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Abstract

We propose a new way to include strong velocity discontinuities in the material point method

(MPM). We use the recent idea of damage gradient partitioning to dynamically determine whether

or not deformed locations of material points are on the same side of a discontinuity as each node

of a �nite element discretization of the Eulerian velocity �eld. Velocity basis functions associated

with the �nite element nodes are then altered to ensure that their contributions to discontinuous

components of the velocity are supported only at points assigned to the same side of the dis-

continuity. The partitioning of material points relative to each �nite element node eliminates the

need for indexing partitions, and accommodates discontinuities that do not partition material into

disjoint bodies (e.g., propagating cracks). By building velocity discontinuities directly into the

approximation space, sliding contact, separation, and multi-body interaction are possible within

a single velocity �eld. The methodology avoids the need to track contact surfaces, construct and

evolve explicit cracks, or use multiple velocity �elds. Several numerical examples are computed to

support these claims. The examples are also compared to the conventional MPM, demonstrating

the method's superiority in dealing with sliding contact and separation.

Keywords: Material Point Method, Particle Methods, Damage Gradient Partitioning, Strong

Discontinuities, Multi Body Interaction

1. Introduction

The material point method (MPM) [1, 2] is a numerical technique that emerged from the

particle-in-cell (PIC) method [3–5]. It combines Lagrangian particles with Eulerian grids. A con-

tinuum body is represented by a set of Lagrangian particles, also referred to as material points, that
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are free to move on top of a background Eulerian mesh. The material points carry history depen-

dent quantities that are projected to the background Eulerian mesh where the governing equations

are solved. The solution on the mesh is then communicated back to the particles and the material

quantities are updated.

MPM is suitable for classes of problems that involve large deformations and extreme material

distortion, where traditional �nite element methods (FEM) fail due to mesh entanglement and the

need for frequent mesh update or remeshing [6–10]. Since the initial development of MPM, many

variations of the method, that try to tackle its shortcomings, have been developed. The interested

reader should consult [11–16] and the references therein. However, modeling strong discontinuities

is still an open issue in the MPM community. Conventional MPM enforces displacement and

velocity continuity through the background grid. Therefore, in order for damaged material to

separate, damage should spread to at least one grid cell thickness, which requires a very �ne

grid-scale enrichment. Moreover, when it comes to contact, a single velocity �eld can produce

arti�cial “welding” of material interfaces. Explicit description of cracks or cohesive laws [17–

19], and partitioning of the material into di� erent velocity �elds [20] that allow for discontinuities

at material interfaces, are approaches that alleviate the above-mentioned problems. Yet, explicit

cracks and cohesive laws are di� cult to implement for evolving topologies. On the other hand, use

of multiple velocity �elds can become very expensive when many interacting surfaces are involved.

Especially in three dimensional computations, where the so-called “four-color theorem” [20] no

longer holds, not only does it become very di� cult to add more than four velocity �elds, but the

problem is not guaranteed to be solved.

In the present work, we introduce a new approach to handle displacement and velocity discon-

tinuities within a single velocity �eld, without adding new degrees of freedom. Using [20] as our

point of departure, we construct a kernel-based damage �eld from the particle information. The

gradient of this �eld allows us to dynamically locate a discontinuity, which we then build directly

into the approximation space, by modifying the velocity basis functions associated with nearby

nodes of the background grid.

This paper is outlined as follows. In Section 2, we provide the basics of the material point

method. In Section 3 we introduce our formulation. Section 4 contains several numerical examples

that demonstrate the methodology's ability to handle sliding contact, separation, and multi-body

interaction. Section 5 draws conclusions and outlines future research directions.

2. Material Point Method

We consider the problem of nonlinear elasticity. Neglecting source terms and boundary condi-

tions for simplicity, the momentum balance problem may be written in strong form, in the Eulerian

2
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description, as

�
Dv
Dt

= r � � at everyx 2 
 t , (1)

where� is the mass density,v is the velocity of the material,D=Dt is the material time derivative,

� is the Cauchy stress, and
 t is a time-dependent region deforming with velocityv. For notational

compactness in this document, we will frequently indicate temporal arguments to functions with

subscripts, e.g.,f (x, t) = ft(x). Invoking mass conservation, we can refer (1) to an intermediate

con�guration
 tn and write it at a �xed material pointX 2 
 0 as

� 0

Jtn
@2

t Yt(xtn(X)) =
�
r � Pt

�
(xtn(X)) at everyX 2 
 0 , (2)

wherext(X) is the deformed position of material pointX 2 
 0 at timet (i.e., 
 t = xt(
 0)), Y

is the displacement from
 tn to 
 t (i.e., xt = xtn + Yt(xtn)), P = Jt � T � F
� T

, F = r Y + I , I is

the identity tensor, andJt = detFt is volume change. In this paper, we follow the convention of

using an overline to indicate that Lagrangian quantities have
 tn as their reference con�guration.

(This serves a similar notational function as the superscript “L” used in many works on MPM, e.g.,

[5, 21].) A weak form of (2) is: FindY 2 V v such that, for allW 2 V v,

Z


 0

�
� 0@tVt(xtn(X)) � W(xtn(X)) +

�
r W : Pt

�
(xtn(X)))Jtn

�
dX = 0 , (3)

whereV = @tY is the incremental velocity. We complete the problem with an initial condition at

time tn: Ytn = 0 andVtn = vtn, wherevtn is an Eulerian velocity �eld. The initial datavtn satis�es

Z


 0

� 0 (vtn(xtn(X)) � Vtn(X)) � w(xtn(X)) dX = 0 8w 2 V v , (4)

whereVt is a Lagrangian or material velocity �eld, mapping material points in
 0 to their velocities

at timet. This �eld satis�es the evolution equation

@tVt(X) = @tVt(xtn(X)) . (5)

The compatibility ofV's evolution with that ofV means that the initial condition (4) can be re-

applied at later times, without altering the physical problem. The volume changeJ can be ex-

pressed as the determinant of a deformation gradientF, evolving according to

@tFt(X) = r Vt(xtn(X))Ftn(X) . (6)

This tensor may also be useful for expressing some constitutive models for� .

3
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To arrive at an MPM, we taket = tn+1 = tn + � t, and discretize the interval (tn, tn+1) by a

single �nite di� erence. The numerical examples in this paper use procedures described in [21],

but our novel method of including discontinuities in the background grid function space is largely

independent of the speci�c choice of time integration, so, to �x ideas and establish notation, we

describe a simple explicit Euler integration:

@tVt (xtn(X))
���
t=tn

�
1
� t

�
V

n+1
(xn(X)) � vn (xn(X))

�
= �V

n
(xn(X)) (7)

wherevn satis�es (cf. (4))

Z


 0

� 0 (vn(xn) � Vn) � w(xn) dX = 0 8w 2 V v (8)

and deformation evolves discretely according to

xn = xn� 1 + Y
n �

xn� 1
�

, (9)

whereY
n

= � tV
n
. Using the �nite di� erence �V

n
to approximate acceleration in the problem

(3), and using the fact thatYtn = 0 ) Ptn = � tn, we get the time-discrete problem: Find

Y
n+1

= � tV
n+1

2 V v such that, for allW 2 V v,

Z


 0

� 0

� t

�
V

n+1
(xn) � Vn

�
� W(xn) dX = �

Z


 0

�
r W : � n

�
(xn)Jn dX 8W,n , (10)

where formally eliminatingvn elucidates the role of�V
n

as an approximatematerialtime derivative.

Then-level stress� n is determined from a material-speci�c constitutive model. The determinant

Jn is given by detFn, whereFn evolves as

Fn = Fn� 1 + � t
�
r V

n �
xn� 1

��
Fn� 1 . (11)

Using the �nite di� erence (7) to approximate the right-hand side of (5) as well, i.e.,

1
� t

�
Vn � Vn� 1

�
= �V

n� 1
, (12)

ensures that the time-discrete Lagrangian velocity remains constant for every material point

throughout motions with� n = 0. The above scheme manifests algorithmically as:

1. Solve (12) for the material point velocityVn.

2. ComputeFn from (11).

4
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3. Compute� n from the constitutive model.

4. Computexn from (9).

5. Solve (8) for the Eulerian initial conditionvn.

6. Solve (10) for the incremental Lagrangian velocityV
n+1

.

7. Assignn  n + 1 and move the next time step.

The standard MPM discretizes such semidiscrete problems in space by choosing a �nite-

dimensional subspaceV h � V v for V
n+1

andvn, and a �nite quadrature rule of “material points”

(sometimes called “particles”) on
 0, for use in all integrals above:

Z


 0

F(X) dX �
NpX

p=1

F(Xp)Vp , (13)

wherefXpg
Np

i=1 are the material points, or particles, andfVpgare their quadrature weights, or particle

volumes. It may sometimes also be convenient to consider particle masses, given bymp = � 0Vp.

Typically, the spaceV h is taken to be the span of continuous �nite element basis functions

on an axis-aligned (and often uniform) grid of �nite elements. Invoking standard mass-lumping

approximations, the systems of equations corresponding to the �nite element spatial discretizations

of (4) and (7) can be solved explicitly, node-by-node, using the same lumped vector ofn-level

“nodal masses”. Further, the discrete representation ofvn can overwrite that ofV
n

in Step 5 of the

solution algorithm, to reduce memory use.

Remark 1. Steps 1–4 transfer information from the grid functionsV andv to the particle functions

V, Y, F, and� , and are usually referred to collectively as the “grid to particle” phase of the time

step. The solutions in steps 5–6 transfer information from the particles back tov andV, and are

referred to as the “particle to grid” phase.

Remark 2. Additional MPM variants may be obtained by casting equations (9), (5), and/or (6)

in weak form and choosing additional �nite-dimensional function spaces for these subproblems,

as done, e.g., in [15]. The present quadrature point collocation scheme may be interpreted in that

setting as introducing piecewise constant spaces forx, V, andF, and using one-point quadrature on

elements of
 0 (or “particle domains”) with volumesfVpg. (This is analogous to the interpretation

of local history variables in some mathematical treatments of plasticity, e.g., [22, Remark 1].)

5
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3. Modeling strong discontinuities in a single velocity �eld

The classical MPM assumes thatV v is
�
H1

�d
, and chooses anH1-conforming �nite element

space forV h. This functional setting cannot represent many scenarios of interest, though, such

as sliding contact and/or cracked bodies, in which Eulerian and/or Lagrangian velocity �elds may

have jump discontinuities along surfaces of co-dimension one to the domain. To extend the MPM

to allow velocity discontinuities on hypersurfaces, we propose to build the desired discontinuities

directly intoV v. We then detail a method for approximating this discontinuous space by modifying

anH1-conforming �nite element space.

3.1. Modifying the velocity space

We now de�ne the modi�ed function space that allows us to model strong discontinuities in the

weak problem. In particular, consider a velocity discontinuity along a material surface� 0 � 
 0.

While we aim to develop a numerical method that is independent of the discontinuity topology,

assume now, for purposes of mathematical exposition, that� 0 partitions
 0 into two disjoint re-

gions,
 0,1 and
 0,2. The deformed regions and interface at timet > 0 are written
 t,i = xt(
 0,i)

and� t = @
 t,1 \ @
 t,2.

We impose the coupling conditions across the surfacein the de�nition of the velocity space.

Physically, we want to forbid the deformed subdomains from intersecting one another, while al-

lowing them to separate and slide against one another freely. We assume frictionless sliding and

formalize these constraints in the following way. First, for any functionw 2 V v, let wi = wj
 i .

Then de�ne the time-dependent space

V �
v,t =

8
>><
>>: w 2

�
L2(
 t)

�d

�������
wi 2

�
H1(
 t,i)

�d
for i 2 f1, 2g,

F t(w1, n1) = �F t(w2, n2) on � t

9
>>=
>>; , (14)

where

F t(w,n) = H (� n � � t � n) (w � n) , (15)

in which H is the Heaviside step function, andni is the outward-facing normal to
 t,i. In words,

this �nal condition on membership inV �
v,t is that the normal components of velocities on either side

of the interface are equal wherever compression along the normal to the discontinuity is detected.

The weak momentum balance subproblem and the initial conditionvtn are then given by (3)

and (4) withV �
v,t andV �

v,tn replacingV v. Integrals are taken via

Z


 0

dX  
 Z


 0,1

dX +
Z


 0,2

dX
!

, (16)

i.e., the distributional Dirac layer part ofr W on� tn (due to discontinuities inW) is notconsidered.

6
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The time semi-discrete problem uses the spaceV �
v,n, which is de�ned analogously, but usingxn to

deform the domain, and� n to detect compression, such that the test and trial spaces never depend

on an unknown solution, and the problem is amenable to standard variational analysis methods.

Remark 3. A more general de�nition ofV �
v,t might be constructed as a subspace of special func-

tions of bounded variation (SBV) or a related space, to accommodate discontinuities of arbitrary

topology in otherwise-H1 functions. However, we do not explore the technical details of this gen-

eralization in the present paper, beyond remarking thatthe discretization we develop below can

approximate many more con�gurations than the two-body problem described above, includ-

ing discontinuities that extend only part-way into the domain.

3.2. Damage gradient based discontinuity detection

In adapting the de�nitions of Section 3.1 to a material-point spatial discretization, we must de-

vise a discrete representation of the discontinuity. Because, in the MPM, the deformationxn is only

well-de�ned at the collection of quadrature pointsfXpg, we propose to represent� 0 using a scalar

�eld that is also discretized as a �nite collection of samples atfXpg. We then extend the damage

gradient partitioning (DGP) approach of [20] to implicitly de�ne� tn, using the pushforward of

these samples byxn.

The �rst step of DGP is to de�ne a smooth Eulerian “damage” �eld from the scalar values

stored at material points. The presented approach follows a kernel function construction similar

to the ones found in smoothed particle hydrodynamics (SPH) [23–26]. In the SPH approach, we

de�ne a kernel function� p associated with particlep and with support radiusrp. For a spherically

symmetric cubic kernel function we have

� p(x) =

8
>>><
>>>:

1 � 3r2 + 2r3, if 0 � r � 1

0, otherwise
, (17)

where

r = kx � xpk=rp (18)

andxp is the deformed position of particlep. Other possible kernels can be found in [25].

A common choice for the support radius is the diagonal length of a background element. Al-

though SPH basis functions do not satisfy partition of unity, this does not pose an issue in the

current work, since as it will become evident later on, they are solely used for the implicit de�ni-

tion of � tn, and not for approximating PDE solutions.

Consider now that each particle carries a history dependent damage variabledp. By using the

7
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kernel function previously described we can construct a damage �eldd(x)

d(x) =
X

p

� p(x) dp (19)

and its gradient

r d(x) =
X

p

r � p(x) dp. (20)

Following the approach of [20], in order to eliminate edge e� ects, we divide by the kernel sum,

S(x) =
X

p

� p(x)=rp. (21)

Then, the normalized damage gradient is:

r d(x) =
S(x)r d(x) � d(x)r S(x)

S(x)2
. (22)

Based on the directions ofr d(x) on the particles and on the grid nodes we can determine their

relative position with respect to a discontinuity surface. We de�ner d(xp) to be the normalized

damage gradient evaluated at particlep and r d(yg) as the normalized damage gradient at grid

nodeg, whereyg is the position ofg. Then,

r d(xp) � r d(yg)

8
>>><
>>>:

� � � thresh ) particlep and nodeg are on the same side of� tn

< � � thresh ) particlep and nodeg are on opposite sides of� tn
, (23)

where� thresh � 0 is an algorithmic threshold to prevent spurious discontinuity detection.

The exact same approach is followed for contact and body interaction. Consider now that each

particle carries a binary variable named “interface”Ip that denotes whether the particle is on the

boundary or in the interior of a solid body.

Ip =

8
>>><
>>>:

1, particle p is located on the boundary of the solid

0, particle p is located in the interior of the solid
(24)

We can construct an interface �eld

I (x) =
X

p

� p(x) Ip (25)

8
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its gradient

r I (x) =
X

p

r � p(x) Ip. (26)

and the normalized gradient

r I (x) =
S(x)r I (x) � I (x)r S(x)

S(x)2
. (27)

Again, by checking the direction of the interface gradient we can partition the particles and the

grid nodes into groups.

r I (xp) � r I (yg)

8
>>><
>>>:

� � � thresh ) particlep and nodeg are located in the same body

< � � thresh ) particlep and nodeg are located in di� erent bodies
. (28)

In the general case where both damage and body interaction are possible we choose the maximum

betweendp andIp to create an auxiliary particle variable

Dp = max
n
dp, Ip

o
(29)

This auxiliary variable is particularly helpful in situations where an object fragments into smaller

pieces that interact with each other like separate bodies. The boundaries of the small objects

are the fully damaged surfaces of the once intact body. The construction of the �eldD(x), its

gradientr D(x), and its normalized gradientr D(x), and the partitioning into contact groups, are

straightforward based on the procedure described above, and are therefore omitted.

3.3. Modi�cation of the discrete approximation spaces

Consider now a set of scalar basis functionsNi for i = 1,: : :, nnode in H1(A) associated with

nodesfyigof a �nite element mesh onA � xn(
 0). We assume thatfNigform a partition of unity.

We de�ne the spaceV h to be the space ofd-vector �elds whose Cartesian components are linear

combinations of the scalar basis functions. WhileV h is a subset ofV �
v,n, it is too restricted, and

does not include discontinuities in the tangential direction to� tn, or in the normal direction during

separation. We would like to modifyV h to obtainV h�
n with the desired discontinuities, but in a

way that is minimally-disruptive to a standard MPM implementation.

Let us �rst de�ne two modi�cations to the original scalar basis functions.

N� �
i (x) =

8
>><
>>:

Ni(x) , r D(x) � r D(yi) � � � thresh

0 , otherwise
(30)

9
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N� �
i (x) =

8
>><
>>:

Ni(x) ,
�
r D(x) � r D(yi) � � � thresh _ n(x) � � (x) � n(x) � 0

�

0 , otherwise
(31)

where� and� stand for tangential and normal direction respectively, and

n(x) = r D(x)=kr D(x)k . (32)

The de�nition of N�=� �
i (x) essentially nulls out basis functions whose nodes are on the opposite side

of a discontinuity fromx. These functions are then normalized to obtain a partition of unity:

eN�=�
i (x) =

N�=� �
i (x)

P nnode
j=1 N�=� �

j (x)
. (33)

Note that, if all shape functions supported onx are on the same side of a discontinuity asx or if x

is under compression, theneN�=�
i (x) = Ni(x), due to the partition of unity assumption onfNig. The

gradient ofeN�=�
i is straightforwardly determined as

r eN�=�
i =

�P
j N�=� �

j

�
r N�=� �

i � N�=� �
i

�P
j r N�=� �

j

�

�P
j N�=� �

j

�2 , (34)

in which r N�=� �
i follows easily from the de�nitions (30) and (31).

Remark 4. Becausef eN�=�
i gsatisfy, by construction,

P
i
eN�=�

i � 1, we also have

X

i

�
r eN�=�

i

�
= r

0
BBBBB@
X

i

eN�=�
i

1
CCCCCA= r 1 = 0 , (35)

i.e., the modi�cation of the scalar shape function gradients does not disrupt the property that they

sum to zero.

We can now use the modi�ed scalar shape functions to construct a modi�ed vector basis. For

each grid nodeA 2 f1,: : :, nnodegand each spatial directioni 2 f1,: : :, dg, de�ne

eNA,i(x) = eN�
A(x) (ei � n(x)) n(x) + eN�

A(x) (ei � (ei � n(x)) n(x)) . (36)

The modi�ed velocity spaceV h�
n is then the span of these modi�ed vector-valued basis functions.

This simply means that a vector-valued �eldB 2 V h�
n is constructed in the following way:

B(x) =
nnodeX

A=1

dX

i=1

(BA � ei) eNA,i(x) =
nnodeX

A=1

B�
A(x)eN�

A(x) +
nnodeX

A=1

B�
A(x)eN�

A(x) , (37)

10
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Figure 1: 2D element-level shape functions for a discontinuity running across the bottom left corner of the element.
Left: Four original shape functions corresponding to a bilinear quad; Right: Bottom-left shape function is deactivated,
while the remaining three functions are modi�ed to account for a discontinuity according to the procedures described
in this paper.

whereB�
A(x) andB�

A(x) are the projections at positionx of a vector-valued coe� cientBA at node

A in the tangential and normal directions respectively. (The projectionsB�=�
A depend onx through

the normal vector, whileBA is independent of position.)

When evaluating gradients of functions inV h�
n , we make the following approximation:

r eNA,i � n 
 r eN�
A (ei � n) + (ei � (ei � n) n) 
 r eN�

A , (38)

where the dependence ofn on position has been ignored. An example of two-dimensional modi�ed

shape functions is shown in Figure 1.

Remark 5. The approximation (38) and the identity (35) imply that the sum of approximated

vector-valued basis function gradients is the zero tensor, meaning that nodally-uniform velocity

�elds will have zero strain rate, generating no spurious stresses.

Remark 6. In the present approach we use one point quadrature, also known as nodal integration,

which is the standard integration rule in the conventional MPM and in many meshfree methods. It

is well known that one point quadrature can introduce signi�cant integration errors [27]. However,

in this proof-of-concept paper, we are concerned with detecting discontinuities and building them

into the approximation space, therefore we are not pursuing a more sophisticated integration rule.

For a meticulous study on the integration error and on more accurate quadrature rules for MPM

the interested reader should consult [28].

Remark 7. In [20] the authors noticed that the evaluation of the damage gradient at grid nodes

can produce pathological behavior when the node lies on the symmetry plane of a damage �eld,

and suggested an alternative non-local formulation that addresses the issue. The present proof-of-

concept test problems were designed to avoid the pathological case. If pathological behavior is

11
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noticed in subsequent work, di� erent approaches, including the one in [20], will be explored and

adopted.

4. Numerical Examples

We present a collection of numerical examples that demonstrate the proposed methodology's

capability to handle frictionless contact, separation, and multi body interaction within a single

velocity �eld. For each example we provide the conventional-MPM or Lagrangian-computation

results for comparison purposes. Additionally, the momentum conservation error between the

beginning and the end of the computations is provided. The authors attribute the momentum error

in part to the way the lumped mass matrix is approximated for the modi�ed basis functions.

Unlike in standard case, the mass matrix for the modi�ed basis functions introduces coupling

between the Cartesian components of the nodal solution vector. For example, the 2x2 block of the

2D mass matrix associated with grid nodes A and B is given by:

m11 =
Z



� eNA1 � eNB1 =

Z



� (eN�

A
eN�

B(e1 � n)2 + eN�
A
eN�

B(1 � (e1 � n)2)) d
 , (39)

m12 = m21 =
Z



� eNA1 � eNB2 =

Z



� (eN�

A
eN�

B(e1 � n)(e2 � n) � eN�
A
eN�

B(e1 � n)(e2 � n)) d
 , (40)

m22 =
Z



� eNA2 � eNB2 =

Z



� (eN�

A
eN�

B(e2 � n)2 + eN�
A
eN�

B(1 � (e2 � n)2)) d
 . (41)

It can be seen that away from discontinuitieseN�
A = eN�

A = NA, and the formulas collapse to the

standard consistent mass matrix that does not have coupling between the Cartesian solution com-

ponents. To develop the lumped-mass counterpart of the above consistent-mass matrix, we row-

sum on the diagonal blocks, make use of the partition-of-unity property of the modi�ed basis, and

neglect the o� -diagonal blocks to arrive at

mAi =
Z



� (eN�

A(ei � n)2 + eN�
A(1 � (ei � n)2)) d
 (42)

wheremAi are the entries of the diagonal lumped-mass matrix for each nodeA and Cartesian

directioni.

To ensure that CFL conditions are met throughout the computations, adaptive time stepping

is used. For all the examples, the material of interest does not �ll up the entire computational

domain. This is a feature of MPM and the empty background cells provide room for large material

displacement and deformations, at a very small extra computational cost. All simulations are run in

serial. For a parallel implementation, the main challenge would be the calculation of the gradient

of the kernel based shape functions, which would be outside the scope of a typical MPM code. An

12
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e� cient parallel implementation of the current method would require a parallel implementation of

MPM as well as a SPH-type parallel implementation, such as GADGET-2 [29].

Constitutive modeling is essentially orthogonal to the proposed technology for representing

discontinuous velocities, which we have described above in terms of a generic Cauchy stress “� ”.

For simplicity, the examples in this paper use a hypoelastic material model of the form [21, (4.13)]

�� + �! � !� +
1
2

(tr �" ) � = K (tr �" ) I + 2� �" , (43)

where�" and! are the strain rate and spin tensors (i.e., symmetric and anti-symmetric parts ofr v),

andK and� are the bulk and shear modulus, which may be calculated in the usual way from a

Young's modulusE and Poisson ratio� .

4.1. Solid plates sliding past each other

Figure 2: Sliding plates setup and discretization. Coarse (left), Fine (right).

Two plates with dimensions 2.5 cm� 2.5 cm are placed next to each other as shown in Figure

2. Plate A (blue) is at rest and plate B (red) is assigned an initial velocity of� 104 cm/s in the

vertical direction. For the boundary particles on each plateIp = 1 as described in 3.2.

The material properties are: mass density� 0 = 16.64 g/cm3, Young's modulusE = 189 �

1011 dyn/cm2, and Poisson ratio� = 0.34. We assume plane strain and frictionless contact between

the plates. The dimensions of the background computational domain are 10 cm� 10 cm. The

plates are positioned in a way such that the right boundary particles of plate A and the left boundary

particles of plate B fall in the same background element. We consider two discretizations. A coarse

one with 2500 background elements and 1225 particles, and a �ne one with 10000 background

elements and 4950 particles. Based on our methodology, a discontinuity is detected along the

plates' common interface, and they slide past each other, moving vertically, without changing

their velocity. In contrast, by using traditional MPM, the two plates are regarded as one body,

resulting in the behavior shown in Figures 3, 4. The momentum conservation errors for the two

13
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discretizations are summarized in Table 1. Direction x corresponds to the horizontal and y to the

vertical. It should be pointed out that since the initial x-momentum is zero, the percentage of the

x-momentum conservation error is computed with respect to the total momentum of the system.

Figure 3: Snapshots of the sliding plate simulation. Coarse discretization. New approach (top), conventional MPM
(bottom).

Figure 4: Snapshots of the sliding plate simulation. Fine discretization. New approach (top), conventional MPM
(bottom).

4.2. Incidental �yer plate (IFP)

This example is a modi�cation to the well known �yer plate benchmark problem, the di� erence

being that the plates are positioned in an angle from each other (Figure 5). Both plates have

dimensions 2.5 cm� 2.5 cm. Plate A (blue) is at rest while plate B (red) is given an initial velocity

14
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Table 1: Momentum conservation errors for the sliding plates problem

x-momentum y-momentum
coarse discretization 10� 6 % 10� 4 %
�ne discretization 10� 6 % 10� 5 %

Table 2: Momentum conservation errors for the incidental �yer plate problem

x-momentum y-momentum
coarse discretization 0.05 % 0.04 %
�ne discretization 0.02 % 0.008 %

of 104 cm/s at an angle of 45o to the horizontal and with direction towards plate A. Plate B is

positioned in a way such that the impact between the plates takes place exactly in the middle,

in order to minimize causing any rotation to plate A. As was the case in the previous example,

the boundary particles of both plates are �agged as interface particles so that our algorithm can

detect the discontinuity. The material properties are: mass density� 0 = 16.64 g/cm3, Young's

modulusE = 189� 1011 dyn/cm2, and Poisson ratio� = 0.34. Plane strain and frictionless contact

between the plates are assumed. The dimensions of the background computational domain are

10 cm� 10 cm. We consider two discretizations. A coarse one with 2500 background elements

and 1225 particles, and a �ne one with 10000 background elements and 4950 particles (Figure 5).

Figure 5: IFP setup and discretization. Coarse (left), �ne (right).

The purpose of this example is to demonstrate that our method is able to transfer momentum

in the direction normal to the contact surface (horizontal) where compression takes place, and

not transfer momentum in the direction tangent to the contact surface (vertical), where the plates

should slide past each other without any change in the vertical velocity component. It can be

seen that both discretizations converge to the same result when our methodology is employed,

however that is not the case when conventional MPM simulations are run. It can also be seen that

plate A inherits a horizontal velocity to the left while its vertical velocity remains 0. In contrast,
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Figure 6: Snapshots of the IFP simulation. Coarse discretization. New approach (left), conventional MPM (right).

Figure 7: Snapshots of the IFP simulation. Fine discretization. New approach (left), conventional MPM (right).
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the conventional MPM approach results in an initial arti�cial “welding” between the two plates.

The momentum conservation errors for the two meshes are summarized in Table 2. Direction x

corresponds to the horizontal and y to the vertical. As can be seen, the errors are reduced as we

re�ne the discretization.

4.3. Splitting plates

Figure 8: Splitting plates problem setup.

Figure 9: Snapshots of the splitting plate simulation. Coarse Discretization. New approach (top), conventional MPM
(bottom).

We consider the setup depicted in Figure 8. Plate A is given an initial vertical velocity

of � 104 cm/s, while plates B and C are at rest. The material properties are: mass density

� 0 = 16.64 g/cm3, Young's modulusE = 189� 1010 dyn/cm2, and Poisson ratio� = 0.34. Plates B

and C are placed right next to each other, and frictionless contact between them is assumed. Plane

strain is assumed. Again, for the boundary particlesIp = 1. The dimensions of the background

domain are 10 cm� 10 cm. Two discretizations are considered. A coarse one with 10000 back-

ground elements and 8020 particles, and a dense one with 40000 background elements and 32040

particles. After the initial impact, tension forces are developed at the interface of plates B and C,

and consequently the plates separate from each other. In contrast, a conventional MPM approach

produces arti�cial “welding” and the three plates stick together after the initial impact (Figures 9,
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Figure 10: Snapshots of the splitting plate simulation. Fine discretization. New approach (top), conventional MPM
(bottom).

Table 3: Momentum conservation errors for the splitting plates problem

x-momentum y-momentum
coarse discretization 10� 7 % 0.5 %
�ne discretization 10� 8 % 0.027 %

10). The momentum conservation errors for the two meshes are summarized in Table 3, where x

refers to the horizontal and y to the vertical directions respectively. Again, the errors are reduced

as we re�ne the discretization. As mentioned before, since the initial x-momentum is zero, the per-

centage of the x-momentum conservation error is computed with respect to the total momentum of

the system. This example is identical to a situation where a plate consisting of plates B and C has

a row of fully damaged particles in the middle and a crack is propagating vertically.

Figure 11: Splitting plate problem. Comparison of the presented methodology to a Lagrangian approach.

We also compare our approach to a purely Lagrangian one using a nonlocal frictionless contact

model [30], implemented with nodal quadrature in the FEniCS framework [31]. The comparison

is depicted in Figure 11 where the MPM particles are shown in red and the Lagrangian geometry

in green. As can be seen, excellent agreement is achieved between the two methods.

4.4. Impactor hitting a� shaped plate with a pivot point

We consider the setup depicted in Figure 12 in which plate A hits plate B with a horizontal

velocity of 15000 cm/s to the left. Plate B has a �xed pivot point at the bottom left corner as

18
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shown in the �gure. The material properties are: mass density� 0 = 16.64 g/cm3, Young's modulus

E = 189� 1011 dyn/cm2, and Poisson ratio� = 0.34. Plane strain is assumed. The problem is

discretized with 10000 background elements and 4600 particles. Again, for the boundary particles

Ip = 1. The dimensions of the background domain are 10 cm� 10 cm. With this problem

we attempt to capture the sliding-contact-point behavior of the spur gear example presented in

[32] while keeping the geometry fairly simple. As can be seen in Figure 13 the plates come into

contact and then they separate without any “welding” of the particles as in conventional MPM.

We also compare this example to the Lagrangian framework described in the previous problem.

The comparison is depicted in Figure 14 where the MPM particles are shown in brown and the

Lagrangian geometry in green. As can be seen, good agreement is achieved between the two

methods despite minor di� erences in modeling details (e.g., the length scale introduced by the

contact model of [30]).

Figure 12: Problem setup of impactor hitting a� shaped plate.

Figure 13: Snapshots of the impactor on� shaped plate simulation. New approach (top), conventional MPM (bottom).
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Figure 14: Impactor on� shaped plate simulation. Comparison to a Lagrangian approach at an intermediate con�gu-
ration (left) and at the end of the computation (right).

Table 4: Momentum conservation errors for the interacting spheres problem

x-momentum y-momentum z-momentum
10� 6 % 0.1 % 0.2 %

4.5. Interacting spheres in three dimensions

Three spheres with radius 1.0 cm are placed according to the con�guration depicted in Figures

15. Sphere A (blue) is assigned an initial velocity of� 2 � 104 cm/s in the vertical direction, while

spheres B, C, and D (red) are at rest. For the boundary particles on each sphereIp = 1. The material

properties are: mass density� 0 = 16.64 g/cm3, Young's modulusE = 189� 1010 dyn/cm2, and

Poisson ratio� = 0.34. Spheres B, C, and D, are placed in contact with each other, assuming

frictionless contact among them. The dimensions of the background domain are 10 cm� 10 cm

� 10 cm. The discretization consists of 125000 background elements and 15816 particles.

As was the case in the previous example, after the initial contact, the three spheres separate

from each other and move independently, as can be seen in Figure 16. This is achieved through

our new framework that builds velocity discontinuities at the interfaces of the spheres directly into

the approximation spaces. In contrast, in the traditional MPM approach, arti�cial “welding” takes

places and all four spheres stick and move together after the impact. The momentum conservation

errors for this problem are shown in Table 4, where z corresponds to the vertical direction, while

x and y de�ne the horizontal plane. Again, since the initial x and y momentums are zero, the

percentage of their conservation errors is computed with respect to the total momentum of the

system.

5. Conclusions

In the present proof-of-concept study, we presented an MPM computational framework for

resolving strong discontinuities in the sub-grid scale level. By using the gradient of an auxiliary
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Figure 15: Interacting spheres problem setup. 3D view (left), side view (right).

Figure 16: Snapshots of the interacting spheres simulation. 3D view. New approach (left), conventional MPM (right).
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�eld constructed from particle data, we were able to dynamically locate any discontinuities and

accordingly modify our solution spaces to include them.

Although experimental results do not exist for the problems presented herein, the main purpose

of handling contact and material separation within a single velocity �eld was met. In addition, the

simulations were able to reproduce phenomena expected from the underlying solid mechanics, and

exhibit qualitative convergence toward physically-stable solution features under mesh re�nement.

This work presents the core formulation of our newly-developed technique. Immediate future

e� orts will focus on dynamically altering the damage �eld when material is physically damaged

via a fracture or ductile failure model. This will facilitate the dynamic simulation of fracture and

separation, which can be compared with experimental data on the quasi-static loading of borosil-

icate glass spheres until failure. Future work will also entail creating “mesoscale” simulations

involving dozens of spheres undergoing a shock loading.
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