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Abstract Brittle and quasibrittle materials such as ce-
ramics and geomaterials fail through dynamic crack
propagation during impact events. Simulations of such
events are important in a number of applications. This
paper compares the effectiveness of the embedded fi-
nite element method (EFEM) and the extended finite
element method (XFEM) in modeling dynamic crack
propagation by validating each approach against an
impact experiment performed on single crystal quartz
(SXQ) together with in-situ imaging of the dynamic
fracture using X-ray phase contrast imaging (XPCI).
The experiment is conducted in a Kolsky bar (generat-
ing a strain rate on the order of 10% s71) that is operated
at the synchrotron facilities at the Advanced Photon
Source (APS). The in situ XPCI technique can record
the dynamic crack propagation with micron-scale spa-
tial resolution and sub-microsecond temporal resolu-
tion, and the corresponding images are used to extract
the time-resolved crack propagation path and veloc-
ity. A unified framework is first presented for the dy-
namic discretization formulations of EFEM and XFEM.
This framework clarifies the differences between the two
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methods in enrichment techniques and numerical solu-
tion schemes. In both cases, a cohesive law is used to
describe the fracture process after crack initiation. The
simulations of the dynamic fracture experiment using
the two simulation approaches are compared with the
i situ experimental observations and measurements.
The performance of each method is discussed with re-
spect to capturing the early crack propagation process.

Keywords dynamic fracture - embedded finite
element method - extended finite element method - in
situ X-ray phase contrast imaging - dynamic fracture
experiments

1 Introduction

The failure of brittle materials (such as rocks, ceramics
and glasses) in impact events is an important process in
geoscience, mining, and in defense and industrial appli-
cations. Under most stress states, the failure process is
dominated by the dynamic propagation of cracks. Dy-
namic fracture is dificult to study because of high crack
growth speeds and the branching phenomenon, leading
to challenges in both experiments and computations. In
recent decades, several numerical methods have been
developed to simulate crack propagation. In particular,
the embedded finite element method (EFEM) (Armero
and Garikipati 1996; Jirdsek 2000; Borja 2000) and the
extended finite element method (XFEM) (Belytschko
and Black 1999; Moés et al. 1999) are two recent ap-
proaches based on the finite element method which can
deal with arbitrary crack propagation without remesh-
ing. In both cases, the underlying concept is enriching
the degrees of freedom (DOFs) and shape functions,
but there are distinct differences in enrichment schemes
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and implementation details, especially in dynamic for-
mulations. These differences result in different capabili-
ties and different performance when modeling dynamic
crack propagation problems. However, to the authors’
knowledge, there has been no comparative study of the
effectiveness of the two methods in simulating realistic
dynamic crack propagation.

This paper presents a comparative study of the ef-
fectiveness of EFEM and XFEM in simulating dynamic
crack propagation under impact loading by validating
each approach against a dynamic “three-point-bending”
(TPB) experiment on single crystal quartz (SXQ) per-
formed within a synchrotron with in-situ X-ray phase
contrast imaging (XPCI). The experiment is conducted
in a Kolsky bar that can generate loading with a strain
rate of the order of 103 s™'. The dynamic fracture pro-
cess is captured with sub-microsecond temporal reso-
lution by XPCI. The experiment serves as a test of
the numerical methods to accurately simulate the kinet-
ics of crack propagation. By deriving the discretization
formulations within a unified framework, we illustrate
the differences between the two methods in enrichment
techniques and solution schemes. The simulation results
with EFEM and XFEM are compared with the in situ
experimental results.

This paper is organized as follows. The backgrounds
of EFEM and XFEM are introduced in Section 2. Then
the numerical formulations of EFEM and XFEM in dy-
namic conditions are described in a unified framework
in Section 3. The displacement approximation, strong
and weak forms, discretization formulations and the
cohesive law are introduced. In Section 4, the exper-
imental setup and in situ observation of dynamic crack
propagation are presented. Finally, the simulation re-
sults with EFEM and XFEM are compared with the
experimental results. We focus on discussing the com-
parisons of propagation path, crack tip speed, energy
evolution and crack surface response.

2 Background

The basis of EFEM is enhancing the finite element
method with strong embedded discontinuities to model
strain localization. The early development includes the
work by Simo and Rifai (1990), Simo et al. (1993),
Oliver (1996), Armero and Garikipati (1996), Wells and
Sluys (2000), Jirdasek (2000), Borja (2000) and Oliver
et al. (2002). EFEM is usually categorized as an elemen-
tal enrichment method, because the enrichment is lim-
ited to an element (Oliver et al. 2006). The aforemen-
tioned works only deal with quasi-static problems. The
consideration of dynamic effect within EFEM is rela-
tively new. Huespe et al. (2006) extended EFEM with a

cohesive model to model dynamic fracture. Armero and
Linder (2009) proposed a model incorporating strong
discontinuities with linear interpolations of the displace-
ment jumps. Saksala et al. (2015) combined the rate
dependency of tensile strength with EFEM to describe
the rate-dependent behavior of materials.

In contrast, XFEM is based on the partition of unity
method (Melenk and Babuska 1996) and can be catego-
rized as a nodal enrichment method since the enriched
DOFs are added upon the node that is typically shared
by multiple elements (Belytschko and Black 1999; Moés
et al. 1999; Dolbow et al. 2001; Sukumar et al. 2001;
Wells and Sluys 2001; Areias and Belytschko 2005; Song
et al. 2006). Even though XFEM was developed at a
latter time than EFEM, there has been a great deal of
research using XFEM to model the dynamic crack. For
example, Menouillard et al. (2006) proposed a lumped
mass matrix for enriched elements to simulate dynamic
crack propagation with XFEM using an explicit formu-
lation. Song and Belytschko (2009) modeled dynamic
crack propagation in shell structures under impulsive
loading. Xu et al. (2014) modeled the crack branching
phenomenon during dynamic propagation by defining
two kinds of “branch element”.

We note that Oliver et al. (2006), Borja (2008) and
Dias-da Costa et al. (2009) have presented comparative
studies of EFEM and XFEM to capture strong discon-
tinuities, but all these comparisons are limited to quasi-
static conditions.

3 A unified framework for EFEM and XFEM
3.1 Displacement approximation

We consider a two-dimensional domain Q, which is sep-
arated into the sub-domains Q™ and Q' by a crack (a
strong displacement discontinuity) denoted as S, see
Fig. 1. The small strain assumption is adopted. The
total displacement field can be defined as:

u(x,t):=u(x,t)+u(x,t) (1)

in which @ (x,t) is the continuous part of the displace-
ment field while z (x, 7) is included to represent the dis-
placement discontinuity across S. The continuous part
can be approximated with the standard finite element
formulation and the discontinuous part is usually ap-
proximated by the interpolation of discontinuous shape
functions and enriched DOFs. The approximated dis-
placement field u”(x, 1) can be expressed as

w'(x,0)= ) N+ ) ¢x(x)gx(?) (2)

IeSn K
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XFEM

EFEM

Fig. 1: Body Q with planar strong discontinuity S and
the illustrations of EFEM enrichment and XFEM en-
richment; the shaded area indicates the enriched ele-
ment in EFEM and the shaded nodes indicate the en-
riched nodes in XFEM.

in which Sy is the set of all nodes, N; is the standard
finite element interpolation function and u; is the nodal
displacement. The second term on the right is the en-
richment term, which characterizes the major difference
between EFEM and XFEM. In EFEM, the enrichment
is included to elements and so K stands for the index
of enriched elements, while in XFEM the enrichment
is included to nodes and K stands for the index of en-
riched nodes. Accordingly, ¢x is the enriched interpo-
lation function and gk is the enriched DOF.

3.1.1 EFEM formulation

Assuming the displacement jump [u(x,?)] across the
surface S within each cracked element is constant, the
approximated displacement field for EFEM can be writ-
ten as follows:

u(x,1) = Z Ni(x)ug(r)

IeSn

+ ) [Hs(x) = £1(x)], ge0)

ecE.

3)

in which E. is the set of cracked elements, g, is the dis-
placement jump within the corresponding element, Hg
is the Heaviside function with respect to the disconti-
nuity surface S, and the support domain for the terms
in square brackets is the corresponding element. The
formulation of f*(x) is

= > N Hs(x1) ()
=1

where n, is the number of nodes in the eth element.
Substituting the coordinate of the Jth node x; into Eq.

Crack

: €

@ (b) ©

Fig. 2: The enriched shape function for triangle meshes:
(a) cracked triangle element; (b) contour of the elemen-
tal enriched shape function for element e in EFEM; (c)
contour of the enriched shape function for node J in
XFEM.

(3), the displacement of the Jth node can be obtained
as

u(xy,0) = uy(t) (5)

With the introduction of f*(x), uy is the global dis-
placement on the Jth node and the essential boundary
conditions can be applied on u; directly. Otherwise, the
global displacement would be a combination of u; and
qe-

The enriched shape function [Hs(x) - fh(x)]e for
EFEM is shown in Fig. 2(b). The enrichment is within
the cracked element. When multiple elements are cracked,
the crack surface is not necessarily continuous, resulting
from the elemental enrichment nature of EFEM.

3.1.2 XFEM formulation

The formulation of XFEM can be given through (Be-
lytschko et al. 2013)

ul(x,1) = Z Ny(x)u;(1)
IeSNn
m , , , (6)
+ 0 2 N [P - x)] 45 )

JeSE j=1

in which Sg is the subset of enriched nodes, m is the
number of enriched terms for the Jth node, W/ (x) is en-
richment function and qJJ is the enrichment DOF for the
Jth node. The term ¥/ (x;) is introduced to guarantee
u; represents the global displacement of the Ith node,
which plays a similar role as f*(x) in Eq. (3) for EFEM.
Unlike EFEM, the enrichment in XFEM is based on
specific nodes and so XFEM belongs to the family of
nodal enrichment methods, as shown in Fig. 2(c). The
enrichment function W/ (x) can be chosen to include the
characterization of the local displacement field. For the
nodes in the vicinity of a crack tip, ¥/ (x) is composed
through the terms of the theoretical asymptotic dis-
placement solution. For the nodes whose supports have
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been totally cut across by the crack and which have not
been enriched with crack tip enrichment, ¥/ (x) is the
Heaviside function Hg(x).

If only Heaviside enrichment is adopted in XFEM,
the formulation (6) can be written as

u(x,1) = Z Ny(x)up(r)

I1eSnN

+ Z Ny(x)[Hs(x) — Hs(x7)] q(t)

JeSy

(7)

in which Sy is the subset of nodes enriched by Heavi-
side function. The displacement jump across the crack
surface [u(x,t)]] can be obtained as

[uCe.nl = u"G" 0 —u" () = )0 Ni@as@) ()
JeSy
which indicates that the displacement jump across the
crack within one element is not constant and it depends
on the choice of the standard shape function Nj(x).
Rearranging the DOF's in enriched elements into two

groups denoted by ugl) and u?) in the formulation of

u(l) _ uy if Hs(xl) =1
! ur+qp if Hg(x;) =0’

)

u@ = fur—ar i Hs(rp) =1
1 uj if Hs(xl) =0
Eq. (7) can be written as

ul(x,1) = Z Hg(x)NIu(Il) + Z HS(—x)NJu(JQ) (10)
1€k, JeE2

which can be interpreted in terms of the deformation
of a cracked element being represented by the superpo-
sition of two independent elements, with each element
containing original nodes and phantom nodes as shown
in Fig. 3. E1 and E9 are the node sets of the two super-
posed elements. This method is also called the phan-
tom node method (Song et al. 2006), which originates
from the work in Hansbo and Hansbo (2004). It brings
great convenience for XFEM implementation and has
been widely adopted when only Heaviside enrichment
is used.

3.2 Strong and weak forms

The momentum balance for a body with strong discon-
tinuity leads to the following set of governing equations

V-o+pb-pi=0inQ (11a)
o-nr=tonly (11b)
u=gonl, (11c)
c"-n=0c"-n=1.(u]) onS (11d)

S B
o )
=, K +
R o

Element 1 Element 2

Fig. 3: Illustration of phantom node method. The solid
circle nodes represent original nodes and the hollow
square nodes represent phantom nodes.

where ii = 0%u/0t? denotes the acceleration of a mate-
rial point, o is the Cauchy stress tensor, p is the density
of the material and b the body force vector per unit
mass. Further, nr is the outward unit normal vector
to surface T, £ is the traction on Neumann boundary
I'; and g is the prescribed displacement on Dirichlet
boundary T',. Eq. (11d) involves the traction continu-
ity condition across S, in which 7. is the cohesive force
on the strong discontinuity, which is a function of the
displacement jump across S. The relation between cohe-
sive force and the displacement jump can be described
by a cohesive law, which will be introduced in Section
3.4.

The trial and test function spaces can be defined as

U= {u(x,)|u(x,1) € H, u(x,r) = g(t) on (12)
I',,, u discontinuous on S }
Up = {6u(x)|du(x) € H',5u(x) = 0 on

. . (13)
I, 6u discontinuous on S }

The weak form of the momentum balance equation can
be expressed as: for u(x,t) € U,

SWHKIM 4 sWint = sWe + W Vsu(x) € Uy (14)

in which 6W*" is the kinetic work associated with in-
ertia, SW¥" is the internal work, W€’ is the external
work and §W<°" is the work done by the cohesive trac-
tion performed on the crack surface. These terms are
defined through:

swkin = / Su - pii dQ (15a)
Q

swint = [ 2% 5 40 (15b)
Q X

6W”’=/(5u-pbdQ+/ Su - Edl (15¢)
Q I,

SWeo = / Slu] - . dr (15d)
S

We now consider the discretization formulations for each
method.
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3.3 Discretization formulations

The displacement approximation is given in Eq. (2).
Considering the corresponding enrichment formulations,
the index K stands for enriched elements in EFEM and
enriched nodes in XFEM and the enrichment interpo-
lation function ¢k is given in Eq. (3) and Eq. (7), re-
spectively. The variation of u"(x, ) can be expressed as

sul(x.0)= ) Ni@)our(t)+ ) ox(x)ogx(®) (15
IeSn K
Substituting Eqgs. (2) and (16) into Eq. (14) and
invoking the arbitrariness of displacement variation, the
discrete equation can be obtained as

ii Lt;nt fext
(&) ()= (7
in which M is the mass matrix, £ is the internal force,
f¢* is the external force and f¢°" is the cohesive force.
The subscripts u and g represent the terms associated

with standard DOFs and enriched DOFs, respectively.
These terms are given by

[Muu Muq
Mqu qu

(17)

Moy =1 [ pNiNd2 (180)
(Mug)yy =1 /Q PN1¢dQ (18b)
(Mgu)py =1 /Q pe1N;dQ (18¢)
(Mq),, =I/Qp¢1¢1d£2 (184)
( J"’)I =/Q(Bﬁ‘)T{0}dQ (18¢)
( é’"), =/Q(B3’)T{fr}d£2 (18¢)

fext = [ witar (18g)

P = /S [¢:(x)]rcdr (18h)

where BY is the standard finite element strain—displacement (Kuw)py = / (B?)TC(Bﬁ)dQ

matrix, BY is in the same formulation of BY by substi-
tuting Ny with ¢; and [¢;(x)]] = ¢1(x*) — ¢;(x7).

3.3.1 Time integration

In terms of the time discretization of Eq. (17), either
implicit or explicit methods can be adopted. In this
work a Newmark—g time integration is used and the
nonlinear equations are solved with Newton-Raphson

iteration. For convenience, Eq. (17) can be rewritten as

3 (-5 o

The time integration can be expressed as

(Ru) — [Muu Muq
Rq M‘]“ qu

A2
Upil = Up + Atv, + 7(1 —2B)ay, + BAPani1 (20a)
Vor1 = v + (1 —y)Ata, + yAta, 1 (20Db)
Ar?
Qi1 = qn + At + T(l -2B)aj + pA*al | (20c)
vl =yl + (1 -y)Ara) +yAtal | (20d)

in which n is the time step, Ar is the time increment,
the superscript q represents the variables related to en-
riched DOFs, v = i, a = ii, v? = ¢4, a? = §. Here
the integration parameters S and y are chosen to be
0.25 and 0.5, respectively (Belytschko et al. 2013). This
technique is more efficient in case of large-scale dynamic
systems compared to other ones like linear acceleration
or Fox-Goodwin methods (Hughes 1987).

Within each Newton-Raphson iteration step, the up-
date of # and ¢ can be written as

upty = upyy +Autt! (21a)
Gpi1 = dher + g (21b)

in which k is the iteration index. The increments Au**!

and Ag¥*! can be obtained by solving the following lin-
earized equations:

(Auk+1 Rk
- (ageo )= )
Ag"t R,

where the Jacobian matrix is denoted as A. It can be
computed by

(22)

_ R, Ry)

O 23)

1 [ My, My, K Kuy 0 0

B BAtZ | My, My, * K, Ky + 0 Kcoh
in which

(24a)

(Kua)yy = [ (B) OB (210)
(Kau)yy = | (B9 C(B5)a0 (240
Keq)yy = [ (B9 C(B9)a0 (240)

k7" = [ Lor(01CH 6, (o)lar (240)

S
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with C and Cr as the tangent modulus matrixes of the
material constitutive model and the cohesive law, re-
spectively.

The solution of the discrete equations in XFEM
can be obtained following the aforementioned Newton-
Raphson iteration process. However, additional simpli-
fication can be performed for EFEM because of the ele-
mental enrichment nature of EFEM. Because the extra
DOFs in EFEM are introduced locally within each el-
ement, they can be expressed in terms of the global
displacements with the assumption that the inertia ef-
fects of the extra DOFs can be ignored. It would also
imply that no mass is associated to the discontinuity
surface. This idea would be justified as a matter of fact
that the strong discontinuity approach realizes the frac-
ture zone as a band with zero thickness. This process
is also called static condensation, which can reduce the
basic unknowns to be solved directly.

Assuming inertia terms related to the enriched DOF's
in Eq. (19) can be neglected with the refinement of the
mesh, Eq. (19) can be reduced to

Ru 3 Muu 0 i N Li'nt ~ fext .
Rq - 0 0 0 qint fcoh -
Accordingly, the time integration for the enriched DOFs

in Egs. (20c) and (20d) is no longer needed. The Jaco-
bian matrix A in Eq. (23) is reduced to

Kuq
Ky + K"

(25)

1
A — |:BAt2 Muu + Kuu (26)
K,

In EFEM, the enriched DOFs are defined within ele-
ments and are not coupled with each other for different
elements. With the displacement increment Au**! in
Eq. (22), the increment of the local displacement jump
for a fractured element Agk*! can be calculated directly
as

-1

Agr+! = (qu + K""h) : (R’; ~K,. ~Auk+1) (27)
The inverse of the matrix K, + K coh i assembled with
the inverse of each element contribution matrix. The
matrix associated with each element only contains 2 x 2
components and the inverse is easy to obtain. Substi-
tuting Egs. (26) and (27) into the first equation in Eq.
(22), the statically condensed equation can be obtained
as

A" Auftt = RE (28)
in which the reduced residual R* and the reduced stiff-
ness matrix A* can be calculated with

1
A*=——>-M,, +K,,

-1
h
ar = Kug - (Kgq + K<) Ko (29)

and

-1
R =R~ Ky (Kyq +K<") - RY

q (30)

Eq. (28) is the final equation to be solved in EFEM
with only the nodal displacements as basic unknowns.

In XFEM, the enriched DOFs are allocated to the
nodes and shared by different elements (see Fig. 2(c),
the enriched DOFs on node J are shared by three el-
ements), which cannot be solved locally. Thus the afore-
mentioned condensation process does not apply to XFEM.

3.4 The cohesive law

When the maximum principal stress exceeds the tensile
strength of the material o, a crack will initiate within
this element with a normal direction along the max-
imum principal stress direction. A cohesive law, also
called a traction-separation model, is generally adopted
to describe the constitutive response along the crack
surface (Camacho and Ortiz 1996; Carol et al. 1997;
Sancho et al. 2006; de Borst et al. 2006; Weed et al.
2017; Motamedi et al. 2016). With the traction on the
crack surface represented by T and the corresponding
displacement jump ¢, the equivalent traction 7., and
equivalent separation ., are defined as

Teq = V(TS)2 + (ar (Tn>)2 (313)
é,eq = \/(§S)2 + (a’{{n)z (31b)

in which the subscripts s and n represent the tangential
and normal components with respect to the crack sur-
face. The notation (-) is the Macaulay bracket, which
only takes into account the positive part of the brack-
eted quantity. The weighting factors a; and a, are in-
cluded to control the contributions of the normal trac-
tion and jump. If @ = @y = 1, the normal and shear
tractions contribute equally to the model.

When the equivalent traction 7., reaches the equiv-
alent cohesive strength c.4, the cohesive response will
start softening upon increasing separation. In previous
studies, various cohesion softening laws have been pro-
posed for a wide range of materials, such as trape-
zoidal function for a high-strength-low-alloy (HSLA)
steel (Scheider and Brocks 2003); exponential function
for a steel (Ortiz and Pandolfi 1999); linear softening
function for a polycrystalline brittle material (Espinosa
and Zavattieri 2003; Benedetti and Aliabadi 2013); and
linear, bilinear, and exponential softening functions for
concrete (Gélvez et al. 2002; Bazant 2002).In this work,
a linear softening curve is utilized given that for geoma-
terials, it has been shown that a linear softening model
fits experimental data well (Rinehart et al. 2015; Ida
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1972) and proved to be efficient and robust in many dy-
namic brittle fracture simulations (Ortiz and Pandolfi
1999; Zhou et al. 2006; Zhang et al. 2007). The evolu-
tion of the equivalent cohesive strength c.4 is expressed
as

{Zl]ax )
Ceqg=Co|1l— (32)
! ( iy

in which ¢g is the initial equivalent cohesive strength,
{Zq is the separation magnitude when the crack sur-
face entirely loses its cohesive strength, and {{3** indi-
cates the maximum attained separation in the loading-
unloading history. The cohesive constitutive law is elas-
tic during unloading. During reloading, the behavior is
also elastic until the historical maximum attained sep-
aration is reached. The equivalent stiffness k., of the

cohesive law is obtained as

Ceq 1 1
ketl = Tmax CO( max f ) (33)
eq eq é’eq

and so the relationship between the equivalent traction
and separation can be expressed as

Teq = kegleq (34)

Accordingly, the normal and tangent components of the
traction are assumed to follow the relations:

[07
Ts = keqé‘Ss Th = a_gkeqé’n (35)
T

Ts

(2) (b)

Fig. 4: The evolution of cohesive law with loading-
unloading path. (a) The equivalent strength decreases
linearly with the equivalent separation. (b) The equiv-
alent strength contains the contribution from the shear
and normal components.

3.5 Summary of the differences in dynamic
formulations between EFEM and XFEM

The displacement approximation, strong and weak forms
and discretization formulations for EFEM and XFEM
can be described in the unified framework introduced
above. Within this framework, there are still distinct
differences between the two methods. The most essen-
tial difference is in the enrichment modality. The enrich-
ment shape function and enrichment DOFs in EFEM
are defined within each cracked element. The displace-
ments at the crack surface are not necessarily the same
between two adjacent elements since they are enriched
independently, which means the modeled crack surface
may be discontinuous. The enrichment shape function
and enrichment DOF's are included on nodes in XFEM,
which provides the feasibility to include more features
into the enrichment and guarantees the continuity of
the crack path. However, the strict limit on the crack
surface continuity in XFEM induces the difficulty in
simulating crack branching or intersecting because there
would be more than one crack segment within the ele-
ment where branch or intersection occurs. Benefitting
from the weak requirement on crack surface continu-
ity in EFEM, it should be much easier to model crack
branching in EFEM. However, the accuracy using EFEM
and XFEM on crack branching requires further research,
which is out of the scope in this work. If the inertia ef-
fects of the enriched DOFs are ignored in EFEM, the
enriched DOF's in each element can be solved out based
on local equilibrium equation, thus reducing the num-
ber of basic unknowns. Static condensation cannot be
applied to XFEM since the enriched DOF's are shared
by different elements.

4 In situ observation of dynamic crack
propagation in SXQ

In this section, a TPB experiment with impact loading
is described that we successfully use to evaluate the
effectiveness of both of these numerical models.

4.1 Experimental setup and results

A series of dynamic fracture experiments were performed
with XPCI in Hutch B of beamline 32-1D-B at the Ad-
vanced Photon Source (APS), Argonne National Lab-
oratory. These experiments were originally performed
to study the dependence of crack tip velocity on strain
rate (Leong et al. 2018). Detailed description of the ex-
perimental setup and methodology can be found in that
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paper. Here, only specific details are provided that are
pertinent for the comparison with the simulations.

A SXQ sample cut to nominal dimensions of 2x2x10 mm

is dynamically loaded in a TPB geometry using a Kol-
sky bar, as shown in Fig. 5. The sample is notched us-
ing a diamond wire along the crystallographic direction
[51058]. The sample is loaded along that same direc-
tion and imaged in the perpendicular crystallographic
direction [121 3] using XPCI. The loading condition is
calculated through the strain gauges on the bars using
the traditional equations for wave propagation in 1-D
bars, and after correcting for wave dispersion (e.g. Fol-
lansbee and Frantz (1983)). The experimental method
itself has been extensively described and analyzed in
the literature.

XPCI is employed to visualize the initiation and
growth of cracks inside of SXQ samples. It is ideal for
imaging cracks in real-time because X-rays have suf-
ficiently long penetrative depths to view the internal
structure (including cracks) of objects. In addition, high
brilliance X-ray beams can be generated in dedicated
facilities called synchrotrons (APS being one such fa-
cility) to produce low noise dynamic X-ray images. Fi-
nally, the contrast mechanism of XPCI is scattering-
based, while that of conventional X-ray imaging (ra-
diography) is absorption-based. Cracks in brittle ma-
terials are very narrow (sub-micron, in many cases);
consequently, the difference in the amount of X-rays
absorbed by the crack compared to its surroundings is
small, and this difference is often masked by image noise
particularly in dynamic imaging. This makes radiogra-
phy not ideal for imaging cracks in brittle solids. On
the other hand, XPCI converts scattered X-rays into in-
tensity variations. X-rays strongly scatter from regions
with sudden changes in material thickness or refrac-
tive index decrements. The change in refractive index
decrement across a crack is extremely high, thereby sig-
nificantly increasing the contrast of cracks in the XPCI
mode.

Dynamic XPCI images of SXQ samples are recorded
using the 24 bunch mode in APS in which X-ray pulses
arrive at the sample every 153 ns. The full white beam
of each X-ray pulse, with a peak energy of 16.1 keV, is
used to illuminate the sample, and is converted into vis-
ible light by a 100 um thick LuAg scintillator, which is
then focused by a series of lenses onto a Shimadzu HPV-
X2 high speed camera to record an image of the sample
at the time that each X-ray pulse illuminates the sam-
ple. The scintillator is positioned 600 mm from the sam-
ple. The camera framing rate is set to 5 Mfps with an
exposure time of 110 ns. This is the frame rate allowed
by the camera that most closely matches the 153 ns
X-ray pulse rate. The discrepancy between the framing

Strain gauges
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Output bars
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Incident bar  Sample y."*

Fig. 5: A schematic of the three point Kolsky bar setup
employed to dynamically load a notched SXQ sam-
ple. Strain pulses measured from the strain gages are
mounted on the bars to determine the velocity bound-
ary conditions of the sample.

rate and the pulse rate causes the images recorded to
precess around the X-ray pulse, resulting in an effective
time interval between images that varies from frame to
frame. The algorithm developed by Leong et al. (2018)
is employed to correctly determine the time interval be-
tween images. Each image is normalized against a flat
field image (recorded with the X-ray beam on and with-
out a sample) and corrected for detector noise with a
dark field image (recorded without a sample and the
X-ray beam off).

Fig. 6 displays a sequence of XPCI images of a SXQ
sample dynamically loaded at a strain rate of the order
of 10357, On the right side of the images is the notch
as represented by the region of saturated pixels. Sur-
rounding the notch are also saturated pixels but with
scattered dark pixels. This is an artefact caused by nor-
malizing with a flat field image that contained one end
of the Kolsky bar in its field of view. On the left hand
side of the images are phase-induced striation-like tex-
ture created by wrinkles in the Kapton film upstream
used to seal the X-ray beam in vacuum. Initially the
sample is being loaded (Fig. 6(a)) until two cracks ini-
tiate from the notch (Fig. 6(b)) as represented by darker
pixels. In radiography, the opening of the crack would
cause the corresponding pixels to become brighter since
less X-rays are absorbed, however in XPCI the opposite
occurs where X-rays scatter away from the crack caus-
ing pixels representing the crack to appear darker. The
width of the dark pixels represents that of the crack sur-
face projected onto the image plane (Fig. 6(c)). In these
images, the width of both initiated crack surfaces is
small, indicating their crack surface normals are nearly
perpendicular to the image plane. Along the direction of
crack propagation the crack surface width varies, which
indicates it is tilting around the loading direction. One
crack arrests and the other crack continues to propagate
along a strain path towards the left side of the image.
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In Fig. 6(d), the crack surface bifurcates, which may be
caused by the fast propagation speed (Yoffe 1951).
The key experimental results are presented subse-
quently, together with the simulations results. First, we
describe our approach to simulating these experiments.

Noteh: :

; 200 pm

Artefact

Fig. 6: A sequence of XPCI images of dynamically
loaded SXQ recorded at: (a) ' =0 ps, (b) ¢’ = 0.306 us,
(c) " = 0.612 ps, (d) ¢’ = 3.06 ps. Note that t" = 0 us
is arbitrarily chosen to be sometime before crack initi-
ation. Image dimension: 1.2(H)x0.8(V) mm.

5 Computational simulation of the SXQ
experiments

5.1 Model description

The geometry and dimensions of the sample are shown
in Fig. 7. We adopt the plane strain assumption (dis-
cussed later). The shape of the notch is approximated
as rectangular with a dimension of 0.5x0.1 mm. As Fig.
5 shows, the sample is simply supported along the bot-
tom surface by the two “output” bars and is loaded in

g [5105 8]

iy [1213]&—’[10101

1}

<k |=somm— J— |=50mm
[ ] [ ]

y(L b =1.0 mm
z x

Fig. 7: Geometry of TPB simulation. The sample is
simply supported at the bottom surface and loaded in
the middle of the upper surface. A notch is pre-created
and the shape of the notch is simplified as a rectangular.
The material direction is also depicted.

the middle of the upper surface by the incident bar. The
loading velocity v (mm/s) shown in Fig. 7 is obtained
by fitting the experimentally measured boundary ve-
locity with a quadratic function with respect to time ¢

(us):
v =-0.646 x t? +49.44 x (36)

The density of SXQ is 2.65 g/cm?® (Ward 1984). The
material directions in the sample in the experiment are
shown in Fig. 7. The crystallographic orientation defi-
nitions are adopted from the IEEE Standard on Piezo-
electricity (IEEE 1988). An anisotropic linear elastic
constitutive model is adopted for SXQ, and the stiff-
ness matrix given by Bechmann (1958) can be written
in Voigt notation as (in local coordinates x = [1120],
¥ = [1100], z = [0001]):

86.74 6.99 11.91 -1791 O 0
6.99 86.7411.91 1791 O 0
11.91 11.91107.2 O 0 0
€= -17911791 0 5794 O 0 GPa (37)
0 0 0 0 57941791
0 0 0 0 1791 39.88

The fracture toughnesses of SXQ are perhaps weakly
anisotropic (the experimental literature is limited, but
many crack paths are typically observed without signif-
icantly preferred cleavage planes). The fracture tough-
nesses characterized by K. and the elastic moduli (E)
along five specific planes are measured for quartz in
Twasa et al. (1981) and Iwasa and Bradt (1987). Based
on their measurement, the critical energy release rate
G: (Ge = K12 % (1 — v?)/E) varies approximately from
7.5 J/m? to 11.0 J/m?2. However, the crack may prop-
agate along a wide range of directions. To the authors’
knowledge, the fracture toughness and strength in ar-
bitrary direction of SX(@Q are not available in the liter-
ature. In our simulations G, is assumed to be a single
constant value of 8.75 J/m? for all simulations. Since
we are representing the fracture process through a co-
hesive model (Eq. (32)), we must also identify the ini-
tial cohesive strength cg. In our simulations the cohe-
sive strength is chosen to be 175 MPa, which is slightly
higher than the tensile strength of intact SXQ (112 MPa
in Ward (1984)) and the complete failure separation is
then set to be 107* mm. The contributions of normal
and shear tractions to the cohesive model are assumed
to be equal and so the weighting factors a; and o, are
set to be 1.

5.2 Simulation results with EFEM and XFEM

Both EFEM and XFEM are used to model the dy-
namic crack propagation in the TPB experiment. The
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simulation results are compared with the experiments.
The sample is discretized with 11,530 triangle elements
for EFEM and 11,311 linear quadrilateral elements for
XFEM, which can result in similar mesh resolutions as
shown in Fig. 8. Local mesh refinement is introduced
within the potential region of crack propagation. We
have implemented EFEM with Matlab code while the
XFEM simulation is performed with commercial soft-
ware Abaqus (Version 6.14). A very short crack with
the length of 0.02 mm is prescribed in the middle of
the notch tip to initiate the propagation.

5.2.1 Propagation path

The simulated crack paths with EFEM and XFEM are
shown in Fig. 8. Modeling crack branching with XFEM
is not supported in Abaqus 6.14 (Simulia 2014) and
so we do not consider branching phenomenon in this
study and only focus on the early propagation process.
We assume a almost straight crack propagation path
where each crack segment is along the vertical direction
in both methods, which is observed in the experiment
and validated in the simulation shown in Fig. 9.

The crack path in EFEM simulation is more “smeared”

compared with that in XFEM simulation because crack
surface continuity is not required in EFEM and more
than one element in the vicinity of the crack tip can
be damaged. The crack surface is continuous in XFEM
(Fig. 8(b)) because only the element ahead of the crack
tip is examined to determine whether the crack would
propagate or not.

We have also investigated the influence of the num-
ber of initial pre-cracks. In a simulation with XFEM,
we inserted four pre-cracks at notch tip. With gradually
increasing loading, the two outer cracks can propagate
to a short distance and after that only one crack can
keep propagating along the vertical direction, which is
similar to the configuration observed in the experiments
(see Fig. 6). In this problem, the propagation of multi-
ple cracks is unstable, which induces preferential crack
propagation because of the shielding effect between dif-
ferent cracks. Initially the inner cracks are shielded by
the outer cracks and after crack propagation the longer
crack shields the shorter one. So the propagation of only
one major crack is physics-based in this problem. With
higher loading rates, the simultaneous propagation of
multiple cracks may be possible (Zeng et al. 2018).

5.2.2 Evolution of crack length and energies

The histories of the crack growth length and crack tip
speed during the propagation are shown in Fig. 10 and
Fig. 11, where the simulation results with EFEM and

EFEM

XFEM

Fig. 8: Crack propagation paths in EFEM and XFEM
simulations. Point A and Point B are along the crack
paths in EFEM and XFEM simulations, respectively.
The crack segment within each element is specified
along the vertical direction.

Initial configuration Crack growth path

Fig. 9: The propagation path with multiple initial pre-
cracks. Four pre-cracks are prescribed in this simulation
with XFEM and finally only one crack can propagate
almost along the vertical direction.

XFEM are compared with the experimental measure-
ment (note that we are examining much smaller times
after fracture initiation than are typically considered).
Because of the camera framing rate, the crack posi-
tions at only four specific times are captured in the
experiment. The crack path from EFEM simulation is
composed of multiple segments and we take the far-
thest distance with respect to the initial crack tip as
the crack length. The overall crack growth history in
XFEM agrees better with the experiment than EFEM.
The average velocity within the first 0.5 us measured in
the experiment is approximately 800 m/s, whereas the
estimated values from EFEM and XFEM simulations
are 366 m/s and 641 m/s, respectively.

In the velocity history shown in Fig. 11, the exper-
imental speed is the average value between two succes-
sive tip positions and the simulation speeds are aver-
aged every 0.1 us. The measured and computed crack
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Fig. 10: The evolution of crack growth length in the
experiment, EFEM and XFEM simulations.

speeds in the first 0.5 us are quite different, and we see
that the speed evolution profiles for EFEM and XFEM
are different in Fig. 11. In XFEM, the initial speed is
very high and it decreases during the propagation while
the speed from EFEM oscillates around a steady value.

The evolution of different energies in EFEM and
XFEM simulations is shown in Fig. 12 including the
external work (WK), the strain energy (SE), the ki-
netic energy (KE) and the damage-dissipated energy
(DMG). We can see that before crack propagation the
computed energies from the two methods are almost
the same and the external work is converted into the
strain energy and the kinetic energy. After crack initi-
ation, the stored strain energy and the subsequent ex-
ternal work are converted into the crack surface energy
(i.e., the damage-dissipated energy) and additional ki-
netic energy. The energy release process in XFEM is
more intense than that in EFEM since the crack sur-
face is sharp in XFEM while it is“smeared” in EFEM,
which is consistent with the slower crack propagation
in EFEM simulations.

5.2.3 Crack surface response

The evolution of the cohesive stress with respect to the
crack surface separation at Point A in Fig. 8 obtained
in EFEM simulation is shown in Fig. 13(a). It is exactly
the cohesive model with the parameters we have speci-
fied. Before the fracture criterion is satisfied, there is no
crack inserted and so the separation is zero. When the
maximum principal stress reaches the initial cohesive
strength cg, the crack initiates and then the stress will
decrease during the softening process. When the sepa-
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Fig. 11: The evolution of crack tip speed in the experi-
ment, EFEM and XFEM simulations. The experimen-
tal speed is the average value between two successive tip
positions. The speeds in the simulations are averaged
every 0.1 ps.
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Fig. 12: Energy evolution processes in EFEM and
XFEM. In the figure, WK represents the external work,
SE is the strain energy, KE is the kinetic energy and
DMG is the damaged-dissipated energy.

ration of the crack surface reaches the complete failure
value (£;7** in Eq. (32)), the cohesive traction vanishes
to zero.

The evolution of the internal stress in the normal
direction of crack surface within a cracked element is
shown in Fig. 13(b) for both EFEM and XFEM, as a
function of the relative time (time after crack initia-
tion). The cracked elements correspond to Point A and

Point B in Fig. 8. In the EFEM simulation, the ele-
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mental stress gradually drops to zero during the soft-
ening process of the cohesive model. When we adopt
the static condensation technique for EFEM, we have
assumed the local stress equilibrium can be satisfied be-
tween the elemental stress and the cohesive stress by ig-
noring the inertia effect (see Eq. (25)) and so the stress
within the element is equal to the cohesive traction in
EFEM. However, in XFEM simulations the elemental
stress is balanced by the cohesive stress and the inertia
stress, which results in the oscillation of the elemental
stress as shown in Fig. 13(b).

The critical response time of the cohesive model is
short (about 0.02 us ~ 0.05 ps shown in Fig. 13)(b),
which is caused by the brittle nature of the material.
This response time is also related to crack growth ve-
locity and the response time in XFEM is shorter than
EFEM. From Fig. 13(b), we can also see that the stable
time increment is smaller in XFEM than EFEM. The
small stable time increment in XFEM is caused by the
rapid decrease of cohesive strength after the crack sur-
face is generated, which may degrade the solvability of
the discrete equations (Eq. (19)). In EFEM, the equi-
librium equation for the cohesive surface can be solved
locally and the stable time increment for the whole sys-
tem can be relatively large.

6 Discussion

Apart from EFEM and XFEM, several other numeri-
cal methods have also been proposed to simulate dy-
namic crack propagation, e.g., the mesh adaptive ap-
proach, element deletion, the phase field method, mesh-
free methods and isogeometric analysis (Song et al.
2008; Rabczuk 2013). In this study, we focus on EFEM
and XFEM which are based on enrichment concept and
include the explicit crack surface with a cohesive model.
They are suitable for modeling the sharp crack inter-
face in dynamic brittle fracturing problems. The mesh
adaptive approach can also capture the arbitrary crack
propagation with interfacial fracture models and addi-
tional adaptive local re-meshing process (Leon et al.
2014; Rangarajan et al. 2015; Abedi et al. 2017). The
element deletion method based on continuum damage
mechanics exhibits extreme mesh sensitivity and the
phase field method also requires a characteristic length
scale for the crack surface.

In this study, we simulate the TPB experiment with
both EFEM and XFEM, and compare the simulation

results with the experimental results. Two widely adopted

benchmark experiments for dynamic crack propagation
are performed with edge-cracked plates under impulsive
loading (Kalthoff and Winkler 1988) and pre-notched
plates under tensile stress (Ramulu and Kobayashi 1985;
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Fig. 13: The crack surface responses: (a) the evolution
of the cohesive stress with respect to the crack surface
separation at Point A in Fig. 8 obtained in EFEM sim-
ulation; (b) the evolution of the internal stress in the
normal direction of crack surface within the elements
at Point A and Point B in Fig. 8.

Fineberg et al. 1991; Sharon and Fineberg 1996). In
these experiments, they are especially concerned about
the steady crack propagation. In our experiment, the
very early crack propagation process can be captured
with a time resolution of 0.153 ps, which can shed more
light on crack initiation and continuous propagation.

Based on the derived formulation and the compar-
ison between the simulation results and experimental
results, we see that although both methods (EFEM
and XFEM) share the same concept of enrichment and
can capture the crack path and velocity to some ac-
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curacy, their differences are important while simulat-
ing dynamic fracture. The crack surface modeled by
EFEM is composed of multiple segments and continuity
is not guaranteed, but it provides flexibility in model-
ing crack branching or intersection. Even though crack
branching is not considered in this study, we note that
both EFEM and XFEM have been extended to capture
crack branching phenomenon (Belytschko et al. 2003;
Song and Belytschko 2009; Armero and Linder 2009;
Xu et al. 2014). In order to retrieve the static conden-
sation feature for EFEM, the terms in mass matrix re-
lated with enriched DOFs should be neglected (see Eq.
(25)). XFEM can capture all the inertia effect, which
is also demonstrated by the elemental stress evolution
in Fig. 13(b). However, with static condensation, the
stable time increment may be larger in EFEM than
XFEM because the equilibrium equation for cohesive
surface can be solved locally in EFEM while the stable
time increment may decrease rapidly in XFEM because
of the sharp softening behavior.

In simulating the dynamic TPB experiment on SXQ,
we have adopted the plane strain assumption to reduce
the problem into two dimensions because it is cum-
bersome and computationally expensive to deal with
the complex three-dimensional crack geometry and the
crack propagation process. However, our experimental
specimens are relatively thin, and 3-dimension effects
are probably important. In the interior of the sample,
the stress state should be close to the plane strain as-
sumption, while near the sample surface the stress state
is plane stress. We have also conducted simulations with
the plane stress assumption, which induces about 15%
difference in the stress field around the crack tip com-
pared to the plane strain assumption. In these compar-
ative simulations we assume that the plane strain ap-
proximation provides a sufficiently good approximation
of the response of the sample for our purposes.

In the simulations, we need to prescribe an initial
pre-crack. When defining the cohesive model, we have
to specify the cohesive strength for a given critical en-
ergy release rate. We have investigated the influence
of the pre-crack length Lg, the cohesive strength cq
and the mesh size on the crack propagation process
by XFEM and the results are shown in Fig. 14. We
have adopted pre-cracks with lengths varying between
0.01 mm and 0.04 mm, and cohesive strengths as 175
MPa and 200 MPa. The case with finer mesh contains
39,695 elements. Based on the simulation results, we
find that if the pre-crack length is longer than 0.01
mm, the influences of the pre-crack length, the cohe-
sive strength and the mesh size on crack propagation
are not significant (the discrepancies between different
simulations are within 15%). If the pre-crack length is

800 —
/”’
-
d"
600 |
e | 7 BT
= | e s e
=
IS)
c 400 }
K} -
= ,/
B /! .
o / Rt === 1,=0.01 mm, ¢ =175 MPa
(O] —— 1(=0.02 mm, ¢, =175 MPa
200 =+ +L;=0.03 mm, ¢, =175 MPa

~~~~~~ Ly=0.04 mm, ¢, =175 MPa

= +1y=0.03 mm, ¢, =200 MPa

= = Ly=0.04 mm, ¢, =200 MPa

—©— Ly =0.02 mm, ¢, =175 MPa, finer mesh

O 1 1 1 1
0 0.2 0.4 0.6 0.8 1
Time (us)

Fig. 14: Crack growth with different pre-crack lengths,
different cohesive strengths and finer mesh in XFEM.
In the baseline simulations, Ly=0.02 mm and cy=175
MPa have been used.

too short (< 0.01 mm in this case), the local stress state
is not well-captured, and the discrepancy may be large.
In the baseline simulations, Ly=0.02 mm and c¢y=175
MPa have been used.

7 Summary

A comparison of the abilities of EFEM and XFEM to
model dynamic crack propagation has been conducted
by presenting both approaches in a unified framework
and validating them both against the same TPB im-
pact experiment performed with the in situ XPCI. In
the unified framework, a cohesive law is used to de-
scribe the response on the crack surface and an implicit
time integrator with the Newton-Raphson iteration is
utilized to solve the nonlinear equations. The in situ
XPCI is used to observe the crack path and measure
the crack tip speed. The simulation results using EFEM
and XFEM are compared with the experimental results
for a loading strain rate on the order of 102 s71. In the
comparison, the overall crack growth history in XFEM
agrees better with the experiment than EFEM (within
experimental uncertainties). The mechanical response
on the crack surface is described with the cohesive law,
which may induce a very small stable time increment in
XFEM. The influences of the plane strain assumption,
the pre-crack length and the cohesive strength are also
discussed.
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