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Key Point

Accounting for measurement error, whether the measurement error distribution parameters

are known or not, is easily done using Bayesian inference and thereby improves analyses of data.

Introduction

All observed data are exact data observed with measurement errors. A physical dimension, such
as the thickness of a coating, is measured with error. An appearance of a finish is measured with
error in which a rater can declare a true pass as a fail and a true fail as a pass. In terms of statis-
tical distributions, exact continuous data are observed with normally distributed measurement
errors. In another situation, exact binary data are observed with misclassification errors with
associated probabilities, i.e., the probability of observing a 1 when the exact binary datum is a 0
and the probability of observing a 0 when the exact binary datum is a 1. We consider these two
examples when the parameters of the measurement error distribution are known or unknown;
the unknown case requires auxilliary data that include replicates to estimate the measurement
error distribution parameters. We also consider a more complicated case where the exact data
follow a gamma distribution and are observed with normally distributed measurement errors.
Here we use Bayesian inference for analyzing data and provide OpenBUGS code (Spiegelharter

et al. 2014) in the Appendix that makes such analyses simple to do.



Exact Normal Data With Normal Measurement Errors

First, we consider the situation where the exact data are normally distributed and observed
with normally distributed measurement errors. Let X ~ Normal(u,c?) describe the exact
population. We are interested in the reliability r defined as Prob(X > 6.5), where 6.5 is a lower
specification limit; i.e., r = Prob(X > 6.5) = 1 — ®(%2#), where ®() is the standard normal

cumulative distribution function. Assuming unbiased measurements, the measurement error €,
is distributed as Normal(0,02). So that for the observed data, Yi,...,Y,, and assuming an
independent additive measurement error €,,, Y; = X; + €,; ~ Normal(p,0* + 02,). That is,
the sum of two independent normally distributed random variables is also normally distributed,
whose mean is the sum of the means and whose variance is the sum of the variances.

If 02 is unknown, we require data Z, ..., Z, that are measurements relative to a standard
and are unbiased, i.e., Z; ~ Normal(0,02,) and can be used to estimate o2,.

Suppose that the true values of u, 02 and o2, are 10, 22 and 12, respectively. For this example,
reliability r = Prob(X > 6.5) = 1 — ®(%2£) = 0.960.

We consider four cases:
e Analyze exact X; data with n = 50.

e Analyze observed Y; data ignoring measurement errors.
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e Analyze observed Y; data accounting for measurement errors with known o

e Analyze observed Y; data accounting for measurement errors with unknown o2, and Z;

data with o = 100 to estimate o2,.

We take a Bayesian approach. See Weaver and Hamada (2016) for more details. Here we
use the following diffuse priors: p ~ Normal(0,10°%), i.e., with standard deviation of 1000; o ~
HalfCauchy; o, ~ HalfCauchy; the HalfCauchy, i.e., absolute value of a Cauchy, is recommended
for standard deviations by Gelman (2006).

We use the OpenBUGS code given in the Appendix to generate 10,000 draws from the
posterior distribution of the parameters y, 0* and o2. Results for the four cases are presented

in Table 1. We see the impact of ignoring measurement errors in the second row of Table 1; the



estimate of ¢ is larger and the estimate of r is smaller as compared with the no measurement error

case in the first row (using the 0.5 quantile results). The third row shows the improvement of

accounting for measurement error when o2, is known. The fourth row shows that the uncertainty
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has increased for o and 7, i.e., the distance between the 0.025 and 0.975 quantiles, when o7, is

estimated with o = 100 auxiliary data, but is close to that of the o2, known situation.

m

Table 1: Analysis Results of Exact Normal Data with Normal Measurement Errors ((0.025, 0.5,

0.975) posterior quantiles)

I o r

Case 0.025 0.5 0.975 | 0.025 0.5 0975 |0.025 0.5 0.975
No Error 9.222 9.795 10.370 | 1.712 2.069 2.548 | 0.884 0.944 0.979
Ignore Error 9.108 9.772 10.440 | 1.985 2.400 2.955 | 0.840 0.913 0.961
Account Error, Known o2, 9.091 9.771 10.470 | 1.750 2.225 2.841 | 0.849 0.930 0.976
Account Error, Estimate Unknown o2, | 9.092 9.771 10.440 | 1.410 1.962 2.717 | 0.862 0.952 0.992

m




Exact Bernoulli Data With Misclassification Errors

An exact binary datum X; takes the value 1 or 0, where P(X; = 1) = p, i.e., X; ~ Bernoulli(p).

There are two kinds of misclassification errors with their respective probabilities. The proba-
bility of observing a 1 when the exact value is 0 is denoted by pyjo. The probability of observing
a 0 when the exact value is 1 is denoted by po;. If pijo is unknown, we require observed data
for exact value 0, Zy ~ Binomial(ng, p1jo) to estimate it based on ng trials. If pg; is unknown,
we require observed data for exact value 1, Z; ~ Binomial(ni,poj1) to estimate it based on n4
trials.

The binary observation Y; is subject to these two misclassification errors and has the property
P(Y;=1)=py =px (1 —poj1) + (1 = p) X p1jo, i.e., the probability that the exact datum is a 1
and it is not misclassified plus the probability that the exact datum is a 0 and it is misclassified.

IfY =3"" Y is the number of 1’s observed in n trials, then Y ~ Binomial(n, py). For the
exact data, if X = >""" | X; is the number of 1’s observed in n trials, then X ~ Binomial(n, p).

We consider four cases:

e Analyze X data.

e Analyze Y data ignoring measurement, i.e., misclassification, errors.

e Analyze Y data accounting for measurement errors with known pjy and p;.

e Analyze Y data accounting for measurement errors with unknown po and pg)i; the Zy ~
Binomial(ng, p1o) and Z; ~ Binomial(ni,pop) data are analyzed simultaneously to esti-

mate pyo and po;.

Let the true values be p = 0.8, pyjo = 0.05 and po; = 0.20. Also, for n = 50, suppose
that X = 77 and Y = 60 is observed. Also for ng = ny = 100, Zy = 6 and Z; = 24 are
observed. In analyzing the data, we take a Bayesian approach and use the following diffuse
priors: p ~ Beta(0.5,0.5), p1jo ~ Beta(0.5,0.5), pop ~ Beta(0.5,0.5).

We use the OpenBUGS code given in the Appendix to generate 10,000 draws from the
posterior distribution of the parameters. Results for the four cases are presented in Table 2.

We see the serious impact of ignoring measurement errors in the second row of Table 2; p

4



is underestimated as seen by the 0.5 quantile results. The third row shows the improvement
obtained by accounting for the measurement errors and the fourth row shows the increased

uncertainty resulting from estimating pyjo and poj;.

Table 2: Analysis Results of Exact Bernoulli Data with Misclassification Errors ((0.025, 0.5,
0.975) posterior quantiles)

p
Case 0.025 0.5 0.975
No Error 0.681 0.769 0.844
Ignore Error 0.501 0.599 0.695
Account Error, Known pijo, pop 0.605 0.737 0.861
Account Error, Estimate Unknown pyjo, poji | 0.576 0.746  0.978

Exact Nonnormal Data with Normal Measurement Errors

Assume that exact nonnormal data are distributed as Gamma(a, A), whose shape is a and rate
is A so that its mean is a/\. Here we assume that 77, ...,7T, distributed as Gamma(a, A) are

measured with additive normal errors. That is
Yi = Ti + emy, (1)

where €,,; ~ Normal(0,02). Further, we assume that the population is far from 0 so that the

probability of observing a negative value is negligible. Combined with
T; ~ Gamma(a, \), (2)

Equations (1) and (2) describe a random effects or hierarchical model.

2

= case can be handled as was previously

Here we assume that o2, is known. The unknown o

done for the exact normal data/normal measurement errors case. We consider three cases:
e Analyze T; data.

e Analyze Y; data ignoring measurement errors.
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e Analyze Y; data accounting for measurement errors with known o
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Let the true values of the parameters be a = 10, A = 0.1, 02, = 20? so that r = Prob(T >
75) = 0.776. Also, the T and Y data for n = 50 are listed in the OpenBUGS code in the
Appendix.

In analyzing the data, we take a Bayesian approach and use the following diffuse priors:
a ~ Gamma(10,1) and A ~ Gamma(0.1, 1).

We use the OpenBUGS code given in the Appendix to generate 10,000 draws from the
posterior distribution of the parameters. Results for the three cases are presented in Table 3. We
see the impact of ignoring the measurement error in the second row of Table 3; r is underestimated
as seen by the 0.5 quantile results. By accounting for the measurement error in the third row,

the inference on r is improved and closer to the results for the exact data.

Table 3: Analysis Results of Exact Gamma Data with Normal Measurement Errors ((0.025, 0.5,
0.975) posterior quantiles)

« A r
Case 0.025 0.5 0.975 | 0.025 0.5 0975 0.025 05 0.975
No Error 9.120 12.960 17.540 | 0.091 0.132 0.180 | 0.702 0.799 0.873
Ignore Error 6.266  8.838 12.040 | 0.064 0.092 0.127 | 0.617 0.723 0.811
Account Error, Known 031 8.662 13.680 20.290 | 0.090 0.144 0.214 | 0.642 0.774 0.875

Discussion

In this article, we showed how exact normal and gamma data measured with normal measurement
errors can be analyzed to account for the measurement errors. We also showed how to analyze
misclassified binary data. Ryan and Hamada (2016) show how to analyze misclassified ordinal
data. We considered how to assess the measurement error distribution parameters when they are
unknown. More generally, these can be assessed through a gauge repeatability and reproducibility
(R & R) study (Weaver et al. 2012). We also assume that the measurement error is unbiased
but the assessment can easily be adapted for biased measurement errors €, with mean g, if
measurements on a known standard are available.

There are more complicated situations that can be handled similarly. For example, the



exact data X; are distributed as Multivariate Normal(p, ) and are observed with additive
measurement errors €,,; ~ MultivariateNormal(0,3,,). Also, Wilson et al. (2004) shows how
to handle a multiplicative instead of an additive measurement error.

In this article, we saw the possible impact of ignoring measurement error. For example, an
observed reliability based on continuous data is lower than the true reliability. When there is a
small margin, where a distribution is close to its specification, a requirement mistakenly may be
assessed to not have been met when it really does meet its specification. Also, for pass/fail data,

we saw how the observed proportion of passes can be lower than the true proportion.

Acknowledgements

We thank C.C. Essix for her support and encouragement of this work.

References

Gelman, A. (2006). Prior distributions for variance parameters in hierarchical models. Bayesian

Analysis 3: 515-533.

Hamada, M. S., and K. J. Ryan. 2016. The analysis of misclassified ordinal data from designed
experiments, Quality and Reliability Engineering International 32: 223-229.

Spiegelhalter, D., A. Thomas, N. Best, and D. Lunn. 2014. OpenBUGS Version 3.2.3 User
Manual. http://www.openbugs.net/Manuals/Manual.html. Accessed October 14, 2016.

Weaver, B.P., and M. S. Hamada. 2016. Quality quandaries: a gentle introduction to Bayesian
statistics, Quality Engineering 28: 508-514.

Weaver, B.P., M. S. Hamada, S. B. Vardeman, and A. G. Wilson. 2012. A Bayesian spproach

to measurement dystem sssessment, Quality Engineering 24: 486-500.

Wilson, A., M. Hamada, and M. Xu. 2004. Assessing production quality with nonstandard
measurement, errors, Journal of Quality Technology 36: 193-206.



Appendix

This appendix presents OpenBUGS code for the data analyses in this article.

#itH S ST
#normal
HHHFHHHHHH S

# analyze exact data x

model

{

for(iin1 : N ) {

x[i] ~ dnorm(mu,tau) #tau is precision, inverse square of std dev
z[i] <- y[i] # dummy use of y[]

}

#priors

tau ~ dgamma(0.001, 0.001)
sigma <- 1 / sqrt(tauw)

mu ~ dnorm(0.0,1.0E-6)

}

Data
1list (N=50)
#also data file with columns x[] and y[]

Inits
list (mu=10,tau=2)

# analyze y, ignore measurement error
model

{

for(iin1 : N ) {

y[i] ~ dnorm(mu,tau)

z[1] <- x[i] # dummy use of x[]

}

#priors

tau ~ dgamma(0.001, 0.001)
sigma <- 1 / sqrt(tauw)

mu ~ dnorm(0.0,1.0E-6)

}

Data



list (N=50)
#also data file with columns x[] and y[]

Inits
list (mu=10,tau=.25)

# analyze y data, known sigmam (i.e., sigma_m)
model

{

for(iin1l : N) {

y[i] 7 dnorm(mu,tau2)

z[1] <- x[i] # dummy use of x[]

b

#priors

tau2 <-1/((1/tau)+sigmam*sigmam)
tau<-pow(sigma,-2)
xi“dnorm(0,tau.xi)

tau.xi <- pow(prior.scale,-2)
sigma <-abs(xi)/sqrt(tau.eta)
tau.eta"dgamma(0.5,0.5)

mu ~ dnorm(0.0,1.0E-6)

}

Data
1list (N=50,sigmam=1,prior.scale=20)
#also data file with columns x[] and y[]

Inits
list (mu=10)

# analyze y data, unknown sigmam (i.e., sigma_m)
model

{

for(iin1 : N) {

y[i] = dnorm(mu,tau2)

zz[i] <- x[i] # dummy use of x[]

}
for(j in 1:00{

z[j]“dnorm(0, taum)
}

#priors



tau2 <-1/((1/tau)+sigmam*sigmam
tau<-pow(sigma,-2)
xi~dnorm(0,tau.xi)

tau.xi <- pow(prior.scale,-2)
sigma <-abs(xi)/sqrt(tau.eta)
tau.eta"dgamma(0.5,0.5)
taum<-pow(sigmam,-2)
xim~“dnorm(0,tau.xim)

tau.xim <- pow(prior.scale,-2)
sigmam <-abs(xim)/sqrt(tau.etam)
tau.etam”dgamma(0.5,0.5)

mu ~ dnorm(0.0,1.0E-6)

}

Data

1ist (N=50,0=100,prior.scale=20)

#also data file with columns x[] and y[]
# also data file with column z[]

Inits
list (mu=10)

HHHHH R R
#binary
HHAHH R RS

# exact data and ignore measurement error
model

{
x"dbin(p,n)

#priors
p~dbeta(.5,.5)
X

Data
list(x=77,n=100) # exact data

1list(x=60,n=100) # observed data, ignore measurement error

Inits
list(p=.5)

# account for known measurement error
model
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{
y~dbin(py,n)
py<-(1-p) *p10+p*(1-p01)

#priors
p~dbeta(.5,.5)
X

Data
list(y=60,n=100,p10=.05,p01=.2)

Inits
list(p=.5)

# account for unknown measurement error
model

{

y~dbin(py,n)

z07dbin(p10,n0)

z17dbin(p01,n1)

py<-(1-p) *p10+p* (1-p01)

#priors
p~dbeta(.5,.5)
pO1~dbeta(.5,.5)
pl0~dbeta(.5,.5)
b

Data
1list(y=60,n=100,2z0=6,n0=100,z1=24,n1=100)

Inits
list(p=.5,p01=.2,p10=.05)

HHAHH R
#gamma
WA

#no measurement error

model

{

for(i in 1:n){

t[1] “"dgamma (alpha,lambda)
junk[i]<-y[i] # dummy use of y[]
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#priors
alpha~dgamma(10,1)
lambda~dgamma(.1,1)
+

Data
list (n=50)
#also data file with columns t[] and y[]

Inits
list(alpha=10,lambda=.1)

# ignore measurement error
model

{

for(i in 1:n){

y[i] "dgamma (alpha,lambda)
junk[i]<-t[i] # dummy use of t[]
b

#priors
alpha~dgamma(10,1)
lambda“dgamma(.1,1)
}

Data
list (n=50)
#also data file with columns t[] and y[]

Inits
list(alpha=10,lambda=.1)

# account for known measurement error
model

{

for(i in 1:n){

y[i] “dnorm(tt[i],taum)

tt[i] “dgamma(alpha,lambda)
junk[i]<-t[i] # dummy use of t[]

}

#priors
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taum<-1/(sigmam*sigmam)
alpha~dgamma(10,1)
lambda~dgamma(.1,1)

}

Data
list (n=50,sigmam=20)
#also data file with columns t[] and y[]

Inits

list(alpha=10,lambda=.1,
tt=c(80.5,109.1,125.6,147.6,70,66.8,73.8,116.9,66.7,119.4,110.4,84.8,107.3,
121.7,37.1,88.1,131.1,96,44.3,95.9,110.2,110.7,111.8,88.6,130.9,69.5,111.4,
93.6,84.2,92.2,80,94.4,133.7,97.9,89.3,86.1,19.5,69.6,121.9,119.6,100.7,78.8,
94.6,130.9,150.6,30.3,95.5,117.3,80.7,107.5))
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