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Three-dimensional (3-D) implosion asymmetries lead to significant variations in ion-temperature measure-
ments in inertial confinement fusion experiments. We present an analytical method to generalize the physical
properties of velocity variance in the Brysk ion-temperature model. This analysis provides a consistent ex-
planation for the 3-D effects of inferred ion-temperature variations for various single modes and multimodes
modeled by the deceleration-phase hydrocode DEC3D and the neutron transport code IRIS3D. The effect
of the hot-spot flow asymmetry on variations in ion-temperature measurement is shown uniquely determined
by a complete set of six hot-spot flow parameters. An approximated solution to the minimum inferred ion
temperature is derived and shown to be close to the thermal ion temperature for low mode ` = 1, which
exhibits the largest anisotropic velocity variance in the single-mode spectrum. The isotropic velocity variance
for low mode ` = 2 is shown to result in the minimum inferred ion temperatures being well above the thermal
ion temperature.

I. INTRODUCTION

In inertial confinement fusion (ICF), 3.5-MeV al-
pha particles and 14-MeV neutrons are produced by
deuterium and tritium (DT) nuclear fusion reactions
within the high-temperature, low-density central hot
spot. When the rate of alpha particle’s energy deposi-
tion exceeds the heat conduction and radiation losses, the
hot spot ignites3,4 for hot-spot areal densities of 0.2 to 0.3
g/cm2, large enough to confine the alpha particles. The
run-away self-heating process of DT fuel releases consid-
erable fusion energy, larger than the total input energy.
Neutrons escape the hot spot and carry valuable infor-
mation about the hot-spot properties including the mean
hot-spot ion temperature from the width of the neutron
energy spectra5–9 and the mean hot-spot fluid veloci-
ties from the shift of the peak neutron energy.8–12 The
presence of implosion asymmetries lead to the growth
of Rayleigh–Taylor (RT) instabilities13–17 at the inner
and outer shell surfaces, preventing the full conversion
of the shell’s kinetic energy into the hot-spot internal
energy.18,19 The unconverted kinetic energy remains as
residual kinetic energy of RT spikes and bubbles, result-
ing in the degradation of the neutron yield and hot-spot
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pressure.20,21 The magnitude of the hot-spot residual ki-
netic energy of low modes is large enough to cause signif-
icant variations in ion-temperature measurement along
different lines of sight18,22 (LOS’s). These measurement
variations are caused by the anisotropic source of the hot-
spot fluid velocity distribution6, whereas the isotropic
source of the hot-spot residual kinetic energy causes
higher apparent DT ion temperatures5,8,9,23,24 than the
thermal ion temperatures. Consequently, the implo-
sion performance metrics including the inferred gener-
alized Lawson criterion4 and the inferred hot-spot cen-
tral pressure25,26 are altered when the higher apparent
DT ion temperatures are used. It is crucial to under-
stand the effects of hot-spot nonstagnating fluid motions
on the broadening of the neutron energy spectra in ICF
experiments.

In this work, we present an analytic method to quantify
the effect of the hot-spot flow asymmetry on variations in
ion-temperature measurement. A matrix representation
is developed to study the three-dimensional (3-D) effects
of the velocity variance in the Brysk ion-temperature
model.5,6 We show that the velocity variance can be
uniquely determined by a complete set of six hot-spot
flow parameters including three directional variances and
three covariances of the hot-spot fluid velocity distribu-
tion. The asymmetry of inferred ion temperature profiles
simulated by Monte Carlo codes or observed in experi-
ments can be explained by the analytic model in terms of
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FIG. 1: (a) DEC3D mass density profile for the single-mode Y m=0
`=1 at stagnation, simulated by 7% initial velocity

perturbation. The electron temperature of 2.4 to 2.45 keV is shown by the red hemisphere located at the origin.
The arrows indicate the fluid velocity vectors. A jet with neutron-averaged velocity 〈vz〉 = −176 km/s is shown
flowing through the central part of the hot spot toward the negative z direction. θ is the angle measured in the
clockwise direction between the positive z axis and the line of sight (LOS). (b) Comparison of the inferred ion tem-
perature measurements from the neutron energy spectrum model1 with IRIS3D2 by post-processing DEC3D mode
` = 1 hydrodynamic data in (a).

the isotropy and anisotropy of the hot-spot fluid velocity
distribution. An approximated solution to the true mini-
mum of inferred ion temperature is derived using ion tem-
perature measurements along six LOS’s. This result is
verified numerically using the deceleration-phase single-
mode database from the radiation–hydrodynamic code
DEC3D20 and the Monte Carlo–based neutron transport
code IRIS3D.2 In particular, the analytic results facilitate
the extrapolation of the minimum inferred ion tempera-
ture and the magnitude of single-mode isotropic velocity
variances through utilizing the matrix properties. The
isotropic source of the hot-spot velocity variance is shown
to be nonseparable from the minimum apparent ion tem-
perature. The dominant 3-D radial flow configuration
of low mode ` = 2 is shown to exhibit a large isotropic
velocity variance.

The organization of this paper is as follows: Section II
discusses Doppler shift and velocity broadening of neu-
tron energy spectra for various single modes ` = 1 to
12. The result of the neutron energy spectrum model1

is shown in good agreement with IRIS3D simulations.
The analytic treatments for the single-mode velocity vari-
ance and the multimode velocity variance are presented
in Sec. III and IV, respectively. Section V derives the
relation between the hot-spot residual kinetic energy and
the variations in ion temperature measurements. Section
VI summarizes our conclusions.

II. DOPPLER SHIFT AND BROADENING OF
NEUTRON ENERGY SPECTRUM

The single-mode database is generated by the 3-D
deceleration-phase hydrodynamic code DEC3D.20 Initial

radial velocity perturbations are seeded on the inner
shell’s surface for OMEGA shot 77068 at the beginning of
the deceleration phase, when the shell reaches the maxi-
mum implosion velocity. Implosion 77068 is described in
detail in Ref.27 and is considered here because it is one
of the highest-performing implosions to date on OMEGA
with ∼50 GBar of inferred hot-spot pressure.28 The ini-
tial radial velocity perturbation is in the form of spheri-
cal harmonic Y m` (θ, φ) modes and zero initial transverse
velocities in the θ and φ directions. The initial unper-
turbed hydrodynamic profiles at the beginning of decel-
eration phase are obtained from the one-dimensional (1-
D) simulation using LILAC, a 1-D Lagrangian radiation–
hydrodynamic code29 routinely used for target designs at
the Laboratory of Laser Energetics.

We begin by studying the effects of hot-spot fluid mo-
tion on broadening of the neutron energy spectra using
the nonrelativistic neutron energy spectrum model.1 By
substituting the mean neutron energy of Murphy6 Eq.
(3),

〈En〉 = E0 + 〈~v · d̂〉
√

2mnE0, (1)

into Brysk5 Eq. (36), where E0 = mnQ/(mn +
mα) = 14.06 MeV with the DT nuclear energy re-
lease Q = 17.6 MeV, mn is the mass of the neutron,
mα is the mass of the alpha particle, ~v is the fluid
velocity in the laboratory frame of D-T ion pairs in-

side the distorted hot spot, and the unit vector d̂ =

sin θ cosφî + sin θ sinφĵ + cos θk̂ is the direction along

the LOS where neutrons are detected. The term 〈~v · d̂〉
is calculated by the spatial neutron averaging of the hot-
spot fluid velocity components parallel to the LOS unit

vector d̂. Neutron-averaged quantities are defined by
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FIG. 2: Comparison of inferred ion temperatures from
the neutron energy spectrum model1 governed by Eqs.
(1)–(3) with IRIS3D by post-processing DEC3D single-
mode hydrodynamic data with the same 7% initial ve-
locity perturbation. (a) T inferred

i,max and T inferred
i,min are the

maximum and minimum inferred ion temperatures,
respectively, measured over different uniformly dis-
tributed LOS angles from the north to south poles by
the neutron energy spectrum model and 16 detectors
in IRIS3D. Low mode ` = 1 shows the largest varia-
tion in inferred ion temperature. (b) Comparison of the
ratio of the maximum and the minimum inferred ion
temperature to the thermal ion temperature over the
mode spectrum measured by the neutron energy spec-
trum model to confirm its capability. The same result
is observed in IRIS3D. The modes denoted by ` = 4.5,
6.5, 8.5, 10.5 and 12.5 refer to 3-D modes Y m=2

`=4 , Y m=3
`=6 ,

Y m=4
`=8 , Y m=5

`=10 and Y m=6
`=12 respectively.

〈Q(t)〉 =
∫
Q(~x, t)nDnT〈σv〉DTd

3x/
∫
nDnT〈σv〉DTd

3x,
where 〈σv〉DT is the D–T fusion reactivity calculated by
the Bosch and Hale model.30 nD and nT are the D and T
hot-spot ion number densities, respectively. The neutron
energy spectrum f(En) in the laboratory frame of D–T
ion pairs is characterized by Gaussian distribution with

a nonrelativistic Doppler shift term 〈~v · d̂〉
√

2mnE0 in the
mean neutron energy:

f(En) = exp

[
− (En − E0 − 〈~v · d̂〉

√
2mnE0)2

4mnE0T thermal
i /(mn +mα)

]
, (2)

where T thermal
i is the neutron-averaged hot-spot thermal

ion temperature. The flow effect is excluded in the defi-
nition of neutron-averaged thermal ion temperatures.

The Doppler broadening of the neutron energy spec-

tra observed in experiments is a result of averaging all
neutron energy spectra 〈f(En)〉avg produced by different
Doppler shifts over the burn distribution within the 3-D
distorted hot spot:

〈f(En)〉avg =

∫
dV nDnT〈σv〉DTf(En)∫
dV nDnT〈σv〉DT

. (3)

In the neutron energy spectrum model, hydrodynamic
data from DEC3D including the mass density, the fluid
velocity and the thermal ion temperature are post-
processed according to Eq. (2) to generate the neu-
tron energy spectra for different fluid elements, followed
by the spatial neutron-averaging defined by Eq. (3) to
obtain the final shape of the neutron energy spectrum
to account for the collective effect of bulk fluid motion.
IRIS3D is applied to post process DEC3D hydrodynamic
data to benchmark the result of the neutron energy spec-
trum model. IRIS3D performs Monte-Carlo simulations
to track different types of scattering events including
neutron-Deuterium and neutron-Tritium. The ion tem-
perature inferred from IRIS3D is fitted with a Gaussian
at the full-width-half-maximum (FWHM) of the neutron
energy spectrum contributed by all fluid elements. The
neutron energy spectrum model has the advantage to vi-
sualize the Doppler-shifted neutron energy spectra pro-
duced by different fluid elements such as the cold bub-
bles or the high temperature hot-spot core. In contrast,
IRIS3D only provides the final shape of the neutron en-
ergy spectrum at a particular LOS but does not out-
put the neutron energy spectrum for any chosen fluid
element. Since low-mode perturbations exhibit larger
neutron-averaged hot-spot residual kinetic energies than
high modes, the presence of low-mode asymmetries in
ICF experiments can significantly modify the shape of
the neutron energy spectra.

To benchmark the result of the neutron energy spec-
trum model, inferred ion temperatures are compared
IRIS3D simulations at varying LOS angles θ from the
north to the south poles for different single modes ` =
1 to 12. Figure 1(a) shows the DEC3D profiles of the
mass density and the velocity vectors for low mode ` =
1. The neutron-averaged hot-spot flow velocity 〈vz〉 =
−176 km/s for mode ` = 1 is large enough to produce

Doppler shift by a magnitude of 〈~vz ·d̂〉
√

2mnE0 = −97ẑ·d̂
keV. The sign depends on the position of the detector

in the ẑ · d̂ term. In OMEGA experiments, the typical
neutron-inferred hot-spot flow velocity12 is ∼ 40 km/s
and reaches ∼ 100 km/s in shots with large variations in
ion temperature measurements. Figure 1(b) shows the
agreement of inferred ion temperatures for mode ` = 1
simulated by the neutron energy spectrum model and
IRIS3D. The Doppler shift term is shown vanishing when
the LOS is located at the equator, resulting in the mini-
mum inferred ion temperature.

To study signatures of different single modes in
ion temperature measurement variations, a direct
comparison of the inferred ion temperature ratio
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FIG. 3: DEC3D kinetic energy density profile in (a) and DEC3D mass density profile in (b) at stagnation for high
mode ` = 40,m = 20. The green contour surface is Te = 1 keV. The vortices of high modes are located within the
cold bubbles with low temperatures Te < 1 keV that do not produce significant neutrons. The Doppler shift term
resulting from the vortices of large ` single modes becomes negligible because of the low contribution in the burn
distribution.
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FIG. 4: Result of the neutron energy spectrum model
by post-processing DEC3D hydrodynamic data to com-
pare the Doppler shift of the mean neutron energy and
the bulk velocity broadening in (a) for low mode ` = 1
and (b) for high mode ` = 40,m = 20. The unnor-
malized Doppler-shifted neutron energy spectra sam-
pling inside the cold bubble f(En)bubble and the high-
temperature core part f(En)core are compared with the
normalized neutron energy spectrum 〈f(En)〉avg ob-
served at +z.

T inferred
i,max /T inferred

i,min for the single mode spectrum ` = 1−12

simulated by the same magnitude of 7% initial velocity
perturbation is investigated in figure 2 using the neu-
tron energy spectrum model and IRIS3D. In OMEGA
experiments, the averaged value of the experimental ion
temperature ratio is ∼ 1.18 and the standard deviation
of T exp

max/T
exp
min is ∼ 0.14. The study of single mode sim-

ulations at 7% initial velocity perturbation correspond
to the inferred ion temperature ratio ∼ 1.4 for mode

` = 1 in Fig 2(a), which is close to observed values in
shots with large ion temperature asymmetries exhibiting
one standard deviation higher than the averaged exper-
imental ion temperature ratio. Figure 2(a) shows that
mode ` = 1 has the largest inferred ion temperature vari-
ation in the single-mode spectrum, and the inferred ion
temperature variation is shown decreasing with Legendre
mode number. The unique characteristics of flow struc-
ture for different single modes are studied in Fig. 2(b) by
comparing the maximum with the minimum inferred ion
temperatures. The minimum inferred ion temperature
shows the magnitude of isotropic velocity variance, while
the difference in the maximum and minimum inferred
ion temperatures shows the magnitude of anisotropic ve-
locity variance. For mode ` = 1, the highly directional
jet contributes to a large Doppler shift of the mean neu-
tron energy while the vortex structure contributes to a
large anisotropic velocity variance. The magnitude of
T inferred
i,max −T inferred

i,min decreases with Legendre mode number
showing that low modes have a large source of anisotropic
velocity variance. Figure 2(b) shows that mode ` = 2 has
a large minimum inferred ion temperature caused by the
presence of a large radial flow structure.

The growth of symmetric converging RT spikes in
the single-mode perturbation traps the vortices of high
modes inside the cold bubbles, where the rate of neu-
tron production is low. After averaging the Doppler-
shifted neutron energy spectra contributed from the high-
velocity vortices, the overall effect of Doppler veloc-
ity broadening remains weak because the amount of
Doppler-shifted neutrons produced inside the cold bub-
bles is low and makes only a small contribution to the
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averaged neutron energy spectrum 〈f(En)〉avg. Figure
3(a) shows that the DEC3D residual kinetic energy den-
sity of vorticity at stagnation is highly localized inside
the cold bubbles for high mode ` = 40 and m = 20 and
is vanishing inside the clean volume enclosed by Te =
1-keV contour surface. Figure 3(b) is the DEC3D mass
density profile of mode ` = 40, showing the symmetric
converging RT spikes for large ` mode in the single-mode
simulation.

Figures 4(a) and 4(b) show the different behaviors of

the Doppler shift term 〈~v · d̂〉
√

2mnE0 in the neutron en-
ergy spectrum model between the low mode ` = 1 and
high mode ` = 40,m = 20. For mode ` = 1 the jet
flows along the negative z direction, and the sign of the

〈vz〉ẑ · d̂ term explains the downward-shifted red curve
in Fig. 4(a), when the detector is located at the north

pole d̂ = ẑ and the upward-shifted blue curve when the

detector is located at the south pole d̂ = −ẑ. The black
curve with the peak neutron mean energy at E0 in Fig.
4(a) is the neutron energy spectrum without modeling
the Doppler shift term in Eq. (3). Additionally, the ±z
spectra are broadened. Although the high-velocity vor-
tices produce a large Doppler shift for neutrons produced
inside the cold bubbles shown by the blue curve in Fig.
4(b), the overall effect of Doppler shift remains domi-
nant by the large number of neutrons produced inside the
high-temperature clean volume with negligible neutron-

averaged hot-spot fluid velocities 〈~v · d̂〉single−mode
large ` ' 0,

which is shown by the red curve in Fig. 4(b). As a re-
sult, a vanishing effect of Doppler shift of the mean neu-
tron energy is observed for large ` single modes, which
explains the unshifted overall neutron energy spectrum
shown by the black curve for mode ` = 40 in Fig. 4(b).
The property of symmetric converging RT spikes is lost in
multimode simulations. The high-velocity vortices near
the base of the bubbles experience a higher temperature
than those located at the tip of bubbles. The nonvanish-

ing contribution to 〈~v · d̂〉multimode
large ` > 0 in the multimode

asymmetry is described in Sec. IV.

III. SINGLE-MODE VELOCITY VARIANCE

To quantify the effect of hot-spot flow asymmetry on
variations in ion temperature measurement, the prop-
erties of velocity variance in the Brysk ion-temperature
model5 are analyzed through a systematic vector decom-

position of the ~v · d̂ term. We define the normalized ion
temperature T̂i ≡ Ti/(mn + mα) and rewrite Brysk ion
temperature in Murphy6 Eq. (20) as

T̂ inferred
i = T̂ thermal

i + Var[~v · d̂], (4)

where the directional-dependent velocity variance is

var[~v · d̂] = 〈(~v · d̂)2〉 − 〈~v · d̂〉2. (5)

The hot-spot fluid velocity vector ~v parallel to the LOS

unit vector d̂ is decomposed into three different velocity
components along three Cartesian orthogonal axes. The

inner product of the ~v · d̂ term is expanded into

~v · d̂ = (vx, vy, vz) · (gx, gy, gz)
= vxgx + vygy + vzgz,

(6)

where the LOS unit vector d̂ = gxx̂ + gy ŷ + gz ẑ is de-
termined by three geometrical factors. gx = sin θ cosφ,
gy = sin θ sinφ, and gz = cos θ as described in Eq. (1).

The (~v · d̂)2 term is expanded into

(~v · d̂)2 = v2xg
2
x + v2yg

2
y + v2zg

2
z + vxvy2gxgy

+vyvz2gygz + vzvx2gzgx.
(7)

Substituting the expansions of vector decomposition in
Eqs. (6) and (7) into the neutron-averaged brackets in
Eq. (5), the velocity variance is

var[~v · d̂] =
∑3
i=1 σiigigi +

∑
i6=j σijgigj . (8)

The factor of 2 is included by the symmetric summation
in the second term of Eq. (8). The summation indices
that define the Cartesian coordinates 1 = x, 2 = y, and
3 = z will be used interchangeably. The shorthand no-
tation for the directional dependent variance σii (with
i = j) and covariance σij (with i 6= j) are defined as

σii = 〈v2i 〉 − 〈vi〉2, (9)

σij = 〈vivj〉 − 〈vi〉〈vj〉. (10)

Therefore, the Brysk ion temperature or the inferred ion
temperature in Eq. (4) is well defined by a complete set
of six hot-spot flow parameters in terms of three direc-
tional variances (σxx, σyy, and σzz) and three covariances
(σxy, σyz, and σzx), while the LOS effects enters through
three geometrical factors gx, gy, and gz. The terminol-
ogy of directional variances with subscripts xx, yy, and
zz are used to distinguish them from the velocity vari-
ance defined in Eq. (5). The compact form of Eq. (4)
is

T̂ inferred
i = T̂ thermal

i +
∑
i,j σijgigj . (11)

Equation (11) is studied in Fig. (5) by comparing
the ratio of the maximum to the minimum inferred
ion temperatures simulated by IRIS3D with the Brysk
ion-temperature model using the direct computation of
the variance and covariance of the hot-spot fluid ve-
locity properties defined by Eq. (11). The ratio of
T inferred
i,max /T inferred

i,min for midmodes ` = 5 to 12 is shown
smaller than that for low modes ` = 1, 3, and 4 due
to small magnitudes of neutron-averaged hot-spot fluid
velocities. When the hot spot is significantly distorted,
different warm bubbles exhibit different thermal ion tem-
peratures. As a result, Fig. 5 shows an increasing
discrepancy of Brysk ion temperature ratio from that
of IRIS3D measurement. A single neutron-averaged
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FIG. 5: Comparison of the maximum to the minimum
inferred ion temperatures modeling between IRIS3D
and the Brysk ion-temperature model to validate Eq.
(11) using DEC3D single-mode database ` = 1 to 12
with different initial velocity perturbations δv/v0 =
0.01 to 0.14. When the hot spot is significantly dis-
torted, the thermal ion temperature varies significantly
in space. The thermal ion temperature defined by the
neutron-averaged value deviates from that inferred from
the single Gaussian fit of the neutron energy spectrum
in IRIS3D at large ion temperature ratios.

thermal ion temperature is assumed in the analysis of
Brysk ion-temperature model. At ion temperature ratio
T inferred
max /T inferred

min = 1.4 in Fig. 5, which is comparable to
that of OMEGA experiments with large ion temperature
variations, the data for mode ` = 4 is about 5% higher
than the Y = X curve. The analytic model shows good
accuracy relative to the typical ion temperature varia-
tions in experiments.

The resulting inferred ion-temperature measurement
variation denoted by4T̂i = T̂ inferred

i −T̂ thermal
i is a collec-

tive effect from the six hot-spot flow parameters through
a linear superposition relation,

4T̂i =
∑
i,j σijgigj . (12)

Equation (12) can be generalized into a system of lin-
ear equations that connects the complete set of six hot-
spot flow parameters ~σ = (σxx, σyy, σzz, 2σxy, 2σyz, 2σzx)

with ion-temperature measurement variations4~TLOS ob-
served at six LOS’s through a 6×6 invertible line-of-sight
matrix M̂3D

LOS, which is determined by six pairs of LOS

angles θLOS and φLOS:

4T̂i,1
4T̂i,2
4T̂i,3
4T̂i,4
4T̂i,5
4T̂i,6


4~TLOS

=


gx,1gx,1 . . . . gz,1gx,1
gx,2gx,2 . . . . gz,2gx,2
gx,3gx,3 . . . . gz,3gx,3
gx,4gx,4 . . . . gz,4gx,4
gx,5gx,5 . . . . gz,5gx,5
gx,6gx,6 . . . . gz,6gx,6


M̂3D

LOS


σxx
σyy
σzz

2σxy
2σyz
2σzx


~σ

.

(13)

For two-dimensional (2-D) planar flows with transla-
tional symmetry in the z direction, σzz = σzx = σyz = 0
and the linear system is reduced to an invertible 3 × 3
matrix:4T̂i,14T̂i,2
4T̂i,3

 =

gx,1gx,1 gy,1gy,1 gx,1gy,1
gx,2gx,2 gy,2gy,2 gx,2gy,2
gx,3gx,3 gy,3gy,3 gx,3gy,3


M̂2D

LOS

 σxxσyy
2σxy

 ,
(14)

with the 2-D determinant (det) of M̂2D
LOS:

det2D = f × sin4φ12 sin4φ23 sin4φ13, (15)

where f = sin2 θ1 sin2 θ2 sin2 θ3, 4φ12 = φ1−φ2, 4φ23 =
φ2 − φ3, and 4φ13 = φ1 − φ3. The determinant det2D
is nonzero for any two pairs of nonparallel LOS’s, i.e.,
φi − φj 6= 0, π. In 3-D the six LOS’s cannot be parallel
with each other to avoid forming a singular LOS ma-
trix and should be chosen to maintain a small condition
number for the matrix M̂3D

LOS to minimize the propaga-
tion of errors in ion-temperature measurement. The
matrix representation of velocity variance in the Brysk
ion-temperature model can be utilized to approximate
the true minimum of inferred ion temperature through
six ion-temperature measurements. The terminology of
Brysk or matrix models will be used interchangeably. We

define the 6 × 1 column vector ~Ti of six inferred ion-
temperature measurements, the 6× 1 column vector ~Tth
of the thermal ion temperature, and the 6×6 LOS matrix
M̂0 ≡ M̂3D

LOS:

~Ti =
∑6
j=1 T̂

inferred
i,j êj ,

~Tth = T̂ thermal
i

∑6
j=1 êj ,

(16)

where {êj=1,...,6} is the six orthonormal base vectors. Let

T̂p be the prediction of the inferred ion temperature at
arbitrary LOS angles θp and φp, which uniquely specifies

the LOS matrix M̂p and matrix elements gigj(θp, φp):

~Ti = ~Tth + M̂0 · ~σ,
~Tp = ~Tth + M̂p · ~σ.

(17)

The solution of directional variances and covariances
vector ~σ is first obtained by multiplying the inverse of
the old LOS matrix with the vector of the old six ion-
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FIG. 6: The numerical test to show the δ̂p,0 · ~Tth term
has a vanishing contribution over the full 4π solid an-
gles by taking the thermal ion temperature as 3 keV.
The six LOS’s are indicated by the red dots. The coor-
dinates (θ, φ) are (1.0700, 0.8314)1, (1.0847, 3.5888)2,
(2.0345, 2.8274)3, (0.6705, 4.3563)4, (1.5334, 2.8142)5,
and (1.4831, 5.4412)6 in the unit of radian.

temperature measurements:

~σ = M̂−10 · (~Ti − ~Tth). (18)

The prediction of inferred ion temperature at the new
LOS is

~Tp = (̂I− M̂p · M̂−10 ) · ~Tth + M̂p · M̂−10 · ~Ti. (19)

The first term on the right-hand side of Eq. (19) is de-

noted by the matrix δ̂p,0 which characterizes the depar-
ture of the new LOS from the old one.

δ̂p,0 = Î− M̂p · M̂−10 . (20)

The exact relation predicting the inferred ion tempera-
ture at the new LOS is written as

~Tp = δ̂p,0 · ~Tth + M̂p · M̂−10 · ~Ti. (21)

When predictions of inferred ion temperatures are near

the vicinity of the old LOS, the δ̂p,0 · ~Tth term approaches
zero. Therefore, an approximated solution of the inferred
ion temperature in the neighborhood of the old LOS is

~Tp ' M̂p · M̂−10 · ~Ti, (22)

and the minimum inferred ion temperature in the 4π
Hammer map for all angles θp and φp is

T̂ appro.inf
i,min = Min[M̂p(θp, φp) · M̂−10 · ~Ti]4π. (23)
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FIG. 7: (a) Prediction of inferred ion temperature Tp
in the 4π Hammer map by Brksy model Eq. (22) us-
ing six inferred ion temperatures (shown by the red
dots) at six nTOF locations on OMEGA. The neutron-
averaged thermal ion temperature 〈Ti〉b ≡ T thermal

i is
3.551 keV, and the minimum of inferred ion tempera-

ture T thermal
i,pred ≡ T appro.inf

i,min is 3.525 keV. (b) Comparison
of the inferred ion temperatures simulated by IRIS3D
and the neutron energy spectrum model using 16 LOS’s
with that of simulated by the Brysk model given by Eq.
(22) using six LOS’s.

To validate the vanishing contribution of the δ̂p,0 · ~Tth
term, six LOS’s at the same neutron time-of-flight
(nTOF) locations in OMEGA are chosen. Note the red
dots on the Hammer map in Fig. 6. The positions of
these six LOS angles complete all matrix elements for
M̂3D

LOS or its inverse M̂−10 . In this configuration, the fol-
lowing vector can be directly computed:

M̂p(θp, φp) · M̂−10 · ~Tth =
∑6
j=1 aj T̂

thermal
i êj , (24)
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with vector elements

aj = cos2 θp + αj sin 2θp sinφp
+ sin2 θp(cos2 φp + βj sin 2φp + sin2 φp).

(25)

By neglecting the two small constants αj = 8.9 × 10−16

and βj = −2.2 × 10−16 in Eq. (25), we have aj ' 1
in Eq. (24), resulting in well-approximated zero vector

components of δ̂p,0 · ~Tth = (̂I−M̂p ·M̂−10 ) · ~Tth ' ~0. Figure

6 shows the numerical test to estimate δ̂p,0(θp, φp) · ~Tth
at all angles θp and φp by directly computing the matrix

δ̂p,0 using Eq. (20) and indicates that the magnitudes of

the vector components for δ̂p,0(θp, φp) · ~Tth ∼ 10−15 keV
are negligibly small. In the 2-D numerical test, however,
the vector components are observed to be nonzero. For
example, by using fixed LOS angles θ1 = θ2 = θ3 =
π/2 in M̂2D

LOS, the nonzero contribution is observed to be

δ̂p,0(θp, φp) · ~Tth = (1, 1, 1) cos2 θpT
thermal
i and remains

nonzero for other choices of three LOS.

Figure 7(a) shows the reconstruction of the 4π ap-
proximated prediction of inferred ion temperature using
Eq. (22) based on six inferred ion temperatures from
six LOS’s for mode ` = 1 perturbation obtained from
an IRIS3D simulation. The neutron-averaged thermal
ion temperature T thermal

i = 3.551 keV for mode ` = 1 is
shown to be in agreement with the prediction of minimum

inferred ion temperature T appro.inf
i,min = 3.525 keV obtained

by Eq. (23). Figure 7(b) shows that the predicted in-
ferred ion measurement variations using Eq. (21) from
the north to south poles for mode ` = 1 at the fixed
angle φ = 0 agree with those simulated by IRIS3D and
the neutron energy spectrum model, both using 16 LOS’s
uniformly distributed over the azimuthal angle θ ∈ [0, π].
However, the neutron energy spectrum model exhibits
some discrepancy at the north and south poles due to its
simple approach of superposition neutron energy spec-
tra from different fluid elements to model the bulk ve-
locity broadening phenomenon. Techniques described in
Ref.7–9 provide the exact shape of the neutron energy
spectrum.

Equation (12) can be used to explain the symmetric
variation of inferred ion temperature for mode ` = 1
from the north to the south poles. From the single-mode
database, the magnitudes of single-mode covariances are
shown to be negligibly small. The 3-D single-mode vari-
ation in inferred ion temperature is therefore dominated
by the three directional variance terms according to Eq.
(12):

4T̂ 3D
i (θ, φ) = sin2 θ(σxx cos2 φ+ σyy sin2 φ)

+σzz cos2 θ.
(26)

The LOS dependence enters through the square of
the three geometrical factors g2x = sin2 θ cos2 φ, g2y =

sin2 θ sin2 φ, and g2z = cos2 θ, while three directional vari-
ances σxx, σyy, and σzz of the hot-spot fluid velocity dis-
tribution determine the relative amplitudes of variations
in ion temperature measurement. For rotational symmet-

FIG. 8: DEC3D single-mode simulations with δv/v0 =
0.07 initial velocity perturbations. (a) Comparison of
the directional and total velocity variances. Mode ` = 2
exhibits the largest total velocity variance. (b) Com-
parison of the minimum inferred ion-temperature for-
mula in Eq. (23) shown by open and solid red circles
with the improved approximation formula in Eq. (32)
shown by open and solid blue squares with isotropic
variance separation. Significant improved prediction of
thermal ion temperatures is observed.

ric modes defined by m = 0, the property of directional
variance σxx = σyy further leads to a simplified approxi-
mation of 2-D single-mode inferred ion-temperature vari-
ation:

4T̂ 2D
i (θ, φ) = (σxx + σyy) sin2 θ + σzz cos2 θ. (27)

Figure 8(a) investigates the magnitudes of directional
variances in the mode spectrum. For mode ` = 1, the
property of σxx + σyy � σzz indicates that the last term
σzz cos2 θ in Eq. (27) dominates. Therefore the inferred
ion-temperature variation for mode ` = 1 is approxi-
mated by4T̂ `=1

i ' σzz cos2 θ, which is in agreement with
the sinusoidal curve shown in Fig. 7(b). Although the
magnitudes of σzz for modes ` = 1, 3, and 4 are close,
the vortex structure of mode ` = 1 has the least non-
translational fluid motion on the x − y plane, resulting
in the largest anisotropic velocity variance σzz − σxx or
σzz − σyy as shown in Fig. 8(a).

Mode ` = 2 is shown to exhibit the largest total di-
rectional variance σ2

x + σ2
y in Fig. 8(a) because of the

high degree of radial flow structure of mode ` = 2 on
the x− y plane. Figure 9 shows that mode ` = 4,m = 2
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FIG. 9: Variation in ion-temperature measurement for
low mode ` = 4 and m = 2 modeled by Brysk model
Eq. (12) using the simulation values of variance and
covariance obtained from DEC3D hydrodynamic data.
The two dim regions result from unequal directional
variances σxx 6= σyy in Eq. (26), which introduce the

period of 2 in the azimuthal direction caused by sin2 φ
and cos2 φ terms.

has variations in the sinusoidal ion-temperature measure-
ment in the azimuthal angle φ. This feature is caused by
the unequal directional variances σxx 6= σyy, and the pe-

riod of 2 is due to sin2 φ and cos2 φ terms in Eq. (26).
Two-dimensional m = 0 modes are shown to have larger
directional variances in the z direction than in the x and
y directions. Since the central spike for 2-D m = 0 modes
along the z axis behaves as a 3-D spike because of the
azimuthal rotational symmetry, the central spike grows
faster than the 2-D RT spike, resulting in a higher degree
of fluid motion in the z direction.

Figure 8(b) compares the minimum inferred ion tem-
perature given by Eq. (23) for different single modes
in which the six inferred ion temperatures are simulated
by IRIS3D. The property of large isotropic velocity vari-
ance for mode ` = 2 is shown, leading to more than
10% higher minimum inferred ion temperature than the
neutron-averaged thermal ion temperature. The 3-D ef-
fect of variation in the azimuthal ion temperature mea-
surement for mode ` = 4 and m = 2 is caused by different
values of directional variances in x and y directions, i.e.,
σ2
x 6= σ2

y, and in the same way for all m 6= 0 modes, and

σ2
x = σ2

y = σ2
z for the unperturbed simulation. Based on

the Brysk ion-temperature model in Eq. (4), it implies
that the variation among different directional variances
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FIG. 10: Predictions of ion temperature for the mul-
timode perturbation ` = 10,m = 5, and ` = 1
using Brysk model by post-processing DEC3D hy-
drodynamic data to obtain the directional variance
and covariance : (a) uses the formula in Eq. (11), i.e.,

T̂ inferred
i = T̂ thermal

i +
∑3
i=1 σiigigi +

∑
i 6=j σijgigj ;

(b) uses the same formula but neglects the directional

variance terms T̂ inferred
i = T̂ thermal

i +
∑
i 6=j σijgigj to

investigate the 3-D effect of covariance terms.

is the source of variation in the inferred ion tempera-
ture measurement. The directional variance in Eq. (26)
can be rewritten into a sum of a directional-independent
isotropic velocity variance σ2

iso and a fluctuation of direc-
tional variance 4σii,

σii = σ2
iso +4σii. (28)

The effect of isotropic velocity variance on the minimum
inferred ion temperature can be explained by substitut-
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ing Eq. (28) into Eq. (12). Here the vector property∑3
i=1 gigi = d̂ · d̂ = 1 is used so that the isotropic ve-

locity variance σ2
iso exists uniformly in the three different

orthogonal directions:∑3
i=1(σ2

iso +4σii)gigi = σ2
iso +

∑3
i=14σiigigi.(29)

In this analysis, the fluctuation of directional variance is
shown to be the origin of inferred ion-temperature vari-
ation, while the isotropic velocity variance is shown to
cause a higher minimum inferred ion temperature. Equa-
tion (12) can be written as

4T̂i(θ, φ) = σ2
iso +

∑3
i=14σiigigi

+
∑
i 6=j σijgigj .

(30)

The isotropic velocity variance σ2
iso should be subtracted

from all directional variance σii in order to shift the min-
imum inferred ion temperature in Eq. (22) down to the
level of thermal ion temperature. By neglecting the co-
variance terms in Eq. (30), a reasonable form of single-
mode isotropic velocity variance can be assumed as the
minimum value among directional variances σxx, σyy and
σzz in order to remove the uniform background of direc-
tional variance as explained by Eqs. (28)–(30):

σ2
iso = Min[σ2

x, σ
2
y, σ

2
z ]. (31)

An improved approximation for the thermal ion tempera-
ture is obtained by separating the isotropic velocity vari-
ance using Eq. (31) from the minimum inferred ion tem-
perature of Eq. (22):

T̂ thermal
i,appro ' T̂ appro.inf

i,min − σ2
iso. (32)

The improved approximation for the thermal ion tem-
peratures using Eq. (32) is validated by the blue squares
in Fig. (8-a). After separating the isotropic velocity vari-
ance, the minimum inferred ion temperatures indicated
by the red circles are all down to the level of neutron-
averaged thermal ion temperatures for all different single
modes, with 3% uncertainty. Low mode ` = 1 is shown to
exhibit the least isotropic velocity variance, and its min-
imum inferred ion temperature is close to the neutron-
averaged thermal ion temperature with 1% uncertainty,
even without separating the isotropic velocity variance.
When the method of isotropic velocity variance separa-
tion is applied to the 4π minimum of Brysk ion temper-
atures given by Eq. (11), the improved approximation
of thermal ion temperatures is observed to shift down
precisely to the level of true thermal ion temperatures.

However, the solution of isotropic velocity variance
given by Eq. (31) is obtained from calculating the di-
rectional variance using the hydrodynamic data of simu-
lations. σ2

iso cannot be determined in experiments. This
limitation is caused by the fact that both isotropic veloc-
ity variance and thermal ion temperature are direction-
ally independent. As a result, the minimum inferred ion
temperature includes a nonseparable contribution from
the isotropic fluid motion within the hot spot.

In experiments, when implosions are dominated by low
mode ` = 1, the large variation of ion temperature mea-
surements occurs along the same direction of the neutron-
averaged hot-spot flow velocity. However, the nature of
the large anisotropic velocity variance is caused by the
spatially-varying neutron-averaged fluid velocity distri-
bution driven by the large vortex structures. A jet with
uniform flow velocity distribution in homogenous fusing
plasma has zero velocity variance. The signature of a
plasma jet is manifested in the shift of the mean neutron
energy in Eq. (1).

The matrix formalism can be extended to the improved
Munro model to account for relativistic kinematics. The
method of vector decomposition can be applied to ex-
pand each high order correction term in Munro8 Eq. (74),
which in turns, requires more lines of sights ion tempera-
ture measurements. For 14 MeV neutrons, the relativistic
correction is approximately to be < 5% as indicated in
Ref.8,9. A more accurate evaluation of Munro’s relativis-
tic model is currently under investigation.

In applications, the true minimum inferred ion temper-
ature provides more realistic evaluations of the true ther-
mal temperature. The reconstruction of inferred ion tem-
perature profile through six LOS ion temperature mea-
surements can also be used to infer the orientation of the
neutron-averaged hot-spot flow velocity. Since the latter
is well correlated with the neutron-inferred areal density
variations in the presence of low modes, the relation be-
tween the variations of ion temperature and areal density
measurements can be used to understand the signature
of low mode asymmetries in experiments.

IV. MULTI MODE VELOCITY VARIANCE

Figure 10(a) investigates the effect of rotational asym-
metry on the inferred ion-temperature variation for a
two-mode simulation that has a dominant low mode ` = 1
with a small perturbation of high mode ` = 10 and
m = 5. The azimuthal symmetry is shown broken slightly
due to the presence of odd-m mode, and significant 3-D
variations of inferred ion temperatures on the Hammer
map are observed in Fig. 10(b). The 3-D effect of non-

zero covariance terms denoted by 4T̂ cov
i in Eq. (8) is

considered separately,

4T̂ cov
i (θ, φ) = σxy sin2 θ sin 2φ+ σyz sin 2θ sinφ

+σzx sin 2θ cosφ.
(33)

The two bright spots observed in Fig. 10(b) are caused by
the period of 2 in angles θ and φ. Since the covariance
terms can be negative, the 4π minimum of the covari-
ance terms4T̂ cov

i should be included inside the minimum
bracket in Eq. (31) to estimate the value of isotropic ve-
locity variance for multimode perturbations.

Figure 11 compares the ratio of the maximum to the
minimum inferred ion temperature and the yield-over-
clean (YOC = 2-D or 3-D fusion yield/ 1-D clean yield) in
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FIG. 11: Plot (a) compares the ratio of the maximum
inferred ion temperature to the minimum in DEC3D
two-mode simulations (1) with a dominant low mode
` = 1 in the blue curve and (2) with a dominant high
mode ` = 10,m = 5 in the red curve. Plot (b) compares
the corresponding yield-over-clean.

DEC3D two-mode simulations: (1) a dominant low mode
` = 1 with increasing initial perturbations of high mode
` = 10,m = 5; (2) a dominant high mode ` = 10,m = 5
with increasing initial perturbations of low mode ` = 1.
The steeper rise of inferred ion-temperature variations
observed for the dominant high mode ` = 10 simulations
can be explained by diagnosing the changes in directional
variances from weak to strong perturbations. The steep
rise of the inferred ion-temperature variation for the dom-
inant mode ` = 10 case is caused by the rapid increas-
ing fluid motion in the z direction from σkeV

zz = 0.44
to σkeV

zz = 1.82, and the fluid motions on the x − y
plane was found to increase slightly from σkeV

xx = 0.294
to σkeV

xx = 0.325. The superposition of mode ` = 1 with
mode ` = 10 significantly increases the flow asymmetry
in the z direction, which is well indicated by the behav-
ior of σzz. The thermal ion temperature of high-velocity
vortices at the base of the cold bubbles start to increase
as RT spikes become more radially nonsymmetric in the
multimode perturbations so that the high-velocity hot
vortices of high modes start to contribute more Doppler-
shifted neutrons and broaden the final shape of neutron
energy spectrum.

Figure 12(a) shows an inferred ion-temperature profile
simulated by IRIS3D for a strongly perturbed 3-D multi-
mode simulation with the a YOC = 0.36. The initial
perturbation is a spectrum 4v/v0

∑12
`=1 Y

m=`/2
` consist-

ing of modes ` = 1 to 12, m = 0 for odd-` modes and
m = `/2 for even-` modes, with uniform initial velocity
perturbations 4v/v0 = 0.14. The directional variances

are σkeV
xx = 1.2, σkeV

yy = 0.74, and σkeV
zz = 0.76, indicating

the existence of a dominant jet structure as indicated by
the velocity field profile shown in Fig. 12(b). The mo-
tion of the jet on the x − y plane can be read from the
neutron-averaged hot-spot fluid velocities 〈vx〉 = −7.6
km/s and 〈vy〉 = −5.4 km/s, roughly indicating the
orientation of the jet from (θ = π/2, φ1 = 0.95) to
(θ = π/2, φ2 = 4.1), which accounts for the formation of
the two asymmetric bright spots observed in Fig. 12(a).
Figure 13(a) shows the reconstruction of a 3-D inferred
ion-temperature profile by the Brysk ion-temperature
model using Eq. (11) and is in good agreement with
the IRIS3D simulation in Fig. 12(a). The magnitudes
of covariance terms σkeV

xy = 0.26, σkeV
yz = −0.048, and

σkeV
zx = −0.089 in the high degree of flow asymmetry in

the strongly perturbed multimode simulation are large
enough to cause significant 3-D effects. The variations
in inferred ion-temperature measurement caused by di-
rectional variances and covariances are investigated sep-
arately in Figs. 13(b) and 13(c). They show that the for-
mation of the asymmetric bright spot located at θ = π/2
and φ = 0 in Fig. 13(a) is driven by the large covariance
terms.

V. HOT-SPOT RESIDUAL KINETIC ENERGY

The effect of Doppler velocity broadening on neutron
energy spectra can be used to infer the properties of the
hot spot’s nontranslational residual kinetic energy. The
sum of three measurements of ion temperature at orthog-
onal LOS’s along with x1 = x, x2 = y, and x3 = z direc-
tions is related to the thermal ion temperature and the
total velocity variance. In this configuration the covari-
ance terms vanish exactly:

1

3

3∑
j=1

T̂ inferred
i,j = T̂ thermal

i +
1

3

(
σ2
iso +

3∑
i=1

4σ2
ii

)
.(34)

The appearance of isotropic velocity variances causes
larger averaged ion temperatures than the thermal ion
temperature by the amount of σ2

iso. Since geometri-
cal factors or LOS effects do not appear in the sum of
ion-temperature measurements at three orthogonal axes,
the apparent ion temperature is further increased by the
amount of 4σ2

xx+4σ2
yy+4σ2

zz as a result of anisotropic
velocity variances. The total velocity variance and the
hot spot nontranslational fluid motion are closely re-
lated. The hot-spot fluid velocities in three orthogonal
directions are decomposed into a translational compo-
nent of neutron-averaged linear velocity 〈vi〉 and a non-
translational component of velocity fluctuation denoted
by 4vnontransi ,

vi = 〈vi〉+4vnontransi . (35)

Substituting Eq. (35) into the definition of directional
variance σii = 〈(vi − 〈vi〉)2〉, the expression of total ve-
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FIG. 12: (a) The inferred ion-temperature map simulated by IRIS3D at high resolution by post-processing a

strongly distorted DEC3D multimode simulation with an initial perturbation spectrum 4v/v0
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YOC = 0.36. (b) DEC3D mass density and velocity field profiles on the x − y plane. A developed jet structure is
shown in the x direction. The shape of the distorted hot spot is indicated by Te = 0.5-keV contour surface.
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FIG. 13: Reconstruction of 3-D inferred ion-
temperature profiles by the Brysk ion temperature
model for the strongly perturbed multi-mode simu-
lation shown in Fig. (12) (a) using Eq. (11) by in-
cluding three directional variance terms denoted by
var = σxxgxgx + σyygygy + σzzgzgz and three covariance
terms denoted by cov = 2σxygxgy+2σyzgygz+2σzxgzgx,
(b) including only the three directional variance terms,
and (c) including only the three covariance terms. The
neutron-averaged thermal ion temperature is 〈Ti〉IRIS3D

b
= 2.7 keV.

FIG. 14: DEC3D 77068 single-mode database. Plot
(a) validates Eq. (39) by comparing the sum of three
inferred ion temperatures at x̂, ŷ, and ẑ to the thermal
ion temperature and total variance. The red dots are
low mode ` = 1. Plot (b) compares the minimum in-
ferred ion temperatures defined by Eq. (23) with the
neutron-averaged thermal ion temperatures for all sin-
gle modes. The red dots are low mode ` = 1 and the
blue dots are low mode ` = 2. Plot (c) compares the
average inferred ion temperatures over three orthogo-
nal directions with hot-spot and shell residual kinetic
energies to validate Eq. (41).
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locity variance is equivalent to the inner product of total
nontranslational hot-spot fluid velocities:

σ2
total ≡

∑3
i=1 σii = 〈4~v · 4~v〉nontrans. (36)

By introducing the total nontranslational hot-spot resid-
ual kinetic energy (KE):

KEnontrans
HS =

1

2
Mb

HS〈4v2〉nontrans, (37)

where Mb
HS = 1

2n
b
i mDTV

b
HS is the neutron-averaged hot-

spot mass, nbi is the neutron-averaged hot-spot total ion
number density, V b

HS is the neutron-averaged hot-spot
volume, mDT is the DT ion mass, and the superscript
b denotes spatial neutron-averaging. By expressing the
total velocity variance in terms of the hot-spot nontrans-
lational residual kinetic energy using Eq. (37), Eq. (34)
can be written into

1

3

3∑
j=1

T̂ inferred
i,j = T̂ thermal

i

(
1 +

2KEnontrans
HS

3Mb
HST̂

thermal
i

)
.(38)

The product of neutron-averaged hot-spot mass and the
normalized thermal ion temperature can be simplified
into Mb

HST̂
thermal
i ' IEb

HS/6. The thermodynamic equi-
librium between electron and ion temperatures is as-
sumed to give the neutron-averaged hot-spot total pres-
sure P b

HS = 2nbi T
thermal
i , which is a typical approximation

in the deceleration phase hydrodynamic models31,32 to
express the ion-temperature-dependent fusion reactivity
as a function of the total gas pressure. mDT ' mn+mα is
assumed by neglecting the small mass deficit because of
the release of nuclear fusion energy, and IEb

HS = 3
2P

b
HSV

b
HS

is the neutron-averaged hot-spot internal energy. There-
fore, the average of three ion temperatures measured at
orthogonal directions in Eq. (38) is related to the ratio of
neutron-averaged nontranslational hot-spot residual ki-
netic energy to the neutron-averaged hot-spot internal
energy:

1

3

3∑
j=1

T̂ inferred
i,j = T̂ thermal

i

(
1 + 4

KEnontrans
HS

IEb
HS

)
. (39)

Equation (39) is validated in Fig. 14(a), in which the
nontranslational hot-spot kinetic energy is replaced by
the total hot-spot kinetic energy KEtotal

HS because their

magnitudes are close: KEtotal
HS ' KEnontrans

HS . This ap-
proximation is valid for modes ` ≥ 2 with a small amount
of translational hot-spot residual kinetic energy, but it
is not valid for mode ` = 1. Figure 14(b) investigates
the effect of isotropic velocity variance by comparing the
minimum inferred ion temperatures obtained by Eq. (23)
with the thermal ion temperatures in the mode spectrum.
Mode ` = 1 is shown to exhibit the least isotropic flow so
that its minimum inferred ion temperature is close to the
thermal ion temperature. Mode ` = 2 is shown to exhibit
a large deviation between minimum inferred temperature
and thermal temperature because of a large isotropic ve-

locity variance. The intimate relation between variations
in ion temperature measurement and residual kinetic en-
ergy can be shown by considering the conservation of
total energy at the time of stagnation between 3-D and
1-D implosions IEb

HS,3D/IE
b
HS,1D = 1−RKEtotal−RIESH,

where the shorthand notations for normalized total resid-
ual kinetic energy RKEtotal, the normalized neutron-
averaged hot-spot residual kinetic energy RKEb

HS, and
the normalized shell internal energy RIESH are defined
by

RKEtotal = (KE3D
total −KE1D

total)/IE
b
HS,1D,

RKEb
HS = (KEb,3D

HS −KEb,1D
HS )/IEb

HS,1D,

RIESH = (IE3D
SH − IE1D

SH)/IEb
HS,1D.

(40)

The ratio of the neutron-averaged hot-spot residual ki-
netic energy to the neutron-averaged hot-spot inter-
nal energy can be rewritten as KEb

HS,3D/IE
b
HS,3D =

RKEb
HS/(1 − RKEtotal − RIESH). Except for low mode

` = 1, the neutron-averaged nontranslational hot-spot
residual kinetic energy in Eq. (39) can be well approx-
imated by the neutron-averaged total hot-spot residual
kinetic energy since other modes contain less transla-
tional hot-spot fluid motions, i.e., KEnontrans

HS /IEb
HS '

KEb
HS,3D/KEb

HS,3D. Therefore, the summation of inferred
ion temperatures at three orthogonal directions in Eq.
(39) is a function of residual kinetic energies:

1

4

(∑3
j=1 T̂

inferred
i,j

3T̂ thermal
i

− 1

)
' RKEb

HS

1− RKEtotal − RIESH
.(41)

Equation (41) shows that the increasing inferred ion tem-
peratures are caused by the nontranslational hot-spot
residual kinetic energy. Only when KEnontrans

HS = 0 in
Eq. (38), the average of inferred ion temperatures mea-
sured at three orthogonal axes is equal to the thermal ion
temperature. Figure (14)(c) shows that Eq. (41) is valid
for all modes ` ≥ 2. Mode ` = 1 is the outlier because
it has large translational hot-spot fluid motions that vio-
lates the approximation of KEnontrans

HS ' KEb
HS,3D in Eq.

(41).

VI. CONCLUSION

In summary, we present a detailed study of the ve-
locity variance of the Brysk ion-temperature model5,6

for single-mode and multimode Rayleigh–Taylor insta-
bilities in the deceleration phase of ICF implosions. The
3-D effect of hot-spot flow asymmetry on variations in
ion-temperature measurement is shown to be uniquely
determined by a complete set of six hot-spot flow pa-
rameters including three directional variances and three
covariances, which are calculated from the distribution of
hot spot fluid velocity. An approximated solution of the
minimum inferred ion temperature is derived, and the ap-
proximated inferred ion-temperature profile over the full
4π solid angles is shown to be well reconstructed based
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on six ion-temperature measurements. The reconstruc-
tion of inferred ion-temperature profiles is in agreement
with the result of the neutron energy spectrum model1

and the neutron transport code IRIS3D.2 The predic-
tion of minimum inferred ion temperature for low mode
` = 1 is close to the thermal ion temperature because of
its least isotropic velocity variance, but it also exhibits
the largest variations in inferred ion temperatures. Low
mode ` = 2 is shown to exhibit a large isotropic veloc-
ity variance due to its large radial flow structure on the
x−y plane. The effect of large isotropic velocity variance
is shown to cause the minimum inferred ion temperature
well above the thermal ion temperature. An improved
approximation of the thermal ion temperature is derived
by separating the isotropic velocity variance. The pres-
ence of nontranslational hot-spot residual kinetic energy
is shown to cause larger averaged inferred ion tempera-
tures measured at three orthogonal directions than the
thermal ion temperature.

ACKNOWLEDGMENTS

This material is based upon work supported by the De-
partment of Energy National Nuclear Security Adminis-
tration under Award Number DE-NA0001944. Partial
supported was provided by DOE Office of Fusion Energy
Sciences grant DE-SC0014318. This report was prepared
as an account of work sponsored by an agency of the
U.S. Government. Neither the U.S. Government nor any
agency thereof, nor any of their employees, makes any
warranty, express or implied, or assumes any legal li-
ability or responsibility for the accuracy, completeness,
or usefulness of any information, apparatus, product, or
process disclosed, or represents that its use would not
infringe privately owned rights. Reference herein to any
specific commercial product, process, or service by trade
name, trademark, manufacturer, or otherwise does not
necessarily constitute or imply its endorsement, recom-
mendation, or favoring by the U.S. Government or any
agency thereof. The views and opinions of authors ex-
pressed herein do not necessarily state or reflect those of
the U.S. Government or any agency thereof.

1V. N. Goncharov, T. C. Sangster, R. Betti, T. R. Boehly, M. J.
Bonino, T. J. B. Collins, R. S. Craxton, J. A. Delettrez, D. H.
Edgell, R. Epstein, R. K. Follett, C. J. Forrest, D. H. Froula,
V. Y. Glebov, D. R. Harding, R. J. Henchen, S. X. Hu, I. V. Igu-
menshchev, R. Janezic, J. H. Kelly, T. J. Kessler, T. Z. Kosc, S. J.
Loucks, J. A. Marozas, F. J. Marshall, A. V. Maximov, R. L. Mc-
Crory, P. W. McKenty, D. D. Meyerhofer, D. T. Michel, J. F. My-
att, R. Nora, P. B. Radha, S. P. Regan, W. Seka, W. T. Shmayda,
R. W. Short, A. Shvydky, S. Skupsky, C. Stoeckl, B. Yaakobi,
J. A. Frenje, M. Gatu-Johnson, R. D. Petrasso, and D. T. Casey,
“Improving the hot-spot pressure and demonstrating ignition hy-
drodynamic equivalence in cryogenic deuterium–tritium implo-
sions on omega,” Phys. Plasmas 21, 056315 (2014).

2F. Weilacher, P. B. Radha, and C. Forrest, “Three-dimensional
modeling of the neutron spectrum to infer plasma conditions
in cryogenic inertial confinement fusion implosions,” Physics of
Plasmas 25, 042704 (2018).

3S. Atzeni and J. M. ter Vehn, The Physics of Inertial Fusion:
Beam Plasma Interaction, Hydrodynamics, Hot Dense Matter,
International Series of Monographs on Physics (Oxford, 2004).

4P. Chang, R. Betti, B. K. Spears, K. S. Anderson, J. Ed-
wards, M. Fatenejad, J. D. Lindl, R. L. McCrory, R. Nora, and
D. Shvarts, “Generalized measurable ignition criterion for inertial
confinement fusion,” Phys. Rev. Lett. 104, 135002 (2010).

5H. Brysk, “Fusion neutron energies and spectra,” Plasma Phys.
15, 611–617 (1973).

6T. J. Murphy, “The effect of turbulent kinetic energy on inferred
ion temperature from neutron spectra,” Physics of Plasmas 21,
072701 (2014).

7B. Appelbe and J. Chittenden, “The production spectrum in fu-
sion plasmas,” Plasma Physics and Controlled Fusion 53, 045002
(2011).

8D. H. Munro, “Interpreting inertial fusion neutron spectra,” Nu-
clear Fusion 56, 036001 (2016).

9D. H. Munro, J. E. Field, R. Hatarik, J. L. Peterson, E. P. Har-
touni, B. K. Spears, and J. D. Kilkenny, “Impact of temperature-
velocity distribution on fusion neutron peak shape,” Physics of
Plasmas 24, 056301 (2017).

10M. Gatu Johnson, D. T. Casey, J. A. Frenje, C.-K. Li, F. H.
Séguin, R. D. Petrasso, R. Ashabranner, R. Bionta, S. LeP-
ape, M. McKernan, A. Mackinnon, J. D. Kilkenny, J. Knauer,
and T. C. Sangster, “Measurements of collective fuel velocities
in deuterium-tritium exploding pusher and cryogenically layered
deuterium-tritium implosions on the nif,” Physics of Plasmas 20,
042707 (2013).

11L. Ballabio, J. Källne, and G. Gorini, “Relativistic calculation
of fusion product spectra for thermonuclear plasmas,” Nuclear
Fusion 38, 1723 (1998).

12O. M. Mannion, V. Y. Glebov, C. J. Forrest, J. P. Knauer,
V. N. Goncharov, S. P. Regan, T. C. Sangster, C. Stoeckl, and
M. Gatu Johnson, “Calibration of a neutron time-of-ight detec-
tor with a rapid instrument response function for measurements
of bulk fuid motion on omega,” submitted to Review of Scientific
Instruments.

13D. Oron, L. Arazi, D. Kartoon, A. Rikanati, U. Alon, and
D. Shvarts, “Dimensionality dependence of the rayleigh–taylor
and richtmyer–meshkov instability late-time scaling laws,”
Physics of Plasmas 8, 2883–2889 (2001).

14R. Kishony and D. Shvarts, “Ignition condition and gain predic-
tion for perturbed inertial confinement fusion targets,” Physics
of Plasmas 8, 4925–4936 (2001).

15J. Sanz, R. Betti, R. Ramis, and J. Ramı́rez, “Nonlinear theory
of the ablative rayleigh–taylor instability,” Plasma Physics and
Controlled Fusion 46, B367 (2004).

16J. Sanz and R. Betti, “Analytical model of the ablative
rayleigh–taylor instability in the deceleration phase,” Physics of
Plasmas 12, 042704 (2005).

17J. Sanz, J. Garnier, C. Cherfils, B. Canaud, L. Masse, and
M. Temporal, “Self-consistent analysis of the hot spot dynam-
ics for inertial confinement fusion capsules,” Phys. Plasmas 12,
112702 (2005).

18B. K. Spears, M. J. Edwards, S. Hatchett, J. Kilkenny, J. Knauer,
A. Kritcher, J. Lindl, D. Munro, P. Patel, H. F. Robey, and
R. P. J. Town, “Mode 1 drive asymmetry in inertial confinement
fusion implosions on the national ignition facility,” Physics of
Plasmas 21, 042702 (2014).

19A. L. Kritcher, R. Town, D. Bradley, D. Clark, B. Spears,
O. Jones, S. Haan, P. T. Springer, J. Lindl, R. H. H. Scott,
D. Callahan, M. J. Edwards, and O. L. Landen, “Metrics for
long wavelength asymmetries in inertial confinement fusion im-
plosions on the national ignition facility,” Physics of Plasmas 21,
042708 (2014).

20K. M. Woo, R. Betti, D. Shvarts, A. Bose, D. Patel, R. Yan, P.-Y.
Chang, O. M. Mannion, R. Epstein, J. A. Delettrez, M. Charissis,
K. S. Anderson, P. B. Radha, A. Shvydky, I. V. Igumenshchev,
V. Gopalaswamy, A. R. Christopherson, J. Sanz, and H. Aluie,
“Effects of residual kinetic energy on yield degradation and ion



15

temperature asymmetries in inertial confinement fusion implo-
sions,” Physics of Plasmas 25, 052704 (2018).

21A. Bose, R. Betti, D. Shvarts, and K. M. Woo, “The physics of
long- and intermediate-wavelength asymmetries of the hot spot:
Compression hydrodynamics and energetics,” Phys. Plasmas 24,
102704 (2017).

22C. R. Weber, D. S. Clark, A. W. Cook, D. C. Eder, S. W. Haan,
B. A. Hammel, D. E. Hinkel, O. S. Jones, M. M. Marinak, J. L.
Milovich, P. K. Patel, H. F. Robey, J. D. Salmonson, S. M. Sepke,
and C. A. Thomas, “Three-dimensional hydrodynamics of the de-
celeration stage in inertial confinement fusion,” Physics of Plas-
mas 22, 032702 (2015).

23M. Gatu Johnson, J. P. Knauer, C. J. Cerjan, M. J. Eckart, G. P.
Grim, E. P. Hartouni, R. Hatarik, J. D. Kilkenny, D. H. Munro,
D. B. Sayre, B. K. Spears, R. M. Bionta, E. J. Bond, J. A.
Caggiano, D. Callahan, D. T. Casey, T. Döppner, J. A. Frenje,
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