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are free to move on top of a background Eulerian mesh. The materi7, . nints carry history depen-
dent quantities that are projected to the background Eulerian mesb .."ere the governing equations
are solved. The solution on the mesh is then communicated back *o “ne particles and the material
guantities are updated.

MPM is suitable for classes of problems that involve large dei ~rmations and extreme material
distortion, where traditional nite element methods (FEM) fail u. 2 to mesh entanglement and the
need for frequent mesh update or remeshing [6—10]. Sinc e the :nitial development of MPM, many
variations of the method, that try to tackle its shortcoming.. ha' e been developed. The interested
reader should consult [11-16] and the references ther :in. " v vever, modeling strong discontinuities
is still an open issue in the MPM community. Co. ‘enti~~.al MPM enforces displacement and
velocity continuity through the background grid. There ore, in order for damaged material to
separate, damage should spread to at least 0..~ gi... cell thickness, which requires a very ne
grid-scale enrichment. Moreover, when it cc._C o contact, a single velocity eld can produce
arti cial “welding” of material interfaces. Exolicit J2scription of cracks or cohesive laws [17—
19], and partitioning of the material into dere: *' elocity elds [20] that allow for discontinuities
at material interfaces, are approaches ti.«. 2lleviate the above-mentioned problems. Yet, explicit
cracks and cohesive laws are diult to I .2'=mont for evolving topologies. On the other hand, use
of multiple velocity elds can become very c.pensive when many interacting surfaces are involved.
Especially in three dimensional ¢comyp.tations, where the so-called “four-color theorem” [20] no
longer holds, not only does it become » ery dult to add more than four velocity elds, but the
problem is not guaranteed to e <olved.

In the present work, we ‘atro1c 2 a new approach to handle displacement and velocity discon-
tinuities within a single ve.ou*v eld, without adding new degrees of freedom. Using [20] as our
point of departure, we 7. struct a kernel-based damage eld from the particle information. The
gradient of this eld alic *< us to dynamically locate a discontinuity, which we then build directly
into the approximat.on space, by modifying the velocity basis functions associated with nearby
nodes of the backgic nd yrid.

This paper /5 outlired as follows. In Section 2, we provide the basics of the material point
method. In Secticn 3 /e introduce our formulation. Section 4 contains several numerical examples
that demon ;trate he methodology's ability to handle sliding contact, separation, and multi-body
interaction. S ><ti- 0 5 draws conclusions and outlines future research directions.

2. Material i *9int Method

We consider the problem of nonlinear elasticity. Neglecting source terms and boundary condi-
tions for simplicity, the momentum balance problem may be written in strong form, in the Eulerian
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description, as
Dv

Dt =r ateveryx 2 ¢, (2)
where is the mass density, is the velocity of the materiaD=Dt is *he 1, 2terial time derivative,
is the Cauchy stress, and is a time-dependent region deform’ ._ wiu. */eloaity=or notational
compactness in this document, we will frequently indicate t¢ mp yral arguments to functions with
subscripts, e.g.f(x,t) = fi(x). Invoking mass conservatior, .ve ca.i refer (1) to an intermediate

con guration  and write it at a xed material poink 2 .S

7@ (X) = 1 P (xe(X)) tiverX2 o, @
tn

wherex(X) is the deformed position of material L%t 2 o at timet (i.e., : = x( o)), Y
is the displacement fromn to { (i.e., X = X + Yi(),P=3 T F TE=rY+1,1is

the identity tensor, and, = detF, is volume cha.*ne. In this paper, we follow the convention of
using an overline to indicate that Lagrangi. . , ‘~ntities haves their reference con guration.
(This serves a similar notational function s th.  supersckiptised in many works on MPM, e.g.,
[5, 21].) A weak form of (2) is: Find/ 2 V, «'Ic.. that, for alwW 2 V,
Z
0@V (Xn(X)) W(xen(X)) + rW : Py (Xn(X)))J dX =0, )
0
whereV = @ is the incremer.al vei-ity. We complete the problem with an initial condition at
timet™ Y = 0andVu = Vi, W€’ eV 1s an Eulerian velocity eld. The initial date satis es
z
0 (Vn(Xen(~])  Vin(X)) wWn(X))dX =0 8w2V,, (4)

0

whereV, is a Lagrancian .. material velocity eld, mapping material points yto their velocities
at timet. This eld < atic es 'he evolution equation

@Vi(X) = @V:(xn(X)) - ®)

The compa ibility . 'fV's evolution with that ofV means that the initial condition (4) can be re-
applied at law.~ *.nes, without altering the physical problem. The volume chamge be ex-
pressed &~ t'e determinant of a deformation gradigevolving according to

@ (X)=r vt(th(X))Ftn(x) . (6)

This tensor may also be useful for expressing some constitutive models for
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To arrive at an MPM, we take = t™! = t"+ t, and discretize th = ~tervat’(t™?) by a
single nite di erence. The numerical examples in this paper use ..~cedures described in [21],
but our novel method of including discontinuities in the backgrour.! a’.d function space is largely
independent of the speci ¢ choice of time integration, so, to x iac"s ad establish notation, we
describe a simple explicit Euler integration:

@000 e V) VA = V) ™
wherev" satis es (cf. (4))
Z

o(V'(X") V") w(xdX=0UL 8w2V, (8)

0

and deformation evolves discretely according to

Xn = Xn 1. K n'1 ’ (9)
whereY" = tV'. Using the nite di ereine.” to approximate acceleration in the problem
(3), and using the fact thafm = 0 ) Fn = », we get the time-discrete problem: Find
Y= w2 V, such that, for alw 2 v,

Z Z
- VMV WM X = rW: " x)J"dX 8W,n, (10
0 0

where formally eliminating - elucidates the role of" as an approximateaterialtime derivative.
Then-level stress " is determincd from a material-speci ¢ constitutive model. The determinant
J"is given by defE", wk ere’ " evolves as

Frl=fF i+ trV x"t Fn L (11)

Using the nite (i erer. e (7) to approximate the right-hand side of (5) as well, i.e.,

—n 1

itvn vl =v T (12)

ensures "a’ u.e time-discrete Lagrangian velocity remains constant for every material point
throughout 1.>otions with " = 0. The above scheme manifests algorithmically as:

1. Solve (12) for the material point velocit".

2. Computd=" from (11).



OCoO~NOUOA~WNE

3. Compute " from the constitutive model.

4. Computex" from (9).

5. Solve (8) for the Eulerian initial conditior'.

6. Solve (10) for the incremental Lagrangian veloc_j‘tr;l.
7. Assignn  n+ 1 and move the next time step.

The standard MPM discretizes such semidiscrete pro-:~ms in space by choosing a nite-

. . —n+l . :
dimensional subspade" V | for v andv", and a nie qu-.drature rule of “material points”
(sometimes called “particles”) ong, for use in all integrals above:

Z Yo
F(X) dX Cnp)Vp (13)

0 p=1

wherefX pgﬂ"l are the material points, or p ~ticle 3, divjgare their quadrature weights, or particle
volumes. It may sometimes also be conve: ‘ei.. to consider particle masses, givgrbyV,.

Typically, the spac&/ " is taken to be the span of continuous nite element basis functions
on an axis-aligned (and often uniform) grid of nite elements. Invoking standard mass-lumping
approximations, the systems of € juatio: s corresponding to the nite element spatial discretizations
of (4) and (7) can be solved r xplici.’, hode-by-node, using the same lumped vecide\a|
“nodal masses”. Further, the Jis .ret’. representatiofi can overwrite that o in Step 5 of the
solution algorithm, to redu e memury use.

Remark 1. Steps 1-4 tr .. fer information from the grid functidhandv to the particle functions
V,Y,F,and , and are "'<dally referred to collectively as the “grid to particle” phase of the time
step. The solutions In “teps 5-6 transfer information from the particles backrdV, and are
referred to as the “pe. ‘iclr to grid” phase.

Remark 2. Ada fional VIPM variants may be obtained by casting equations (9), (5)Yoar(6)

in weak forr. and cnoosing additional nite-dimensional function spaces for these subproblems,
as done, e.¢, . in [13]. The present quadrature point collocation scheme may be interpreted in that
setting a - ..>**~ducing piecewise constant spaces, f/ér andF, and using one-point quadrature on
elements o. ( (or “particle domains”) with volumeBv,g (This is analogous to the interpretation

of local history variables in some mathematical treatments of plasticity, e.g., [22, Remark 1].)
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3. Modeling strong discontinuities in a single velocity eld

The classical MPM assumes that, is H?! d, and chooses aH-ront )rming nite element
space forv . This functional setting cannot represent many sc=na.."s of interest, though, such
as sliding contact aridr cracked bodies, in which Eulerian dadl - xrang‘an velocity elds may
have jump discontinuities along surfaces of co-dimension or 2 tc the domain. To extend the MPM
to allow velocity discontinuities on hypersurfaces, we prop~..e to 2uild the desired discontinuities
directly intoV ,. We then detail a method for approximating this di ;continuous space by modifying
anH*-conforming nite element space.

3.1. Modifying the velocity space

We now de ne the modi ed function space that ~llows Is to model strong discontinuities in the
weak problem. In particular, consider a velocity u.~continuity along a material surface .

While we aim to develop a numerical methou 'nat I1s independent of the discontinuity topology,
assume now, for purposes of mathematice ' ~vnosiion, thatrtitions ¢ into two disjoint re-
gions, oiand o, The deformed regions ai.". interface at titree O are written ; = X( o;)

and (= @1\ @ 2.

We impose the coupling conditioric ac. 2° s the surfadée de nition of the velocity space
Physically, we want to forbid the deformea subdomains from intersecting one another, while al-
lowing them to separate and slid : aga.n1st one another freely. We assume frictionless sliding and
formalize these constraints in *he \2!lo"ving way. First, for any functio V, letw; = wj ..

Then de ne the time-dependr nt < pac2

8 . 9
: 1 . : =
Vi =3aw2 L) d w2 HY( ) fori2fl, 2y, : 1)
Fi(wy,ng) = F ((wz,nz)on ¢
where
Fw.n)=H(n ¢ nw n), (15)

in which H is tr 2 Hea “iside step function, andis the outward-facing normal to;. In words,

this nal conditior, >~ ".ilembership M  , is that the normal components of velocities on either side

of the interf «ce are equal wherever compression along the normal to the discontinuity is detected.
The weak .>Z.nentum balance subproblem and the initial conditioare then given by (3)

and (4) wh\ | andV . replacingV . Integrals are taken via

v y z !
dx X+  dX |, (16)

0 0,1 0,2

i.e., the distributional Dirac layer part oW on  (due to discontinuities iV) is not considered.

6
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The time semi-discrete problem uses the spagg which is de ned ana' sy ~usly, but using to
deform the domain, and" to detect compression, such that the test -.. 1 trial spaces never depend
on an unknown solution, and the problem is amenable to standar.. \/a iational analysis methods.

Remark 3. A more general de nition ol ,; might be constructe . 1s a ubspace of special func-
tions of bounded variation (SBV) or a related space, to accc mr odace discontinuities of arbitrary
topology in otherwised* functions. However, we do not exr.ure the technical details of this gen-
eralization in the present paper, beyond remarkingtti@tlic ~retize qion we develop below can
approximate many more con gurations than the two-b”.uy nrronlem described abovginclud-

ing discontinuities that extend only part-way into the ac.iain

3.2. Damage gradient based discontinuity detect.~n

In adapting the de nitions of Section 3.1 to a ma:~rial-point spatial discretization, we must de-
vise a discrete representation of the discontinu.> Because, in the MPM, the deforriatiomly
well-de ned at the collection of quadrature . .** 1 we propose to represeng using a scalar

eld that is also discretized as a nite col'actic ' of sampledXg We then extend the damage
gradient partitioning (DGP) approach of |20, *o implicitly de ne., using the pushforward of
these samples by

The rst step of DGP is to de ne a smooth Eulerian “damage” eld from the scalar values
stored at material points. The p'esent. d approach follows a kernel function construction similar
to the ones found in smoothec paruo'e hydrodynamics (SPH) [23-26]. In the SPH approach, we
de ne a kernel function , ass ‘cie.ed ith particlp and with support radius,. For a spherically
symmetric cubic kernel fur _tion w. have

8
81 3r2+2r3, if0 r 1
p(¥) = 3 , (17)

0, otherwise

where
r=kx Xpk=rp (18)

andxp is the ueformed position of particle Other possible kernels can be found in [25].

A comman che ce for the support radius is the diagonal length of a background element. Al-
though £7!' hasjs functions do not satisfy partition of unity, this does not pose an issue in the
current wo', since as it will become evident later on, they are solely used for the implicit de ni-
tion of , and not for approximating PDE solutions.

Consider now that each particle carries a history dependent damage vdpiaBle using the
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kernel function previously described we can construct a damaged(gd

X
d(x) = p(X) dp (19)

and its gradient X
rdx) = ro(X)dp. (20)
p
Following the approach of [20], in order to eliminate edy, ~e&ts we divide by the kernel sum,

X
S(x) = p(X)=*n. (21)
Then, the normalized damage gradient is:

SX)r d(x, dX)r S(x)

~(v\2z

rd(x) = (22)

Based on the directions ofd(x) on the . =.*iclus and on the grid nodes we can determine their
relative position with respect to a dis .~tni.ity surface. We de_miéxp) to be the normalized
damage gradient evaluated at partipleanoj(yg) as the normalized damage gradient at grid
nodeg, whereyy is the position oD 1ne?,

(23

8
_ _ % thresh P articlep and nodeg are on the same side of
rd(xp) rd(yg) §<

wes, ) particlep and nodeg are on opposite sides ofs

where wresh 0 IS an 2'gor’ .hmic threshold to prevent spurious discontinuity detection.

The exact same “ppro..—h is followed for contact and body interaction. Consider now that each
particle carries a L.na'y v7.riable named “interfatgthat denotes whether the particle is on the
boundary or in t".c intenur of a solid body.

3
B 1, particle p is located on the boundary of the solid (24)
‘ -§0, particle p is located in the interior of the solid
We can co.v.truct an interface eld X
1(x) = p(X) Ip (25)
P
8
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its gradient X

rl(x) = ro(X)lp. (26)
p

and the normalized gradient

o = S(X)r I(x; (X)Iz(x)r S()

(27)

Again, by checking the direction of the interface gradie 1t we ‘.an partition the particles and the

grid nodes into groups.

8
_ _ articlep and nou are .ocated in the same bod
[(xp) T I(yg)§ fresh ) P P - Y (28)

"< wresh ) Pparticlepand node. ~re located in dierent bodies

In the general case where both damage ar: . =~-v interaction are possible we choose the maximum

betweerd, andl, to create an auxiliary particle variable

A o

This auxiliary variable is particule 1y 1.o!pful in situations where an object fragments into smaller

pieces that interact with each ou ~r lit 2 separate bodies. The boundaries of the small objects

are the fully damaged surfac zs r.f the once intact body. The construction of th®(g)d its
gradientr D(x), and its norr.ali.>A r,radientD(x), and the partitioning into contact groups, are
straightforward based on .nc nrocedure described above, and are therefore omitted.

3.3. Modi cation of thr dis _rete approximation spaces

Consider now a set of szalar basis functididor i = 1,:::, nyge in H(A) associated with
nodesfy;gof a nite '« me’.t mesh ol x"( (). We assume thdiN;gform a partition of unity.
We de ne the srac¥ " to be the space af-vector elds whose Cartesian components are linear
combinations o the s .alar basis functions. Whil& is a subset o¥/,,, it is too restricted, and
does not inc.ude ('iscontinuities in the tangential directionstpor in the normal direction during
separation. ‘e wuld like to modify " to obtainV | with the desired discontinuities, but in a
way that s ... ’mally-disruptive to a standard MPM implementation.

Let us r.tde ne two modi cations to the original scalar basis functions.

8
_ZNi(X) , TDX) DY) thresh
N0 = 2 0 , otherwise (30)
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8 -
N; , D D(y; a0
Ni (X) :§ |(X) r (X) r (yl) thresh _ n(x) (X) W . (31)
-0 : ~therwise
where and stand for tangential and normal direction respectively, - d
n(x) = r D(x)3« D(X)K. (32)

The de nition of N,~ (x) essentially nulls out basis functior s whc ~e nodes are on the opposite side
of a discontinuity fronx. These functions are then normaliz >4 te obtain a partition of unity:

N~ (X

R~ (x) = — —.
NS (X

(33)
Note that, if all shape functions supportedroare orn *he same side of a discontinuityxas if x
is under compression, thé®~ (x) = Ni(x), due . the partition of unity assumption &g The
gradient ofR,~ is straightforwardly determir .= ~<

(R™ = o 1 (34)

in whichr N~ follows easily fror. the v = nitions (30) and (31).

- . . P
Remark 4. BecausdéR,~ gsatis.y, by cunstruction, ; R~ 1, we also have

N/ %é
rR- =r R E=r1=0, (35)

i.e., the modi cation o1 .>¢ scalar shape function gradients does not disrupt the property that they
sum to zero.

We can now use the modi ed scalar shape functions to construct a modi ed vector basis. For
each grid nod& 2 f1,: " :, ny,egand each spatial directiar® f1,:::,dg de ne

RLM) = R (& nE)In(x) + Ry(x) (& (8 n()n(x) . (36)

The modi ¢ velocity spac& ! is then the span of these modi ed vector-valued basis functions.
This simply n.eans that a vector-valued €2 V! is constructed in the following way:

%ode)(d %ode %ode
B(x) = (Ba €)Rai(¥) =  BARA() +  BAX)RAX), (37)
A=1 i=1 A=1 A=1
10
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Figure 1: 2D element-level shape functions for a discontinuit, “unnir~ scross the bottom left corner of the element.
Left: Four original shape functions corresponding to a bilinear quaw., Right: Bottom-left shape function is deactivated,
while the remaining three functions are modi ed to account . >r a disr ontinuity according to the procedures described
in this paper.

whereB ,(x) andB,(x) are the projections at posiu~nof a vector-valued coecientB, at node
Ain the tangential and normal directions re<ne _uvely. (The projecBgnsdepend orx through
the normal vector, whil®, is independen. -.* no. tion.)

When evaluating gradients of functinns\.t! , we make the following approximation:

rla nr~@n+(@ (& nnr R,, (38)

where the dependencerbn porcitior, "3, been ignored. An example of two-dimensional modi ed
shape functions is shown in Figu e 1

Remark 5. The approxim .*ion (35) and the identity (35) imply that the sum of approximated
vector-valued basis function gradients is the zero tensor, meaning that nodally-uniform velocity
elds will have zero str «in r ate, generating no spurious stresses.

Remark 6. In the pr:se it approach we use one point quadrature, also known as nodal integration,
which is the standaru nte gration rule in the conventional MPM and in many meshfree methods. It
is well known tr at one noint quadrature can introduce signi cant integration errors [27]. However,
in this proof-of-c. e st paper, we are concerned with detecting discontinuities and building them
into the apf "oximc fion space, therefore we are not pursuing a more sophisticated integration rule.
For a meticuic'< study on the integration error and on more accurate quadrature rules for MPM
the intere te s rcader should consult [28].

Remark 7. In [20] the authors noticed that the evaluation of the damage gradient at grid nodes
can produce pathological behavior when the node lies on the symmetry plane of a damage eld,
and suggested an alternative non-local formulation that addresses the issue. The present proof-of-
concept test problems were designed to avoid the pathological case. If pathological behavior is

11
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noticed in subsequent work, ddrent approaches, including the one in ' will be explored and
adopted.

4. Numerical Examples

We present a collection of numerical examples that dem 'ns’rate the proposed methodology's
capability to handle frictionless contact, separation, and :..dlti Lody interaction within a single
velocity eld. For each example we provide the conventi ynal-M M or Lagrangian-computation
results for comparison purposes. Additionally, the r.uinenwum conservation error between the
beginning and the end of the computations is provided. " he authors attribute the momentum error
in part to the way the lumped mass matrix is approximec*ed for the modi ed basis functions.

Unlike in standard case, the mass matrix for tri. mor . ed basis functions introduces coupling
between the Cartesian components of the nodal su..'tion vector. For example, the 2x2 block of the
2D mass matrix associated with grid nodes A a1 B is given by:

Z Z

my = Ra Rp = (F.Rg x n)?+ RRg(1 (e n)Y))d (39)
Z Z

My = NMpy = Ra Rgo = (Ra (er n)(ex: n) R,Rg(er n)(e; n))d , (40)
Z ya

My, = Np Rg o ‘RpRg(e2 n)*+ RRg(1 (e n)Y))d . (41)

It can be seen that away frc.» riscr ntinuitls = N, = Na, and the formulas collapse to the
standard consistent mass natrix u.at does not have coupling between the Cartesian solution com-
ponents. To develop the lumpe 1-mass counterpart of the above consistent-mass matrix, we row-
sum on the diagonal b'ock ,, make use of the partition-of-unity property of the modi ed basis, and
neglect the o-diagor al biu ~ks to arrive at

Z
lai = (Ra(e n)?+ Ry(1 (8 n)*)d (42)

wherem,; ar~ :he c.tries of the diagonal lumped-mass matrix for each Aoded Cartesian
directioni.

To er<tire miat CFL conditions are met throughout the computations, adaptive time stepping
is used. +~ all the examples, the material of interest does not Il up the entire computational
domain. This is a feature of MPM and the empty background cells provide room for large material
displacement and deformations, at a very small extra computational cost. All simulations are run in
serial. For a parallel implementation, the main challenge would be the calculation of the gradient
of the kernel based shape functions, which would be outside the scope of a typical MPM code. An
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e cient parallel implementation of the current method would require 7. . ~rallel implementation of
MPM as well as a SPH-type parallel implementation, such as GAD.ZT-2 [29].

Constitutive modeling is essentially orthogonal to the proposcA *2chnology for representing
discontinuous velocities, which we have described above in terms ~f a yeneric Cauchy stress “
For simplicity, the examples in this paper use a hypoelastic m'.ter =' model of the form [21, (4.13)]

+ 1 +%(tr") =K@r").+2 ", (43)

where" and! are the strain rate and spin tensors (i.e., symetric and anti-symmetric pavis of
andK and are the bulk and shear modulus, which may br. calculated in the usual way from a
Young's modulusE and Poisson ratio.

4.1. Solid plates sliding past each other

:m i :

|
=

Figure 2: SI' ‘ing plates setup and discretization. Coarse (left), Fine (right).

Two plates with dinrans ons 2.5 cm2.5 cm are placed next to each other as shown in Figure
2. Plate A (blue) is at ret and plate B (red) is assigned an initial velocityl6f cnvs in the
vertical direction. For t"«e Poundary particles on each diate 1 as described in 3.2.

The material ~ope.* 2s are: mass densigy= 16.64 gcm?, Young's modulusE = 189
10" dyn/cn?, ar 1 Pois on ratio= 0.34. We assume plane strain and frictionless contact between
the plates. ™..2 an.ensions of the background computational domain are 1A@mm. The
plates are p »sition: :d in a way such that the right boundary particles of plate A and the left boundary
particles ~f nlawe 8 fall in the same background element. We consider two discretizations. A coarse
one with >0 background elements and 1225 patrticles, and a ne one with 10000 background
elements anu 4950 particles. Based on our methodology, a discontinuity is detected along the
plates' common interface, and they slide past each other, moving vertically, without changing
their velocity. In contrast, by using traditional MPM, the two plates are regarded as one body,
resulting in the behavior shown in Figures 3, 4. The momentum conservation errors for the two

13



discretizations are summarized in Table 1. Direction x corresponds t e horizontal and y to the
vertical. It should be pointed out that since the initial x-momentum ‘_ zero, the percentage of the
X-momentum conservation error is computed with respect to the t.*al .nomentum of the system.

OCoO~NOOA~WNE

Figure 3. Snapshots of the sliding plate simulat, . Co. rse discretization. New approach (top), conventional MPM

(bottom).

Figure 4: Sn¢ pshots Hf the sliding plate simulation. Fine discretization. New approach (top), conventional MPM

(bottom).

4.2. Incidenual yer plate (IFP)

This example is a modi cation to the well known yer plate benchmark problem, themince
being that the plates are positioned in an angle from each other (Figure 5). Both plates have
dimensions 2.5 cm 2.5 cm. Plate A (blue) is at rest while plate B (red) is given an initial velocity
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Table 1: Momentum conservation errors for the sliding plates .. ~hlem

X-momentum y-momerﬂ‘w
coarse discretization 19% 1049, |
ne discretization 10° 9% 10° .- N

Table 2: Momentum conservation errors for the incider .al v =1 . 'ate problem

X-momentum| ' ..10me.atum
coarse discretization 0.05 % 0.4 %
ne discretization 0.02% | " 2J08 %

of 10 cnvs at an angle of 45to the horizontal and v.*h ui.ection towards plate A. Plate B is
positioned in a way such that the impact betwe. "~ the ' lates takes place exactly in the middle,
in order to minimize causing any rotation to plaic A. As was the case in the previous example,
the boundary particles of both plates are agy~a as interface particles so that our algorithm can
detect the discontinuity. The material pro’ ~*ties are: mass density 16.64 dcm?®, Young's
modulusE = 189 10 dyn/cn?, and Poisson .-.tio = 0.34. Plane strain and frictionless contact
between the plates are assumed. The a.micnsions of the background computational domain are
10 cm 10 cm. We consider two disu.=u.ct dns. A coarse one with 2500 background elements
and 1225 particles, and a ne one with 10000 background elements and 4950 particles (Figure 5).

e
4l
T

Fi, ure 5: IFP setup and discretization. Coarse (left), ne (right).

The pur iose o this example is to demonstrate that our method is able to transfer momentum
in the directiu> ~urmal to the contact surface (horizontal) where compression takes place, and
not transi >r *aoinentum in the direction tangent to the contact surface (vertical), where the plates
should slide nast each other without any change in the vertical velocity component. It can be
seen that both discretizations converge to the same result when our methodology is employed,
however that is not the case when conventional MPM simulations are run. It can also be seen that
plate A inherits a horizontal velocity to the left while its vertical velocity remains 0. In contrast,
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Figure 6: Snapshots of the IFP simulation. « ~=uso - 'scretization. New approach (left), conventional MPM (right).

Figure 7: Snapshots of the IFP simulation. Fine discretization. New approach (left), conventional MPM (right).

16
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the conventional MPM approach results in an initial arti cial “weldin¢ . ~tween the two plates.
The momentum conservation errors for the two meshes are sumr ..-ized in Table 2. Direction x
corresponds to the horizontal and y to the vertical. As can be secn, .he errors are reduced as we
re ne the discretization.

4.3. Splitting plates

Figure 8: Splitting r'~*~~ .. _.iem setup.

Figure 9: Snapshots of the spli'.ing plate simulation. Coarse Discretization. New approach (top), conventional MPM
(bottom).

We consider the _~t'.p depicted in Figure 8. Plate A is given an initial vertical velocity

of 10% cnvs, V/hile L'ates B and C are at rest. The material properties are: mass density
0= 16.64 dc~3, \Zu.g's modulusE = 189 10'° dyn/cn?, and Poisson ratio = 0.34. Plates B

and C are g aced 1 ght next to each other, and frictionless contact between them is assumed. Plane
strain is assun..u. Again, for the boundary partit¢les 1. The dimensions of the background
domain ai > .0 cm 10 cm. Two discretizations are considered. A coarse one with 10000 back-
ground elemunts and 8020 particles, and a dense one with 40000 background elements and 32040
particles. After the initial impact, tension forces are developed at the interface of plates B and C,
and consequently the plates separate from each other. In contrast, a conventional MPM approach
produces arti cial “welding” and the three plates stick together after the initial impact (Figures 9,
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Figure 10: Snapshots of the splitting plate simulation. Fine disc. ~tization. New approach (top), conventional MPM
(bottom).

Table 3: Momentum conservation erroi_ for the splitting plates problem

X-morn.2ntum| y-momentum
coarse discretization  * Ao 0.5 %
ne discretization 708 % 0.027 %

L

10). The momentum conservation er o> .2 the two meshes are summarized in Table 3, where x
refers to the horizontal and y to the verticai directions respectively. Again, the errors are reduced
as we re ne the discretization. As menuned before, since the initial x-momentum is zero, the per-
centage of the x-momentum ccnse. ‘at’on error is computed with respect to the total momentum of
the system. This example is "Jder.ca' to a situation where a plate consisting of plates B and C has
a row of fully damaged part cles ..> “ne middle and a crack is propagating vertically.

Figure 11: S litting | 'ate problem. Comparison of the presented methodology to a Lagrangian approach.

We also .ompre our approach to a purely Lagrangian one using a nonlocal frictionless contact
model [30], »mpler iented with nodal quadrature in the FEnICS framework [31]. The comparison
is depict. u . Tgure 11 where the MPM particles are shown in red and the Lagrangian geometry
in green. Ac can be seen, excellent agreement is achieved between the two methods.

4.4. Impactor hitting a shaped plate with a pivot point
We consider the setup depicted in Figure 12 in which plate A hits plate B with a horizontal
velocity of 15000 crfs to the left. Plate B has a xed pivot point at the bottom left corner as
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shown inthe gure. The material properties are: mass densgity 16.64 d.1.* Young's modulus

E = 189 10" dyrwcn?, and Poisson ratio = 0.34. Plane strain is .-sumed. The problem is
discretized with 10000 background elements and 4600 patrticles. , 12 n, for the boundary particles
I, = 1. The dimensions of the background domain are 10 cnc ~m. With this problem

we attempt to capture the sliding-contact-point behavior of ‘ne ~'ir gear example presented in
[32] while keeping the geometry fairly simple. As can be seei. 2 Figure 13 the plates come into
contact and then they separate without any “welding” of the p.rticles as in conventional MPM.
We also compare this example to the Lagrangian framew vk 7 ascribed in the previous problem.
The comparison is depicted in Figure 14 where the "AP* . L articles are shown in brown and the
Lagrangian geometry in green. As can be seen, ¢nod =,reement is achieved between the two
methods despite minor derences in modeling details (e g., the length scale introduced by the
contact model of [30]).

Figure 12: Pro.'=m se up of impactor hitting eshaped plate.

Figure 13: Snapshots of the impactor oshaped plate simulation. New approach (top), conventional MPM (bottom).
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Figure 14: Impactor on shaped plate simulation. Comparison tc a Le .. ngian approach at an intermediate con gu-
ration (left) and at the end of the computation (right).

Table 4: Momentum conservation errors for the . teracting spheres problem

X-momentum y-momel.;"rh ~ z-momentum
10°% 01°0 | 02%

4.5. Interacting spheres in three dimensions

Three spheres with radius 1.0 cm are | 'a>=u according to the con guration depicted in Figures
15. Sphere A (blue) is assigned an in..~ 2" city & 10* cn/s in the vertical direction, while
spheres B, C, and D (red) are at rest. For the boundary particles on eachlgphérel he material
properties are: mass density = 75.64 Jcn?®, Young's modulusE = 189 10 dyr/cn?, and
Poisson ratio = 0.34. Spheres b, C. and D, are placed in contact with each other, assuming
frictionless contact among th :m Th~ dimensions of the background domain are 1Q@mm

10 cm. The discretizatior cons.~ts of 125000 background elements and 15816 patrticles.

As was the case in the p:>vious example, after the initial contact, the three spheres separate
from each other and muve independently, as can be seen in Figure 16. This is achieved through
our new framework thau > tilds velocity discontinuities at the interfaces of the spheres directly into
the approximation < par es. In contrast, in the traditional MPM approach, arti cial “welding” takes
places and all four sp. ~r’.s stick and move together after the impact. The momentum conservation
errors for this p oblen are shown in Table 4, where z corresponds to the vertical direction, while
x and y de ne thc 7.1zontal plane. Again, since the initial x and y momentums are zero, the
percentage of the - conservation errors is computed with respect to the total momentum of the
system.

5. Conclusic s

In the present proof-of-concept study, we presented an MPM computational framework for
resolving strong discontinuities in the sub-grid scale level. By using the gradient of an auxiliary
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Figure 15: Interacting spheres problem setup. . view (left), side view (right).

Figure 16: Snapshots of the interacting spheres simulation. 3D view. New approach (left), conventional MPM (right).
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eld constructed from particle data, we were able to dynamically loc .. any discontinuities and
accordingly modify our solution spaces to include them.

Although experimental results do not exist for the problems pre.=r .ed herein, the main purpose
of handling contact and material separation within a single veloci, ela was met. In addition, the
simulations were able to reproduce phenomena expected fror i th ~ *'nderlying solid mechanics, and
exhibit qualitative convergence toward physically-stable solutic. features under mesh re nement.

This work presents the core formulation of our newly- ievelc 1ed technique. Immediate future
e orts will focus on dynamically altering the damage eld . ‘her material is physically damaged
via a fracture or ductile failure model. This will facilite (e t*.e lynamic simulation of fracture and
separation, which can be compared with experimei.*al dat-. on the quasi-static loading of borosil-
icate glass spheres until failure. Future work will also ntail creating “mesoscale” simulations
involving dozens of spheres undergoing a shock ~aau. .y.

Acknowledgments

We would like to graciously thank ou’ funa.ng sponsors for enabling this work. G. Moutsani-
dis was supported through UCSD-LANL E.~gn.eering Institute Educational Collaboration Fellow-
ship. D. Kamensky was supported thre.'an AFOSR Award No. FA9550-16-1-0131. D.Z. Zhang
was supported through the Joint Minitions Program (JMP). Y. Bazilevs was supported through the
UCSD-LANL Engineering Institr e. C.\>. Long was supported through the Joint Munitions Pro-
gram (JMP) and through the N ANSA | '* clear Counter Terrorism program. The computations were
carried out in CartaBlanca, & hir,n-e ency, general-purpose multiphase multiphysics computer
simulation package develc »ed at Los Alamos National Laboratory [33, 34]. Further we would like
to thank Michael Homel at Lav."ence Livermore National Laboratory, with whom we have had
many fruitful conversat.ons.

References

[1] Deborah ¢ ulsky, Zhen Chen, and Howard L Schreyer. A particle method for history-
dependent Mate jals.Computer methods in applied mechanics and engineedd@(1-
2):179 -196, . 994.

[2] SG ~-+dennagen, JU Brackbill, and Deborah Sulsky. The material-point method for granu-
lar me.* 2rials.Computer methods in applied mechanics and enginegti@g(3-4):529-541,
2000.

[3] Francis H Harlow. The particle-in-cell computing method for uid dynamikkethods Com-
put. Phys,. 3:319-343, 1964.

22



OCoO~NOUOA~WNE

[4] Martha W Evans, Francis H Harlow, and Eleazer Bromberg. Thr . >rticle-in-cell method for
hydrodynamic calculations. Technical report, LOS ALAMOS N "TIONAL LAB NM, 1957.

[5] Deborah Sulsky, Shi-Jian Zhou, and Howard L Schreyer. App..~ation of a particle-in-cell
method to solid mechanic€omputer physics communicat’,.S§(1-2):236-252, 1995.

[6] D Sulsky and HL Schreyer. A particle method with =rge rotations applied to the
penetration of history-dependent materialdASME A °PLIED MECHANICS DIVISION-
PUBLICATIONS-AMD171:95-95, 1993.

[7] D Sulsky and HL Schreyer. The particle-in-cell me.iod .s a natural impact algotBIME
APPLIED MECHANICS DIVISION-PUBLICATIONT-AMD80:219-219, 1993.

[8] Allen R York, Deborah Sulsky, and Howard . Schreyer. Fluid-membrane interaction based
on the material point methodnternationa. ‘ournal for Numerical Methods in Engineering
48(6):901-924, 2000.

[9] Alexey Stomakhin, Craig Schroedei, 2wt nce Chai, Joseph Teran, and Andrew Selle. A ma-
terial point method for snow simitatiols CM Transactions on Graphics (TOG32(4):102,
2013.

[10] Seren Andersen and Lars A 1derse n. Modelling of landslides with the material-point method.
Computational Geoscienc 24, " 37-147, 2010.

[11] SG Bardenhagen and =M " ab :r. The generalized interpolation material point mE€inwd.
puter Modeling in Er .- =ering and Scienc§):477-496, 2004.

[12] Zhen Chen and R :be .ca Brannon. An evaluation of the material point m&AdID Report,
SAND2002-0482,(F " ruary 2002002.

[13] Duan Z Zhang, )is'. Zou, W Brian VanderHeyden, and Xia Ma. Material point method
applied to nultip.~ase owsJournal of Computational Physic827(6):3159-3173, 2008.

[14] Duan 7 cnang, Xia Ma, and Paul T Giguere. Material point method enhanced by modi ed
gradiei t of sh ape functiodournal of Computational Physic230(16):6379-6398, 2011.

[15] A Sedeynnad, Rebecca M Brannon, and J Burghardt. A convected particle domain inter-
polatior. technique to extend applicability of the material point method for problems involv-
ing massive deformationsinternational Journal for Numerical Methods in Engineerjng
86(12):1435-1456, 2011.

23



OCoO~NOUOA~WNE

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

Xiong Zhang, Zhen Chen, and Yan Liulhe material point metro.: a continuum-based
particle method for extreme loading casésademic Press, 201F.

John A Nairn. Material point method calculations with expli~it ¢, >®smputer Modeling
in Engineering and Science$(6):649-664, 2003.

YJ Guo and JA Nairn. Three-dimensional dynamic fracturc analysis using the material point
method.Computer Modeling in Engineering and Scie ncE&(.):141, 2006.

Scott G Bardenhagen, John A Nairn, and Hongb' ig L** Simulation of dynamic fracture with
the material point method using a mixed j-integra: und r ohesive law apprbdemational
Journal of Fracture 170(1):49-66, 2011.

Michael A Homel and Eric B Herbold. Field-y, adient partitioning for fracture and frictional
contact in the material point methothterr.. @onal Journal for Numerical Methods in Engi-
neering 109(7):1013-1044, 2017.

D. Z. Zhang, W. B. VanderHeyden, > Zo.', X. Mia, and P. T. Giguere. CartaBlanca theory
manual: multiphase ow equaticns ar,1 numerical methods. Technical Report LAUR-07-
3621, Los Alamos National Lab, Nivi, ?007.

C. Hager and B. I. Wohlmr ¢th. N»onlinear complementarity functions for plasticity prob-
lems with frictional conta:t. C.o™r uter Methods in Applied Mechanics and Engineering
198(41):3411-3427, 20" 9.

Robert A Gingold a'«w. Toseph J Monaghan. Smoothed particle hydrodynamics: theory
and application to ‘.~n-spherical starMonthly notices of the royal astronomical society
181(3):375-389, ‘97/.

Joe J Monagl an. Smroothed particle hydrodynanfAecsiual review of astronomy and astro-
physics 30(}:545- " 74, 1992.

MB Liu anu =R '_iu. Smoothed particle hydrodynamics (sph): an overview and recent de-
velopn ents ~ chives of computational methods in engineeritif(1):25-76, 2010.

Jiur Thvan Chen, Michael Hillman, and Sheng-Wei Chi. Meshfree methods: progress made
after .. yearsJournal of Engineering Mechanic$43(4):04017001, 2017.

Jiun-Shyan Chen, Cheng-Tang Wu, Sangpil Yoon, and Yang You. A stabilized conform-
ing nodal integration for galerkin mesh-free methodisternational journal for numerical
methods in engineerin®0(2):435-466, 2001.

24



OCoO~NOUOA~WNE

[28] Yong Gan, Zheng Sun, Zhen Chen, Xiong Zhang, and Yu Liu. E n.~ncement of the material
point method using b-spline basis functiohsternational Journal *.. Numerical Methods in
Engineering 113(3):411-431, 2018.

[29] Volker Springel. The cosmological simulation code gade¢ .. "nu.'y notices of the royal
astronomical society364(4):1105-1134, 2005.

[30] David Kamensky, Fei Xu, Chung-Hao Lee, Jinhui Y¢ n, Yur Bazilevs, and Ming-Chen Hsu.
A contact formulation based on a volumetric potentiai. A lication to isogeometric simula-
tions of atrioventricular valvesComputer methoc s ir ap 2lied mechanics and enginegring
330:522-546, 2018.

[31] A. Logg, K.-A. Mardal, G. N. Wells, et alAuton..ted Solution of Derential Equations by
the Finite Element Methodspringer, 2012.

[32] W Hu and Z Chen. A multi-mesh mp~ far siunulating the meshing process of spur gears.
Computers structures81(20):1991-20L", 2003.

[33] WB VanderHeyden, Edward D Nena,” and NT Padial-Collins. Cartablancaa pure-java,
component-based systems simulaucon tool for coupled non-linear physics on unstructured
grids. InProceedings of the ZC"1 joint ACM-ISCOPE conference on Java Gygradges
134-142. ACM, 2001.

[34] DZ Zhang and WB Vanr =rF- cyd 2n. Cartablanca. los alamos national laboratory. 2005.

25



