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Abstract

An implicit assumption made in the vast majority of studies of runaway electrons is that they are well

confined to a given magnetic flux surface, thus allowing the use of slab or bounce averaged formulations

that ignore the spatial transport of runaway electrons. While such an assumption is known to break down

in the presence of strong 3D magnetic field perturbations, here we show that it can be violated even for

an axisymmetric magnetic field under conditions representative of an actively mitigated disrupting plasma.

Specifically, the low temperature and large impurity content typical of a post thermal quench plasma are

shown to provide a drastic enhancement of the diffusive and convective transport of runaways electrons,

where the convective component is found to be dominated by the Ware pinch. This inward convective flux

allows runaway electrons to be displaced toward the plasma center, where they are eventually detrapped

and reaccelerated, thus focusing populations of runaway electrons in the inner portion of the plasma. The

resulting runaway electron distribution is shown to settle into a well-defined spatial eigenmode, whose form

is often insensitive to the spatial distribution of the original seed population. The underlying transport

processes responsible for determining the width and shape of the spatial runaway electron eigenmode are

analyzed under a range of circumstances characteristic of a post thermal quench plasma.
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I. INTRODUCTION

The formation of a large population of relativistic electrons during a tokamak disruption poses

a significant risk to the success of large tokamaks such as ITER. A large effort has thus been fo-

cused on identifying means through which the formation of a large runaway electron population

can be avoided, or if avoidance is not possible, means through which the most deleterious effects

of runaway electrons can be mitigated. Under the assumption that runaway electrons are well con-

fined to a given magnetic flux surface, a fairly clear theoretical picture has recently emerged with

regard to the momentum space evolution of runaway electrons [1, 2], and consequently criteria

through which they may be avoided [3, 4], or their energy controlled via self-generated micro-

instabilities [5, 6] or externally injected waves [7]. One of the principal remaining uncertainties

is with regard to the role that the transport of runaway electrons may play in modifying such

avoidance criteria, or mitigation strategies.

At present, the majority of transport studies of runaway electrons have focused on the role

of 3-D magnetic fields, and the subsequent rapid loss of runaway electrons along open magnetic

field lines [8–11]. Little focus has been placed on transport in axisymmetric configurations. This

emphasis is understandable given that runaway electrons are nearly collisionless, such that their

collisional transport in a fully ionized low-Z plasma is exceptionally weak (see Sec. III below).

In addition, magnetic surfaces are thought to be broken during the thermal quench phase of a dis-

ruption, allowing for the rapid loss of a significant fraction of any existing runaway electrons via

parallel streaming [9–11]. This simple picture may, however, require amendment. In particular,

after the thermal quench phase of a disruption, MHD modeling suggests that the magnetic flux

surfaces tend to reform [12]. Under such circumstances losses of runaway electron via parallel

streaming along open magnetic field lines will no longer be present. In contrast, as discussed in

detail in Sec. III, the presence of large amounts of impurities in a low temperature plasma can

significantly enhance the spatial transport of runaway electrons. Since several disruption mitiga-

tion schemes call for the injection of large amounts of impurities [13], this scenario is of particular

importance for the description of runaway formation and evolution.

The enhancement of spatial transport by plasma impurities is due to two separate mechanisms.

The first results from the dramatic enhancement of the pitch-angle scattering rate of runaway

electrons in the presence of a background of partially ionized impurities [14, 15]. This in turn

leads to a significant enhancement of the collisional diffusivity of runaway electrons. The second,
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somewhat more subtle modification, follows from more detailed considerations of the phase space

evolution of runaway electrons. Specifically, the enhanced pitch-angle scattering present in the

system results in the runaway electron population having a broader distribution in pitch angle.

As a result, a much larger trapped population of energetic electrons will be present compared to

the case of a fully ionized low-Z plasma. Further noting that the enhancement of the collisional

coefficients by the partially ionized impurities dramatically raises the threshold for the sustainment

of the runaway electron population [16], a much larger inductive electric field is also necessarily

present in order to sustain the runaway electron population. The combination of a significant

energetic trapped particle fraction and a strong inductive electric field will result in a strong inward

convection of the runaway population due to the Ware pinch [17, 18].

The presence of significant spatial transport, along with toroidal effects, leads to the formation

of a non-trivial spatial profile of the runaway electron population. Specifically, as discussed further

in Sec. IV, the strong inward convection of energetic trapped electrons facilitates the focusing

of the runaway electron population to small radii. After a transient period, the resulting runaway

electron population is shown to settle into a well defined eigenmode, in both momentum space [19]

and configuration space. An important feature of the dynamics of the system is that the presence of

significant spatial transport allows the system to access the global eigenmode (nearly) irrespective

of the spatial distribution of the ‘seed’ electron population. This behavior cannot be captured by

0D-2V formulations which have to date provided the foundations for our understanding of runaway

dynamics. A principal thrust of this work will be to identify circumstances under which, even in

an axisymmetric plasma, 0D-2V formulations will be insufficient for describing the formation and

evolution of a runaway population.

The remainder of this paper is organized as follows. Section II describes the model equations

that are evolved along with a discussion of key idealizations made in the subsequent sections. The

transport of runaway electrons in a fully ionized low-Z plasma is contrasted with the disruption

relevant scenario of a plasma containing a large fraction of partially ionized impurities in Sec. III.

Section IV describes the phase space evolution of a runaway electron population in the presence

of partially ionized impurities. Conclusions and a brief discussion are given in Sec. V.
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II. MODEL EQUATIONS

This section gives a brief overview of the system of equations solved along with the key ideal-

izations invoked throughout the following sections. A more detailed discussion is provided in Ref.

[20]. A particle based approach is used throughout this work, where the electron orbits are evolved

using a 5-D system of guiding-center equations. Small-angle collisions are described via a Monte-

Carlo collision operator [21], and synchrotron radiation is also retained. Large-angle collisions

are described by a secondary source term [22–25] that accounts for the momentum space distri-

bution of runaway electrons providing a means of accurately describing the avalanche of runaway

electrons.

Three key idealizations will be invoked in the following analysis. These can be enumerated as:

1. a spatially and temporally constant loop voltage is assumed,

2. the dimensionless parameter (cτc/a), which is proportional to the ratio of the collisional

to transit time scales, is taken to be fixed throughout several parameter scans. Here τc ≡

4πϵ20m
2
ec

3/nee
4 ln Λ0 is related to the collision time of a relativistic electron, ne is the free

electron density, ln Λ0 is the Coulomb logarithm of a thermal electron, a is the minor ra-

dius, me the electron rest mass, c is the speed of light, e the electron charge, and ϵ0 is the

permittivity of free space.

3. an absorbing boundary condition is assumed at low energy and at a radius of r/a = 1.

Item 1. is a valid idealization in the limit where runaway electrons carry a negligible fraction

of the plasma current. In the opposite limit, where the runaway electrons carry the majority of

the plasma current, feedback of the runaway electrons onto Ohm’s law cannot be neglected, such

that the inductive electric field and runaway electron population will have to be evolved self-

consistently (see Ref. [26], for example). Such a thrust will be pursued in a future work. With

regard to item 2., the parameter (cτc/a) scales inversely with machine size and the free electron

density ne, and thus will have a broad range of values (105 − 108) depending on the specific

characteristics of the discharge and the device considered. Since the motivation of the present

work is not to model a specific discharge, this parameter will generally be taken to have a constant

value (typically, cτc/a = 5 × 105) during the parameter scans carried out in Sec. IV below.

Our motivation for choosing a relatively small value of (cτc/a) is that the numerical cost of the

simulations scales approximately linearly with (cτc/a). Specifically, the phase space dynamics of
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Figure 1. (a) Avalanche growth rate as a function of radius for different values of (cτc/a). The black curve

is for (cτc/a) = 5×103, the blue curve is for (cτc/a) = 5×104, the red curve is for (cτc/a) = 5×105, and

the green curve is for (cτc/a) = 5 × 106. (b) Values of ν∗ ≡ ε−3/2νpsD (qR0/v) as a function of radius for

different values of (cτc/a), where νpsD is the pitch-angle scattering frequency defined by Eq. (5). The energy

at which ν∗ is evaluated is chosen to be γ = 3.53, which is the approximate location of the X-point [2] of the

runaway electron primary distribution. This value generally sets the minimum energy a secondary electron

requires in order to run away [20]. The color scheme is the same as (a). The other parameters were taken

to be n+
Ar = nD, a/R0 = 1/3, Ē1 = 19.5, ᾱ ≡ τc/τs = 0.05, τs is the time scale for synchrotron radiation

losses, Te = 2 eV, lnΛ0 = 10, q0 = 2.1, q2 = 2, and we considered a large tokamak (a = 200 cm) with an

exceptionally large magnetic field (B0 = 53 T) such that radial transport can be neglected.

the runaway electrons takes place on a time scale of several τc, whereas the parameter (cτc/a) is

proportional to the number of electron transits that are executed during each τc. Thus, as (cτc/a)

is increased the normalized time step ∆t/τc employed when evolving the guiding-center motion

must be correspondingly reduced.

It may be readily verified that for sufficiently large (cτc/a), the phase space dynamics of the

runaway electrons (avalanche growth rate, threshold, and collisional transport) are invariant as

(cτc/a) is varied (with appropriate normalizations). Two example cases are shown in Figs. 1

and 2. Figure 1(a) shows the avalanche growth rate for different values of (cτc/a). As discussed

further in Sec. III A, the exceptionally large magnetic field used in this example case will result

in a negligible amount of spatial transport for this axisymmetric case, such that the avalanche

growth rate can be computed on a flux surface by flux surface basis. Here it is evident that for
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sufficiently large (cτc/a) the avalanche growth rate normalized to τc becomes insensitive to the

specific value of (cτc/a). The underlying physics behind this asymptotic scaling is that for ν∗ ≡

ε−3/2νps
D (qR0/v) ≳ 1 [ε ≡ r/R0, r is the radial coordinate, v is the speed coordinate, R0 is the

major radius at the magnetic origin, the safety factor is defined by q ≡ rB0/R0Bθ (r), and the

safety factor is assumed to have the form q (r) = q0 + q2r
2], the collisional detrapping rate is

faster than the bounce time of the electron (νps
D is the pitch-angle scattering frequency defined by

Eq. (5) below). Since a principal impact of toroidicity on the avalanche growth rate results from

the trapping of secondary electrons by the inhomogeneous tokamak magnetic field, this trapping

effect will be underestimated for ν∗ ∼ O (1). This leads to a higher predicted avalanche growth

rate for cases with smaller (cτc/a) at all radial locations [see Figs. 1(a) and 1(b)], except at

r/a ≈ 0 where the trapped region occupies a small fraction of momentum space. In contrast,

once ν∗ ≪ 1 secondary electrons born in the trapped region will be reflected several times before

being detrapped (i.e. the system is in the banana regime). These trapped electrons will thus not be

accelerated by the electric field, and will thus be lost to the bulk plasma. This tends to reduce the

avalanche growth rate compared to the ν∗ ∼ O (1) cases. Once ν∗ becomes asymptotically small,

however, the growth rate of the system asymptotes to a constant value (when normalized to τc), as

anticipated for systems that are asymptotically in the banana regime.

A second, more stringent comparison, is shown in Fig. 2. Here, the spatial evolution of the flux

surface averaged runaway electron population is plotted for different values of (cτc/a). While the

specific physics underlying this spatial evolution will be the subject of Secs. III and IV, it is again

apparent that the spatial-temporal evolution of runaway electrons is invariant for the two values of

(cτc/a) considered in these simulations. Physically, this is again due to the system being in the

banana regime, such that collisional transport physics does not change as (cτc/a) is scanned. Two

caveats to this behavior should be mentioned. The first is that although the evolution of the system

when normalized to τc is invariant for sufficiently large (cτc/a), the physical time that transpires

scales linearly with (cτc/a) (for the same minor radius a). Thus, in dimensional units the amount

of time that transpired in the two cases shown in Fig. 2 would deviate by an order of magnitude.

In addition, this insensitivity to (cτc/a) is only valid for closed field lines. Specifically, in the limit

of low collisionality, the diffusion of a relativistic test particle in a stochastic magnetic field is

predicted to scale as τcDst/a
2 ∝ (qR0/a) (cτc/a) (δB/B0)

2 [27] (neglecting orbit width effects).

Here, δB is the magnitude of the perturbed magnetic field. For such cases the relative importance

of collisional transport and losses through parallel streaming will scale with (cτc/a).
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Figure 2. (a) Flux surface averaged density of runaway electrons normalized to the total number of runaway

electrons NRA. The solid curves indicates a case with cτc/a = 5× 105 whereas the dashed curves indicate

a case with cτc/a = 5 × 106. Light colors indicate early times and become progressively darker as time

evolves (intervals of 5τc). The dotted curve indicates the initial condition. (b) Total number of runaway

electrons versus time. Solid and dashed curves for cτc/a = 5× 105 and cτc/a = 5× 106, respectively. The

parameters were taken to be E/Ec = 17, ᾱ = 0.05, Te = 2 eV, lnΛ0 = 10, q0 = 2.1, q2 = 2, a = 60 cm,

B0 = 1.5 T. The argon was assumed to be singly ionized with n+
Ar = nD.

The third idealization employed in this work will be the enforcement of absorbing boundary

conditions at low energy and r/a = 1. The absorbing boundary condition at r/a = 1 is intended

to mimic the loss of electrons to the wall, albeit in an idealized way. A somewhat more impactful

idealization is the absorbing boundary condition at low energy. While in a confined keV plasma

such an absorbing boundary condition would neglect the significant Dreicer flux of electrons being

accelerated from the bulk to high energy, for the low temperature plasmas considered below (Te of

a few to several eV) such a local acceleration process will have a negligible effect on the runaway

evolution. Thus, the principal impact of this idealization is that we will not be able to model

the initial ‘seed’ formation of runaway electrons, but will instead assume an initial population of

runaway electrons is present in order to initiate the avalanche instability.

III. TRANSPORT OF RUNAWAY ELECTRONS IN AXISYMMETRIC GEOMETRY

This section will be concerned with contrasting the collisional transport of runaway electrons in

a fully ionized low-Z plasma with the disruption relevant case of a plasma containing a significant
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population of partially ionized impurities. We will begin by providing scaling estimates of the

collisional transport of runaway electrons in a low-Z fully ionized plasma. These estimates will

then be verified by Monte Carlo transport simulations. Subsequently, the role of partially ionized

impurities in enhancing this transport is discussed in Sec. III B. For all the results described in this

section, the large-angle collision operator will be turned off such that the computed transport will

be due to the primary electron population.

A. Fully Ionized Low-Z Plasma

The level of collisional transport present in a fully ionized low-Z plasma can be straightfor-

wardly estimated for both thermal and runaway electrons. Specifically, since the banana orbit

width for non-relativistic electrons scales as ∆r ∼ v/ωcθ (ωcθ is the electron cyclotron frequency

using the poloidal magnetic field), and noting νD ∼ (Zeff + 1) /v3 for non-relativistic electrons,

the resulting diffusivity can be estimated as:

τcDnon−rel

a2
= Aft

∆r2

2a2
τcνD = A

ft
2

(
c

aωcθ

)2
c

v
(Zeff + 1) , (1)

where A is an order one numerical value, ft is the trapped particle fraction, and Zeff is the effective

charge. This estimate is only valid in the low collisionality limit, where ν∗ ≪ 1. For the specific

case of a Lorentz collision operator, the precise analytic form in the small inverse aspect ratio

limit can be recovered by taking Aft ≈ 0.689
√
2ε [21, 28] (assuming v ≫ vTe, such that the

Chandrasekhar functions take a simple form). For relativistic electrons, the pitch-angle scattering

frequency and banana width instead scale as νD ∼ (Zeff + 1) /p2 and ∆r ∼ cγ/ωcθ, such that

τcDrel

a2
≈ fRA

t

∆r2

2a2
τcνD ≈ fRA

t

2

c2γ2

a2ω2
cθ

Zeff + 1

p2
≈ fRA

t

2

(
c

aωcθ

)2

(Zeff + 1) . (2)

Here fRA
t is the trapped particle fraction for runaway electrons, p ≡ γmev is the momentum, and

γ ≡ 1/
√

1− v2/c2 is the Lorentz factor. The neoclassical diffusivity of the runaway electrons is

thus anticipated to be reduced compared to thermal electrons by a factor of order Drel/Dnon−rel ∼(
fRA
t /ft

)
(vTe/c) ≪ 1, where vTe is the thermal electron velocity. Based on this simple estimate,

the collisional transport of runaway electrons is expected to be diminished compared to that of

thermal particles due to (i) the weaker pitch-angle scattering of runaway electrons compared to

thermal electrons, (ii) and the often negligibly small number of trapped runaway electrons.

As a means of obtaining transparent estimates of the magnitude of runaway electron transport

in a small inverse aspect ratio axisymmetric equilibrium it will be useful to define reference values
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of the collisional diffusivity and convection velocity. For a fully ionized plasma, a reference

collisional diffusivity can be defined as

τac D0

a2
≡ 0.689

√
2ε

(
c

aωcθ

)2
(Z + 1)

2
≈ 0.689

√
2ε

(
c

aωce

)2(
qR0

r

)2
(Z + 1)

2
, (3)

where Z is the charge state of the main ion species (hydrogen or helium for the example cases

given below), τac is defined analogously to τc, but using the free electrons associated with the main

ion species, rather than the total density of free electrons. For a pure plasma τac = τc, but for the

case where impurities are present τac > τc, since the free electrons associated with the impurity

population will reduce the relativistic collision time. In addition, it will also be useful to define the

reference convection velocity by

τac V0

a
≡

(
c

ωcea

) ∣∣∣∣( E

Ec

× b̂

)
· r̂
∣∣∣∣ ≈ (

c

aωce

)
r

qR0

, (4)

which corresponds to the inward E × B flow for an inductive electric field at the Connor-Hastie

threshold in a pure plasma. From these reference transport coefficients, it may be straightforwardly

verified that for large devices such as ITER, runaway electron transport will be negligible for an

axisymmetric fully ionized low-Z plasma. Specifically, at mid radius r/a = 0.5, for ITER like

parameters (ne = 1014 cm−3, B0 = 5.3 T, ln Λ0 = 15, a = 200 cm, q = 2, a/R0 = 1/3)

τac D0/a
2 ≈ 1.5 × 10−6 and τac V0/a ≈ 1.3 × 10−5, where τac ≈ 22 ms. An effective confinement

time for runaway electrons can then be estimated as τconf/τac = a2/ (τac D0) ≈ 7× 105, or around

4 hours. For a mid size tokamak such as DIII-D (same parameters as above but now with B =

1.5 T and a = 60 cm) τac D0/a
2 ≈ 2.1 × 10−4 and τac V0/a ≈ 1.6 × 10−4, implying an effective

confinement time of τconf/τac = a2/ (τac D0) ≈ 5 × 103, or around 107 seconds. In either case,

transport in an axisymmetric hydrogen plasma is unlikely to qualitatively modify results from

calculations assuming the runaway electrons to be localized about a given flux surface.

In order to verify these trends, the Monte Carlo solver described in Sec. II will be used. Em-

ploying the procedure outlined in Appendix A for extracting the particle diffusivity, the computed

diffusivity for electrons with different energies is shown in Fig. 3. Here, we have turned off the in-

ductive electric field, synchrotron radiation and collisional drag terms. We have, however, retained

the pitch-angle scattering term such that a base level of neoclassical transport is present. In addi-

tion, under these assumptions the electrons will be isotropically distributed in pitch-angle. As the

energy of the electron population is increased the diffusivity reduces until it reaches an asymptotic

value of D/D0 ∼ 1.0 for electrons with energies in the MeV range. We note in passing that for
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Figure 3. Computed diffusivity normalized to the reference diffusivity defined by Eq. (3). The red markers

are for an electron population with 10 keV, the blue markers is for 100 keV, the green markers are for

500 keV, and the magenta markers are for 1.5 MeV. The red dashed curve is the scaling estimate given by

Eq. (1). The other parameters were taken to be a/R0 = 1/3, (cτc/a) = 5 × 106, Z = 2, Ē1 = 0, ᾱ = 0,

vTe/c = 0.0063, q0 = 2.1, q2 = 2 and we considered an ITER like case (a = 200 cm, B0 = 5.3 T). The

drag term was also turned off in this simulation. The integrations were performed for 20 collision times.

The normalizing factor D0 is defined in Eq. (3).

the non-relativistic case the computed value of the diffusivity deviates from the theoretical value at

small radii. This is due to ν∗ ∝ ε−3/2, such that this value increases near the origin. In particular,

for the case of a 10 keV electron, ν∗ ≈ 0.13 at a radius of r/a ≈ 0.2 for the parameters employed

here. This value of ν∗ is too large for the system to asymptote to a banana regime scaling, which is

the limit assumed in the derivation of Eq. (1). It has been verified that for sufficiently large cτc/a

(small ν∗), the diffusivity for thermal electrons is accurately computed by the Monte Carlo solver

at small radii.

The estimate of the diffusivity shown in Fig. 3 corresponds to a significant overestimate of

the collisional transport anticipated from a runaway electron population. This follows, since the

inductive electric field was neglected in that example case, resulting in an isotropic electron dis-

tribution. The incorporation of an inductive electric field above the Connor-Hastie threshold [29]

will result in a highly anisotropic electron distribution function at high energies (see Fig. 4), with

the majority of runaway electrons localized to the ξ = −1 axis. Since the level of collisional

transport depends sensitively on the trapped particle fraction, the transport from a population of

runaway electrons including the inductive electric field (along with frictional drag and radiation)
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Figure 4. Momentum space distribution of electrons between r/a = (0.4, 0.6) and θ = (−π/10, π/10)

for a pure hydrogen plasma (a) and a plasma containing singly ionized argon with n+
Ar = nD (b). The

horizontal dashed white lines indicate the trapped-passing boundary at r/a = 0.5. The electric field in both

cases was chosen to be somewhat above marginality with Ē1 = 2 for the left panel and Ē1 = 19.49 in

the right panel. The other parameters are were taken to be a/R0 = 1/3, (cτc/a) = 5 × 105, ᾱ = 0.05,

Te = 10 eV, q0 = 2.1, q2 = 2 and we considered an ITER like case (a = 200 cm, B0 = 5.3 T).

can be anticipated to be far weaker than for the case considered in Fig. 3. This is made evident in

Fig. 5, where the transport level computed for a primary runaway distribution function is several

orders of magnitude below the reference diffusivity of relativistic electrons defined by Eq. (3).

We also note that the presence of a toroidal inductive electric field results in an inward drift, as

made evident in Fig. 5(a). This inward drift motion results from both the E×B/B2 ∝ EφBθ/B
2,

drift along with the Ware pinch, whose velocity scales as VWare ∝ − (Eφ/Bθ). While the velocity

associated with the Ware pinch has a much larger magnitude than the E×B drift (approximately

two orders of magnitude at mid radius for this case), the Ware pinch only affects trapped particles.

As a result, it only has a modest influence on the computed convection velocity in this case, which

is for a low-Z fusion plasma of hydrogen isotopes and helium. We note that the horizontal (major

radius) drifts of passing runaway electrons described in Refs. [30, 31] do not factor into the above

analysis. This follows since a net drift resulting from this mechanism requires the acceleration or

deceleration of an electron population. The above estimate of the transport coefficients, however,

was based on an approximately steady state runaway distribution.
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Figure 5. Estimated convective transport coefficient (a) and diffusivity (b) for different radii. The parameters

are the same as those used in Fig. 4(a), except with Ē1 = 1.75. The normalizing factors D0 and V0 are

defined in Eqs. (3) and (4).

B. Partially Ionized Plasma

The presence of partially ionized impurities can strongly impact the collisionality of runaway

electrons, and thus potentially their spatial transport. In particular, a simple form for the pitch-

angle scattering coefficient in the presence of a population of ions in a general charge state can be

written as [15]

τcν
ps
D ≈ γ

p3

{
Zeff

ln Λei

ln Λ0

+
1

lnΛ0

∑
j

nj

ne

gj (p) +
lnΛee

ln Λ0

}
, (5)

where

gj (p) ≈
(
Z2

0,j − Z2
j

)
ln

(
2aj
α

p

)
− 2

3
(Z0,j − Zj)

2 . (6)

Here, Z0,j is the atomic number of the ion, Zj is the charge state, nj is the density of ions in a

given charge state, α ≈ 1/137 is the fine structure constant, ln Λ0 is the Coulomb logarithm for

thermal electrons, aj is the effective ion size in units of the Bohr radius, and ln Λei and ln Λee are

the electron-ion and electron-electron Coulomb logarithms for relativistic electrons, respectively.

These Coulomb logarithms generally depend on energy, with their explicit form given in Ref.

[15]. The first term in Eq. (5) describes electron-ion scattering by the completely screened ion,

the second term describes the impact of partial screening, and the third term describes electron-

electron scattering. For a case of a mid to high Z ion in a low charge state (Z2
0,j ≫ Z2

j ), and noting

that typically 2ajp/α ≫ 1 for relativistic electrons [15], gj (p) ≫ 1 such that partial screening

12



0 0.2 0.4 0.6 0.8 1

10
1

10
2

r/a

D
/D

0

Figure 6. Computed diffusivity normalized to the reference diffusivity defined by Eq. (3) for a system

composed of deuterium and singly ionized argon with n+
Ar = nD/10. The red markers are for an electron

population with 10 keV, the blue markers are for 100 keV, the green markers are for 500 keV, and the

magenta markers are for 1.5 MeV. The other parameters were taken to be a/R0 = 1/3, (cτc/a) = 5× 106,

Ē1 = 0, ᾱ = 0, vTe/c = 0.0063, q0 = 2.1, q2 = 2 and we considered an ITER like case (a = 200 cm,

B0 = 5.3 T). The integrations were performed for 20 collision times. The collisional drag was also turned

off in this simulation. The normalizing factor D0 is defined in Eq. (3).

will drastically enhance the pitch-angle scattering rate compared to the completely screened limit.

The collisional diffusivity for relativistic electrons evolving in the presence of partially ionized

impurities then becomes

τcD
ps
rel

a2
≈ fRA

t

∆r2

2a2
τcν

ps
D ≈ fRA

t

2

c2γ2

a2ω2
cθ

1

p2
τcCB ≈ fRA

t

2

(
c

aωcθ

)2

τcCB, (7)

where

τcCB ≡ p2 (τcν
ps
D ) . (8)

In contrast to the case of a fully ionized plasma, the diffusivity given by Eq. (7) does not asymptote

to a constant value at high energy. Instead, the quantity CB will continue to increase with the

energy of the electron. The energy dependence of CB is, however, only logarithmic [primarily

arising from gj(p)]. A verification of this scaling for conditions similar to those used in Fig. 3,

but with singly ionized argon added with a density n+
Ar = nD/10 is shown in Fig. 6. Here it is

apparent that the presence of a moderate amount of argon increases the level of transport modestly

for keV electrons, and much more significantly for MeV electrons compared to a fully ionized low-

Z plasma. Furthermore, the reduction of the diffusivity between 10 keV and 1.5 MeV electrons is
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Figure 7. Computed convective transport coefficient (a) and diffusivity (b) for different radii and different

amounts of argon impurities. The black markers are for n+
Ar = nD/10 whereas the blue markers are for

n+
Ar = nD. In both cases the inductive electric field chosen was such that the system was just above

marginality (Ē = 6.27 for n+
Ar = nD/10, and Ē = 19.49 for n+

Ar = nD). The other parameters were taken

to be a/R0 = 1/3, (cτc/a) = 5 × 105, ᾱ = 0.05, vTe/c = 0.0063, q0 = 2.1, q2 = 2 and we considered a

large tokamak (a = 200 cm) with a very strong magnetic field (B0 = 53 T) in order to allow an accurate

evaluation of the transport coefficients at a given radius when large amounts of argon are present. The

particles were initialized with r/a = (0, 0.8). The normalizing factors D0 and V0 are defined in Eqs. (3)

and (4).

significantly less than the fully ionized case. Moreover, due to CB increasing logarithmically with

energy, this difference would continue to narrow for higher energy electrons.

Analogous to the case of a fully ionized low-Z plasma discussed in Sec. III A, the transport

computed from a runaway electron distribution will generally be much less than for the case of

the isotropic distribution assumed in Fig. 6. The computed collisional diffusivity for different

amounts of argon impurities is shown in Fig. 7(b). Here, it is apparent that while the collisional

diffusivity is greatly reduced compared to the case of an isotropic plasma, it still far exceeds that

of a fully ionized low-Z plasma. In addition, the diffusivity scales approximately linearly with

the amount of argon in the plasma, such that this level of transport can be further enhanced by

increased argon injection.

The underlying inward convection velocity of runaway electrons is also significantly enhanced

for the case of a significant impurity population. This follows due to both the larger inductive

electric field necessary to sustain a population of runaway electrons, and the increase in the number
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of trapped energetic electrons [see Fig. 4(b)]. Such energetic electrons are convected inward

rapidly by the Ware pinch, which generally exceeds the inward E×B flow by roughly two orders

of magnitude. This is made evident in Fig. 7(a), where the convective velocity can be enhanced

by more than two orders of magnitude for n+
Ar = nD, and will continue to increase as the amount

of argon is increased. We note that while the value of the normalized inward convection velocity

increases in Fig. 7 for small radii, this is due to the normalization V0 scaling with the minor radius

and thus diverging at small radius.

IV. SPATIAL EVOLUTION OF A RUNAWAY POPULATION

From the discussion in Sec. III it is apparent that impurities can significantly enhance both the

diffusive and convective transport of runaway electrons. The increase of the diffusivity above the

reference value D0 is generally modest for the cases considered, whereas the inward convective

velocity can be increased drastically (see Fig. 7). This observation suggests that while colli-

sional transport generally will not increase the radial loss of runaway electrons (since τcD/a2 ≈

τac D0/a
2 ≪ 1), the presence of a drastically enhanced inward convection velocity will provide a

means of modifying the runaway electrons’ spatial profile. In this section we will be interested

in identifying circumstances where the transport of runaway electrons is sufficiently strong such

that the commonly employed idealization of solving for the runaway electron population one flux

surface at a time will break down. As will be made evident below, the inclusion of large-angle

collisions will be essential for obtaining an accurate spatial profile of runaway electrons. Thus,

avalanche physics will also be incorporated for the studies carried out in this section. For all of the

cases considered below, the loop voltage will be taken to be a constant such that these scenarios

are only appropriate in the limit where the runaway electron population is sufficiently small such

that they carry a negligible fraction of the plasma current. In the opposite limit, the evolution of

the inductive electric field will need to be evolved self-consistently. This latter limit will be the

subject of future work.

A. Runaway Spatial Eigenmode

Considering a case of a plasma containing a significant impurity population, the spatial evo-

lution of the runaway profile is shown in Fig 8(a). Here, the seed runaway electron population
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Figure 8. (a) Flux surface averaged density of runaway electrons normalized to the total number of runaway

electrons. The dotted curve indicates the initial condition, whereas the solid curves indicate time slices

(at intervals of 10 τc) of the flux surface averaged runaway distribution. Light colors indicate early times

and become progressively darker as time evolves. (b) Number of runaway electrons as a function of time.

The parameters were taken to be E/Ec = 17.5, ᾱ = 0.05, Te = 2 eV, lnΛ0 = 10, q0 = 2.1, q2 = 2,

cτc/a = 5× 105, a = 60 cm, B0 = 1 T. The argon was assumed to be singly ionized with n+
Ar = nD.

is assumed to be distributed uniformly in space between r/a = (0, 0.8), localized to high energy

γ = (10, 20), and approximately directed along the equilibrium magnetic field ξ = (−0.8,−1).

The impurity ions are assumed to be composed of singly ionized argon with n+
Ar = nD. For

simplicity, we assume the density and temperature profiles to be constant in space and time. As

evident from Fig. 8, the initially spatially homogeneous profile of runaway electrons evolves into

a centrally peaked runaway electron distribution function. While the number of runaway electrons

increases in time, the normalized spatial profile of runaway electrons asymptotes to a character-

istic shape. Furthermore, after a transient period of approximately 20τc, the growth of the global

runaway electron population obeys an exponential scaling [see Fig. 8(b)]. These two observations

suggest that the runaway electron population evolves into a global eigenmode.

The formation of this runaway eigenmode results both from the avalanche growth rate generally

being larger near the tokamak magnetic axis along with the spatial transport of runaway electrons

as described in Sec. III. The first process is largely a result of particle trapping reducing the rate at

which secondary electrons can run away. Since the trapped region increases with increasing radius,

this effect becomes more prominent near the tokamak edge. As a consequence, for constant density

profiles such as assumed here, runaway electrons will avalanche more rapidly in the tokamak core,
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thus driving a centrally peaked runaway electron profile. This physics is independent of transport,

and thus can be described by formulations evolving the runaway electron distribution on a flux

surface by surface basis.

The second piece of critical physics is linked to the spatial transport of runaway electrons.

Specifically, the finite width of the runaway eigenmode results either from the finite orbit width of

the runaway electrons or the presence of a collisional diffusivity limiting the radial gradient of the

runaway electron population. As discussed in Sec. IV B, the scaling of the eigenmode width with

magnetic field strength B0 is not consistent with the finite orbit width playing the dominant role

for the parameter regime considered here. This suggests that collisional diffusion is responsible

for setting the eigenmode width. A somewhat subtler transport effect is related to the role of

the inward convection of runaway electrons highlighted in Sec. III. In order to understand this

transport process in more detail, it will be useful to consider the evolution of a ring of runaway

electrons initially localized at a radius of r/a ≈ 0.8. Such a case is shown in Fig. 9. After a short

transient the runaway electron distribution broadens significantly in pitch, allowing a significant

number of energetic electrons to enter the trapped region. In the presence of the strong inductive

electric field necessary to sustain the runaway electron population (E/Ec ∼ 17, in this case), these

trapped energetic electrons are rapidly convected inward by the Ware pinch. This is made evident

by the spatial distribution of runaway electrons at t/τc = 0.5. Here aside from the broadening

of the initial ring of electrons, a non-negligible number of energetic electrons are evident at small

radii. As these energetic trapped electrons propagate inward, the trapped region of momentum

space contracts, allowing a fraction of the trapped electrons to be detrapped at smaller radii, and

hence reaccelerated by the inductive electric field. Such electrons act as a seed population at small

radii, which triggers an avalanche instability near the magnetic axis. As time evolves the runaway

distribution settles into the eigenmode distribution described above. Thus, the presence of strong

spatial transport allows the runaway electron population to settle into a well defined eigenmode

nearly independent of the initial spatial distribution of the seed population.

B. Mode Width and Relaxation Time of Runaway Spatial Eigenmode

In order to provide a more detailed characterization of the formation of the spatial runaway

eigenmode, we will seek to identify the quantities that set the saturated width and the relaxation
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Figure 9. Time slices of the spatial and momentum space distribution. The top row displays the spatial

profile of runaway electrons whereas the bottom row displays the momentum space profile. All momentum

space plots only include electrons on the weak field side, where the dashed lines (when present) indicate

the location of the trapped-passing boundary. The parameters were taken to be E/Ec = 17, ᾱ = 0.05,

Te = 2 eV, lnΛ0 = 10, q0 = 2.1, q2 = 2, cτc/a = 5 × 105, a = 60 cm, B0 = 1.5 T. The argon was

assumed to be singly ionized with n+
Ar = nD.

time scale for the eigenmode. Defining the width of the eigenmode by

wRA (t) ≡ 4π2R0

NRA

∫ a

0

drr2nRA (r, t) , (9)

where nRA is the flux surface averaged runaway density. For a small inverse aspect ratio plasma,

the total number of runaway electrons can be written as

NRA ≡ 4π2R0

∫ a

0

drrnRA (r, t) . (10)

Figure (10) shows the evolution of the eigenmode width for different magnetic field strengths. Our

motivation for varying the magnetic field strength is that both the collisional diffusivity and the

convection term scale with powers of the parameter (c/aωce) ∝ 1/aB0, which varies inversely

with the magnetic field strength. Thus, this B0 scan will directly probe the impact of transport on

the structure of the runaway eigenmode. Here, it is apparent that as the magnetic field is increased

the saturated mode width wRA (tf ) decreases, where tf is the final time of the simulation. This

is made more evident in Fig. 11, where the saturated mode width is plotted as a function of the

magnetic field strength. A clear scaling with the inverse square root of the magnetic field strength
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Figure 10. (a) Width of the runaway distribution versus time for different magnetic field strengths: B0 = 1 T

(black curve), B0 = 2 T (blue curve), B0 = 4 T (red curve), and B0 = 8 T (green curve). (b) Same data

as the left panel but subtracting off the saturated mode width wRA (tf ). The dashed curves correspond to

exponential fits. The parameters were taken to be E/Ec = 17.5, ᾱ = 0.05, Te = 2 eV, lnΛ0 = 10,

q0 = 2.1, q2 = 2, cτc/a = 5 × 105, and a = 60 cm. The argon was assumed to be singly ionized with

n+
Ar = nD.

∝ B
−1/2
0 is evident. Such a scaling suggests that the saturated eigenmode width is not determined

by the finite orbit width of the runaway electrons for this parameter range, since the width of the

electron’s orbit scales as ∝ 1/B0.

We note that since the parameter ᾱ ≡ τc/τs ∝ B2
0/ne varies strongly as the strength of the

magnetic field is scanned, a fully self-consistent B0 scan would result in ᾱ also being varied. We

have, however, elected to keep ᾱ constant in order to isolate the impact of varying the quantity

c/aωce ∝ 1/aB0, while keeping all other quantities constant. Such a procedure has the effect that

the local avalanche growth rate and threshold remain approximately invariant, while the relative

size of the runaway electron’s orbit width is varied.

An additional observation evident from the right panel of Fig. 10 is that after a brief transient the

width of the runaway electron distribution converges exponentially to the saturated mode width.

The rate of the exponential convergence can be used to define the runaway relaxation time scale

τRA by assuming a form

wRA (t)− wRA (tf ) ∝ exp (−t/τRA) . (11)

The fitted curves and relaxation times are indicated in Figs. 10(b) and 11(b). We note that while
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Figure 11. (left) Log-log plot of the saturated mode width (solid black curve) as a function of the mag-

netic field strength. The dashed curve indicates a curve scaling with ∝ B
−1/2
0 . (right) Estimated runaway
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Figure 12. (a) Width of the runaway distribution versus time for different impurity fractions: n+
Ar/nD =

0.01 (black curve), n+
Ar/nD = 0.1 (blue curve), n+

Ar/nD = 1 (red curve), and n+
Ar/nD = 10 (green curve).

(b) Runaway electron relaxation time τRA as a function of the impurity fraction. The parameters were taken

to be ᾱ = 0.05, Te = 2 eV, lnΛ0 = 10, q0 = 2.1, q2 = 2, cτc/a = 5× 105, a = 60 cm, and B0 = 1.5 T.

The electric field was adjusted to put the system slightly above mariginality for all cases.

τRA tends to increase for larger B0, the dependence is very weak. In addition, due to the discrete

particle noise present in the simulations, once the eigenmode width is within ∼ 10−3 of its satu-

rated mode width, the quantity wRA (t)−wRA (tf ) becomes noisy [see Fig. 10(b)]. This limits the

accuracy of the fitted value of τRA. A much stronger variation of τRA can be obtained by varying
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the impurity fraction. As discussed in Sec. III above, an increase in the impurity content increases

both the diffusive and convective transport. An increase to these transport processes will impact

the eigenmode width as well as the time required to access the runaway eigenmode. Such a scan is

shown in Fig. 12. Here it is apparent that as the impurity fraction is increased the saturated mode

width increases, whereas the runaway relaxation time decreases drastically. The former trend

largely results from the stronger spatial diffusion broadening the eigenmode’s width. The latter

trend is made more evident in Fig. 12(b), where the runaway relaxation time increases precipi-

tously as the argon fraction is reduced. Such a trend implies that runaway electrons are unlikely to

reach their asymptotic spatial distribution for a fully ionized low-Z plasma during experimentally

relevant time scales. Indeed, for the case of a trace impurity fraction (n+
Ar = nD/100), the eigen-

mode width has not saturated to its asymptotic value after > 300τc. In contrast, the presence of

impurities reduces both the relativistic collision time τc (since the free electron density is typically

increased compared to its pre-disruption value [32]), and the number of collision times τc required

to relax to the saturated eigenmode width. Thus, runaway electrons will be far more likely to

approach their asymptotic width in this latter case.

V. CONCLUSIONS

The principal conclusions of this work can be delineated as follows.

1. While the collisional transport of runaway electrons has been found to be weak in fully

ionized low-Z plasmas, the presence of a significant fraction of partially ionized high-Z

impurities has been shown to substantially increase both the collisional diffusivity and the

inward convective transport of runaway electrons.

2. The enhancement of the spatial transport of runaway electrons, particularly the inward con-

vective flow due to the Ware pinch, allows for the establishment of a global runaway eigen-

mode. For small to mid size tokamaks, the transport is shown to be sufficiently strong such

that the system relaxes to a global runaway eigenmode nearly irrespective of the spatial

distribution of the seed runaway population. This result suggests that plasmas under these

conditions cannot be adequately described on a flux surface by flux surface basis.

3. The saturated width and relaxation time of the runaway eigenmode are computed for various

plasma conditions. It was found that the width of the runaway eigenmode scales inversely
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with the strength of the magnetic field, and that the presence of impurities strongly reduces

the runaway relaxation time into their spatial eigenmode and increases the eigenmode width.

The importance of spatial transport in an axisymmetric plasma depends sensitively on the device

size relative to the orbit width of the runaway electron which may be parameterized by the quan-

tity (c/aωce) ∝ 1/aB0. Specifically, the collisional diffusivity scales quadratically with (c/aωce)

whereas the Ware pinch scales linearly with (c/aωce). Spatial transport in axisymmetric configu-

rations will thus tend to be most important in small to mid size devices, and become progressively

weaker in larger tokamaks. This is made evident in the avalanche growth rate calculation of Fig. 1,

where an exceptionally large magnetic field was introduced in order to allow the avalanche growth

rate to be computed on a flux surface by flux surface basis. Such a modest level of transport for

large devices also implies a greater degree of sensitivity to the spatial profile of the seed runaway

population. As evident from the large magnetic field cases shown in Figs. 10 and 11, however,

the spatial eigenmode is still accessable, albeit on a somewhat longer timescale. In contrast, for a

mid size tokamak with a large impurity content, a flux surface by flux surface calculation of the

avalanche growth rate is no longer possible due to the presence of strong spatial transport. This

latter point is highlighted in the example case shown in Fig. 9. Here, the Ware pinch allowed a

seed population of energetic electrons to be transported from the tokamak edge to the tokamak

core, resulting in the establishment of the runaway global eigenmode.

ACKNOWLEDGMENTS

This work was jointly supported by the Theory Program of Office of Fusion Energy Sci-

ences, and two SciDAC projects on Tokamak Disruption Simulation (TDS) and runaway electrons

(SCREAM) by Office of Fusion Energy Science and Office of Advanced Scientific Computing.

Appendix A: Monte Carlo Estimation of Transport Coefficients

The convective and diffusive contributions will be estimated by noting

V (r) =
d

dt
⟨∆r (t)⟩ . (A1)

D (r) =
1

2

d

dt

[⟨
∆r2 (t)

⟩
− ⟨∆r (t)⟩2

]
. (A2)
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Figure 13. (a) Evolution of ⟨∆r⟩. (b) Evolution of
⟨
∆r2

⟩
−⟨∆r⟩2. The shading of the curves become darker

as the radius is increased. Approximately thirty eight thousand particles were initialized in the simulation.

The solid lines are the data from the simulations whereas the dashed curves are fits used to estimate the

transport coefficients. The other parameters were taken to be a/R0 = 1/3, (cτc/a) = 5 × 105, Ē1 = 3.5,

ᾱ = 0.1, Zeff = 5, vTe/c = 0.0063, q0 = 2.1, q2 = 2 and we considered an ITER like case (a = 200 cm,

B = 5.3 T). The particles were initialized with r/a = (0, 0.8).

Here, the average values ⟨∆r (t)⟩ and ⟨∆r2 (t)⟩ are computed by forming the quantity ∆ri (t) ≡

ri (t) − ri (0) for each marker particle. A binning routine is then used based on the initial radial

position of the marker particle in order to construct radially dependent average values of ⟨∆r (t)⟩

and ⟨∆r2 (t)⟩. Once these average quantities have been computed, the resulting convective and

diffusion contributions to the particle transport can be computed from Eqs. (A1) and (A2). An

example case is shown in Fig. 13.
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