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Abstract

Recursive Fermi-operator expansion methods for the calculation of the idempotent

density matrix are valid only at zero electronic temperature with integer occupation

numbers. We show how such methods can be modified to include fractional occupation

numbers of an approximate or pseudo Fermi-Dirac distribution and how the corre-

sponding entropy term of the free energy is calculated. The proposed methodology is

demonstrated and evaluated for different electronic structure methods including density

functional tight-binding theory, Kohn-Sham density functional theory using numerical

orbitals, and quantum chemistry Hartree-Fock theory using Gaussian basis functions.
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1 Introduction

Some of the most popular methods used to calculate the electronic structure of molecules

and solids are based on Kohn-Sham density functional theory (KS-DFT)1–4 within the Born-

Oppenheimer approximation.5 In these methods the computational complexity is governed

by the solution of an algebraic eigenvalue problem. From the calculated eigenvectors and

eigenenergies we can construct the electron density and the band energy. The diagonaliza-

tion required to solve the algebraic eigenvalue problem has a computational cost that scales

cubically O(N3) with the system size, N . For system size beyond a few hundred atoms,

the cost of the diagonalization rapidly becomes too high for most applications. Alternative

techniques, for example, methods that can utilize sparse matrix algebra, have therefore been

developed.6,7 Some of the fastest techniques are based on various recursive Fermi-operator ex-

pansion schemes, where the effective single-particle density matrix is calculated instead of the

eigenfunctions or the eigenenergies.8–17 For non-metallic systems, using a local basis-set rep-

resentation, this can be achieved with linear scaling, O(N), complexity for sufficiently large

systems. Once the density matrix is calculated, the electron density and the band energy

are easily obtained. The most efficient of the recursive Fermi-operator expansion methods

are only valid at zero electronic temperatures for an idempotent density matrix and cannot

treat systems with fractional occupation numbers. Other expansion methods that can han-

dle both electronic temperatures as well as degenerate states can also be applied.18–20 Such

methods are particularly well suited for metallic systems and recent development have shown

great promise in combination with stochastic sampling techniques.21,22 Electronic structure

calculations of materials at high electronic temperatures, when some part is metallic, or for

highly reactive systems with degenerate eigenstates, can therefore not be performed with

these methods. The purpose of this paper is to show how these zero-temperature expansion

schemes can be modified to calculate the free energy for systems with fractional occupation

numbers of an approximate or pseudo Fermi-Dirac function.

First we give some general theoretical background. We then describe the most simple and
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possibly the most efficient of the recursive Fermi-operator expansion methods using second-

order spectral projections.11,14,16,23 We show how this method can be modified and used to

construct the density matrix for fractional occupation numbers corresponding to a pseudo

Fermi-Dirac function. The approach is straightforward to generalize to any of the other zero-

temperature recursive Fermi-operator expansion methods (or purification schemes, which is

another often used term). The fractional occupation numbers will differ slightly from those

given by the Fermi-Dirac distribution. This pseudo Fermi function therefore requires the cal-

culation of a modified entropy term in the free energy expression, which we then present. At

the end we demonstrate our method using different electronic structure methods, including

density functional tight-binding theory, Kohn-Sham density functional theory with numerical

orbitals,24 and quantum chemistry Hartree-Fock theory using Gaussian basis functions.25,26

2 The quantum mechanical eigenvalue equation in KS-

DFT

In Kohn-Sham density functional theory the effective single-particle electronic states,

ψi(r) =
∑
j

v
(i)
j φj(r), (1)

are given from the eigenvectors, v(i) = {v(i)j }, of the Kohn-Sham Hamiltonian matrix,

Hij = 〈φi|Ĥ|φj〉 =

∫
φ†i (r)Ĥφj(r)dr, (2)

i.e. from the matrix eigenvalue equation,

Hv(i) = εiv
(i). (3)

3
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The electronic density is

ρ(r) =
∑
i

fi|ψi(r)|2, (4)

and the single-particle energy (or band energy),

Es =
∑
i

fiεi. (5)

Here we assume an underlying orthonormal, local basis-set representation, {φj}, i.e., where

〈φi|φj〉 = δij and Ĥ is the Kohn-Sham Hamiltonian operator. Normally the states have in-

teger occupation numbers, i.e. fi = 1 for the occupied and fi = 0 for the unoccupied states.

However, in many cases, for example for metals, or when the electronic temperature is high

in comparison to the electronic (HOMO-LUMO) gap, or in the case of bond formation or

dissociation with degenerate or nearly degenerate states at the chemical potential, integer

occupation numbers cannot be used. A solution is offered by extending ground-state KS-

DFT to finite electronic temperatures,3,27 where the electronic structure is treated in terms

of an ensemble using fractional occupation numbers where fi ∈ [0, 1]. For low lying states

the occupation is close to 1 and for states at high energies the occupation numbers are close

to 0. However for intermediate states, with energies close to the chemical potential µ (or the

Fermi level), which normally separates the fully occupied states from the unoccupied, the

occupation number continuously changes between 1 and 0 – how fast depends on the tem-

perature. In regular finite temperature KS-DFT3 the function that describes the fractional

occupation number is the Fermi-Dirac function, where

fi =
[
eβ(εi−µ) + 1

]−1
. (6)

Here Te is the electronic temperature, β = 1/(kBTe) the inverse temperature, kB the Boltz-

mann constant, µ the chemical potential, and {εi} are the Kohn-Sham eigenvalues. The

chemical potential µ is determined such that the total sum of the occupation numbers equals

4
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some given total number of states, Nocc, i.e. such that

∑
i

fi = Nocc. (7)

At low electronic temperatures, Te, i.e. when β → ∞, the Fermi-Dirac function becomes a

step function, with the step formed at the chemical potential. In this case Nocc is typically

the number of occupied orbitals. At elevated temperatures the step-like Fermi-Dirac function

becomes increasingly smeared.

3 The density matrix

The diagonalization required to solve the KS equation, Eq. (3), leads to a computational

cost that scales cubically, O(N3), with the dimension, N , of the KS Hamiltonian matrix H,

i.e. the total number of eigenstates. This severely limits the system sizes for which KS-based

electronic structure calculations can be performed. A number of alternative reduced com-

plexity approaches, that scale only linearly with the systems size, O(N), have therefore been

developed to overcome this bottleneck.6,7 Several of the linear scaling electronic structure

methods are based on the calculation of the density matrix, D, instead of the solution of

all the individual eigenstates {ψi} in Eq. (3). The density matrix gives all the necessary

information required in a DFT calculation using simple matrix trace operations, such as the

single-particle energy (or band energy),

Es =
∑
i

fiεi = Tr[DH], (8)

and the electron density

n(r) =
∑
i,j

Di,jφi(r)φj(r). (9)
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The density matrix at finite electronic temperatures is given by the Fermi-operator matrix

function,

D =
[
eβ(H−µI) + I

]−1
, (10)

where I is the identity matrix. The density matrix is equivalently defined through the

eigenvalue equation, corresponding to Eq. (3), but with each eigenvalue εi replaced by fi,

i.e. from

Dv(i) = fiv
(i), (11)

where D is given by the outer product of the eigenvectors,

D =
∑
i

fiv
(i)v(i)

T
, (12)

i.e.

Dk,l =
∑
i

fiv
(i)
k v

(i)
l . (13)

The chemical potential µ is determined such that

Tr[D] =
∑
i

fi = Nocc. (14)

At lower (or zero) electronic temperatures the density matrix can be described by the cor-

responding Heaviside step function, where

D = θ(µI −H). (15)

6
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4 Recursive Fermi-operator expansion for integer occu-

pation numbers

In one important class of linear scaling methods,8,10,11,13–17,28 the matrix step function is

calculated using a recursive expansion, i.e.

D = θ(µ−H) = lim
n→∞

Fn(Fn−1(. . . (F0(H)) . . .)), (16)

or equivalently

X0 = F0(H),

Xn = Fn(Xn−1),

D = limn→∞Xn.

(17)

By choosing the functions {Fn} as matrix polynomials, each recursion step can be performed

with linear scaling complexity, O(N), as a function of system size, N , if H and each inter-

mediate matrix, Xn, are sparse. This is normally the case for sufficiently large non-metallic

systems, using a local basis-set (with compact support) to represent the Kohn-Sham Hamil-

tonian, and when a numerical threshold is applied after each recursion to reduce fill-in of

small matrix entries. In the the second-order spectral projection (SP2) method,11,14,16,23

which is the simplest and possibly also the most efficient recursive Fermi-operator expansion

scheme, the functions {Fn} are based on the second-order polynomials,

Fn(Xn−1) =

 X2
n−1 if Tr(Xn−1) > Nocc

2Xn−1 −X2
n−1 if Tr(Xn−1) < Nocc

(18)

that project the eigenvalues of Xn in [0, 1] either toward 0 or toward 1.11 A more general

choice for the condition that determines Fn(Xn−1) is given in Eq. (20). As an initialization,

F0(H) is chosen such that

X0 = F0(H) =
εmaxI −H
εmax − εmin

, (19)

7
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which normalizes the eigenvalue spectrum of X0 to the interval of [0, 1] (in reversed order

compared to H), where εmax and εmin are some estimates of the upper and lower bounds of

the eigenvalue spectrum of H. Figure 1 illustrates the initialization function, F0(ε) (solid

black line), the two second-order polynomials (blue and red lines), and some intermediate

functions during a recursive Fermi-operator or step function expansion (dashed lines), using

scalar functions acting on an eigenvalue spectrum ε ∈ [−1.5, 0.5]. The second-order spectral

projection scheme rapidly converges to a matrix step function, with the step formed some-

where in the interval of the eigenvalue spectrum. Where the step should occur is determined

by the chemical potential µ, which in general is unknown. However, the number of occupied

electrons, Nocc, (or equivalently the integrated total charge) is in general always given. The

trace of the density matrix D is the sum of the eigenvalues of D. At zero electronic temper-

ature, where the density matrix is given by the step function of the normalized Hamiltonian,

all these eigenvalues are either 0 (for the unoccupied states) or 1 (for the occupied states).

This means that the trace of D simply is the total number of occupied states, Nocc, i.e.

Tr[D] = Nocc, in the same way as for finite electronic temperatures in Eq. (14). During the

recursive step-function expansion we may therefore choose the functions {Fn} such that the

trace of each new intermediate matrix, Tr[Xn], is adjusted toward the required occupation,

Nocc. In this way the step is automatically formed in the gap between the Nocc occupied

states and the N −Nocc unoccupied states. Typically we choose the one of the two functions

in Eq. (18) that minimizes the error in the trace after the projection. This means that we

choose the function Fn(Xn−1) that gives the smallest error, Err = |Tr[Xn]−Nocc|, i.e.

Fn = arg min
Fn∈{x2,2x−x2}

{|Tr[Fn(Xn−1)]−Nocc|} . (20)

Other choices are also possible, though this choice is simple, requires no prior knowledge of

µ, and is stable under numerical thresholding. For example, if prior estimates of the HOMO

and LUMO eigenvalues are available, the sequence of polynomials can be predetermined and

8
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shift and scale transformations of the SP2 polynomials can be applied that accelerates the

convergence. However these acceleration techniques16,23 will not be applied here.

-1.5 -1 -0.5 0 0.5 1
ε, x

0

0.2

0.4

0.6

0.8

1

1.2

F
0
(ε)=(ε

max
−ε)/(ε

max
-ε

min
), ε∈[−1.5,0.5]

F
n
(x) = x

2
,  x∈[−0.2,1.1]

F
n
(x) = 2x-x

2
,  x∈[−0.2,1.1]

G
4
(ε) = F

4
(...(F

0
(ε))...)

G
8
 (ε)= F

8
(...(F

0
(ε))...)

G
12

(ε) = F
12

(...(F
0
(ε))...)

Fermi function

Figure 1: The two different spectral projection functions Fn(x) = x2 and Fn(x) = 2x − x2
together with various intermediate functions, Gm(ε), during a recursive expansion, where
Gm(ε) = Fm(Fm−1(. . . F0(ε) . . .)) using F0(ε) = (εmax− ε)/(εmax− εmin), which transforms the
spectrum ε ∈ [−1.5, 0.5] to F0(ε) ∈ [0, 1]. As a comparison to G12(ε) a Fermi-Dirac function
is shown with β = 28 and µ = −0.72. G12(ε) is represented by a dashed black line, in line
with the Fermi function (red circles).

The SP2 algorithm11 outlined above is highly efficient with a mathematical kernel of

generalized matrix-matrix multiplications, which can be evaluated with high performance, in

particular using dense matrix algebra.29 The convergence is fast, and typically only between

20 and 40 matrix-matrix multiplications are needed. Little intermediate memory is required,

since only one extra matrix has to be kept in memory between each multiplication.

5 Truncated recursive Fermi-Operator expansion for frac-

tional occupation numbers

The disadvantage with the SP2 recursion is that it can only be used for the matrix step

function expansion leading to an idempotent density matrix with eigenvalues 1 or 0. Density

matrices for systems with fractional occupation numbers can not be calculated. This is

9
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a problem if we study properties at high electronic temperatures, metals or systems with

degenerate or nearly degenerate eigenstates at the chemical potential, which may occur

during bond dissociation or formation. In such a case we need to use fractional occupation

numbers, {fi}. However, we may not always need to use the exact Fermi-Dirac distribution

function in Eq. (6). Other approximate occupation functions can be used.30 In particular,

we may use an intermediate generated function, with fi = Gm(εi), that appears before full

convergence to the step function of the recursive expansion in Eq. (16), as shown in Figure

1. These intermediate, truncated expansions,

Gm(ε) = Fm(Fm−1(. . . F0(ε) . . .)), (21)

look very similar to a Fermi-Dirac function in Eq. (6) – the more recursion steps, m, the

lower the electronic temperature, Te. The corresponding “temperature” of the truncated

recursive expansion functions Gm(ε) can be estimated, for example, from the slope around

the location of the step. By adjusting the initial normalization, F0(ε), with a simple rigid

shift, ∆µ, and scaling, cβ, of the eigenvalue spectrum,

X0 = F0(H,∆µ, cβ) = cβ
εmaxI −H −∆µI

εmax − εmin

, (22)

we can adjust both the location of the step such that Tr[G(H)] = Nocc and the effective

temperature, i.e the “degree of smearing”. Thus, apart from choosing a different number of

recursion steps, m, the effective electronic pseudo temperature can be adjusted continuously

by a rescaling of the normalized eigenvalue spectrum with cβ ∈ [0, 1]. A smaller cβ gives a

higher temperature. However, it is important to make sure that the rescaling does not push

any eigenvalues of X0 outside of [0, 1]. The value of ∆µ can be found through an iterative

Newton-Raphson approach,31 where we use the analytical derivative of the density matrix

with respect to µ.32 We can then use Gm(H) with F0(H,∆µ, cβ) in Eqs. (21) and (22) as a

10
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recursive pseudo Fermi-operator expansion, with the density matrix,

D = Gm(H) = Fm(Fm−1(. . . F0(H,∆µ, cβ) . . .)). (23)

The error incurred by using the pseudo Fermi-Dirac distribution is a function of the temper-

ature and the density of states (DOS) around the Fermi level (see SI). This summarizes the

first main result of this article, which is generally applicable to a broad range of recursive

purification schemes,8,10,11,13–17,28 apart from the SP2 projection polynomials in Eq. (20).

6 Entropy term

For systems with fractional occupation numbers the band energy term is generalized to a

free energy expression,

Ωs = Tr[HD]− TeS, (24)

where S is the entropy term. The entropy term is a function of the occupation numbers

f = {fi}, i.e. S ≡ S(f). The explicit expression of S(f) can be determined from a variational

requirement with respect to the occupation numbers fi,33 where

∂

∂fi
Ωs = 0, i = 1, 2, . . . , N (25)

or
∂

∂fi
Tr[HD] = εi = Te

∂

∂fi
S(f), i = 1, 2, . . . , N (26)

which is satisfied for

TeS(f) =
N∑
i=1

∫ fi

0

ε(x)dx+ C (27)

for any constant C where ε(x) is the inverse of the Fermi–Dirac or pseudo-Fermi function

used, fulfilling ε(fi) = εi, i = 1, 2, . . . , N . Since the occupation numbers are given through

11

Page 11 of 36

ACS Paragon Plus Environment

Journal of Chemical Theory and Computation

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



the recursive expansion of the Hamiltonian eigenvalues,

fi = Gm(εi) = Fm(Fm−1(. . . F0(εi,∆µ, cβ) . . .)), (28)

we can express the Hamiltonian eigenvalues in terms of the occupation numbers as,

εi = G−1m (fi) = F−10 (F−11 (. . . F−1m (fi) . . .),∆µ, cβ). (29)

For values of fi that are very close to zero or one the inverse function may appear ill-posed.

However, the integral is not, since, the contribution to the entropy is negligible for occupation

values close to zero or one. In this way problems with the otherwise ill-posed inverse function

are avoided. Inserted in Eq. (27), the entropy term is then given by

TeS(f) =
N∑
i=1

∫ fi

0

F−10 (F−11 (. . . F−1m (x) . . .),∆µ, cβ)dx+ C, (30)

where the constant C may be chosen as

C = −Nocc

∫ 1

0
F−10 (F−11 (. . . F−1m (x) . . .),∆µ, cβ)dx

= −
∑N

i=1 fi
∫ 1

0
F−10 (F−11 (. . . F−1m (x) . . .),∆µ, cβ)dx

(31)

so that S(f) = 0 for integer occupation, i.e. when fi = 0 or fi = 1, for each i = 1, 2, . . . , N .

With this choice of C the function

K(fi) =

∫ fi

0

F−10 (F−11 (. . . F−1m (x) . . .),∆µ, cβ)dx− fi
∫ 1

0

F−10 (F−11 (. . . F−1m (x) . . .),∆µ, cβ)dx,

(32)

can be used to calculate the entropy term as

TeS(f) =
N∑
i=1

K(fi). (33)

12
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The function K(fi) is independent of ∆µ, which may shift, for example, between time steps

in molecular dynamics simulations, and can therefore be pre-calculated numerically and

tabulated on a sufficiently dense mesh of fi ∈ [0, 1]. This approach provides a convenient

approach to calculate the entropy term during a molecular dynamics simulation.

Equations (30) and (31) implemented, for example as in Alg. 1 or using a precalculated

numerical mesh function as in Eqs. (32) and (33), represent the second key result of this

paper, which should be generally applicable to a broad range of recursive Fermi-operator

expansion methods. In general, we need to diagonalize the density matrix D to get the

individual occupation factors, {fi}, required in the entropy calculation. However, in practice

many of the occupation factors will be very close to 0 or 1 and the explicit calculation of all

the eigenvalues are not needed. Instead, only the remaining eigenvalues with a significant

deviation from 0 or 1 can be computed with for example the Lanczos method making use of

the recursive polynomial expansion as an efficient eigenvalue filter.34,35 If the number of non-

integer eigenvalues does not increase with system size, this can be done at a computational

cost increasing only linearly with system size. However, many physical properties, such as

the forces during a molecular dynamics simulation,31,33,36 do not require the entropy term

or the free energy to be explicitly calculated.

While the relative effect of increasing or decreasing the temperature can be represented

by tuning m and cβ, exactly what is the temperature on an absolute scale does not have an

answer. Only by comparing to the “closest” Fermi-Dirac function do we talk about a pseudo

temperature. In this sense it is rather the approximated entropy contribution to the free

energy that has a physical meaning. This energy term affects the forces and the potential

barriers in a molecular dynamics simulation. Our estimate by means of the values of the

pseudo temperatures therefore represents a simplification.

The integral function corresponding to Eq. (30), for the regular Fermi-Dirac (FD) distri-

bution33 is

TeSFD(f) = −TekB
N∑
i

(fi ln(fi) + (1− fi) ln(1− fi)) . (34)
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This relation offers an alternative approach to define an estimate of a temperature value of

the approximate Fermi-operator expansion, e.g. by calculating at what temperature Te that

S(f) = SFD(f) or at what Te that S(0.5) = SFD(0.5).

Algorithm 1 Calculation of entropy term

k =
∫ f1
0
F−10 (F−11 (. . . F−1m (x) . . .),∆µ, cβ)dx

∫ = k
for i = 2 : N do
k = k +

∫ fi
fi−1

F−10 (F−11 (. . . F−1m (x) . . .),∆µ, cβ)dx

∫ = ∫ + k
end for
C = −Nocc

∫ 1

0
F−10 (F−11 (. . . F−1m (x) . . .),∆µ, cβ)dx

TeS = ∫ + C

7 Algorithms

The recursive approximate Fermi-operator expansion scheme, here using the SP2 spectral

projection functions,11 can be described in two separate algorithms. In the first algorithm,

Alg. 2, the sequence of spectral projection functions is obtained, and the inverse temperature

β is estimated via the ratio -Tr[Ym]/Tr[(I − Xm)Xm]. This expression was chosen since it

allows to adjust the chemical potential in a simple way, and improves the Newton-Raphson

optimization of ∆µ. The expression is given from a perturbative expansion in the density

matrix37 given by Yn with respect to a constant shift in the potential, λI, which is given

by Y0. For the exact Fermi-operator expansion the corresponding analytic derivative of the

density matrix D is given by dD/dλ = −β(I −D)D from which the estimated value of β is

given at the end of the algorithm. We note, however, that this definition is not unique, and

therefore yields an estimated or pseudo electronic temperature T ∗e . The estimated spectral

bounds of H, i.e. εmax and εmin, are assumed to be larger and smaller than its exact bounds,

such that there are no eigenvalues of X0 outside of [0, 1]. Typically Gershgorin bounds can

be used to estimate εmax and εmin. In the second algorithm, Alg. 3, the predefined pseudo

Fermi-operator expansion is fixed and only the shift of the chemical potential ∆µ is modified

14

Page 14 of 36

ACS Paragon Plus Environment

Journal of Chemical Theory and Computation

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



to guarantee correct occupation of D. The first algorithm may be used in the first couple

of cycles during a self-consistent field optimization and then be replaced with the fixed

expansion scheme in Alg. 3 using a predefined integral function for entropy calculations,

Eq. (32), calculated after the last cycles of Alg. 2. In a quantum-based molecular dynamics

simulation, the first algorithm may be used in the same way, but only in the very first initial

molecular dynamics step, and then is replaced by Alg. 3 during the rest of the simulation.

The computational cost will then be completely dominated by Alg. 3.

The calculation of the entropy term requires the integral of the inverse of the SP2 recur-

sion, Eq. (32). The algorithm to calculate the inversion for the SP2 expansion is given in

Alg. 4. The inversion algorithm can easily be modified for alternative recursive expansion

methods, e.g. using higher-order polynomials.

Algorithm 2 Initial Recursive pseudo Fermi Operator Expansion using SP2 projections
m = Number of recursion steps - higher m or lower Te
cβ = Temperature scaling constant, cβ ∈ [0, 1]
∆µ = Initial estimate of ∆µ
εmax = Estimate of largest eigenvalue of H
εmin = Estimate of smallest eigenvalue of H
while Occupation Error > Tolerance do
X0 = cβ(εmaxI −H −∆µI)/(εmax − εmin)
Y0 = −cβI/((εmax − εmin)
for n = 1 : m do

if |Tr[X2
0 ]−Nocc| < |2Tr[X0]− Tr[X2

0 ]−Nocc| then
Yn = Yn−1 ∗Xn−1 +Xn−1 ∗ Yn−1
Xn = X2

n−1
σ(n) = −1

else
Yn = 2Yn−1 − Yn−1 ∗Xn−1 −Xn−1 ∗ Yn−1
Xn = 2Xn−1 −X2

n−1
σ(n) = +1

end if
end for
Occupation Error = |Nocc − Tr[Xm]|
∆µ = ∆µ+ (Nocc − Tr[Xm])/Tr[Ym]

end while
β = −Tr[Ym]/Tr[(I −Xm)Xm]
D = Xm
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Algorithm 3 Recursive pseudo Fermi Operator Expansion using SP2 projections
m = Number of recursion steps
cβ = Temperature scaling constant, cβ ∈ [0, 1]
∆µ = Initial estimate of ∆µ
εmax = Estimate of largest eigenvalue of H
εmin = Estimate of smallest eigenvalue of H
β = Predetermined inverse temperature
σ(i) = Predetermined sequence of projections
while Occupation Error > Tolerance do
X0 = cβ(εmaxI −H −∆µI)/(εmax − εmin)
for n = 1 : m do
Xn = Xn−1 + σ(n)(Xn−1 −X2

n−1)
end for
Occupation Error = |Nocc − Tr[Xm]|
∆µ = ∆µ+ (Nocc − Tr[Xm])/Tr[−βXm(I −Xm)]

end while
D = Xm

Algorithm 4 Inverse SP2 function
m = Number of recursion steps
f = Input Occupation Number, ε(f) = Output Energy
ε = f
σ(1 : m) = ±1 = Predetermined sequence of projections
∆µ = Shift of chemical potential
for j = 1 : m do
c = 1

2
(1 + σ(j))

ε = c− σ(j)
√
|c+ σ(j)ε|

end for
ε(f) = εmax −∆µ− ε(εmax − εmin)
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8 Examples

To evaluate and to demonstrate the recursive pseudo Fermi-operator expansion scheme we

will use a variety of electronic structure methods, including: i) self-consistent charge density

functional tight-binding (SCC-DFTB) theory38–40 as implemented in the LATTE electronic

structure code41–44 (in combination with molecular dynamics simulations, parallel sparse

linear algebra and in the estimate of reaction barriers); ii) Kohn-Sham density functional

theory in the SIESTA software package24 (for parallel linear scaling performance); and iii)

Gaussian based Hartree-Fock theory using Fockian (or effective single-particle Hamiltonians)

generated with the Ergo open-source software package26 (for parallel linear scaling perfor-

mance).

8.1 Total free energy conservation

A sensitive test of the correct behavior of the truncated SP2 recursion for the pseudo Fermi

operator expansion and the corresponding entropy expression is given by the constant of

motion, i.e. the total free energy, of a molecular dynamics simulation. It is possible to show

that the size of the fluctuations of the total free energy,

Etot = Ekin + Epot − TS, (35)

should fluctuate with local amplitudes that scale quadratically with the size of the integration

time step, i.e. as δt2, if we use the Verlet (or velocity Verlet) integration scheme. Here

Ekin is the kinetic energy of the nuclear motion, Epot is the Born-Oppenheimer potential

energy surface, excluding the entropy contribution, TS. For our test of the total free energy

conservation we use SCC-DFTB theory in combination with extended Lagrangian Born-

Oppenheimer molecular dynamics (see SI).44–47

Figure 2 illustrates the fluctuations in the total energy for three different molecular

dynamics simulations of a graphene sheet with 99 carbon atoms and one vacancy with
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three different integration time steps, δt = 0.2, 0.4, and 0.8. The energy fluctuations scale

proportionately with δt2. This demonstrates the correct behavior of the constant of motion

as defined by the free energy expression in Eq. (35) based on the recursive pseudo Fermi-

operator expansion and the corresponding entropy expression.

0 20 40 60 80 100
Time (fs)

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2
∆

E
to

t (
m

eV
/a

to
m

)
δt = 0.2 fs
δt = 0.4 fs
δt = 0.8 fs

T
e
 ~ 10,000 K

Graphene sheet  (99 C atoms + 1 vacancy)

Figure 2: Molecular dynamics simulations based on SCC-DFTB theory of a graphene sheet.
The size of the local amplitudes of the total free energy fluctuations scale quadratically with
the size of the integration time step δt, as expected.

8.2 Linear scaling for nitromethane sparse systems

The linear scaling, O(N), performance of the recursive approximate Fermi operator expan-

sion algorithm within SCC-DFTB theory using parallel, thresholded, sparse matrix algebra,

is shown in Figure 3. Short molecular dynamics simulations with 200 time steps were per-

formed on periodic cells of liquid nitromethane, CH3NO2, containing 100, 150, 180, and

200 molecules. Cumulative wall-clock times were collected for the second algorithm, Alg.

3. The average time of a single density matrix construction per MD time step is shown in

Figure 3. Between one and three Newton-Raphson optimization steps were required in the

inner loop of each recursive pseudo Fermi-operator expansion in Alg. 3. The density matrix

construction was performed using sparse matrix calculations in the ELLPACK-R format for

all steps in the calculation.29 A numerical threshold on matrix elements of 1 × 10−6 was

applied throughout the calculations. Each nitromethane molecule has 19 orbitals, resulting
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in matrices of size N ×N , where N is 1900, 2850, 3420, and 3800 respectively. The level of

sparsity in the matrices increases with system size. The crossover between the performance

of the algorithms in O(N3) dense and O(N) thresholded sparse matrix algebra occurred for

the system with around 100 molecules. The system size at which the performance O(N)

implementation of the algorithm exceeds that of the O(N3) algorithm in dense matrix alge-

bra depends sensitively on the nature of the system and the size of the numerical threshold,

among other factors.

The runs in this study were performed on a single Intel Haswell node (1, 2, 4, 8, 16,

and 32 threads). The number of recursion steps, m was set to 18, obtained through tuning,

with cβ to match the pseudo electronic temperature, Te ∼10,000 K. The threshold for sparse

multiplication/addition was set to 10−6. Each simulation was run for 200 MD steps. The first

MD step in each case used Alg. 2 for the SCF loop. The initialization calculates an inverse

pseudo temperature β, which is used throughout the rest of the simulation, where β is used

in an approximate Newton-Raphson optimization of the chemical potential shift ∆µ in Alg.

3. Time spent in Alg. 3 was accumulated, averaged, and reported. The initialization time of

Alg. 2, which usually requires a few more Newton-Raphson optimization steps to converge

the chemical potential, is only a minor contribution in any normal molecular dynamics

simulation.

In Figure 3, we see that the wall-clock time scales linearly with the number of ni-

tromethane molecules and that the wall-clock time decreases with increasing numbers of

threads. This scaling is very similar to the behavior previously seen for the original SP2 al-

gorithm used to calculate idempotent density matrices valid at zero electronic temperature.29

8.3 Nudged elastic band (NEB) analysis

One of the primary reasons to use a finite electronic electronic temperature in electronic

structure calculations is to ensure a smooth and continuous change in the electronic occu-
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Figure 3: Linear scaling results of molecular dynamics simulations of nitromethane systems
of size 100, 150, 180, and 200 molecules with Te ∼10,000 K. Linear scaling is consistent
across 1, 2, 4, 8, 16, and 32 threads on a single Intel Haswell node.

pations as bonds are broken or formed. This is of particular concern in molecular dynamics

simulations of chemical reactions in molecules and materials where the ability to compute

conservative forces is of paramount importance. Nevertheless, with some smearing of the

electronic occupations in the vicinity of the chemical potential is required for numerical sta-

bility, we have observed that the energetic barriers to bond making and breaking events

may depend sensitively on the corresponding electronic temperature or smearing of the frac-

tional occupation numbers. Owing to these important practical considerations, we have

further validated the pseudo Fermi-operator expansion versus exact matrix diagonalization

by computing reaction energy barriers with the nudged elastic band (NEB) method.48

The NEB method is widely used to calculate approximate transition barriers for diffusive

or reactive events. It consists of creating interpolated images of a system along the reaction

coordinate between an initial and final state, where these images are connected by fictitious

spring forces; by relaxing the spring force perpendicular to the path, and the real forces

parallel to the path, a minimum energy path for the transition can be reached and the

transition barrier (the maximum energy along the path, Ea) obtained (see SI).

We chose a hydrogen transfer reaction in phenol (C6H5OH), an important organic molecule
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with application in thermal protection systems.49,50 NEB calculations for this barrier were

performed with SCC-DFTB theory via the LAMMPS molecular dynamics code using the

LATTE-LAMMPS interface.43 We used matrix diagonalization at zero and finite electronic

temperature with the exact form of the corresponding electronic entropy,3,31,33,36 and our re-

cursive pseudo Fermi-operator expansion in the free energy calculation with the approximate

entropy form presented in Sec. 6. The results are shown in Figure 4.
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Figure 4: NEB calculations for an oxygen-to-carbon hydrogen transfer in phenol, with matrix
diagonalization (“Diag”), and our recursive pseudo Fermi-operator expansion (“Pseudo”). T ∗e
is the estimated electronic pseudo temperature, see text. a: Evolution of the energy and
HOMO-LUMO gap along the reaction coordinate (path). The energy barrier is the total free
energy, including the respective entropy contributions for the “Diag” and “Pseudo” schemes.
b: Snapshots from the two distinct paths obtained from NEB with the matrix diagonalization
method, depending on the electronic temperature. States C and E are the saddle states (i.e.
maximum energy state) for each path.

From the energy profiles obtained with the matrix diagonalization, we first notice the

decrease of the barrier when the electronic temperature is increased, from Ea = 3.65eV at

Te = 0K, to Ea = 3.41eV at Te = 6610K (Figure 4-a), an effect already discussed in the

literature.51 Above Te = 6610K, however, the decrease of the initially peak-shaped barrier

associated with a direct path is accompanied by a complete reshaping of the path to a

rectangular form, and, accordingly, a different evolution of the HOMO-LUMO gap along the
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path (Figure 4-a). This corresponds to a new transition path altogether (“around”), with

the hydrogen reaching around to form an H-H bond before attaching to the carbon atom,

instead of the more direct path (H→C) observed for Te ≤ 6610K, see Figure 4-b.

To verify that the obtained path was not just the result of a stochastic choice between two

competing processes with similar barriers, we used the NEB-resulting images as a starting

point for a new calculation: for the Te = 0K calculation, we used the H-H forming path

obtained for Te = 6730K, and vice-versa. The Te = 0K NEB did not converge and the

Te = 6730K NEB reverted to the same path as initially found, which confirms that the path

is dictated by the electronic temperature.

Figure 4-a also shows the results of the NEB performed with the recursive pseudo Fermi-

operator expansion, for different pseudo electronic temperatures T ∗e (given from β estimated

as in Alg. 2 discussed in Sec. 7). In order to obtain meaningful results, the parameters

describing this scheme (εmax and εmin, β, σ(n), see Alg. 1) were calculated for the first image

(initial state), and imposed to each of the other images. This provides a necessary common

reference energy.

The recursive pseudo Fermi-operator expansion NEB reproduces the two paths observed

with “Diag” calculations (see Figure 4), however the evolution of the energy barrier is some-

what different to what was seen for the matrix diagonalization method, as shown in Figure 5.

While the “Diag” barrier for the direct path decreases with Te, the “Pseudo” barrier increases

with T ∗e . The energy barriers are nonetheless pretty close, with 3.65 < Ea < 4.01 eV for the

“Pseudo” method, and 3.41 < Ea < 3.65 eV for the matrix diagonalization method. For the

“around” path, both methods show a decrease of the energy barrier with the temperature

(Te/T ∗e ), from 3.19 to 1.69 eV for “Diag”, and 4.40 to 3.41 eV for “Pseudo”. While the differ-

ence between the respective barriers at Te/T ∗e = 12500K is large (2.7eV), we recall that the

“Pseudo” electronic temperatures is non-uniquely defined, and the trend indicates that the

energy barriers should be closer for much larger T ∗e. The non-equivalency of the true and

“Pseudo” electronic temperatures is further illustrated by the transition temperature between
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the “direct” and “around” migration paths: 6610 < Te ≤ 6730K, vs. 3048 < T ∗e ≤ 4336K
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Figure 5: Energy barrier obtained from NEB calculations as a function of Te (diag) and T ∗e
(pseudo), for the direct and around paths described in Figure 4.

These NEB calculations show that both methods (matrix diagonalization and recursive

pseudo Fermi-operator expansion) provide qualitatively and quantitatively similar results,

even for a complex system where the HOMO-LUMO gap is changing, as is typically the case

in reactive chemistry models.

8.4 First principles Kohn Sham Density Functional Theory Hamil-

tonians

As an alternative to the semiempirical SCC-DFTB model used in the examples above we may

look at the performance of the recursive pseudo Fermi-operator expansion in combination

with first principles KS-DFT Hamiltonians. Here we use Kohn-Sham Hamiltonians computed

with the SIESTA code.24 The systems we used consist of a series of polyethylene chains of

different sizes. A non-self-consistent Hamiltonian was constructed for each system using a

single-ζ basis set to represent the valence electrons of the Kohn-Sham wave functions; a

Troullier-Martins norm-conserving pseudopotential to represent the 1s core electrons on the
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carbon atoms;52 and the generalized gradient approximation exchange correlation functional

of Perdew, Burke and Ernzerhof.53

Figure 6: Density matrix construction time from Hamiltonian matrices computed using Kohn
Sham density functional theory as a function of the number of atoms in polyethylene chains.

The density matrix construction was performed using Alg. 3. No Newton-Raphson

iterations were used to adjust the chemical potential. A numerical threshold of 10−5 was

used for all the ELLPACK-R sparse matrix operations. An electronic temperature with

kBTe = 0.5 eV was used with the number of recursion steps m = 14. This number of

recursion steps m and the scaling constant cβ were determined as shown in the Appendix.

From Figure 6 we can see that the scaling is approximately linear for systems with more

than 2000 atoms. We can also see on-node parallel performance improve when increasing

the number of threads.

8.5 Quantum chemistry Hartree-Fock theory hamiltonians

We have also studied the behavior of the recursive pseudo Fermi-operator expansion in

combination with Hartree-Fock theory with Fockians, i.e. effective single Hamiltonians, gen-
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erated by Ergo.25 Ergo is a quantum chemistry program for large-scale self-consistent field

calculations. Again, this shows the versatility of the present method for different electronic

structure theory methods. The systems used consist of chains of glutamic acid-alanine he-

lices of different sizes ranging from 28 to 6658 atoms. A Fockian was created for each system,

using a simple Gaussian basis set, 3-21G. The density matrix construction was performed

using sparse matrix calculations. The input Fockian and output density matrices are of size

N×N where N is the number of orbitals for each system, with values of 154, 304, 604, 1204,

2404, 4804, 9604, 19204, 28804, and 38404.

The ExaSP2 Proxy Application54 was used to run the recursive Fermi-operator expansion

method Alg. 3 on the Ergo generated Fockians. ExaSP2 is a reference implementation of

typical linear algebra algorithms and workloads for a quantum molecular dynamics (QMD)

electronic structure code.

Figure 7: Linear scaling results using Ergo Fockians for glutamic acid-alanine helices for
systems of size 28, 54, 106, 210, 418, 834, 1666, 3330, 4994, and 6658 atoms with Te ∼10,000
K. Linear scaling is consistent across 1, 2, 4, 8, 16, and 32 threads on a single Intel Haswell
node.

The runs in the study were performed on a single Intel Haswell node using 1-32 threads.

The number of recursion steps m was set to 13, obtained through tuning, for the electronic

temperature, Te ∼10,000 K. The threshold for sparse multiplication/addition was set to
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1 × 10−6. These were single snapshot runs, calculating the density matrix once for each

system. A single execution of Alg. 2 was followed by Alg. 3. The time for Alg. 2 is shown

for each system on different numbers of threads in Figure 7. The wall-clock time scales

linearly across all glutamic acid-alanine systems per thread count and better performance is

seen at higher thread counts.

9 Summary and Conclusions

We have described a class of recursive pseudo Fermi-operator expansion methods for frac-

tional occupation numbers that are based on a truncated sequence of purification iterations.

The proposed methodology, including the corresponding electronic entropy contribution,

was demonstrated and evaluated for different electronic structure methods including den-

sity functional tight-binding theory, Kohn-Sham density functional theory using numerical

orbitals, and Hartree-Fock theory using Gaussian basis functions. Free energy conserving

Born-Oppenheimer molecular dynamics simulations, reaction barriers, as well as linear scal-

ing complexity using thresholded, single-node parallel sparse matrix algebra, were demon-

strated for different molecular systems.

All the examples have been implemented using the SP2 projection functions. However,

our approach should be straightforward to apply also in combination with other iterative

purification schemes besides the SP2 algorithm. In fact, some of these schemes may provide

an even closer approximation to the exact Fermi-Dirac distribution function compared to

the SP2 projections used here. A combination of various projection functions may also be

used to further minimize the difference to an “exact” Fermi-operator expansion.

Implementations of the methods described in this paper are available in the Parallel Rapid

O(N) and Graph-Based Recursive Electronic Structure Solver (PROGRESS) Library.55 The

supporting matrix operations are available in the Basic Matrix Library (BML).56
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10 Appendix

10.1 Calculation of the number of recursion steps and scaling con-

stant

The number of recursion steps m can be obtained by hand tuning or alternatively it can be

calculated as part of the initialization process. The main objective of this technique is to

approximate the Fermi distribution function,

f(ε) =
1

1 + exp( ε−µ
kbT

)
(36)

by the pseudo Fermi distribution of Eq. (23) for which βm ≈ β. The inverse electronic

temperature β = 1/(kbT ) controls the derivative of this function at ε ' µ,

f ′(ε) = β
− exp (β(ε− µ))

(1 + exp(β(ε− µ)))2
, (37)

when ε = µ, i.e.

f ′(µ) = −β
4
. (38)

Hence, we can clearly see that, when the inverse temperature is increased, the derivative of

the Fermi function, at ε = µ, increases in absolute value. For very small inverse temperatures

(β →∞), this function becomes Θ(µ− ε).

Given a target inverse electronic temperature β one can easily estimate the number of

recursion steps that is required for Alg. 3. This can be done by taking the derivative of the

pseudo Fermi distribution at ε = µ for an “exploratory function” that is allowed to follow the

same transformations as matrix X in Alg. 2. At each step n, β will be estimated as follows:

βn = −4maxε

(
∂fn(x(ε))

∂ε

)
, (39)
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where fn(x) is our exploratory function at step n that follows exactly the transformations

performed to X. Here βn is the inverse temperature estimation at step n. Since, x =

cβ(εmax − ε)/(εmax − εmin) (Eq. 19) , we find that

βn = 4cβ
maxx (∂fn(x)

∂x
)

(εmax − εmin)
, (40)

where cβ is the scaling factor mentioned previously.

One interesting property is that {βn}n∈N0
increases without upper limit (i.e. as limn→∞ βn =

∞). The latter follows from the fact that the recursive expansion of Eq. (40) converges to

Θ(ε−µ).11 We can hence define a stopping criteria such that βn−1 ≤ β ≤ βn and take n as the

total number of recursive steps, m. This will lead to a close inverse electronic temperature

βn with respect to a target β.

We do not know the real value of µ since it is calculated in the initialization (Alg. 2) and

readjusted for occupation in Alg. 3. In order to get the chemical potential we can search

for the maximum derivative of the exploratory function, this is the value of εmin < ε < εmax

such that f ′n(ε) is maximized.

If we need to specifically fine tune the solver to get the exact target inverse temperature

we can always solve for the scaling constant, cβ. After the stopping criteria is fulfilled, the

scaling factor is computed as

cβ =
β

4

(εmax − εmin)

maxx (∂fn(x)
∂x

)
. (41)

In this way we obtain both the number of recursion steps m and the scaling factor cβ

that leads to βn ≈ β.

11 Associated Content

The Supporting Information (SI) is available free of charge on the ACS Publications website.
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The SI offers further explanation about pseudo Fermi-operator expansion accuracy, XL-

BOMD description, NEB description, energy conservation, and congruence transform (PDF).
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