exceedingly small densities whereas high 520 

threshold values lead to an under prediction of the front location.  The optimal threshold choice 521 

gives a front location close to that predicted by the theoretical solution while simultaneously 522 

                                       

 
 

Figure 8: Comparison of the theoretical free expansion solution at � =  ��  

with the low pressure background simulation and the interface tracking approach using a 

density threshold of ¦ ×  §,¨©ª/«¬  
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predicting comparable tip speeds.  The temperature and velocity profiles represent the solution 523 

well in the high density regions all the way up to the tail of the rarefaction.  However, in a small 524 

region near the tail of the rarefaction, the temperature profile terminates with a non-zero value 525 

and the velocity is slightly over predicted. These features are a consequence of the thresholding, 526 

the choice of a density threshold ensures that the new gas cell has a minimum density/pressure 527 

and as a consequence of the equation of state, a minimum temperature.  Hence, unlike the 528 

theoretical solution where the temperature profile smoothly goes to zero towards the interface, 529 

the numerical solution terminates with a non-zero temperature at the gas-vacuum interface. 530 

However, the monotonic decrease in temperature and a monotonic increase in velocity in this 531 

region is still in qualitative agreement with the theoretical solution.  Moreover, as compared to 532 

the background density approach, the algorithm gives a physically consistent prediction of gas-533 

vacuum expansion without the formation of a spurious shock.  534 

 535 

    4.4 2-D Interface tracking 536 

Comparing the Vacuum Riemann Solver (VRS) to the 1D theoretical solution gives an 537 

approximate method to calibrate the threshold.  Once calibrated, the threshold value is used to 538 

carry out 2D simulations of thermal plasma jets.  The simulated geometry is shown in Fig. 9 539 

below; it consists of a shock tube setup that opens up into a plume region.  540 

 541 

                                       

 
Figure 9: Schematic of simulation domain to study two-dimensional vacuum expansion. The gas 

expands through a shock tube that eventually opens up into a plume.  
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    The interface tracking algorithm tracks a subset of the total number of cells and faces in the 542 

mesh (those tagged as containing the gas). This subset increases as the gas (plasma) expands to 543 

fill the domain. For a generalized unstructured mesh, the interface tracking is performed using a 544 

tagging scheme based on assigning flags.  Gas cells are assigned an integer flag of 1, interface 545 

cells i.e. vacuum cells that border the gas cells are assigned a flag 0 and non-interface vacuum 546 

cells are assigned a flag -1.  An example illustrating the initial set of tagged cells at a small cross-547 

section near the interface is shown in Fig. 10 (a). The face classification in 2D, similar to the 1D 548 

case, involves identifying the gas-gas (1,1) faces, and gas-interface (1,0) faces. Additionally, the 549 

interface-interface (0,0) and interface vacuum (0, -1) faces are also tracked. Each of the 550 

classified groups (faces and cells) are tracked using separate lists that are updated during the 551 

course of the time-step update. The interface tracking involves looping over the gas-gas faces 552 

and gas-interface faces to update the conservative variables in the gas cells as given by Eq. (26).  553 

 554 

    Subsequently, the gas-interface, interface-interface and interface-vacuum faces are looped 555 

over to update the conservative variables in the interface cells (Eq. (27)). The interface-interface 556 

and interface-vacuum faces give a non-zero flux only if either of the interface cells have a non-557 

                                       

 
 

Figure 10: Schematic indicating the change in cell tags over the course of a single time step 

update. (a) Gas/Interface/Vacuum cells along with gas-interface/interface-interface faces before 

the time step update (b) Gas/Vacuum cells after the thresholding has been performed (c) New set 

of interface cells and faces after performing the interface identification   
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zero density.  This occurs when the interface cells have not transitioned to a gas cell.  Once the 558 

conservative variables in the interface cells are updated, the density in these newly filled cells is 559 

compared to the threshold.  If the density exceeds the threshold, the cell is assigned the integer 560 

flag of 1 and pushed into the list of gas cells.  If the density does not exceed the threshold it is 561 

assigned a flag of -1.  The last step of the 2D algorithm involves identifying the new interface 562 

cells for the next iteration of the time-stepping scheme. After the thresholding, the cells are 563 

tagged as either gas cells (1) or vacuum cells (-1).   This state is represented in Fig. 10 (b) and it 564 

can be seen that there are no cells tagged as representing the interface (0).  A straightforward 565 

implementation of interface identification would involve looping over all the faces of the 566 

unstructured mesh and classifying the faces at the gas-vacuum boundary (1, -1) as gas-interface 567 

faces and tagging the vacuum cell at this boundary as an interface cell (0).  This would involve 568 

looping over all the faces of the unstructured mesh which is a computationally expensive 569 

process.  This limitation is improved upon by the realization that the changes in the integer flags 570 

only occur at the interface layer.  Once the thresholding is performed, the gas-interface faces 571 

(Fig. 10 (a)) at the previous timestep are looped over to check if the interface cell has 572 

transitioned to a gas cell.  If this transition has taken place, the face is pushed into the list of gas 573 

(1,1) faces.  If the transition doesn’t occur the vacuum cell (-1) is assigned a flag 0 and pushed 574 

into the list of new interface cells.  A similar loop is performed over the interface-interface and 575 

interface-vacuum faces where the presence of a (1, -1) adjacent cell flag index involves assigning 576 

the vacuum cell (-1) an interface flag (0) and pushing the corresponding cell into the list of new 577 

interface cells.  The last step of this process involves identifying the new gas-interface, interface-578 

interface and interface-vacuum faces.  This process is performed by looping over the faces of the 579 

new interface cells to identify the new gas-interface (1,0), interface-interface (0,0) and interface-580 

vacuum (0, -1) faces.  The new layer of interface cells and faces are shown in figure 10 (c). 581 

Hence, the entire process of identifying the new interface shape involves looping interface data 582 

from the previous timestep.  Typical meshes used to simulate plasma accelerators have close to a 583 

million faces/cells as opposed to approximately thousand faces/cells that are used to track the 584 

plasma-vacuum interface (gas-interface, interface-interface, interface-vacuum).  This is expected 585 

since the interface is essentially a 1D line in a 2D mesh. Hence, in an unstructured mesh the 586 

interface tracking predicts the new interface shape by looping over a thousand faces/cells as 587 

opposed to a million as proposed in the straightforward implementation.  588 
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    The 2D interface tracking algorithm outlined above is used to carry out simulations of thermal 589 

plasma jets.  The VRS algorithm is compared against a simulation with the same driver state but 590 

a low background density/pressure initial condition. The simulations shown in Fig. 11 are 591 

performed using quadrilateral mesh elements with a uniform mesh element size of 0.00625 cm in 592 

the radial direction and 0.015 cm in the axial directions. The the pressure and density of the gas 593 

in the shocktube is set to �T = 10*�� and �T = 10,S��/�S. The vacuum conditions in the low 594 

background density approach are approximated using a density of �x = 10,���/�S and a 595 

pressure �x = 1��. For the interface tracking simulations, the vacuum is assigned a zero density 596 

and pressure. An inviscid wall boundary condition is imposed on the electrodes, axisymmetric 597 

boundary condition on the axis and a supersonic outflow boundary condition on the far-field 598 

boundaries. A CFL value of 0.9 was used to determine the timestep based on the maximum 599 

convective wavespeed. The results of this test are shown in Fig. 11.  It is observed that the 600 

interface tracking approach predicts a plasma plume profile that is consistent with free expansion 601 

physics.  The temperature contours shown in Fig. 11 (c), (d) indicate that the spurious shock 602 

obtained using the background density/pressure approach is absent in the interface tracking 603 

solution. The velocity contours shown in Fig. 11 (a), (b) show a significantly higher tip velocity 604 

obtained using the VRS approach as compared to low density background approach. This is 605 

indicative of the fact that the use a low background density/pressure initial condition inhibits the 606 

free expansion of the jet. 607 
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 608 

    4.5 Implicit interface tracking 609 

The VRS algorithm presented in the previous section used an explicit time-stepping scheme to 610 

perform the conservative variable update (Eqs. (26) and (27)).  The maximum allowable time 611 

step in this scheme, as given by the CFL criterion, is bounded above by the size of the smallest 612 

mesh element in the domain and the fastest wave speed passing through this element [24].  For 613 

the explicit VRS plume simulations in the previous section this time step is found to be around 614 5 × 10,P�Z.  For larger values of �
, numerical oscillations are observed near the tip of the 615 

rarefaction leading to the generation of cells with negative pressures/temperatures.  In order to 616 

carry out simulations of plasma accelerators, fine mesh elements are required in the regions close 617 

to the inner electrode in order to resolve phenomena such as the pinching effect [32].  The 618 

                                       

 
 

 

Figure 11: Comparison of velocity and temperature profiles of a 2D vacuum expansion 

performed using the interface tracking approach (a), (b) and the low background density 

approach (c), (d) and at � = §. ���  
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elements in these regions can severely limit the maximum allowable time step when the system 619 

is evolved using an explicit time stepping scheme.  This motivates the development of an 620 

implicit interface tracking scheme.  The implicit tracking scheme is formulated using the system 621 

ODE notation (Sec. 3.2).  The system ODE is obtained by collecting the cell centered 622 

conservative variables and residual vectors into a global conservative/residual vector.  The global 623 

conservative vectors corresponding to the gas/interface cells are differentiated using 624 

corresponding subscripts. In this notation the explicit update algorithm outlined in section 4.2 is 625 

given by: 626 

 627 w¤q>.NP − w¤q>.�
 + ~¤q>: (w¤q>. � = 0. (28) 

 628 wT.".NP − wT.".�
 + ~¤q>: (w¤q>. , wT.". � = 0. (29) 

 629 

The notation indicates that the conservative variables in the gas cells change due to a residual 630 

operator that depends on the data in the gas cells. The conservative variables on the interface 631 

cells change due to the fluxes flowing in from the gas cells and due to the fluxes between 632 

interface cells that contain non-zero densities (less than the threshold).  The above system has a 633 

maximum allowable �
 limited by the CFL criteria.  To overcome this limitation, the following 634 

implicit system is solved: 635 

  636 w¤q>.NP − w¤q>.�
 + ~¤q>: (w¤q>.NP� = 0. (30) 

 637 wT.".NP − wT.".�
 + ~¤q>: (w¤q>.NP, wT.".NP� = 0. (31) 

 638 

This produces a system of algebraic equations which can be written in a similar form as 639 

presented in Eq. (21). 640 

 641 

 642 w.NP − w.�
 + ~(w.NP� = 0, (32) 
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 �(w.NP� = 0. 
 

Here, 643 w.NP = ®w¤q>.NP, wT.".NP, wrq:.NP¯, 
                                                      ~ = ®~¤q>: �w¤q>.NP�, ~¤q>: �w¤q>.NP, wT.".NP�, 0¯. 

(33) 

 644 

In this notation wrq: represents the vector of conservative variables on all the vacuum cells and 645 

the zero residual in the corresponding global residual vector represents the fact that these 646 

variables are not updated in the timestepping scheme.  The algebraic system represented by Eq. 647 

(32) is solved using the Newton method outlined in section 3.  The functional form of the linear 648 

system that is solved as a part of the non-linear iterative scheme is written out in a manner that 649 

illustrates the decomposition of the global conservative variables into gas, interface and vacuum 650 

cells. This leads to a corresponding decomposition of the Jacobian given by, 651 

 652 
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(34) 

 653 

The convergence of the Newton iteration is defined by a relative tolerance criteria, the system 654 

being deemed as converged if the =� norm of the function �  (Eq. (32)) reduces by four orders of 655 

magnitude.  The sparse linear system inversion at each Newton step is carried out using the 656 

Generalized Minimum Residual (GMRES) algorithm using a block-Jacobi preconditioner 657 

implemented in the Portable and Extensible Toolkit for Scientific Computing (PETSc) library 658 

[34]. The block-Jacobi preconditioner is a Schwarz-type block-Jacobi method with a ILU(0) 659 

factorization. The last step in the design of the implicit tracking scheme involves specifying the 660 

frequency at which the interface tracking update is performed within a given non-linear iteration. 661 

The interface tracking update process, as outlined in section 4.4, involves comparing the density 662 

in the newly filled interface cells to the threshold value and changing the cell flags based on the 663 

result of this comparison. In the case of the explicit time stepping scheme, the interface tracking 664 
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update is called each time the conservative variables (Eqs. (26) and (27)) in the domain are 665 

updated.  The Newton method on the other hand, involves multiple updates of the conservative 666 

variables within a given time step.  The conservative variables are updated each time the linear 667 

system (Eq. (34)) is solved.  One choice is to call the interface tracking update after every linear 668 

solve.  In practice, this approach leads to the formation of jagged front shapes and over predicts 669 

the front position when compared to the explicit tracking scheme.  Another choice is to call the 670 

interface tracking routine after all the Newton iterations within a time step have been performed. 671 

Such an implementation grossly under predicts the front location for large time steps.  However, 672 

the shape of the front is smooth and is similar to that obtained using the explicit scheme.  As a 673 

compromise between the two approaches, the current implicit VRS algorithm calls the interface 674 

tracking update after solving the linear system two consecutive times within a non-linear 675 

iteration.  676 

 677 

    The front shape and axial velocity along the centerline obtained using the implicit time 678 

stepping scheme is compared to the explicit scheme 0.3 �Z into the simulation.  The implicit 679 

simulation is carried out using a time step of 5 × 10,�Z, ten times the maximum allowable time 680 

step limitation associated with the explicit scheme.  This corresponds to 600 time steps of in the 681 
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explicit scheme as opposed to 60 time steps of the implicit scheme.  The results of this 682 

comparison are shown in Fig. 12. It is seen that the implicit scheme produces a qualitatively 683 

similar front shape with similar solutions obtained in the high density regions. In regions near the 684 

tip of the 2D rarefaction, the implicit scheme suffers from errors generated as a consequence of 685 

taking a larger time step.  It is seen that the axial velocity is under predicted towards the tip 686 

region.  However, as seen in Fig. 12 (c) the implicit interface tracking scheme is able to predict a 687 

front location similar to that shown by the explicit scheme.  Moreover, from the perspective of 688 

carrying out simulations of coaxial plasma accelerators, the ability to operate at larger time steps 689 

and a consistent prediction of the front shape outweigh the errors observed in these low density 690 

regions.  691 

 692 

 693 

    4.6 Extension to ideal and resistive MHD 694 

 
 

Figure 13: Implicit ideal-MHD simulations of magnetized plasma jets performed using the 

interface tracking approach (a), (b) and the background density approach (c), (d) for the coaxial 

plasma accelerator geometry shown in Fig. 1 
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    The implementation of the VRS tracking framework into an explicit and implicit time stepping 695 

scheme in the previous sections exclusively involved integrating the convection operator.  The 696 

magnetic fields were set to zero in order to obtain these results.  Generalizing this approach to a 697 

convective operator that includes the transport equation for the magnetic induction vector 698 

involves replacing the acoustic wave speed used in section 4.3   kW = mnOH   with the fast 699 

magnetosonic speed kW = mnOH + KL3H .  This modification extends the VRS tracking framework to 700 

the ideal MHD equations.  The implicit ideal-MHD interface tracking scheme is compared to the 701 

background density method for plasma accelerator simulations.  The simulated geometry is 702 

shown in Fig. 1. The gradients in the magnetic field (Fig. 13 (b), (d)) accelerate the plasma as it 703 

expands into the vacuum background.  The strong shock observed at the jet-boundary (Fig. 13 704 

(c)) using the background density/pressure approach is eliminated in the interface tracking 705 

solution (Fig. 13 (a)). The magnetic field contours indicate an extended plume profile (Fig. 13 706 

(b)) as opposed to the shock-inhibited expansion predicted by the background density/pressure 707 

approach (Fig. 13 (d)).   708 

    Extending the formulation to the resistive MHD system requires the specification of an 709 

interface boundary condition for the diffusion operator.  The gas-interface flux used in Eq. (25) 710 

is the Neumann-type interface boundary condition for the convective operator.  Extending the 711 

formulation to include the resistive diffusion operator requires the derivation of an equivalent 712 

physically consistent interface boundary condition.  This is obtained by integrating Ampere’s 713 

law. Since the plasma accelerator problem consists solely of an azimuthal magnetic field 714 

component, Ampere’s law for the radial current density is given by, 715 

 716 ���(	, 
��
 = −��±;(	, 
� . (35) 

 717 

Here,  ±;(	, 
� represents the radial current density.  Integrating Eq. (35) over the surface of a 718 

fictitious cylinder (illustrated in Fig. 14) that extends from the interface boundary to infinity with 719 

a radius equal to the distance of the interface cell from the axis gives, 720 

 721 
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−(��(	T." , ∞� − ��(	T." , 
T."�2³	T." = �� ´ ±;(	T." , 
�2³	T."s
µ
C¶�M  (36) 

 722 

 723 

Here, 
T."  is the axial location of the interface cell (Fig. 14).  Since the magnetic field far away 724 

from the accelerator goes to zero and the total current downstream of the interface is also zero 725 

(vacuum), the azimuthal magnetic field at the interface is zero.  This gives rise to the following 726 

expression for the magnetic diffusion flux at the gas-interface boundary.  727 

 728 
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EF
 

  

 

 

(38) 

Here, �¤ denotes the resistivity of the gas cell, �¤ the cell centered magnetic field at the gas cell, 729 

s¤T the scalar distance between the gas and interface cell centers and st¤T the unit vector from the 730 

gas cell center to the interface cell center.  The terms in the brackets denote the magnitude of the 731 

magnetic field gradient at the gas-interface face.  Since the magnetic field at the interface cell is 732 

set to zero, the gradient, that is equal to the difference between the magnetic field at the gas and 733 

interface cells, takes the expression as shown in Eq. (38).  The specification of the magnetic 734 

 
 

Figure 14: Schematic illustrating a cross section of the fictitious cylindrical integration surface 

(purple dashed line) used to obtain the magnetic field at a location on the plasma vacuum 

interface (yellow dashed line) with axial coordinate ·¸¹� and radial coordinate �¸¹�.  
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diffusion interface flux enables the construction of a residual operator identical to that formed in 735 

section 4.3 (Eq. (30), (31)).  The resistive diffusion operator update is exclusively performed in 736 

the cells that are classified as containing gas (plasma).  This is justified since the magnetic 737 

diffusion flux does not induce density transport into the interface cells and as a result does not 738 

affect the interface growth rate.  Within the density thresholding framework described in this 739 

paper, the interface growth is governed solely by convective phenomena.  The algebraic system 740 

obtained as a consequence of the implicit time-discretization of the resistive MHD equations is 741 

given by,  742 

 743 w¤q>.NP − w¤q>.�
 + ~¤q>: �w¤q>.NP� =  ~¤q>; (w¤q>.NP� (39) 

 744 wT.".NP − wT.".�
 + ~:T."(w¤q>.NP, wT.".NP� = 0 (40) 

 745 

The algebraic system is solved using a Jacobian decomposition that includes the contribution 746 

from the resistive diffusion flux. The functional form of the linear system that is solved as a part 747 

of the non-linear iterative scheme is written as: 748 

   749 
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(41) 

 750 

    The extension of the interface tracking approach to the resistive MHD system leads to 751 

significant wall-clock time gains.  The predominant cost of carrying out resistive MHD 752 

simulations arises from performing the sparse linear system inversion.  The solution vector �w 753 

(Eq. (41)) is found using the GMRES algorithm, a method that belongs to the family of iterative 754 

linear solvers known as Krylov Subspace (KSM) Methods [33].  The net wall-clock time 755 

associated with carrying out resistive MHD simulations is proportional to the number of linear 756 

solver iterations.  Also known as the KSM iterations, these are the number of iterations taken by 757 

the GMRES algorithm to find a solution vector �w that approximately satisfies Eq. (41) within 758 
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some relative error tolerance criterion [27]. The number of KSM iterations are a known to be a 759 

function of the matrix condition number and can be significantly reduced by using an effective 760 

preconditioner [34].  The results presented in this paper use the ILU and block Jacobi 761 

preconditioners.  For resistive MHD simulations, the condition number of the linear system is a 762 

function of the the initial boundary value problem setup. Prior efforts to simulate plasma 763 

accelerators using the resistive MHD equations, in addition to assigning a low density to the 764 

vacuum background, use a high background resistivity to mimic the poor conductivity of vacuum 765 

[4].  It was shown in section 4.1 that the low background density produces a shock.  The high 766 

background resistivity on the other hand, leads to a significant increase in the condition number 767 

of the linear system and consequently the number of KSM iterations taken for the linear solve to 768 

converge.  The large condition number of the resistive MHD linear system represents the 769 

numerical stiffness associated with the underlying equation system [35].  This stiffness arises due 770 

to a disparity in the characteristic timescales associated with the convection and magnetic 771 

diffusion operators.  For the convection operator, this timescale is given by �/kW where kW is the 772 

estimate of the largest magnetosonic wavespeed in magnitude and for magnetic diffusion 773 

operator this is give by ��/�  where � is the largest resistivity in the domain.  Here, � is an 774 

estimate for the typical mesh element size.  These estimates are also the maximum allowable 775 

time step for the explicit integration of the corresponding residual operators.  The MHD 776 

simulation setup [3,4] that involves specifying a high background resistivity in order to 777 

consistently mimic the poor conductivity properties of the vacuum background generates linear 778 

systems that have a large condition number.  The condition number increases with the increase 779 

the background resistivity, since this leads to a lower diffusion timescale and a larger disparity in 780 

the characteristic timescales (higher stiffness).  Typical plasma accelerator simulations [4] 781 

specify a ceiling for the background resistivity as a tradeoff between accurately representing the 782 

vacuum background and limiting the number of KSM iterations.  Table 1 shows the condition 783 

number of the Jacobian matrix for different values of the background resistivity ceiling.  Also 784 

shown are the average number of KSM iterations within a Newton solve.  785 

 786 
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 787 

 788 

It is seen than an increase in the resistivity ceiling increases the matrix condition number and the 789 

number of KSM iterations. The ILU and block-Jacobi preconditioners are used in conjugation 790 

with the GMRES algorithm to perform the iterative linear solves reported in Table 1. Within the 791 

context of a background resistivity approach, Table 1 indicates that moving towards a consistent 792 

representation of the vacuum background (higher resistivity) results in significantly higher KSM 793 

iterations and wall-clock times. The interface tracking approach, on the other hand, by 794 

identifying the plasma (gas) cells and by solving for the resistive diffusion exclusively in these 795 

cells, overcomes the issue of specifying a background resistivity.  Here, the timescale disparity is 796 

produced exclusively by the resistivity in the plasma cells that tends to be significantly lower 797 

than the ceiling values used in background resistivity simulations.  Consequently, the linear 798 

system produced as a result of this method has a condition number that is three orders of 799 

magnitude smaller than that obtained from using the background resistivity approach.  This 800 

results in significantly lower KSM iterations as shown in Table 1.  The lower KSM iterations 801 

lead to significant wall-clock time gains as shown in Fig. 11 below. 802 

Background resistivity Jacobian condition number Avg.  KSP iterations/newton solve 0.1 �/< 1.087 × 10� 517 0.04 �/< 5.241 × 10S 312 0.02 �/< 3.156 × 10S 187 0.01 �/< 1.581 × 10S 128 

Interface tracking 54.88 12 

 

Table 1: Jacobian condition numbers and average KSM iterations per Newton step for 

different values of the background resistivity ceiling  
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 803 

 804 

6. Conclusion 805 

    In the context simulating plasma accelerators operating in a vacuum background, it is seen that 806 

solving the MHD governing equations in the vacuum background is both physically inconsistent 807 

and computationally expensive.  For the convection operator, approximating the vacuum using a 808 

background density and solving for convection over the entire (plasma and vacuum) simulation 809 

domain produces an unphysical shock.  The shock was shown to be produced as a consequence 810 

of the properties of the underlying convective flux scheme.  This motivated the design of a 811 

threshold based plasma-vacuum interface tracking scheme that was shown to eliminate the shock 812 

and produce plume profiles that are physically consistent with free expansion physics.  The 813 

density threshold was calibrated using a theoretical 1D free expansion solution as reference as 814 

shown in Sec. 4.3 Fig. (5).  The interface tracking algorithm was implemented in a generalized 815 

unstructured mesh setting using cell based tags and extended to be incorporated within an 816 

implicit time stepping scheme.  The implicit scheme suffers from numerical diffusion effects at 817 

the gas-vacuum interface but is able to operate at ten times the maximum allowable explicit CFL 818 

time step.  The implicit ideal-MHD based interface tracking method was used to demonstrate 819 

physically consistent plume profiles in magnetically accelerated jets.  For the resistive diffusion 820 

 
 

Figure 15: Wall-clock time vs. physical time in a resistive MHD plasma accelerator simulation 

for the background resistivity (blue) and interface tracking (red) approach 
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operator, it was shown that approximating the background using a high resistivity ceiling and 821 

solving for the magnetic diffusion through this background generates stiff linear systems.  Within 822 

this formulation, the computational resources are predominantly devoted to solving the magnetic 823 

diffusion through the vacuum background.  From a perspective of physical interpretability, 824 

solving for this diffusion is meaningless, since within the MHD formulation, the vacuum 825 

background cannot conduct currents and consequently cannot sustain magnetic fields.  The 826 

interface tracking approach, by identifying and solving for the magnetic diffusion exclusively 827 

within the plasma cells, produces significantly less stiff systems that exhibit faster convergence 828 

of the linear solve and consequently smaller wall clock time.  829 
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